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The study of complex variables is important for students in engineering and the
physical sciences and is a central subject in mathematics. In addition to being
mathematically elegant, complex variables provide a powerful tool for solving
problems that are either very difficult or virtually impossible to solve in any
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Part I of this text provides an introduction to the subject, including analytic
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ods, and more. Part II contains conformal mappings, asymptotic expansions,
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ductory undergraduate and graduate level courses in complex variables.
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Preface

The study of complex variables is beautiful from a purely mathematical point
of view and provides a powerful tool for solving a wide array of problems
arising in applications. It is perhaps surprising that to explain real phenomena,
mathematicians, scientists, and engineers often resort to the “complex plane.”
In fact, using complex variables one can solve many problems that are either
very difficult or virtually impossible to solve by other means. The text provides
a broad treatment of both the fundamentals and the applications of this subject.

This text can be used in an introductory one- or two-semester undergraduate
course. Alternatively, it can be used in a beginning graduate level course and
as a reference. Indeed, Part I provides an introduction to the study of complex
variables. It also contains a number of applications, which include evaluation
of integrals, methods of solution to certain ordinary and partial differential
equations, and the study of ideal fluid flow. In addition, Part I develops a
suitable foundation for the more advanced material in Part II. Part II contains
the study of conformal mappings, asymptotic evaluation of integrals, the so-
called Riemann—Hilbert and DBAR problems, and many of their applications.
In fact, applications are discussed throughout the book. Our point of view is
that students are motivated and enjoy learning the material when they can relate
it to applications.

To aid the instructor, we have denoted with an asterisk certain sections that are
more advanced. These sections can be read independently or can be skipped.
We also note that each of the chapters in Part II can be read independently.
Every effort has been made to make this book self-contained. Thus advanced
students using this text will have the basic material at their disposal without
dependence on other references.

We realize that many of the topics presented in this book are not usu-
ally covered in complex variables texts. This includes the study of ordinary

Xi



xii Preface

differential equations in the complex plane, the solution of linear partial differ-
ential equations by integral transforms, asymptotic evaluation of integrals, and
Riemann—Hilbert problems. Actually some of these topics, when studied at
all, are only included in advanced graduate level courses. However, we believe
that these topics arise so frequently in applications that early exposure is vital.
It is fortunate that it is indeed possible to present this material in such a way
that it can be understood with only the foundation presented in the introductory
chapters of this book.

We are indebted to our families, who have endured all too many hours of
our absence. We are thankful to B. Fast and C. Smith for an outstanding job
of word processing the manuscript and to B. Fast, who has so capably used
mathematical software to verify many formulae and produce figures.

Several colleagues helped us with the preparation of this book. B. Herbst
made many suggestions and was instrumental in the development of the com-
putational section. C. Schober, L. Luo, and L. Glasser worked with us on many
of the exercises. J. Meiss and C. Schober taught from early versions of the
manuscript and made valuable suggestions.

David Benney encouraged us to write this book and we extend our deep
appreciation to him. We would like to take this opportunity to thank those
agencies who have, over the years, consistently supported our research efforts.
Actually, this research led us to several of the applications presented in this book.
We thank the Air Force Office of Scientific Research, the National Science
Foundation, and the Office of Naval Research. In particular we thank Arje
Nachman, Program Director, Air Force Office of Scientific Research (AFOSR),
for his continual support.

Since the first edition appeared we are pleased with the many positive and
useful comments made to us by colleagues and students. All necessary changes,
small additions, and modifications have been made in this second edition. Ad-
ditional information can be found from www.cup.org/titles/catalogue.



Part I

Fundamentals and Techniques of Complex
Function Theory

The first portion of this text aims to introduce the reader to the basic notions and
methods in complex analysis. The standard properties of real numbers and the
calculus of real variables are assumed. When necessary, a rigorous axiomatic
development will be sacrificed in place of a logical development based upon
suitable assumptions. This will allow us to concentrate more on examples and
applications that our experience has demonstrated to be useful for the student
first introduced to the subject. However, the important theorems are stated and
proved.






_1_

Complex Numbers and Elementary Functions

This chapter introduces complex numbers, elementary complex functions, and
their basic properties. It will be seen that complex numbers have a simple two-
dimensional character that submits to a straightforward geometric description.
While many results of real variable calculus carry over, some very important
novel and useful notions appear in the calculus of complex functions. Appli-
cations to differential equations are briefly discussed in this chapter.

1.1 Complex Numbers and Their Properties

In this text we use Euler’s notation for the imaginary unit number:
i?=-1 (1.1.1)
A complex number is an expression of the form
z=x-+Iy (1.1.2)

Here x is the real part of z, Re(z); and y is the imaginary part of z, Im(z).
If y = 0, we say that z is real; and if x = 0, we say that z is pure imaginary.
We often denote z, an element of the complex numbers as z € C; where x, an
element of the real numbers is denoted by x € R. Geometrically, we represent
Eq. (1.1.2) in a two-dimensional coordinate system called the complex plane
(see Figure 1.1.1).

The real numbers lie on the horizontal axis and pure imaginary numbers on
the vertical axis. The analogy with two-dimensional vectors is immediate. A
complex number z = x + iy can be interpreted as a two-dimensional vector
(x, y).

It is useful to introduce another representation of complex numbers, namely
polar coordinates (r, 9):

x =rcosf y =rsinf r=0) (1.1.3)
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2z = x+0)
P

7 N\e

X

Fig. 1.1.1. The complex plane (“z plane”)

Hence the complex number z can be written in the alternative polar form:
z=x4iy=r(cosf +isinf) (1.1.4)

The radius r is denoted by

r=+vx2+y?=|z| (1.1.5a)

(note: = denotes equivalence) and naturally gives us a notion of the absolute
value of z, denoted by |z|, that is, it is the length of the vector associated with
z. The value |z| is often referred to as the modulus of z. The angle 6 is called
the argument of z and is denoted by arg z. When z # 0, the values of 6 can be
found from Eq. (1.1.3) via standard trigonometry:

tanf = y/x (1.1.5b)

where the quadrant in which x, y lie is understood as given. We note that
0 = arg z is multivalued because tan 0 is a periodic function of 6 with period
. Given z = x + iy, z # 0 we identify 6 to have one value in the interval
By < 6 < 6y + 2, where 6y is an arbitrary number; others differ by integer
multiples of 27z. We shall take 6, = 0. For example, if z = —1 4+ i, then
lz| =r = V2 and 6 = 37” +2nmw,n =0, %1, £2,.... The previous remarks
apply equally well if we use the polar representation about a point zg # 0. This
just means that we translate the origin from z = 0 to z = zo.

At this point it is convenient to introduce a special exponential function. The
polar exponential is defined by

cosf +isinf = e’ (1.1.6)
Hence Eq. (1.1.4) implies that z can be written in the form
z=re’ (1.1.4)

This exponential function has all of the standard properties we are familiar
with in elementary calculus and is a special case of the complex exponential
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function to be introduced later in this chapter. For example, using well-known
trigonometric identities, Eq. (1.1.6) implies

; ; T ami .
e =1 e’ =—1 e? =i e2 = —i

001 it — 4i(0146) (el = ¢im? (el)1/n = ifln
With these properties in hand, one can solve an equation of the form
2" =a = |ale’ = |a|(cos ¢ + i sing), n=12,...
Using the periodicity of cos ¢ and sin ¢, we have
7' =a = |ale' @™ m=0,1,....,n—1

and find the n roots

1/n gt (@+2mm)/n m=0,1,....,n—1.

z = |a]
For m > n the roots repeat.

If @ = 1, these are called the n roots of unity: 1, w, w?, ..., "
ti/n Qo ifn = 2, a = —1, we see that the solutions of 72 = —1 = ¢'™
/2 ¢3im/2) or z = +i. In the context of real numbers there are no
solutions to z> = —1, but in the context of complex numbers this equation has
two solutions. Later in this book we shall show that an nth-order polynomial
equation, z" + ap_172"V + -+ + ap = 0, where the coefficients {aj}_';;(l) are
complex numbers, has n and only n solutions (roots), counting multiplicities
(for example, we say that (z — 1)> = 0 has two solutions, and that z = 1 is a
solution of multiplicity two).

The complex conjugate of z is defined as

—1 where
w=ce
are z = {e

Z=x—iy=re '’ (1.1.7)

Two complex numbers are said to be equal if and only if their real and
imaginary parts are respectively equal; namely, calling z; = x; + iy, for k =
1, 2, then

271=22 = xi+iyi=x2+iy;y = Xi=Xx3,Y1=MW0N
Thus z = 0 impliesx =y = 0.
Addition, subtraction, multiplication, and division of complex numbers fol-

low from the rules governing real numbers. Thus, noting i> = —1, we have

z1 £z = (x1 £ x2) +i(y1 £ y2) (1.1.8a)
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and
7122 = (01 +iy) (2 +iy2) = (x1x2 — y1y2) +i(x1y2 +x2y1)  (1.1.8b)
In fact, we note that from Eq. (1.1.5a)
Z=7z=(x +iy)(x —iy) = x* + y* = |z]? (1.1.8c)
This fact is useful for division of complex numbers,

2 xitiyn (A iy) (e —iy)
22 xatiyx  (x2+iy2)(x2 —iy2)

_ (axa 4 yiy) + iy — x1y2)
X3 +;

_xix+yiyr | iy —xiy2)
x5+ 3 x5+ 3

(1.1.8d)

It is easily shown that the commutative, associative, and distributive laws of
addition and multiplication hold.

Geometrically speaking, addition of two complex numbers is equivalent to
that of the parallelogram law of vectors (see Figure 1.1.2).

The useful analytical statement

llz1] = lz2ll = lz1 + 22| = |z1] + [22] (1.1.9)

has the geometrical meaning that no side of a triangle is greater in length than
the sum of the other two sides — hence the term for inequality Eq. (1.1.9) is the
triangle inequality.

Equation (1.1.9) can be proven as follows.

lz1+ 2P = (21 + 22) @ +22) = 2171 + 2252 + 2172 + 122

= |z11* + |22]* + 2 Re(z172)

iy

Fig. 1.1.2. Addition of vectors
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Hence
|21 + 22 = (z1] + [22D)* = 2(Re(2172) — |zillz2]) < O (1.1.10)
where the inequality follows from the fact that
x=Rez <|z] = \/m

and |z122| = |z1|z2|.
Equation (1.1.10) implies the right-hand inequality of Eq. (1.1.9) after taking
a square root. The left-hand inequality follows by redefining terms. Let

Wi=u+z2 Wy =—-22
Then the right-hand side of Eq. (1.1.9) (just proven) implies that
Wi < Wi+ Wa| + | = W,
or Wi —[Wy| < [Wi+ W,

which then proves the left-hand side of Eq. (1.1.9) if we assume that
|[Wi| = |W,|; otherwise, we can interchange W, and W, in the above discussion
and obtain

[[Wi] = [Wa]]| = =(IW1] = [Wa]) < |[W) + W,

Similarly, note the immediate generalization of Eq. (1.1.9)

n n
ZZ]‘ = Z|Zj|
j=1 j=1

Problems for Section 1.1
1. Express each of the following complex numbers in polar exponential form:

(a) 1 by —i ©)1+i

1 V3 1 V3
(d) 54‘71 (e) 57 5!

2. Express each of the following in the form a + bi, where a and b are real:

(a) e*Him/? (b) % (c) 1+1i) (d) |3+ 4i]

(e) Define cos(z) = (e'* +€7%)/(2), and &° = e*e”.
Evaluate cos(in/4 + ¢), where c is real
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3. Solve for the roots of the following equations:

@z=4 (b f=-1
(¢) (az+b)®> =c,wherea,b,c >0 @ z*+224+2=0

4. Estabilish the following results:

(@ z+tw=z+w ®) |z —w| <|z| + |w] (c) z—z=2ilmz

(d) Rez < [z (e) lwz +wz| < 2|wgz| 0 lz1z2] = lz1llz2]

5. There is a partial correspondence between complex numbers and vec-
tors in the plane. Denote a complex number z = a + bi and a vector
v = aé; + bé,, where €; and &, are unit vectors in the horizontal and ver-
tical directions. Show that the laws of addition z; & z, and v; v, yield
equivalent results as do the magnitudes |z|?, |v|> = v-v. (Here v- v is the
usual vector dot product.) Explain why there is no general correspondence
for laws of multiplication or division.

1.2 Elementary Functions and Stereographic Projections

1.2.1 Elementary Functions

As a prelude to the notion of a function we present some standard definitions
and concepts. A circle with center zy and radius r is denoted by |z — zo| = 7.
A neighborhood of a point z is the set of points z for which

|z —z0] <€ (1.2.1)

where € is some (small) positive number. Hence a neighborhood of the point
Zo 1is all the points inside the circle of radius €, not including its boundary.
An annulus r; < |z — z9| < r, has center zy, with inner radius r; and outer
radius r,. A point zo of a set of points S is called an interior point of S if
there is a neighborhood of z entirely contained within S. The set S is said to
be an open set if all the points of S are interior points. A point z is said to be
a boundary point of S if every neighborhood of z = z contains at least one
point in S and at least one point not in S.

A set consisting of all points of an open set and none, some or all of its
boundary points is referred to as a region. An open region is said to be bounded
if there is a constant M > 0 such that all points z of the region satisfy |z| < M,
that is, they lie within this circle. A region is said to be closed if it contains
all of its boundary points. A region that is both closed and bounded is called
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iy

Fig. 1.2.1. Half plane

compact. Thus the region |z| < 1 is compact because it is both closed and
bounded. The region |z| < 1 is open and bounded. The half plane Rez > 0
(see Figure 1.2.1) is open and unbounded.

Let zy, z2, . . ., 2, be points in the plane. The n — 1 line segments 71z, 2223,
...» Zn—12y, taken in sequence form a broken line. An open region is said to be
connected if any two of its points can be joined by a broken line that is contained
in the region. (There are more detailed definitions of connectedness, but this
simple one will suffice for our purposes.) For an example of a connected region
see Figure 1.2.2.)

A disconnected region is exemplified by all the points interior to |z] = 1 and
exteriorto |z| =2: S ={z:|z] < 1, |z] > 2}.

A connected open region is called a domain. For example the set (see
Figure 1.2.3)

S={z=re:0) <argz < O+ a}

is a domain that is unbounded.

Fig. 1.2.2. Connected region
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90+OL

Fig. 1.2.3. Domain — a sector

Because a domain is an open set, we note that no boundary point of the
domain can lie in the domain. Notationally, we shall refer to a region as R; the
closed region containing R and all of its boundary points is sometimes referred
to as R. If R is closed, then R = R. The notation z € R means z is a point
contained in R. Usually we denote a domain by D.

If for each z € R there is a unique complex number w(z) then we say w(z)
is a function of the complex variable z, frequently written as

w= f(z) (12.2)

in order to denote the function f. Often we simply write w = w(z), or just w.
The totality of values f(z) corresponding to z € R constitutes the range of
f(z). In this context the set R is often referred to as the domain of definition
of the function f. While the domain of definition of a function is frequently a
domain, as defined earlier for a set of points, it does not need to be so.

By the above definition of a function we disallow multivaluedness; no more
than one value of f(z) may correspond to any point z € R. In Sections 2.2
and 2.3 we will deal explicitly with the notion of multivaluedness and its ram-
ifications.

The simplest function is the power function:

f@=7". n=012,... (1.2.3)

Each successive power is obtained by multiplication z"*!' =z"z, m =
0, 1,2, ... A polynomial is defined as a linear combination of powers

Pi(2) =) ajd) =ap+arz+az’ + -+ a2 (1.2.4)
j=0
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where the a; are complex numbers (i.e.,! a; € C). Note that the domain of
definition of P,(z) is the entire z plane simply written as z € C. A rational
function is a ratio of two polynomials P,(z) and Q,,(z), where Q,,(z) =

ZT:O b; 2

_ Pn(Z)
0@

and the domain of definition of R(z) is the z plane, excluding the points where
0.,(z) = 0. For example, the function w = 1/(1 4 z?) is defined in the z plane
excluding z = +i. This is written as z € C\ {i, —i}.

In general, the function f(z) is complex and when z = x + iy, f(z) can be
written in the complex form:

R(z) (1.2.5)

w= f(z) =ulx,y)+iv(x,y) (1.2.6)

The function f(z) is said to have the real part u, u = Re f, and the imaginary
part v, v = Im f. For example,

w=7z%= (x—|-iy)2 :xz—y2+2ixy
which implies
— 42 2 —
ux,y)=x"—y and v =2xy.

As is the case with real variables we have the standard operations on func-
tions. Given two functions f(z) and g(z), we define addition, f(z) + g(z),
multiplication f(z)g(z), and composition f[g(z)] of complex functions.

It is convenient to define some of the more common functions of a complex
variable — which, as with polynomials and rational functions, will be familiar
to the reader.

Motivated by real variables, et = ¢ we define the exponential function

0% = " Y = ¥l
Noting the polar exponential definition (used already in section 1.1, Eq. (1.1.6))
e” =cosy+isiny
we see that

et =e*(cosy +1isiny) (1.2.7)

! Hereafter these abbreviations will frequently be used: i.e. = that is; e.g. = for example.
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Equation (1.2.7) and standard trigonometric identities yield the properties
1T = TR and ()" = e, n=12... (1.2.8)

We also note
e*| = |e*]|| cos isiny| = e'\/cos sin“y =e
z X y+ y X 2 y + 2 y X

and

(e?) = F =" = ¢ (cosy —isiny)

The trigonometric functions sin z and cos z are defined as

ing=——— 1.2.9

sin z 5 ( )
iz —iz

cosz = % (1.2.10)

and the usual definitions of the other trigonometric functions are taken:

sin z CoSs 7 1
tang = —, cotz= —, secz=—, ocscz=— (12.11)
cos Z sin z cos z sin z

All of the usual trigonometric properties such as

sin(zy + z») = sinz; cos 2, + €coOs z1 Sin 2»,

(1.2.12)
sinz +cos?z =1,
follow from the above definitions.
The hyperbolic functions are defined analogously
. et —e?
sinhy = —— (1.2.13)
2
Z —2
coshz = % (1.2.14)
sinh hz
tanhz = —Z, cothz = C?s Z, sechz = ———, cschz = —
cosh z sinh z cosh z sinh z

Similarly, the usual identities follow, such as

cosh’?z — sinh?z = 1 (1.2.15)
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From these definitions we see that as functions of a complex variable, sinh z
and sin z (cosh z and cos z) are simply related
sinhiz =ising, siniz =i sinhz
(1.2.16)
coshiz = cos z, cosiz = coshz
By now it is abundantly clear that the elementary functions defined in this
section are natural generalizations of the conventional ones we are familiar with
in real variables. Indeed, the analogy is so close that it provides an alternative
and systematic way of defining functions, which is entirely consistent with
the above and allows the definition of a much wider class of functions. This
involves introducing the concept of power series. In Chapter 3 we shall look
more carefully at series and sequences. However, because power series of
real variables are already familiar to the reader, it is useful to introduce the
notion here.
A power series of f(z) about the point z = zq is defined as

f@=lim Y a;z—z0) =) a;z—z0)’ (1.2.17)
j=0 i=0

where a j» Zo are constants.
Convergence is of course crucial. For simplicity we shall state (motivated

by real variables but without proof at this juncture) that Eq. (1.2.17) converges,

via the ratio test, whenever

+1

a
o lz —zol <1 (1.2.18)

lim
n— o0

That is, it converges inside the circle |z — zg| = R, where

R = lim |-

n—00

an+1

when this limit exists (see also Section 3.2). If R = oo, we say the series con-
verges for all finite z; if R = 0, we say the series converges only for z = z.
R is referred to as the radius of convergence.

The elementary functions discussed above have the following power series
representations:

o o o o .
7/ ) (—1)iz? (=1)7z%
et = —, sinz = _ Ccosz = _—
;J! ; 2j+D! j;o @nt
% o % (1.2.19)

b4 Z
inhz = —_—, hz =
sinh z ;(Zj—i—l)! coshz ;(2],)!
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where j! = j(j —1)(j —2)---3-2-1for j > 1, and 0! = 1. The ratio test
shows that these series converge for all finite z.

Complex functions arise frequently in applications. For example, in the
investigation of stability of physical systems we derive equations for small de-
viations from rest or equilibrium states. The solutions of the perturbed equation
often have the form e*, where ¢ is real (e.g. time) and 7 is a complex number
satisfying an algebraic equation (or a more complicated transcendental sys-
tem). We say that the system is unstable if there are any solutions withRe z > 0
because || — oo ast — co. We say the system is marginally stable if there
are no values of z with Re z > 0, but some with Re z = 0. (The corresponding
exponential solution is bounded for all #.) The system is said to be stable and
damped if all values of z satisfy Re z < 0 because |e¥| — 0 as t — 00.

A function w = f(z) can be regarded as a mapping or transformation of the
points in the z plane (z = x + iy) to the points of the w plane (w = u + iv).
In real variables in one dimension, this notion amounts to understanding the
graph y = f(x), that is, the mapping of the points x to y = f(x). In complex
variables the situation is more difficult owing to the fact that we really have four
dimensions — hence a graphical depiction such as in the real one-dimensional
case is not feasible. Rather, one considers the two complex planes, z and w,
separately and asks how the region in the z plane transforms or maps to a
corresponding region or image in the w plane. Some examples follow.

Example 1.2.1 The function w = z> maps the upper half z-plane including the
real axis, Im z > 0, to the entire w-plane (see Figure 1.2.4). This is particularly
clear when we use the polar representation z = re’®. In the z-plane, 6 lies
inside 0 < @ < m, whereas in the w-plane, w = r2¢?’ = Re'®, R = r?,
¢ =20 and ¢ liesin0 < ¢ < 2m.

v R=r
/w_zzZ\
iy

¢ =20

z-plane r
/ u

0

X w-plane

Fig. 1.2.4. Mapof z - w = 72
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It
w|

iy w

z-plane
w-plane

X
-y
Fig. 1.2.5. Conjugate mapping

Example 1.2.2 The function w = Z maps the upper half z-plane Im z > 0 into
the lower half w-plane (see Figure 1.2.5). Namely, z = x +iyand y > 0 imply
thatw =zZ=x—iy. Tusw=u+iv=u=x,v=—y.

The study and understanding of complex mappings is very important, and we
will see that there are many applications. In subsequent sections and chapters
we shall more carefully investigate the concept of mappings; we shall not go
into any more detail or complication at this juncture.

It is often useful to add the point at infinity (usually denoted by oo or z4)
to our, so far open, complex plane. As opposed to a finite point where the
neighborhood of zy, say, is defined by Eq. (1.2.1), here the neighborhood of z.,
is defined by those points satisfying |z| > 1/e€ for all (sufficiently small) € > 0.
One convenient way to define the point at infinity is to let z = 1/¢ and then to
say that # = 0 corresponds to the point zo. An unbounded region R contains
the point z,. Similarly, we say a function has values at infinity if it is defined
in a neighborhood of z,. The complex plane with the point z., included is
referred to as the extended complex plane.

1.2.2 Stereographic Projection

Consider a unit sphere sitting on top of the complex plane with the south pole
of the sphere located at the origin of the z plane (see Figure 1.2.6). In this
subsection we show how the extended complex plane can be mapped onto the
surface of a sphere whose south pole corresponds to the origin and whose north
pole to the point z,. All other points of the complex plane can be mapped in
a one-to-one fashion to points on the surface of the sphere by using the follow-
ing construction. Connect the point z in the plane with the north pole using a
straight line. This line intersects the sphere at the point P. In this way each
point z(= x +iy) on the complex plane corresponds uniquely to a point P on the
surface of the sphere. This construction is called the stereographic projection
and is diagrammatically illustrated in Figure 1.2.6. The extended complex plane
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N(0,0,2) iy

Fig. 1.2.6. Stereographic projection

is sometimes referred to as the compactified (closed) complex plane. It is often
useful to view the complex plane in this way, and knowledge of the construction
of the stereographic projection is valuable in certain advanced treatments.

So, more concretely, the point P : (X, Y, Z) on the sphere is put into corre-
spondence with the point z = x + iy in the complex plane by finding on the sur-
face of the sphere, (X, Y, Z), the point of intersection of the line from the north
pole of the sphere, N : (0, 0, 2), to the point z = x + iy on the plane. The con-
struction is as follows. We consider three points in the three-dimensional setup:

N = (0, 0, 2): north pole
P = (X, Y, Z): point on the sphere
C = (x, y, 0): point in the complex plane

These points must lie on a straight line, hence the difference of the points P — N
must be a real scalar multiple of the difference C — N, namely

X, Y,Z-2)=s(x,y,-2) (1.2.20)
where s is a real number (s # 0). The equation of the sphere is given by
X+ +(Z-12=1 (1.2.21)
Equation (1.2.20) implies
X =sx, Y = sy, Z=2-2s (1.2.22)
Inserting Eq. (1.2.22) into Eq. (1.2.21) yields, after a bit of manipulation

P2+ +4) —4s =0 (1.2.23)
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This equation has as its only nonvanishing solution
4
S = ——
|z|2 4+ 4

where |z])?> = x? 4 y2. Thus given a point z = x + iy in the plane, we have on
the sphere the unique correspondence:

& 4y _ 2|z
T N T
We see that under this mapping, the origin in the complex plane z = 0 yields
the south pole of the sphere (0, 0, 0), and all points at |z| = oo yield the north
pole (0, 0, 2). (The latter fact is seen via the limit |z| — oo with x = |z| cos 6,
y = |z| sin#.) On the other hand, given a point P = (X, Y, Z) we can find its
unique image in the complex plane. Namely, from Eq. (1.2.22)
2-Z

— 1.2.26
s 7 ( )

(1.2.24)

(1.2.25)

and

2X 2Y

=, — 1.2.27
7 y ( )

X =
2—-Z

The stereographic projection maps any locus of points in the complex plane
onto a corresponding locus of points on the sphere and vice versa. For example,
the image of an arbitrary circle in the plane, is a circle on the sphere that does
not pass through the north pole. Similarly, a straight line corresponds to a circle
passing through the north pole (see Figure 1.2.7). Here a circle on the sphere
corresponds to the locus of points denoting the intersection of the sphere with
some plane: AX+BY +CZ = D, A, B, C, D constant. Hence on the sphere
the images of straight lines and of circles are not really geometrically different

N(0,0,2)

R
\

image: .
Circ.

: S = J
image: ,"7 $(0,0,0) //
straight /

line /

Fig. 1.2.7. Circles and lines in stereographic projection
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from one another. Moreover, the images on the sphere of two nonparallel
straight lines in the plane intersect at two points on the sphere — one of which is
the point at infinity. In this framework, parallel lines are circles that touch one
another at the point at infinity (north pole). We lose Euclidean geometry on a
sphere.

Problems for Section 1.2

1. Sketch the regions associated with the following inequalities. Determine
if the region is open, closed, bounded, or compact.

(@ zZ]<1 () 2z4+1+il<4 (c) Rez>4
d Izl <1z +1] e 0<2z—-1]<2

2. Sketch the following regions. Determine if they are connected, and what
the closure of the region is if they are not closed.

(@ O<argz=<m (b) 0 < argz <2m
(c) Rez>0 and Imz >0
(d) Re(z—2z0) >0 and Re (z — z1) <0 for two complex numbers zg, z;
|zl <% and [2z-4]<2

3. Use Euler’s formula for the exponential and the well-known series expan-
sions of the real functions e*, siny, and cos y to show that

Eg— N
e = Z j!
j=0
Hint: Use
k k!
(x+iph =) —————xi iy
z_; Jik = )
j_
4. Use the series representation
oo Zj
et = Z 7 |z] < 00
j=0

to determine series representations for the following functions:

(a) sinz (b) coshz
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Use these results to deduce where the power series for sin” z and sech z
would converge. What can be said about tan z?

Use any method to determine series expansions for the following func-
tions:

sinz coshz — 1 e —1—z2
@ ) o )

< <

Let z; = x; and z, = X3, with xy, x, real, and the relationship

ei(lerxz) — eixlei)Q

to deduce the known trigonometric formulae

sin(x; 4+ x,) = sinxj cOS X, + COS x| Sin x;
cos(x; + x2) = COS X COS X — Sin X Sin X,

and therefore show

sin2x = 2sinx cos x

cos2x = cos? x — sin® x

Discuss the following transformations (mappings) from the z plane to the
w plane; here 7 is the entire finite complex plane.

@w=z2 by w=1/z
Consider the transformation
w=z+1/z z=x41iy w=u-+iv

Show that the image of the points in the upper half z plane (y > 0) that
are exterior to the circle |z| = 1 corresponds to the entire upper half plane
v > 0.

Consider the following transformation

az+b
w p— a c#
(a) Show that the map can be inverted to find a unique (single-valued) z
as a function of w everywhere.
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(b) Verify that the mapping can be considered as the result of three suc-
cessive maps:

7 =cz+d, '=1/7, wz—éz”—kc—l
c c
where ¢ # 0 and is of the form
a
w = gZ + E
when ¢ = 0.

The following problems relate to the subsection on stereographic projec-
tion.

10. To what curves on the sphere do the linesRez = x =0andImz =y =0
correspond?

11. Describe the curves on the sphere to which any straight lines on the z
plane correspond.

12.  Show that a circle in the z plane corresponds to a circle on the sphere.
(Note the remark following the reference to Figure 1.2.7 in Section 1.2.2)

1.3 Limits, Continuity, and Complex Differentiation
The concepts of limits and continuity are similar to that of real variables. In this
sense our discussion can serve as a brief review of many previously understood
notions. Consider a function w = f(z) defined at all points in some neighbor-
hood of z = zp, except possibly for zg itself. We say f(z) has the limit wy if as
z approaches zg, f(z), approaches wy (zo, wo finite). Mathematically, we say
lim f(z) = wo (1.3.1)

=20

if for every (sufficiently small) € > O there is a § > 0 such that
| f(z) —wo| < € whenever O0<|z—2z0l <6 (1.3.2)

where the absolute value is defined in section 1.1 (see, e.g. Egs. 1.1.4 and
1.1.5a).

This definition is clear when z is an interior point of a region R in which
f(2) is defined. If z¢ is a boundary point of R, then we require Eq. (1.3.2) to
hold only for those z € R.

Figure 1.3.1 illustrates these ideas. Under the mapping w = f(z), all points
interior to the circle |z — zg| = & with z deleted are mapped to points interior to
the circle |[w — wg| = €. The limit will exist only in the case when z approaches
o (that is, z — zo) in an arbitrary direction; then this implies that w — wy.
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w-plane

w @

z

—

w=fz)
Fig. 1.3.1. Mapping of a neighborhood

z-plane

This limit definition is standard. Let us consider the following examples.

Example 1.3.1 Show that

2 . 2
lim 2<Z+’Z+) = 6i. (1.3.3)
=1 Z—1

We must show that given € > 0, there is a § > 0 such that

'2<Z2+iz+2> —6i‘ _ )2<(z—i)(z+2i)> 6

P E— <€ (1.3.4)

whenever
O<|z—i]l<$ (1.3.5)

Since z # i, inequality (1.3.4) implies that 2|z — i| < €. Thus if § = €/2,
Eq. (1.3.5) ensures that Eq. (1.3.4) is satisfied. Therefore Eq. (1.3.3) is demon-
strated.

This limit definition can also be applied to the point z = co. We say that
lim f(z) = wy (1.3.6)
—> 00

(wy finite) if for every (sufficiently small) € > 0O there is a § > 0 such that

1
| f(z) —wo| <€ whenever lz] > 3 (1.3.7)

We assert that the following properties are true. (The proof is an exercise of
the limit definition and follows that of real variables.) If for z € R we have
two functions w = f(z) and s = g(z) such that

lim f(z) = wo, lim g(z) = so
=20

=20
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then
Zlig(f(z) + 8(2)) = wo + 50
Zlillzlo(f(Z)zg’(Z)) = WoSo

and

lim £ _ 0 (g 2 0)

>z g(z)  So

Similar conclusions hold for sums and products of a finite number of functions.
As mentioned in Section 1.2, the point z = z,, = 00 is often dealt with via the
transformation
1
t = —
Z
The neighborhood of z = z, corresponds to the neighborhood of + = 0. So
the function f(z) = 1/z% near z = 7., behaves like f(1/t) = t* near zero;
that is, 1> — Oast — 0,0r 1/z> — 0 as z — oo.
In analogy to real analysis, a function f(z) is said to be continuous at
z=7pif

lim f(z) = f(z0) (1.3.8)

(zo, f(zo) finite). Equation (1.3.8) implies that f(z) exists in a neighborhood
of z = z¢ and that the limit, as z approaches zg, of f(z) is f(zo) itself. In terms
of €, § notation, given € > 0, there is a § > 0 such that | f(z) — f(z0)| < €
whenever |z — zo| < 8. The notion of continuity at infinity can be ascertained
in a similar fashion. Namely, if lim,_, o, f(2) = W, and f(00) = we,, then
the definition for continuity at infinity, lim,_, », f(z) = f(00), is the following:
Given € > 0 there is a § > 0 such that | f(z) — we| < € Whenever |z| > 1/6.

The theorems on limits of sums and products of functions can be used to
establish that sums and products of continuous functions are continuous. It
should also be pointed out that since | f(z) — f(z0)| = |f(z) — f(z0)|, the
continuity of f(z) at zo implies the continuity of the complex conjugate f(z)
at z = zo. (Recall the definition of the complex conjugate, Eq. (1.1.7)). Thus
if f(z) is continuous at z = z, then

Re f(z) = (f(2) + f(2))/2
Im f(z) = (f(2) — f(2))/2i
and  |f@P = (fQf()

are all continuous at z = zg.
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We shall say a function f(z) is continuous in a region if it is continuous
at every point of the region. Usually, we simply say that f(z) is continuous
when the associated region is understood. Considering continuity in a region
‘R generally requires that § = §(e, z0); that is, 6 depends on both € and the
point zp € R. Function f(z) is said to be uniformly continuous in a region
R if § = §(€); that is, § is independent of the point z = z;.

As in real analysis, a function that is continuous in a compact (closed and
bounded) region R is uniformly continuous and bounded; that is, there is a
C > O such that | f(z)| < C. (The proofs of these statements follow from the
analogous statements of real analysis.) Moreover, in a compact region, the
modulus | f(z)| actually attains both its maximum and minimum values on R;
this follows from the continuity of the real function | f(z)|.

Example 1.3.2 Show that the continuity of the real and imaginary parts of a
complex function f(z) implies that f(z) is continuous.

f@) =ulx,y)+iv(x,y)
We know that
lim f(z) = lim (u(x, y) +iv(x, y))
o Y=o
= u(xo, yo) + iv(x0, yo) = f(20)
which completes the proof. It also illustrates that we can appeal to real analysis
for many of the results in this section.
Conversely, we have
lu(x, y) —u(xo, o)l = [f(2) — f(z0)l
lv(x, y) — v(xo, yo)| = |f(2) — f(zo)l
(because | f|> = |u|*>+|v|?) in which case continuity of f(z) implies continuity
of the real and imaginary parts of f(z). Namely, this follows from the fact that

givene > 0, thereisad > Osuchthat|f(z)— f(zo)| < € whenever |z—zp| < &
(and note that |[x — xo| < |z — 20|l < 6, |y — Yol < |z — 20| < §).

Let f(z) be defined in some region R containing the neighborhood of a
point zo. The derivative of f(z) at z = z(, denoted by f'(z¢) or %(zo), is
defined by

f(zo+ Az) — f(ZO)) (1.3.9)

o
f(z0) = Algo( A

provided this limit exists. We sometimes say that f is differentiable at z.
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Alternatively, letting Az = z — zp, Eq. (1.3.9) has another standard form

<f(Z)—f(Zo)>

Z—20

f'(z0) = lim

=20

(1.3.10)

If f'(zo) exists for all points 7o € R, then we say f(z) is differentiable in
R — or just differentiable, if R is understood. If f’(zo) exists, then f(z) is
continuous at z = zo. This follows from

(f(Z)—f(Zo)>

Z—20

lim (z — z0)

=20

zlinzlo(f(z) — f(z0)) = lim

=20

f'(zo) lim (z = z0) = 0

A continuous function is not necessarily differentiable. Indeed it turns out
that differentiable functions possess many special properties.

On the other hand, because we are now dealing with complex functions that
have a two-dimensional character, there can be new kinds of complications not
found in functions of one real variable. A prototypical example follows.

Consider the function

f@=z (1.3.11)

Even though this function is continuous, as discussed earlier, we now show that
it does not possess a derivative. Consider the difference quotient:

fig LTI =Dy 22 (1.3.12)
Az—0 Az Az—0 Az

This limit does not exist because a unique value of go cannot be found; indeed it
depends on how Az approaches zero. Writing Az = re', go = lima,_g e 2.
Soif Az — Oalong the positive real axis (¢ = 0),thengy = 1. If Az — Oalong
the positive imaginary axis, then gy = —1 (because 6 = /2, e %% = —1), etc.
Thus we find the surprising result that the function f (z) = zis not differentiable
anywhere (i.e., for any z = zo) even though it is continuous everywhere! In
fact, this situation will be seen to be the case for general complex functions
unless the real and imaginary parts of our complex function satisfy certain
compatibility conditions (see Section 2.1). Differentiable complex functions,
often called analytic functions, are special and important.

Despite the fact that the formula for a derivative is identical in form to that of
the derivative of a real-valued function, f(z), a significant point to note is that
f'(z) follows from a two-dimensional limit (z = x + iy or z = re’?). Thus for
f'(z) to exist, the relevant limit must exist independent of the direction from
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which z approaches the limit point zo. For a function of one real variable we
only have two directions: x < x¢ and x > x.

If f and g have derivatives, then it follows by similar proofs to those of real
variables that

(f+e' =f+¢

(fe) =fg+ f¢

(ﬁ) =(f'g—fgh/g® (g#0)
and if f'(g(z)) and g’(z) exist, then

[f (8] = f'(g(2)g(2)

In order to differentiate polynomials, we need the derivative of the elementary
function f(z) = 7", n is a positive integer

d
d—z(z”) =nz""! (1.3.13)

This follows from

7+ A" = 7"
% =n" " @Az " AL+ AL n!
z
as Az — 0, where a, ap, ..., are the appropriate binomial coefficients of
(a + b)".

Thus we have as corollaries to this result
d
—(c) =0, ¢ = constant (1.3.15a)
dz
d 2 m 2 m—1
E(ao-l-alz—i-azz + -4+ ay") =a; +2az + 3a3z" + - - - + mayz

(1.3.15b)

Moreover, with regard to the (purely formal at this point) powerseries expan-
sions discussed earlier, we will find that

d o0 o0
- (Zanz"> => na,z""! (1.3.15)
Z
n=0

n=0

inside the radius of convergence of the series.
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We also note that the derivatives of the usual elementary functions behave in
the same way as in real variables. Namely

—e* =€, — sinz = cos z, — Cc0Sz = —sInzg

dz dz dz (13.16)
d d h
— sinhz = cosh z, — coshz = sinhz
dz dz

etc. The proofs can be obtained from the fundamental definitions. For example,

d eerAz — ¢F
—e* = lim ——
dz Az—0 Az
et — 1
= ¢* lim ( > =€ (1.3.17)
Az—0 Az
where we note that
Az -1 Ax Ay —1 P LAY o3 A
lim & _opm ((CCOSAY DA ieTSINAYY e
Az—0 Az ﬁxﬁg (Ax —+ sz)
y—

One can put Eq. (1.3.18) in real/imaginary form and use polar coordinates
for Ax, Ay. This calculation is also discussed in the problems given for this
section. Later we shall establish the validity of the power series formulae
for e* (see Eq. (1.2.19)), from which Eq. (1.3.18) follows immediately (since
e =1+ 7+ z2/2 + - - -) without need for the double limit. The other formulae
in Eq. (1.3.16) can also be deduced using the relationships (1.2.9), (1.2.10),
(1.2.13), (1.2.14).

1.3.1 Elementary Applications to Ordinary Differential Equations

An important topic in the application of complex variables is the study of
differential equations. Later in this text we discuss differential equations in the
complex plane in some detail, but in fact we are already in a position to see
why the ideas already presented can be useful. Many readers will have had a
course in differential equations, but it is not really necessary for what we shall
discuss. Linear homogeneous differential equations with constant coefficients
take the following form:

L d"w n d"'w n dw n 0 (13.19)

AW = nel——— + a1 — + agw = 3.
dr VT Var

where {a j}'};(l) are all constant, n is called the order of the equation, and (for

our present purposes) ¢ is real. We could (and do, later in section 3.7) allow ¢
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to be complex, in which case the study of such differential equations becomes
intimately connected with many of the topics studied later in this text, but for
now we keep ¢ real. Solutions to Eq. (1.3.19) can be sought in the form

w(t) = ce? (1.3.20)

where c is a nonzero constant. Substitution of Eq. (1.3.20) into Eq. (1.3.19), and
factoring ce* from each term (note ¢ does not vanish), yields the following
algebraic equation:

S Ha o +aiz+a=0 (1.3.21)

There are various subcases to consider, but we shall only discuss the proto-
typical one where there are n distinct solutions of Eq. (1.3.22), which we call
{z1, 22, ..., 2,}. Each of these values, say z;, yields a solution to Eq. (1.3.19)
w; = cje%’, where ¢; is an arbitrary constant. Because Eq. (1.3.19) is a linear
equation, we have the more general solution

wt)=> w;=>» cje (1.3.22)
j=1 j=1

In differential equation texts it is proven that Eq. (1.3.22) is, in fact, the most
general solution. In applications, the differential equations (Eq. (1.3.19)) fre-
quently have real coefficients {a j}f;;é. The study of algebraic equations of the
form (Eq. (1.3.21)), discussed later in this text, shows that there are at most n
solutions — precisely n solutions if we count multiplicity of solutions. In fact,
when the coefficients are real, then the solutions are either real or come in com-
plex conjugate pairs. Corresponding to complex conjugate pairs, a real solution
w(?) is found by taking complex conjugate constants ¢; and ¢; corresponding
to each pair of complex conjugate roots z; and z;. For example, consider one
such real solution, call it w,, corresponding to the pair z, z:

w,(t) = ce”’ +ce¥ (1.3.23)

We can rewrite this in terms of trigonometric functions and real exponentials.
Letz =x +iy:
w, (I) — Ce(x-‘riy)r + Ee(x—iy)t
= e¢"[c(cos yt + i sin yt) + ¢(cos yt — i sin yt)]
= (c+7c)e* cosyt +i(c —¢)e* sinyt (1.3.24)
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Because c + ¢ = A, i(c — ¢) = B are real, we find that this pair of solutions
may be put in the real form

we(t) = Ae™ cos yt + Be* sin yt (1.3.25)

Two examples of these ideas are simple harmonic motion (SHM) and vibrations
of beams:

d*w 2

—3 tow = 0 (SHM) (1.3.262)
d*w 4 132
W“rkw:O (.3.6b)

where wy? and k* are real nonzero constants, depending on the parameters in
the physical model. Looking for solutions of the form of Eq. (1.3.20) leads to
the equations

24w’ =0 (1.3.27a)
#+kt=0 (1.3.27b)
which have solutions (see also Section 1.1)

71 = iwy, 20 = —iwy (1.3.28a)

, k
2 =ke™* = —=(1+1i)

V2

. k
=kt = 1y
2 ﬁ( )

" (1.3.28b)
B =keT = (=1 —i)
‘ V2
4= ke7in/4 — i(l _ l)
V2

It follows from the above discussion that the corresponding real solutions
w(t) have the form

w = A coswyt + B sin wyt (1.3.29a)

ys kt .kt _k kt .kt
w=ev2 [Ajcos— + B;sin—| +e v2 |Aycos — + B;sin —

V2 V2 V2 V2
(1.3.29b)

where A, B, Ay, A», B, and B, are arbitrary constants.

In this chapter we have introduced and summarized the basic properties of
complex numbers and elementary functions. We have seen that the theory of
functions of a single real variable have so far motivated many of the notions of
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complex variables; though the two-dimensional character of complex numbers
has already led to some significant differences. In subsequent chapters anumber
of entirely new and surprising results will be obtained, and the departure from
real variables will become more apparent.

Problems for Section 1.3

1. Evaluate the following limits:

(a) lim,;(z+1/2) (b) lim,_,,, 1/z™, m integer

sin sinz
(© lim,_;sinhz  (d) 1imHOTZ ) 1imz%o7z
z2 z
lim, o0 ———— lim, , o0 ————

2. Establish a special case of I’'Hopitals rule. Suppose that f(z) and g(z)
have formal power series about z = a, and

f@=f@=f'@=-=f"aw=0
g =g@=g¢g"@=--=¢g"w=0
If f**+D(a) and g**V (a) are not simultaneously zero, show that

pS@ @

—ag(z)  g®D(a)

What happens if g**D(a) = 0?

3. If|g(z)] < M, M > 0 for all z in a neighborhood of z = z(, show that if
lim,—,,, f(z) =0, then

lim f(2)g(z) =0

4. Where are the following functions differentiable?
7 —

oyt (d) e'/* (e) 22

(a) sing (b) tanz (©)

5. Show that the functions Re z and Imz are nowhere differentiable.

6. Let f(z) be a continuous function for all z. Show that if f(zg) # 0, then
there must be a neighborhood of zy in which f(z) # 0.
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Let f(z) be a continuous function where lim,_, f(z) = 0. Show that
lim,_o(e/@ — 1) = 0. What can be said about lim,_,((¢/© — 1)/2)?

Let two polynomials f(z) =ag+aiz+---+a,z" and g(z) = by + b1z
+--- + b,z be equal at all points z in a region R. Use the concept of a
limit to show that m = n and that all the coefficients {a; };?ZO and {b; }’}'=0
must be equal. Hint: Consider lim,_,o(f(z) — g(2)), lim,o(f(z) —

8(2))/(2), etc.
(a) Use the real Taylor series formulae
e =14x+00xd), cosx =1+ 02,
sinx = x(1 + 0(x?))

where O(x?) means we are omitting terms proportional to power x>

(i.e, lin%) (0(x?))/(x?) = C, where C is a constant), to establish the

following:

1in%(ez —(142) = nng)(e'wsf’e"si“@ —(147r(cos@ +isinb))) =0
— r—

(b) Use the above Taylor expansions to show that (c.f. Eq. (1.3.18))

i et — 1 i ("% cos(r sin@) — 1) + ie" ¢ sin(r sin 0)
im = lim
Az—0 Az r(cosf +isinf)

r—0
=1

Let z = x be real. Use the relationship (d/dx)e’™ = ie'™* to find the
standard derivative formulae for trigonometric functions:

d .
— sinx = cosx
dx

d .
— cosx = —sinx
dx

Suppose we are given the following differentialequations:

d*w 5
3 —kw=0

(@) F

dSw 6
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where ¢ is real and k is a real constant. Find the general real solution of
the above equations. Write the solution in terms of real functions.

Consider the following differential equation:

d2 4 dw+ 0
L w=
dx? dx
where x is real.

(a) Show that the transformation x = ¢’ implies that

d d
X = —,
dx dt
, d? d? d

m T drr dr
(b) Use these results to find that w also satisfies the differential equation

d2
w+w—0

(c) Use these results to establish that w has the real solution
w = Cetlogy) + Ce—i(logx)
or
w = Acos(logx) 4+ B sin(log x)

Use the ideas of Problem 12 to find the real solution of the following
equations (x is real and k is a real constant):

d2
myﬁ5§+ﬁw=a 42 > 1

d*w dw  d
m)337+3237+ i£+ﬁw—0
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Analytic Functions and Integration

In this chapter we study the notion of analytic functions and their properties. It
will be shown that a complex function is differentiable if and only if there is an
important compatibility relationship between its real and imaginary parts. The
concepts of multivalued functions and complex integration are considered in
some detail. The technique of integration in the complex plane is discussed and
two very important results of complex analysis are derived: Cauchy’s theorem
and a corollary — Cauchy’s integral formula.

2.1 Analytic Functions

2.1.1 The Cauchy-Riemann Equations

In Section 1.3 we defined the notion of complex differentiation. For conve-
nience, we remind the reader of this definition here. The derivative of f(z),
denoted by f'(z), is defined by the following limit:

f@+Az) - f(2)
m

—0 Az

fla=1 (2.1.1)
Az
We write the real and imaginary parts of f(z), f(z) = u(x,y) +iv(x,y),
and compute Eq. (2.1.1) for (a) Az = Ax real and (b) Az =i Ay pure imaginary
(i.e., we take the limit along the real and then along the imaginary axis). Then,
for case (a)

N ulx +Ax,y) —ulx,y) . vlx+Ax,y) —vx,y)
Fe= AI:’TO ( Ax + Ax )

= ux(x, y) +ive(x, y) (2.1.2)

We use the subscript notation for partial derivatives, that is, u, = du/dx and

32
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v, = dv/dx. For case (b)

i ux,y+Ay)—u(x,y) i@wk,y+Ay)—vx,y))
1m +

F@ Ay—0 iAy iAy

= —iuy(x,y) +vy(x, ) (2.1.3)
Setting Egs. (2.1.2) and (2.1.3) equal yields
Uy =Vy, Uy = —Uy 2.1.4)

Equations (2.1.4) are called the Cauchy—Riemann conditions.

Equations (2.1.4) are a system of partial differential equations that are neces-
sarily satisfied if f(z) has a derivative at the point z. This is in stark contrast to
real analysis where differentiability of a function f (x) is only a mild smoothness
condition on the function. We also note that if #, v have second derivatives, then
we will show that they satisfy the equations u,, + u,, = 0 and vy, + vy, =0
(c.f. Egs. (2.1.11a,b)).

Equation (2.1.4) is a necessary condition that must hold if f(z) is dif-
ferentiable. On the other hand, it turns out that if the partial derivatives of
u(x,y), v(x,y) exist, satisfy Eq. (2.1.4), and are continuous, then f(z) =
u(x,y) +iv(x, y) mustexist and be differentiable at the point z = x +iy; that
is, Eq. (2.1.4) is a sufficient condition as well. Namely, if Eq. (2.1.4) holds,
then f’(z) exists and is given by Egs. (2.1.1-2.1.2).

We discuss the latter point next. We use a well-known result of real analysis
of two variables, namely, if u,, u, and vy, v, are continuous at the point (x, y),
then

Au = u,Ax +u,Ay + €1|Az|
Av = v, Ax + vy, Ay + €| Az| 2.1.5)

where |Az| = /Ax2 4+ Ay?, limp, 9 €; = lima,_0€; =0, and
Au=ulx+ Ax,y+ Ay) —u(x,y)
Av=v(x + Ax,y+ Ay) —v(x,y)
Calling Af = Au +iAv, we have

Af Au Av
— = — 41—
Az Az Az

Ax+ Ay 4 Ax+ Ay
=uy— 4+u,— ilvy,— 4+ vy,—
YAz YAz YAz YAz

. lAz]
+ (e +’62)Tz’ |Az| #0 (2.1.6)
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Then, letting ﬁil = ¢'¢ and using Eq. (2.1.4), Eq. (2.1.6) yields

A . AX+IA . —i
& (1 +iv) ==Ly (6 +ie)e
Az Az

= f'(2) + (&1 +iex)e ™ (2.1.7)

after noting Eq. (2.1.2) and manipulating. Taking the limit of Az approaching
zero yields the desired result.
We state both of the above results as a theorem.

Theorem 2.1.1 The function f(z) = u(x, y) + iv(x, y) is differentiable at a
point z = x 4+ iy of a region in the complex plane if and only if the partial
derivatives u,, uy, vy, vy are continuous and satisfy the Cauchy—Riemann
conditions (Eq. (2.1.4)) at z = x +iy.

A consequence of the Cauchy—Riemann conditions is that the “level” curves
of u, that is, the curves u(x, y) = ¢ for constant ¢, are orthogonal to the level
curves of v, where v(x, y) = ¢, for constant c¢;, at all points where f'(z) exists
and is nonzero. From Egs. (2.1.2) and (2.1.4) we have

du\* v\’ du\> du\> > v\’
/ 2 _ 27 e [ _ — [ = -
rof=(5) +(x) = (&) +(5) = (&) < (3)
hence the two-dimensional vector gradients Vu = (%, 3—3) and Vv = (g—;ﬁ g—;’)
are nonzero. We know from vector calculus that the gradient is orthogonal to
its level curve (i.e., du = Vu -ds = 0, where ds points in the direction of
the tangent to the level curve), and from the Cauchy—Riemann condition (Eq.

(2.1.4)) we see that the gradients Vu, Vv are orthogonal because their vector
dot product vanishes:

ou ov +_8u ov
dx dx  Jy dy
ou du  Ju du

Vu - Vv =

ax dy  dy dx
Consequently, the two-dimensional level curves u(x, y) = ¢y and v(x, y) = ¢;
are orthogonal.
The Cauchy—Riemann conditions can be written in other coordinate sys-
tems, and it is frequently valuable to do so. Here we quote the result in polar
coordinates:

du _10v
ar  r oo )18
Jv 1 0du 2.1.8)

ar  raf
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Equation (2.1.8) can be derived in the same manner as Eq. (2.1.4). An
alternative derivation uses the differential relationships

0 0 sinf 9
a =C05687 — . %
9 .0 cosf d (2.1.9)
— =sinf— + —
ay or r a0

which are derived fromx = r cosf and y = r sin0, r> = x>+ y?, tan0 = y/x.
Employing Eq. (2.1.9) in Eq. (2.1.4) yields

du sinf du . dv cosf dv
cosf— — — =sinf— —
ar r 00 or r 00
. du cosf du ov  sin6 ov
sinf — — = —Ccosf— -
ar r 06 ar r 06

Multiplying the first of these equations by cos @, the second by sin6, and
adding yields the first of Egs. (2.1.8). Similarly, multiplying the first by sin @,
the second by —cos 6, and adding yields the second of Egs. (2.1.8).

Similarly, using the first relation of Eq. (2.1.9) in f’(z) = du/dx + idv/dx
yields

ou  sinf Jou ov sinf dv

'"(2) = 00— — ——+i 0— —i——

F@) = cosbh = = gg FicosOu —im =y
ou v
_ o _isino[ 2 ;%0
(cos isin )(3r+18r>

hence,
, _ioO0u . 0v
flx)=e — +i— (2.1.10)

ar ar

Example 2.1.1 Let f(7) = ¢ = "™ = e*e¥ = ¢*(cosy + i siny). Verify
Eq. (2.1.4) for all x and y, and then show that f'(z) = e*.

u=e*cosy, v=-e"siny
ou " dv
— =e'cosy=—
ox dy
u . v
— = —¢'siny = ——
dy dx
, ou  Jv . ..
f(z) = —+4+i— =¢€"(cosy +isiny)
ox ax

X iy X+iy z
Y = &0

=e
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We have therefore established the fact that f(z) = e° is differentiable for
all finite values of z. Consequently, standard functions like sinz and cos z,
which are linear combinations of the exponential function ¢'* (see Eqs. (1.2.9—
1.2.10)) are also seen to be differentiable functions of z for all finite values of z.
It should be noted that these functions do not behave like their real counterparts.
For example, the function sin x oscillates and is bounded between +1 for all
real x. However, we have

sinz = sin(x + iy) = sinx cosiy + cos x siniy

= sinx cosh y 4 i cos x sinh y

Because [sinh y| and |cosh y| tend to infinity as y tends to infinity, we see that
the real and imaginary parts of sin z grow without bound.

Example 2.1.2 Let f(z) =7 =x —iy,sothatu(x,y) = xand v(x, y) = —y.
Since du/dx = 1 while dv/dy = —1, condition (2.1.4) implies f”(z) does not
exist anywhere (see also section 1.3).

Example 2.1.3 Let f(z) = 7" = r"e" = r"(cosné + i sinn@), for integer
n, so that u(r,0) = r" cosné and v(r, 6) = r" sinnf. Verify Eq. (2.1.8) and
show that f'(z) = nz"~! (z # 0if n < 0). By differentiation, we have

ou nel 10dv
— =nr"" " cosnf = ——
ar r 06
ov 1. 10u
— =nr"" sinnf = ———
or r 00

From Eq. (2.1.10),

f'(z) = e (nr" ") (cos n® + i sinnd)

nfl€719€tn0 — rnflet(nfl)O

= nr n

— nanl

Example 2.1.4 1f a function is differentiable and has constant modulus, show
that the function itself is constant. We may write f in terms of real, imaginary,
or complex forms where

f=u+iv=Re®
v
R2=u2~|—v2, tan® = —
u
R = constant
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From Eq. (2.1.8) we have

u av 1 dv ou ur 3 (v
U—+v—=-|u——-v— | =——| -
ar ar r 20 00 r 00 \u

0, . 2w (v
ar ) ==
Thus 8(v/u)/30 = 0 because R? = u® + v? = constant.
Similarly, using Eq. (2.1.8),

, 0 (v v du
uw—\ -] =({u——v—
or\u or ar

1o,
__ _ )| = - =0
r(”ae+”ae) 250t Y)

Thus v/u = constant, which implies ® is constant, and hence so is f.

SO

We have observed that the system of partial differential equations (PDEs),
Eq. (2.1.4), that is, the Cauchy—Riemann equations, must hold at every point
where f’(z) exists. However, PDEs are really of interest when they hold not
only at one point, but rather in a region containing the point. Hence we give
the following definition.

Definition 2.1.1 A function f(z) is said to be analytic at a point z if f(z) is
differentiable in a neighborhood of zy. The function f(z) is said to be analytic
in a region if it is analytic at every point in the region.

Of the previous examples, f(z) = e is analytic in the entire finite z plane,
whereas f(z) = 7 is analytic nowhere. The function f(z) = 1/z*> (Example
2.1.3, n = —2) is analytic for all finite z # O (the “punctured” z plane).

Example 2.1.5 Determine where f(z) is analytic when f(z) = (x + ay)? +
2i(x — ay) for « real and constant.

u(x,y) = (x +ay)?, v(x,y) = 2(x — ay)

du av

— =2 — = =2
o (x +ay) oy o
d a
—u=2a(x+ozy) —U=2

dy ax
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The Cauchy—Riemann equations are satisfied only if > = 1 and only on the
lines x £y = F1. Because the derivative f’(z) exists only on these lines,
f(2) is not analytic anywhere since it is not analytic in the neighborhood of
these lines.

If we say that f(z) is analytic in a region, such as |z] < R, we mean that
f(2) is analytic in a domain containing the circle because f’(z) must exist in
a neighborhood of every point on [z| = R. We also note that some authors use
the term holomorphic instead of analytic.

An entire function is a function that is analytic at each point in the “entire”
finite plane. As mentioned above, f(z) = e° is entire, as is sin z and cos z. So
is f(z) = 7" (integer n > 0), and therefore, any polynomial.

A singular point z is a point where f fails to be analytic. Thus f(z) = 1/z2
has z = 0 as a singular point. On the other hand, f(z) = 7 is analytic nowhere
and has singular points everywhere in the complex plane. If any region R exists
such that f(z) is analytic in R, we frequently speak of the function as being an
analytic function. A further and more detailed discussion of singular points
appears in Section 3.5.

As we have seen from our examples and from Section 1.3, the standard dif-
ferentiation formulae of real variables hold for functions of a complex variable.
Namely, if two functions are analytic in a domain D, their sum, product, and
quotient are analytic in D provided the denominator of the quotient does not
vanish at any point in D. Similarly, the composition of two analytic functions
is also analytic.

We shall see, in a later section (2.6.1), that an analytic function has derivatives
of all orders in the region of analyticity and that the real and imaginary parts
have continuous derivatives of all orders as well. From Eq. (2.1.4), because
3%v/9xdy = 3%v/dydx,we have

9%u 3% 9%v 9%u

ax2  oxdy  dydx  0y?

hence

vz Cu P 2.1.11a)
u E —_— —_— = . . a
ox2  9y?

and similarly

9%v 3%
V= —4+-—=0 2.1.11b
U= k2 + 9y? ( )
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Equations (2.1.11a,b) demonstrate that u and v satisfy certain uncoupled
PDEs. The equation V>w = 0 is called Laplace’s equation. It has wide
applicability and plays a central role in the study of classical partial differential
equations. The function w(x, y) satisfying Laplace’s equation in a domain D
is called an harmonic function in D. The two functions u(x, y) and v(x, y),
which are respectively the real and imaginary parts of an analytic function in
D, both satisfy Laplace’s equation in D. That is, they are harmonic functions
in D, and v is referred to as the harmonic conjugate of u (and vice versa).
The function v may be obtained from u via the Cauchy—Riemann conditions. It
is clear from the derivation of Egs. (2.1.11a,b) that f(z) = u(x, y) +iv(x, y)
is an analytic function if and only if u and v satisfy Egs. (2.1.11a,b) and v is
the harmonic conjugate of u.

The following example illustrates how, given u(x, y), it is possible to obtain
the harmonic conjugate v(x, y) as well as the analytic function f(z).

Example 2.1.6 Suppose we are givenu(x, y) = y>—x?intheentirez = x +iy
plane. Find its harmonic conjugate as well as f(z).

ou av

—=-2x=— = v=-2xy+¢Xx)
ox ay
ou av
—=2y=—7 = v=-2xy+v¥(Q)
ay dax

where ¢ (x), ¥ (x) are arbitrary functions of x and y, respectively. Taking the
difference of both expressions for v implies ¢ (x) — ¥ (y) = 0, which can only
be satisfied by ¢ = ¢ = ¢ = constant; thus

f) = y* —x* = 2ixy +ic
= —(x* =y  +2ixy)+ic=—>+ic

It follows from the remark following Theorem 2.1.1, that the two level curves
u =y>—x>=rcyand v = —2xy = ¢, are orthogonal to each other at each
point (x, y). These are two orthogonal sets of hyperbolae.

Laplace’s equation arises frequently in the study of physical phenomena.
Applications include the study of two-dimensional ideal fluid flow, steady
state heat conduction, electrostatics, and many others. In these applications
we are usually interested in solving Laplace’s equation V2w = 0 in a domain
D with boundary conditions, typically of the form

9
aw+ Bl =y  onC (2.1.12)
on
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where dw/dn denotes the outward normal derivative of w on the boundary of
D denoted by C; «, B, and y are given functions on the boundary. We refer
to the solution of Laplace’s equation when 8 = 0 as the Dirichlet problem, and
when o = 0 the Neumann problem. The general case is usually called the
mixed problem.

2.1.2 Ideal Fluid Flow

Two-dimensional ideal fluid flow is one of the prototypical examples of
Laplace’s equations and complex variable techniques. The corresponding flow
configurations are usually easy to conceptualize. Ideal fluid motion refers
to fluid motion that is steady (time independent), nonviscous (zero friction;
usually called inviscid), incompressible (in this case, constant density), and
irrotational (no local rotations of fluid “particles”). The two-dimensional equa-
tions of motion reduce to a system of two PDEs (see also the discussion in
Section 5.4, Example 5.4.1):

(a) incompressibility (divergence of the velocity vanishes)

d U1 d 1%)

— 4+ —=0 (2.1.13a)

ax ay
where v; and v, are the horizontal and vertical components of the two-dimen-

sional vector v, that is, v = (v, v); and
(b) irrotationality (curl of the velocity vanishes)

3 3
v 9u _ (2.1.13b)
ax ay

A simplification of these equations is found via the following substitutions:

9 _ 9 __ W

= = = = 2.1.14
ox ay v2 ay ox ( )

U1
In vector form: ¥ = V¢. We call ¢ the velocity potential, and v the stream
function. Equations (2.1.13-2.1.14) show that ¢ and v satisfy Laplace’s equa-
tion. Because the Cauchy—Riemann conditions are satisfied for the functions

¢ and ¥, we have, quite naturally, an associated complex velocity potential
Q(2):

Q@) =¢Mx,y)+iv(x,y) (2.1.15)
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The derivative of €2(z) is usually called the complex velocity

:% '%2%—i%=v1—iv2 (2.1.16)

Q/
@ ax + ax dax dy

The complex conjugate Q'(z) = d¢/dx +id¢/dy = v + iv, is analogous to
the usual velocity vector in two dimensions.

The associated boundary conditions are as follows. The normal derivative
of ¢ (i.e., the normal velocity) must vanish on a rigid boundary of an ideal
fluid. Because we have shown that the level sets ¢ (x, y) = constant and
¥ (x, y) = const. are mutually orthogonal at any point (x, y), we conclude that
the level sets of the stream function ¢ follow the direction of the flow field;
namely, they follow the direction of the gradient of ¢, which are themselves
orthogonal to the level sets of ¢. The level curves ¥ (x, y) = const. are called
streamlines of the flow. Consequently, boundary conditions in an ideal flow
problem at a boundary can be specified by either giving vanishing conditions
on the normal derivative of ¢ at a boundary (no flow through the boundary)
or by specifying that ¥/ (x, y) is constant on a boundary, thereby making the
boundary a streamline. d¢/dn = V¢ - i1, i being the unit normal, implies that
V¢ points in the direction of the tangent to the boundary. For problems with
an infinite domain, some type of boundary condition — usually a boundedness
condition — must be given at infinity. We usually specify that the velocity is
uniform (constant) at infinity.

Briefly in this section, and in subsequent sections and Chapter 5 (see Section
5.4), we shall discuss examples of fluid flows corresponding to various complex
potentials. Upon considering boundary conditions, functions €2(z) that are
analytic in suitable regions may frequently be associated with two-dimensional
fluid flows, though we also need to be concerned with locations of nonanalyticity
of ©(z). Some examples will clarify the situation.

Example 2.1.7 The simplest example is that of uniform flow
Q(z) = voe %z = vy(cos by — i sin ) (x + i), (2.1.17)
where vy and 6 are positive real constants. Using Eqgs. (2.1.15, 2.1.16), the
corresponding velocity potential and velocity field is given by
: a9
¢ (x,y) = vg(cos Gyx + sinbyy) v = I = Vg cos By
X

)
V) = — =1 sin90
dy

which is identified with uniform flow making an angle 6, with the x axis, as
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N

BN

Fig. 2.1.1. Uniform flow

in Figure 2.1.1. Alternatively, the stream function ¥ (x, y) = vo(cosfyy —
sin fyx) = const. reveals the same flow field.

Example 2.1.8 A somewhat more complicated flow configuration, flow around
a cylinder, corresponds to the complex velocity potential

a2
Q(z):vo(z—i-?) (2.1.18)

where vy and a are positive real constants and |z| > a. The corresponding
velocity potential and stream function are given by

2
é = v <r+“> cos 0 (2.1.192)
r

2
¥ = v <r - “—) sin @ (2.1.19b)
r
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and for the complex velocity we have

, a? ale2i0
Q@) =v|l=—5)=vo|l-——3 (2.1.20)
Z

r

whereby from Eq. (2.1.16) the horizontal and vertical components of the ve-

locity are given by
( a?cos 26 >
vi=v |l ——5—
,

a?sin 26
2

(2.1.21)

U2 = —Vp
r

The circle r = a is a streamline (¥ = 0) asis § = 0 and 6 = 7. As
r — 00, the limiting velocity is uniform in the x direction (v; — vy, v, — 0).
The corresponding flow field is that of a uniform stream at large distances
modified by a circular barrier, as in Figure 2.1.2, which may be viewed as flow
around a cylinder with the same flow field at all points perpendicular to the flow
direction.

Note that the velocity vanishes atr = a, 8 = 0, and 8 = 7. These points are
called stagnation points of the flow. On the circle » = a, which corresponds
to the streamline y» = 0, the normal velocity is zero because the corresponding
velocity must be in the tangent direction to the circle. Another way to see this
is to compute the normal velocity from ¢ using the gradient in two-dimensional
polar coordinates:

3o 193¢
v=V¢=—u, +—-—1y
ar r 96
. ¢=constant
///
U K y=constant

symmetric curvesj y=0 AN .

Fig. 2.1.2. Flow around a circular barrier
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where @, and @iy are the unit normal and tangential vectors. Thus the velocity in

the radial direction is v, = ‘;—‘f and the velocity in the circumferential direction

isvy = %g—‘g So the radial velocity at any point (r, 6) is given by

9 2
8_(;{) =1 <1—(:—2) cosd

which vanishes whenr = a. As mentioned earlier, asr — oo the flow becomes
uniform:

¢ —> vor cosf = vpx

Y — vor sinf = vyy

So for large r and correspondingly large y, the curves y = const are streamlines
as expected.

Problems for Section 2.1

1. Which of the following satisfy the Cauchy—Riemann (C-R) equations? If

they satisfy the C-R equations, give the analytic function of z.

@ fx,y)=x—iy+1
(b) f(x,y) =y =322y +i(x® = 3xy’ +2)
(©) f(x,y) =eY(cosx +isiny)

2. Inthe following we are given the real part of an analytic function of z. Find

the imaginary part and the function of z.

(a) 3x%y —y? (b) 2x(c — ), ¢ = constant

y

(d) cosxcoshy

3. Determine whether the following functions are analytic. Discuss whether
they have any singular points or if they are entire.

(a) tanz (b) esinz (c) el/E=h d) e

<
(e) Y

1 (f) cosxcoshy —isinxsinhy

4. Show that the real and imaginary parts of a twice-differentiable function
f (z) satisfy Laplace’s equation. Show that f(z) is nowhere analytic unless
it is constant.
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Let f(z) be analytic in some domain. Show that f(z) is necessarily a
constant if either the function f(z) is analytic or f(z) assumes only pure
imaginary values in the domain.

Consider the following complex potential

k1
Q)= ——-, k real,
27

referred to as a “doublet.” Calculate the corresponding velocity potential,
stream function, and velocity field. Sketch the stream function. The value
of k is usually called the strength of the doublet. See also Problem 4
of Section 2.3, in which we obtain this complex potential via a limiting
procedure of two elementary flows, referred to as a “source” and a “sink.”

Consider the complex analytic function, Q2(z) = ¢ (x, y) + i (x,y),ina
domain D. Let us transform from z to w using w = f(z), w = u +iv,
where f(z) is analytic in D, with the corresponding domain in the w plane,
D’. Establish the following:

8¢_8u8¢+8v8¢
dx  9x du 9dx dv

ax2  9x2du  9xdy dv

KL 292

dy /] 0v?
Also find the corresponding formulae for d¢/dy and 3°¢/dy?. Recall that
f'(z) = & — % and u(x, y) satisfies Laplace’s equation in the domain

0x

duz  9x dy dudv

% udp  9%u 9 N <8u>2 3%¢ 5 du du 3%¢

dx ay
D. Show that
32(]5 32¢ 32(]5 32¢
2 — _ 2 2
Vx’y(ﬁ— ﬁ+8—y2 = (ux—f-uy) (W +w>
= f'@PV, ¢

Consequently, we find that if ¢ satisfies Laplace’s equation Vf, y¢=0in
the domain D, then so long as f’(z) # 0 in D it also satisfies Laplace’s
equation V2 ¢ = 0 in domain D'.

u,v
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8. Given the complex analytic function Q(z) = z2, show that the real part
of Q, ¢(x,y) = ReQ(z), satisfies Laplace’s equation, Viy¢> = 0. Let
z=(0—w)/(1+ w), where w = u + iv. Show that ¢ (u, v) = ReQ(w)
satisfies Laplace’s equation V; ¢ = 0.

2.2 Multivalued Functions

A single-valued function w = f(z) yields one value w for a given complex
number z. A multivalued function admits more than one value w for a given z.
Such a function is more complicated and frequently requires a great deal of care.
Multivalued functions are naturally introduced as the inverse of single-valued
functions.

The simplest such function is the square root function. If we consider z = w?,
the inverse is written as

I—

w=z 2.2.1)

From real variables we already know that x '/ has two values, often written as
+./x where \/x > 0. For the complex function (Eq. (2.2.1)) and from w? = z
we can ascertain the multivaluedness by letting z = re’, and 0 = 0, + 27n,
where, say, 0 < 0, < 27

w = r!/2el /2 (2.2.2)

where r!'/?2 = \/r > 0 and n is an integer. (See also the discussion in Sec-

tion 1.1.) For a given value z, the function w(z) takes two possible values
corresponding to n even and n odd, namely

\/;610"/2 and \/;610”/26”1 — _\/;eIOF/Z

An important consequence of the multivaluedness of w is that as z traverses
a small circuit around z = 0, w does not return to its original value. Indeed,
suppose we start at 7 = € for real ¢ > 0. Let us see what happens to w as
we return to this point after going around a circle with radius €. Letn = 0.
When we start, 6, = 0 and w = J/€; when we return to z = e, 0, = 27 and
w = Jee’s = —/e. We note that the value —+/ can also be obtained from
0, = 0 provided we take n = 1. In other words, we started with a value w
corresponding to n = 0 and ended up with a value w corresponding to n = 1!
(Any even/odd values of n suffice for this argument.) The point z = 0 is called
a branch point. A point is a branch point if the multivalued function w(z) is
discontinuous upon traversing a small circuit around this point. It should be
noted that the point z = oo is also a branch point. This is seen by using the
transformation z = % which maps z = oo to t = 0. Using arguments such
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LTSC

,"/"\ \I
\\—__—,/
\GL \GR

Fig. 2.2.1. Closed circuit away from branch cut

01

\ z=re
2ni

zZ=re

Fig. 2.2.2. Cut plane, z'/?

X

as that above, it follows that t = 0 is a branch point of the function t~12 and
hence z = oo is a branch point of the function z!/2. The points z = 0 and
7 = oo are the only branch points of the function z'/2. Indeed, if we take a
closed circuit C (see Figure 2.2.1) that does not enclose z = 0 or z = oo, then
z!/2 returns to its original value as z traverses C. Along C the phase 6 will vary
continuously between 8 = 0; and 6 = ;. So if we begin at zz = rre'®® and
follow the curve C, the value z will return to exactly its previous value with no
phase change. Hence z!/? will not have a jump as the curve C is traversed.

The analytic study of multivalued functions usually is best effected by ex-
pressing the multivalued function in terms of a single-valued function. One
method of doing this is to consider the multivalued function in a restricted
region of the plane and choose a value at every point such that the resulting
function is single-valued and continuous. A continuous function obtained from
a multivalued function in this way is called a branch of the multivalued func-
tion. For the function w = z'/? we can carry out this procedure by taking n = 0
and restricting the region of z to be the open or cut plane in Figure 2.2.2. For
this purpose the real positive axis in the z plane is cut out. The values of z = 0
and z = oo are also deleted. The function w = z!/? is now continuous in the
cut plane that is an open region. The semiaxis Rez > 0 is referred to as a
branch cut.

It should be noted that the location of the branch cut is arbitrary save that
it ends at branch points. If we restrict 6, to —7 < 6, < w, n = 0 in the
polar representation of 7z = re'?, § = 0, + 2nm, then the branch cut would
naturally be on the negative real axis. More complicated curves (e.g. spirals)
could equally well be chosen as branch cuts but rarely do we do so because
a cut is chosen for convenience. The simplest choice (sometimes motivated
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by physical application) is generally satisfactory. We reiterate that the main
purpose of a branch cut is to artificially create a region in which the function is
single-valued and continuous.

On the other hand, if we took a closed circuit that didn’t enclose the branch
point z = 0, then the function z'/2
Figure 2.2.1, a typical closed circuit C not enclosing the origin, with the choice
of branch cut (z = re!?, 0 < 0 < 27) on the positive real axis.

Note that if we had chosen w = (z—z¢)'/? as our prototype example, a (finite)
branch point would have been at z = z¢. Similarly, if we had investigated
w = (az + b)'/?, then a (finite) branch point would have been at —b/a. (In
either case, z = oo would be another branch point.) We could deduce these
facts by translating to a new origin in our coordinate system and investigating
the change upon a circuit around the branch point, namely, letting z = zo+re'’,
0 < 6 < 2. We shall see that multivalued functions can be considerably more
exotic than the ones described above.

A somewhat more complicated situation is illustrated by the inverse of the
exponential function, that is, the logarithm (see Figure 2.2.3). Consider

would return to its same value. We depict, in

z=¢e" (2.2.3)
Let w = u 4 iv. We have, using the properties of the exponential function
7z ="tV = ¢"e!¥ = ¢"(cos v + i sinv) (2.2.4a)
in polar coordinates z = re'% for 0 < 6, < 27, so
r=e
v =6,+2nn, n integer (2.2.4b)
From the properties of real variables
u =logr
Thus, in analogy with real variables, we write w = log z, which is
w =logz =logr +i6, + 2nmi (2.2.4¢)

where n = 0, £1, &2, ... and where 6, takes on values in a particular range of
2. Here we take

0<6, <2m

When n = 0, Eq. (2.2.4) is frequently referred to as the principal branch of the
logarithm; the corresponding value of the function is referred to as the principal
value. From (2.2.4) we see that, as opposed to the square root example, the
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function is infinitely valued; that is, n takes on an infinite number of integer
values. For example, if z =i, then |z] =r =1, 0, = 7w /2; hence

logi =10g1+i<72[+2n7r) n=0,41,42, ... (2.2.5)

Similarly, if z = x, a real positive quantity, |z| = r = |x|, then
log z = log |x| + 2nmi n=0,%x1,4£2,... (2.2.6)

The complex logarithm function differs from the real logarithm by additive
multiples of 2mi. If z is real and positive, we normally take n = O so that the
principal branch of the complex logarithm function agrees with the usual one
for real variables.

Suppose we consider a given point z = xg, xo real and positive, and fix a
branch of logz, n = 0. So logz = log |xg|. Let us now allow z to vary on a
circle about z = 0: z = |xgle!?. As 0 varies from 6 = 0to 6 = 27 the value of
log z varies from log |x¢| to log |xg| + 2wi. Thus we see that z = 0 is a branch
point: A small circuit (x( can be as small as we wish) about the origin results
in a change in log z. Indeed, we see that after one circuit we come to the n = 1
branch of log z. The next circuit would put us on the n = 2 branch of log z and
so on. The function log z is thus seen to be infinitely branched, and the line
Re z > 0 is a branch cut (see Figure 2.2.3).

We reiterate that the branch cut Rez > 0 is arbitrarily chosen, although in
a physical problem a particular choice might be indicated. Had we defined
log z as

logz = log|xo| +i(6, + 2nm), -m<6,<m 2.2.7)

this would be naturally related to values of log z that have a jump on the negative
real axis. Son = 0, 8, = —nx corresponds to logz = log |xg| — iw. A full

Fig. 2.2.3. Logarithm function and branch cut
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(a)Rez >0 (b)Rez <0

Fig. 2.2.5. Branch cuts, stereographic projection

circuit in the counterclockwise direction puts us on the first branch logz =
log |xo| + im (see Figure 2.2.4).

It should be noted that the point z = oo is also a branch point for logz. As
we have seen, the point at infinity is easily understood via the transformation
z = 1/t, so that ¢ near zero corresponds to z near co. The above arguments,
which are used to establish whether a point is in fact a branch point, apply
at t =0. The use of this transformation and the properties of log|z| yields
logz = logl/t = —logt. We establish t =0 as a branch point by letting
t =re'?, varying @ by 27, and noting that this function does not return to its
original values.

It is convenient to visualize the branch cut as joining the two branch points
z = 0 and z = oo. For those who studied the stereographic projection (Section
1.2.2), this branch cut is a (great circle) curve joining the south (z = 0) and the
north (z = oo) poles (see Figure 2.2.5).

The analyticity of log z (z # 0) in the cut plane can be established using the
Cauchy—-Riemann conditions. We shall also show the important relationship
d/dz(logz) = 1/z. Using (2.2.3) and (2.2.4a,b,c), we see that for z = x + iy,
w=1logz,w=u-+iv

eZu — x2 + y27 tanv = X 2.2.8)
X
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Note that in deriving Eq. (2.2.8) we use w = log[|z]e *2%], |z| = (x% + y*)!/2,
and 6 = argz = tan~! y/x. A branch is fixed by assigning suitable values for
the real functions u and v. The function u is given by

1
U= log(x? + y?) (2.2.9)

To fix the branch of v corresponding to the inverse tangent of y/x is more subtle.
Suppose we fix tan~! (y/x) to be the standard real-valued function taking values
between —mr /2 and 77/2; that is

-7 4 T
—— < tan -
7 = /x) <3
Thus the value of v will have a jump whenever x passes through zero (e.g. a
jump of & when we pass from the first to the second quadrant).
Alternatively we could have written

v =tan~! <X> e (2.2.10)
X

with C; = 0, C, = C3 = w, C4 = 2w, where the values of the constant C;
correspond to suitable values in each of the four quadrants.

It can be verified that v is continuous in the z plane apart from Rez > 0
where there is a jump of 27 across the Rez > 0 axis. Figure 2.2.6 depicts
the choice of v = tan~!(y/x) that will make log z continuous off the real axis,
Rez #0.

From real variables we know that

—tan” s = 2.2.11
s T + 52 ( )
y
v = tan (xl) +7 v = tai! (xl)
x
v = tar (D +n v =tan (&) +2n

Fig. 2.2.6. A branch choice for inverse tangent
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and with this from Eq. (2.2.10) we can verify that the Cauchy—Riemann condi-
tions are satisfied for Eq. (2.2.8). The partial derivatives of # and v are given by

X Y

U, = m, Uy = m (22123)
—y X
V,y = . Vy — ———— 2212b
x x2 + y2 y x2 + y2 ( )
hence the Cauchy—Riemann conditions u#, = v, and u, = —v, are satisfied

and the function log z is analytic in the cut plane Re z > 0 (as implied by the
properties of the inverse tangent function). Alternatively we could have used
u =logr,v =0 and Eq. (2.1.8).
Because log z is analytic in the cut plane, its derivative can be easily calcu-
lated. We need only to calculate the derivative along the x direction
ou av X —1iy 1

d 1
a7 BT T T e +y2 x+iy z ( )

Hence the expected result is obtained for the derivative of log z in a cut plane.
Indeed, this development can be carried out for any of the branches (suitable cut
planes) of log z. Alternatively from (2.1.10): f'(z) = e L (logr) = -1 = 1.

Z
The generalized power function is defined in terms of the logarithm
74 = etloez (2.2.14)

for any complex constant a. When a = m = integer, the power function is
simply 7. Using Eq. (2.2.4) and e*7" = cos 2km + i sin 2k = 1, where k is
an integer, we have

m em[logr+i(0p+2nn)] — M logremiép —

7" = iQ,,)m

(re

whereupon we have the usual integer power function with no branching and no
branch points. If, however, a is a rational number

m
a=—
l

m and [ are integers with no common factor then we have

m/l _ m ;
7" =exp ; (logr +i(0, + 2mn))

- exp[?(logr n iep)} exp{Zm’ <@)} (2.2.15)
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Itis evident that whenn =0, 1, ..., (I — 1), the expression (2.2.15) takes on
different values corresponding to the term ¢>*"/D_Thus 7"/ takes on [ dif-
ferent values. If n increases beyondn =1 —1,sayn =1, ((+1),..., (2l - 1),

the above values are correspondingly repeated, and so on. The formula (2.2.15)
yields [ branches for the function z”*/!. The function z”/! has branch points at
z = 0and z = oo. Similar considerations apply to the function w = (z —z0)"/*
with a (finite) branch point now being located at z = zo. A cut plane can be
fixed by choosing 6, appropriately. Hence a branch cut on Rez > 0 is fixed
by requiring 0 < 6, < 27. Similarly, a cut for Rez < 0 is fixed by assigning
—n <0, <m. Thusifm = 1,1 = 4, the formula (2.2.15) yields four branches
of the function z'/4.

Values of a that are neither integer nor rational result in functions that are
infinitely branched with branch points at z = 0, z = oco. Branch cuts can be
defined via choices of 6, as above. For any suitable branch, standard differen-
tiation formulae give

d d logz -1
— 7%= —¢° =7 - ) =az’ 2.2.16
dzZ dze z az ( )

From Eq. (2.2.4) we also have
log(z122) = log(rie'"rye'™)
= logr1r2 + l.(g]p +92p) + 2nmi
=logry +i(6ip + 2n 1) + logry +i(62) + 2ny7)
=logz; +logz,
where n; + ny, = n. The other standard algebraic properties of the complex
logarithm, which are analogous to the real logarithm, follow in a similar manner.
The inverse of trigonometric and hyperbolic functions can be computed via
logarithms. It is another step in complication regarding multivalued functions.
For example

w=cos 'z (2.2.17)
satisfies
eiw _’_efiw
cosw=z7=———

Thus

A _ 276" +1=0 (2.2.18)
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Hence solving this quadratic equation for e’* yields
=z (- =z4i(1-2)?
and then
w(z) = —ilog(z +i(1 —z%)?) (2.2.19)

This function w(z) has two sources of multivaluedness; one due to the loga-
rithm, the other due to f(z) = (1 — zz)%. The function f(z) has two branches
and two branch points, at 7 = 1. We can deduce that z = %1 are branch points
of f(z) by investigating the local behavior of f(z) near the points z = =£1.
Namely, use z = 1 + r1e® and z = —1 + r,e!® for small values of r; and
r2. For, say, z = —1, we have f(z) & (2ry)"/?¢!%/? (dropping r5 terms as
much smaller than r,), which certainly has a discontinuity as 6, changes by 2.
The function f(z) has two branches. The log function has an infinite number
of branches, hence so does w; sometimes we say that w(z) is doubly infinite
because for each of the infinity of branches of the log we also have two branches
of f(z). In the finite plane the only branch points of w(z) are at z = +1 because
the function g(z) = z + i(1 — z%)'/? has no solutions of g(z) = 0. (Equating
both sides, z = —i(1 — z2)'/? leads to a contradiction.) The branch structure
of w(z) in Eq. (2.2.19) is discussed further in Section 2.3 (c.f. Eq. (2.3.8)).

Because the log function is determined up to additive multiples of 27i, it
follows that for a fixed value of (1 — z2)!/2, and a particular branch of the log
function, w = cos™! z is determined only to within multiples of 27r. Namely, if
we write w; = —i log(z 4i(1 —z%)!/?) for a particular branch, then the general
form for w satisfies

w = —ilog(z+i(l —z)Y?) +2nn

or w = w; +2nm, n integer, which expresses the periodicity of the cosine func-
tion. Similarly, from the quadratic equation (2.2.18) we find that the product
of the two roots e'*! and ¢'*? satisfies

Vel = 1 (2.2.20)

or by taking the logarithm of Eq. (2.2.20) with 1 = ¢/” or 1 = ¢*™' we see that
the two solutions of Eq. (2.2.18) are simply related:

wy+w, =0 or w;+ w,=2m, etc. (2.2.21)

Equation (2.2.21) reflects the fact that the cosine of an angle, say «, equals the
cosine of —u or the cosine of 2 — «, etc.
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Differentiation establishes the relationship

d 1 —i ! iz
— CcoS - -
dz LT ria—yn (11— 2212

_ —i (G- '
i VT a—ar

—1
=" (2.2.22)

for z2 # 1. Formulae for the other inverse trigonometric and hyperbolic
functions can be established in a similar manner. For reference we list some of

them below.
sin! z = —ilog(iz + (1 — z29)'?) (2.2.23a)
tan! z = — log . —* (2.2.23b)
2i i+z
sinh™! z = log(z + (1 + z%)'/%) (2.2.23¢)
cosh™ z = log(z + (z2 — ') (2.2.23d)
11
tanh™' z = ~ log ~~ (2.2.23¢)
2 1—1z

In the following section we shall discuss the branch structure of more com-
plicated functions such as /(z — a)(z — b) and cos~! z.

In Section 2.1 we mentioned that the real and imaginary parts of an analytic
function in a domain D satisfy Laplace’s equation in D. In fact, some simple
complex functions yield fundamental and physically important solutions to
Laplace’s equation.

For example, consider the function

Q(z) = Alogz + iB (2.2.24)

where A and B are real and we take the branch cut of the logarithm along the
real axis with z = re’®, 0 < 6 < 2m. The imaginary part of Q(2): Q(z) =
¢(x,y) + iy (x,y), satisfies Laplace’s equation

2 2
o + oV =0 (2.2.25)

Vi = — 4+ —- =
v ax2  9y?

in the upper half plane: —oco < x < oo, y > 0. (Note that the function is
analytic for y > 0, i.e., there is no branch cut for y > 0.) From Eq. (2.2.24) a
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solution of Laplace’s equation is
Y(x,y) =A60+ B

— Atan™! (X) + B, (2.2.26)
X
where tan~!(y/x) stands for the identifications in Eq. (2.2.10) (see Figure
2.2.6). Thus, for y > 0,0 < tan"!(y/x) < 7.

Note that as y — 0%, then § = tan~'(y/x) — 0 for x > 0, and — = for
x < 0. Taking B=1and A = —1/m, we find that

1
Y(x,y)=1— —tan"! <X> (2.2.27)

i X
is the solution of Laplace’s equation in the upper half plane bounded at infinity,

corresponding to the boundary conditions

1 forx >0

0 forx <O (2.2.28)

¥(x,0) = {
Physically speaking, Eq. (2.2.27) corresponds to the steady state heat distribu-
tion of a plate with the prescribed temperature distribution (Eq. (2.2.28)) on the
bottom of the plate (steady state heat flow satisfies Laplace’s equation).

We also mention briefly that in many applications it is useful to employ
suitable transformations that have the effect of transforming Laplace’s equation
in a complicated domain to a “simple” one, that is, one for which Laplace’s
equation can be easily solved such as in a half plane or inside a circle. In terms
of two-dimensional ideal fluid flow, this means that a flow in a complicated
domain would be converted to one in a simpler domain under the appropriate
transformation of variables. (A number of physical applications are discussed
in Chapter 5.)

The essential idea is the following. Suppose we are given a complex analytic
function in a domain D:

Q@) =, y) +iv(x,y)

where ¢ and  satisfy Laplace’s equation in D. Let us transform to a new
independent complex variable w, where w = u 4+ iv, via the transformation

z=F(w) (2.2.29)

where F (w) is analytic in the corresponding domain D’ in the u, v-plane. Then
Q(F(w)), which we shall call  (w)

Qw) = ¢, v) +iv(u,v)
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isalsoanalyticin D’. Hence the function ¢ and ¥ will satisfy Laplace’s equation
in D’. (A direct verification of this statement is included in the problem section;
see Problem 7 in Section 2.1.) For this transformation to be useful, D’ must be
a simplified domain in which Laplace’s equation is easily solved.

The complication inherent in this procedure is that of returning back from the
w plane to the z plane in order to obtain the required solution €2(z), or ¢ (x, y)
and ¥ (x, y). We must invert Eq. (2.2.29) to find w as a function of z. In
general, this introduces multivaluedness, which we shall discuss in Section 2.3.
From a general point of view we can deduce where the “difficulties” in the
transformation occur by examining the derivative of the function Q2 (w). We
denote the inverse of the transformation (2.2.29) by

w = f(2) (2.2.30)
where f(z) is assumed to be analytic in D. By the chain rule, we find that

dQ dQ dz dQ /dw dQ /df(2)

dw dzdw dz/ dz  dz/ dz

(2.2.31)

Consequently, €2 (w) will be an analytic function of w in D’ so long as there are
no points in the w plane that correspond to points in the z plane via Eq. (2.2.30)
where df/dz = 0.

In Chapter 5 we shall discuss in considerable detail transformations or map-
pings of the form of Egs. (2.2.29)—(2.2.30). There it will be shown that if two
curves intersect at a point zo, then their angle of intersection is preserved by the
mapping (i.e., the angle of intersection in the z plane equals the angle between
the corresponding images of the intersecting curves in the w plane) so long as
f'(zo) # 0. Such mappings are referred to as conformal mappings, and as
mentioned above they are important for applications.

A simple example of an ideal fluid flow problem (see Section 2.1) is one in
which the complex flow potential is given by

Q@) =2 (2.2.32)

As discussed in Section 2.1, the streamlines correspond to the imaginary part
of Q(z) = ¢ + i, hence

¥ = r?sin20 = 2xy (2.2.33)

Clearly, the streamline ¥ = 0 corresponds to the edges of the quarter plane,
6 = 0and 6 = /2 (see Figure 2.2.7) and the streamlines of the flow inside
the quarter plane are the hyperbolae xy = const.
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s\ Xy =const

Fig. 2.2.7. Flow configuration corresponding to 2(z) = 72
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Fig. 2.2.8. Uniform flow
On the other hand, we can introduce the transformation
z=w'? (2.2.34)

which converts the flow configuration 2 = z? to the “standard” problem
Qiz(w) =w (2.2.35)

discussed in Section 2.1. This equation corresponds to uniform straight line flow
(see Eq. (2.1.17) with vy = 1 and 8y = 0). Equation (2.2.35) may be viewed as
uniform flow over a flat plate with w = u + iv, with the boundary streamline

v = 0 (see Figure 2.2.8). The speed of the flow is |€2'(z)| = 2|z| = 2r, which

. . dQ  dQdw
can also be obtained from Eq. (2.2.35) via — = — —.
dz dw dz
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The transformation (2.2.34) is an elementary example of a conformal
mapping.

Problems for Section 2.2
1. Find the location of the branch points and discuss possible branch cuts for
the following functions:

1

e ) z+1-2)"* (o) 2logz2 () V2

(a)

2. Determine all possible values and give the principal value of the following
numbers (put in the form x + iy):

(a) i'/? (b) (¢) log(1 +~/3i)

@ logi® () iV® sin™! 45
3. Solve for z:
@z2=1 (b)3+27=1 (c) tanz=1

4. Let a be a real number. Show that the set of all values of the multivalued
function log(z*) is not necessarily the same as that of « log(z).

5. Derive the following formulae:

1 1
(a) coth™'z = - 1log ot

1 1— 2\1/2
(b) sech™'z = log 1+d-20"
2 z—1

Z

6. Deduce the following derivative formulae:

(a) d tan ™! ! (b) d sin”! :

“ — g - -
dz 0 fT 142 dz " T A=)
d .. 1
(C) d—Z sinh™ z = m

7. Consider the complex velocity potential
Q(z) = klog(z — z0)

where k is real and zp is a complex constant. Find the corresponding
velocity potential and stream function. Show that the velocity is purely
radial relative to the point z = zp, and sketch the flow configuration. Such



60

2 Analytic Functions and Integration

a flow is called a “source” if k > 0 and a “sink” if k < 0. The strength
M is defined as the outward rate of flow of fluid, with unit density, across
a circle enclosing z = zo: M = fc V. ds, where V, is the radial velocity
and ds is the increment of arc length in the direction tangent to the circle
C. Show that M = 2mk. (See also Subsection 2.1.2.)

Consider the complex velocity potential 2(z) = —iklog(z—z0), where k is
real. Find the corresponding velocity potential and stream function. Show
that the velocity is purely circumferential relative to the point 7 = z(, being
counterclockwise if £ > 0. Sketch the flow configuration. The strength of
this flow, called a point vortex, is defined to be M = fc Veds, where Vj is
the velocity in the circumferential direction and ds is the increment of arc
length in the direction tangent to the circle C. Show that M = 2mwk. (See
also Subsection 2.1.2.)

(a) Show that the solution to Laplace’s equation V2T = 92T /du® +
92T /9v* = 0 in the region —oo0 < u < 00, v > 0, with the boundary
conditions 7T (u,0) = Topif u > Oand T(u,0) = —Tyifu < O, is
given by

2 v
Tu,v)=Ty|1— —tan  —
T

u

(b) We shall use the result of part (a) to solve Laplace’s equation inside a
circle of radius r = 1 with the boundary conditions

To onr =1, O0<bl<m

T(r,0)= {

Ty onr =1, mw<0<2nm

Show that the transformation

) (1 - Z) i—w

w=1i or 7= -
1+z i+w
where w = u+iv, maps the interior of the circle |z| = 1 onto the upper
half of the w plane (—oco0 < u < oo, v > 0) and maps the boundary
conditions r = 1,0 < § < wonto0 < u < oo, v = 0, and
r=1m <6 <2monto —o0 <u < 0,v=0. (See Problem 7

Section 2.1 which explains the relationship between Laplace’s Eq. in
parts a,b.)
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(c) Use the result of part (b) and the mapping function to show that the
solution of the boundary value problem in the circle is given by

2 1 2y
) =(1- 2o (=g ys))

2 1— 2 2
_ TO<1 _ _tanl<M>),
b4 2y

or, in polar coordinates,

2 _1( 2rsinf

T@r,0) =Ty 1— —cot 3
T 1—r

2 - 1—r2

=Ty(1— —tan —_

b4 2r sin 6

*2.3 More Complicated Multivalued Functions and Riemann Surfaces

We begin this section by discussing the branch structure associated with the
function

w=[(z —a)z—b)]"? (2.3.1)

Functions such as Eq. (2.3.1) arise very frequently in applications. The
function (2.3.1) is obviously the solution of the equation w? = (z — a)(z — b),
for real values a and b, a < b. Hence we expect square root type branch points
atz = a, b. Indeed, z = a, b are branch points as can be verified by letting z be
near, say, a, z = a + €'Y, Formula (2.3.1) implies that w ~ ¢g'/2¢!%/? with
q = €1(a — b) and, as 0; varies between 6; = 0 and 6, = 27, w jumps from
q'/? to —q'/? (similarly near z = b). Perhaps surprising is the fact that z = oo
is not a branch point. Letting z = 1/¢, formula (2.3.1) yields

[(1 = ta)(1 — th)]'2
w= t

(2.3.2)

and hence there is no jump near ¢ = 0, because near t = 0, w &~ 1/¢, which is
single valued.

We can fix a branch cut for Eq. (2.3.1) as follows. We define the local polar
coordinates

z—b=ri?

i—a=re"  0<6,0, <2 (2.3.3)



62 2 Analytic Functions and Integration

O=n2 0=0

0 =312 0=2r=0
Fig. 2.3.1. A branch cut for w = [(z — a)(z — b)]'/?

Note that the magnitudes r; and r, are fixed uniquely by the location of the

point z: r; = |z — b|, r, = |z — a|. However, there is freedom in the choice

of angles. In Eq. (2.3.3) we have taken 0 < 6}, 6, < 27, but another branch

could be specified by choosing 6, and 6, differently; as we discuss below.
Then Eq. (2.3.1) yields

w = (riry)' 2! O 022 (2.3.4)

In Figure 2.3.1 we denote values of the function w and the respective phases
01, 6, in those regions where a jump could be expected, that is, on the Re z = x
axis. (A heavy solid line denotes a branch cut.) We denote ® = (6, + 6,)/2.

For the above choice of angles 6, 6,, the only jump of w (which depends on
(61 4+ 62)/2) occurs on the real axis between a and b, a < Rez < b. Hence the
branch cut is located on the Re z = x axis between (a, b). The points z = a, b
are square root branch points. Increasing 6, 6, to 4w, 67, etc., would only
put us on either side of the two branches of Eq. (2.3.1). Sometimes the branch
depicted in Figure 2.3.1 is referred to as the one for which w(z) is real and
positive for z = x, x > a, b.

Other branches can be obtained by taking different choices of the angles 6,
6. For example, if we choose 0y, 6 as follows, 0 < 6 < 27, —7m < 6, < ,we
would have a branch cut in the region (—o00, a) U (b, 0o) whereas the function
is continuous in the region (a, b). In Figure 2.3.2 we give the phase angles in the
respective regions that indicate why the branch cut is in the above-mentioned
location.

The branch cut in the latter case is best thought of as passing from z = a
to z = b through the point at infinity. As mentioned earlier (see Eq. (2.3.2)),
infinity is not a branch point. An alternative and useful view follows from
the stereographic projection. The stereographic projection of the plane to a
Riemann sphere corresponding to the branch cuts of Figures 2.3.1 and 2.3.2 is
depicted in Figure 2.3.3.
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< - -=3>X
z=a S z=b

X

Fig. 2.3.3. Projection of w onto Riemann sphere

More complicated functions are handled in similar ways. For example,
consider the function

w=((z —x1)(z — x2)(z — x3))'/? with x; real, x; < x, < x3 (2.3.5)
If we let
7 —xp = e’ 0<6 <27 (2.3.6)
then
w = Jrirryel @ tete)2 (2.3.7)

Defining ® = (6; 4+ 6, + 63)/2, the phase diagram is given in Figure 2.3.4.
From the choices of phase (see Figure 2.3.4) it is clear that the branch cuts lie
in the region {x; < Rez < x} U {Rez > x3}.

A somewhat more complicated example is given by Eq. (2.2.19)

w=cos 'z =—ilog(z+i(1—2z>)"?
= —ilog(z + (z* = D'?) (23.8)

It is clear from the previous discussion that the points z = +1 are square
root branch points. However, z = oo is a logarithmic branch point. Letting
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Fig. 2.3.4. Triple choice of phase angles

z = 1/t, we have

1+i(2 =12
w= —ilog(—H(t)> = —i[log(1 +i(r*> — )'/?) —log1]

which demonstrates the logarithmic branch point behavior near r =0. (We
assume that the square root is such that the first logarithm does not have a
vanishing modulus, with the other sign of the square root more work is required.)
There are no other branch points because z + i (1 — z%)!/? never vanishes in the
finite z plane. It should also be noted that owing to the fact that (1 — z%)'/?
has two branches, and the logarithm has an infinite number of branches, the
function cos~! can be thought of as having a “double infinity” of branches.
A particular branch of this function can be obtained by first taking

z—i—l:rleie‘, z—]:rzeiez, 0<6;, <2m, i=1,2
Then, by adding the above relations,
2= (ne” +ne®)/2

and the function ¢(z) = z + (z> — 1)'/? is given by

q(Z) — (rlei01 + r26i92)/2 + /rlrz‘ei(01+02)/2 (239)
whereupon
i, . '
g2 =" (1 + 260 1o, /:—26’(929‘)/2) (2.3.10)
I 1

We further make the choice

. T . .
1+ _26,(92_9,) + 21 / _261(02—9,)/2 = Re’@, 0<0O <27
r r
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® can be chosen to be any interval of length 277, which determines the particular
branch of the logarithm. Here we made a convenient choice: 0 < ® < 2.

With these choices of phase angle it is immediately clear that the function
(2.3.8), log g(z), has a branch cut for Rez > —1. In this regard we note that
log(R ¢'®) has no jump for Re z < —1, nor does log(r; %), but forRe 7 > —1,
log(r;e'?) does have a jump.

In what follows we give a brief description of the concept of a Riemann
surface. Actually, for the applications in this book, the preceding discussion
of branch cuts and branch points is sufficient. Nevertheless, the notion of a
Riemann surface for a multivalued function is helpful and arises sometimes
in application. By a Riemann surface we mean an extension of the ordinary
complex plane to a surface that has more than one “sheet.” The multivalued
function will have only one value corresponding to each point on the Riemann
surface. In this way the function is single valued, and standard theory applies.

For example, consider again the square root function

w=z!? (2.3.11)

Rather than considering the normal complex plane for z, it is useful to consider
the two-sheeted surface depicted in Figure 2.3.5. This is the Riemann surface
for Eq. (2.3.11).

Referring to Figure 2.3.5 we have double copies I and II of the z plane with a
cut along the positive x axis. Each copy of the z plane has identical coordinates
z placed one on top of the other. Along the cut plane we have the planes joined
in the following way. The cut along Ib is joined with the cut on Ilc, while Ia
is joined with the cut on IId. In this way, we produce a continuous one-to-one
map from the Riemann surface for the function z'/? onto the w plane, that is,
the set of values w = u + iv = z!/2. If we follow the curve C in Figure 2.3.5,
we begin on sheet Ia, wind around the origin (the branch point) to Ib; we then
go through the cut and come out on Ilc. We again wind around the origin to

Fig. 2.3.5. Two-sheeted Riemann surface
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Fig. 2.3.6. Infinitely sheeted Riemann surface

IId, go through the cut and come out on Ia. The process obviously repeats
after this.

In a similar manner we can construct an n-sheeted Riemann surface for the
function w = z"/", where m and n are integers with no common factors. This
would contain »n identical sheets stacked one on top of the other with a cut on
the positive x axis and each successive sheet is connected in the same way that
Ia is connected to IIc in Figure 2.3.5 and the nth sheet would be connected to
the first in the same manner as IId is connected to Ia in Figure 2.3.5.

The logarithmic function is infinitely multivalued, as discussed in Section 2.2.
The corresponding Riemann surface is infinitely sheeted. For example, Fig-
ure 2.3.6 depicts an infinitely sheeted Riemann surface with the cut along the
positive x axis.

Each sheetis labeledn = 0,n = 1, n = 2, .. ., corresponding to the branch
of the log function (2.3.12):

w =logz =loglz| +i(0, + 2nm), 0<6, <2n 2.3.12)

The branch n =0 is connected to n = 1, the branch n = 1 to n = 2, the branch
n =2 to n=3, etc., in the same fashion that Ib is connected to Ilc in Figure
2.3.7. A continuous closed circuit around the branch point z =0 continuing
on all the sheets n = 0 ton = 1 to n =2 and so on resembles an “infinite”
spiral staircase. The main point here is that because the logarithmic function
is infinitely branched (we say it has a branch point of infinite order) it has an
infinitely sheeted Riemann surface.

This beautiful geometric description, while useful, will be of far less im-
portance for our purposes than the analytical understanding of how to specify
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sheet T

sheet IT

Fig. 2.3.7. Riemann surface of two sheets

particular branches and how to work with these multivalued functions in exam-
ples and concrete applications.

Finally we remark that more complicated multivalued functions can have very
complicated Riemann surfaces. For example, the function given by formula
(2.3.1) with local coordinates given by Eq. (2.3.3) has a two-sheeted Riemann
surface depicted in Figure 2.3.7.

A closed circuit, for example, C; in Figure 2.3.7, enclosing both branch
points z = a and z = b, stays on the same sheet. However, a circuit enclosing
either branch point, for example, the z = a circuit C, in Figure 2.3.7, would
start on sheet I; then after encircling the branch point would go through the cut
onto sheet II and encircling the branch point again would end up on sheet I, and
SO on.

As described in Section 2.2, elementary analytic functions may yield phys-
ically interesting solutions of Laplace’s equation. For example, we shall find
the solution to Laplace’s equation

%y 3%y

T T = 0 (2.3.13)

for —oo < x < 00, y > 0, with the boundary conditions

0 forx < —¢
Yx,y=0=4¢1 for—l<x<{ (2.3.14)
0 forx > ¢

which are bounded at infinity.

A typical physical application is the following: the steady state temperature
distribution of a two-dimensional plate with an imposed nonzero temperature
(unity) on a portion of the bottom of the plate.

Consider the function

Q(z) = Alog(z+¢)+ Blog(z—¢)+iC, A, B, C real constants
(2.3.15)
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with branch cuts taken by choosing z + [ = re'® and z — I = rpe'%, where
0 < 6; < 2x fori = 1,2. The function (2.3.15) is therefore analytic in
the upper half plane, and consequently, we know that the imaginary part ¥ of
Q(z) = ¢ + iy satisfies Laplace’s equation. This solution is given by

Y(x,y) = A6+ B6,+C

_ y —1 y
=A L B — 2.3.1
tan <x+£>+ tan (x—€>+c (2.3.16)

where we are taking 0 < tan~' o < 7 (see Eq. (2.2.10)).

It remains to fix the boundary conditions on y = 0 given by Eq. (2.3.14). For
x >{fandy = 0, wehave8; = 6, = 0; hence wetake C =0. For—¢ < x < ¢
andy =Owehavef; =0and6, = mw;hence B=1/n. Forx < —fandy =0
we have §; = 6, = m; hence A + 1/m = 0. The boundary value solution is
therefore given by

_1 1Y N L 1 y
W(x,y)—n[tan (x%) tan (x—l—ﬁ)} (2.3.17)

Problems for Section 2.3

1. Find the location of the branch points and discuss the branch cut structure
of the following functions:

@ @+D7 (1) (E+D@E-2)"

2. Find the location of the branch points and discuss the branch cuts associated
with the following functions:

a>0

@ log(c— D —2) () coth' % = Slog <F
a 2 z—a

(c) Related to the second function, show that, when # is an integer

1 2 2
coth™! o log 7()6 + a)2 ty
a 4 T(x—a)P+y?

+ ! tan~! 2y + 2nm
= S E— n
7 a2 —x2—y?

log(z — (22 + DH'?)

3. Given the function
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discuss the branch point/branch cut structure and where this function is
analytic.

Consider the complex velocity potential

M
Q(z,20) = E[log(z — z0) — log 7]

for M > 0, which corresponds to a source at z = zg and a sink at z = 0.
(See also Exercise 6 in Section 2.1, and Exercises 7 and 8 of Section
2.2.) Find the corresponding velocity potential and stream function. Let
M = k/|zol, zo = |z0]€'®, and show that

Q(z,z0) = —

i (logz—log(z—zO)) 20

2m 20 |Zol

Take the limit as zo — 0 to obtain

ke'® 1
21 7

Q(z) = lim Q(z,z0) = —
Z—20

This is called a “doublet” with strength k. The angle 6y specifies the
direction along which the source/sink coalesces. Find the velocity potential
and the stream function of the doublet, and sketch the flow.

Consider the complex velocity potential
ir
Qw) =——1logw, I' real
2

(a) Show that the transformation z = %(w + %) transforms the complex
velocity potential to

i
Q) = —=log(z + (= D'
2
(b) Choose a branch of (zZ — 1)!/? as follows:
(ZZ _ 1)1/2 — (rlrz)l/zei(91+92)/2

where 0 < 0, < 2w, i = 1,2, so that there is a branch cut on the
x axis, —1 < x < 1, for (z2 — 1)'/2. Show that a positive circuit
around a closed curve enclosing z = —1 and z = +1 increases 2 by
" (we say the circulation increases by I').
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(c) Establish that the velocity field v = (vy, v,) satisfies

vlz—ﬁ ony=0" for—1<x <1, and
r f 1 0
— for x>1,y=
2r/x2 =1 Y
V) = r
- forx <—-1,y=0
2mwA/x% — 1 Y

6. Consider the transformation (see also Problem 5 above) z = %(w + i).
Show that T(x,y) = —ImQ(z), where Q2 = 1/w satisfies Laplace’s
equation and satisfies the following conditions:

T(x,y=0") =+/1—x2 for |x| <1
T(x,y=0")=—v1-—x2 for |x| <1

Tx,y=0)=0 for |x|>1
and

fory >0

1

y+ vy 41
1

-y +vy +1

T(x=0,y) =

fory <0

2.4 Complex Integration

In this section we consider the evaluation of integrals of complex variable
functions along appropriate curves in the complex plane. We shall see that
some of the analysis bears a similarity to that of functions of real variables.
However, for analytic functions, very important new results can be derived,
namely Cauchy’s Theorem (sometimes called the Cauchy—Goursat Theorem).
Complex integration has wide applicability, and we shall describe some of the
applications in this book.

We begin by considering a complex-valued function f of a real variable ¢ on
afixed interval,a <t < b:

f @) =u() +iv@) (2.4.1)

where u(t) and v(¢) are real valued. The function f(¢) is said to be integrable
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on the interval [a, b] if the functions u and v are integrable. Then

b b b
/f(t)dt:/ u(t)dt+i/ v(t)dt 2.4.2)

The usual rules of integration for real functions apply; in particular, from the
fundamental theorems of calculus, we have for continuous functions f(¢)

% / f(o)ydr = f() (2.4.32)

and for f’(¢) continuous

b
/ f@dt = fb) - f(a) (2.4.3b)

Next we extend the notion of complex integration to integration on a curve
in the complex plane. A curve in the complex plane can be described via the
parameterization

z(t) = x(@t) +iy(), a<t<b 2.4.4)

For each given t in [a, b] there is a set of points (x(¢), y(¢)) that are the image
points of the interval. The image points z(¢) are ordered according to increasing
t. The curve is said to be continuous if x () and y(¢) are continuous functions
of . Similarly, it is said to be differentiable if x(#) and y(¢) are differentiable.

A curve or arc C is simple (sometimes called a Jordan arc) if it does
not intersect itself, that is, z(#;) # z(t) if 1 # t, for ¢t € [a, b], except that
z(b) = z(a) is allowed; in the latter case we say that C is a simple closed
curve (or Jordan curve). Examples are seen in Figure 2.4.1. Note also that a
“figure 8” is an example of a nonsimple closed curve.

(a) Simple, not closed (b) Not simple, not closed (c) Simple, closed
(Jordan Arc) (Jordan Curve)

Fig. 2.4.1. Examples of curves
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Next we shall discuss evaluation of integrals along curves. When the curve
is closed, our convention shall be to take the positive direction to be the one in
which the interior remains to the left of C. Integrals along a closed curve will be
taken along the positive direction unless otherwise specified. The function f(z)
is said to be continuous on C if f(z(¢)) is continuous fora <t < b, and f is
said to be piecewise continuous on [a, b] if [a, b] can be broken up into a finite
number of subintervals in which f(z) is continuous. A smooth arc C is one
for which z'(¢) is continuous. A contour is an arc consisting of a finite number
of connected smooth arcs; that is, a contour is a piecewise smooth arc. Thus on
a contour C, z(¢) is continuous and 7' (¢) is piecewise continuous. Hereafter we
shall only consider integrals along such contours unless otherwise specified.
Frequently, a simple closed contour is referred to as a Jordan contour.

The contour integral of a piecewise continuous function on a smooth contour
C is defined to be

b
/f(Z)dZZ/ fz)Z' (t) dt (2.4.5)
C a

where the right-hand side of Eq. (2.4.5) is obtained via the formal substitution
dz = 7/(t) dt. In general, Eq. (2.4.5) depends on f(z) and the contour C. Thus
the integral (2.4.5) is really a line integral in the (x, y) plane and is naturally
related to the study of vector calculus in the plane. As mentioned earlier, the
complex variable z = x + iy can be thought of as a two-dimensional vector.

We remark that values of the above integrals are invariant if we redefine the
parameter t appropriately. Namely, if we make the change of variables t — s by
t = T'(s) where T (s) maps the interval A < s < Btointervala <t < b, T(s)
is continuously differentiable, and 7”(s) > 0 (needed to ensure that ¢ increases
with s), then only the form the integrals take on is modified, but its value is
invariant. The importance of this remark is that one can evaluate integrals by
the most convenient choice of parameterization. Examples discussed later in
this section will serve to illustrate this point.

The usual properties of integration apply. We have

/C[af(z) + Bg()]dz = a/cf(z) dz +,3/Cg(z) dz (2.4.6)

for constants « and 8 and piecewise continuous functions f and g. The arc C
traversed the opposite direction, that is, from# = b tot = a, is denoted by —C.
We then have

/ f)dz =~ / f(z)dz (2.4.7)
—-C C
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because the left-hand side of Eq. (2.4.7) is equivalent to fb“ f(z(t)Z (¢)dt.
Similarly, if C consists of n connected contours with endpoints from z; to z,
for Cy, from z5 to z3 for C», .. ., from z, to z,4 for C,, then we have

=31

The fundamental theorem of calculus yields the following result.

Theorem 2.4.1 Suppose F(z) is an analytic function and that f(z) = F’(z) is
continuous in a domain D. Then for a contour C lying in D with endpoints z;
and 22

/ f@)dz = F(z2) — F(z1) (2.4.8)
C

Proof Using the definition of the integral (2.4.5), the chain rule, and assuming
for simplicity that z'(¢) is continuous (otherwise add integrals separately over
smooth arcs) we have

b
/f(Z)dZ=/F’(z)dz=/ F'(z(t)Z' (t) dt
C C

a

b g
- / RGO

= F(z(b)) — F(z(a))

= F(z2) — F(z1) u

As a consequence of Theorem 2.4.1, for closed curves we have

]{ f@dz= f{ F'(z)dz =0 (2.4.9)
C C

where fc denotes a closed contour C (that is, the endpoints are equal).

If the function f(z) satisfies the hypothesis of Theorem 2.4.1, then for all
contours C lying in D beginning at z; and ending at z, we have Eq. (2.4.8).
Hence the result demonstrates that the integral is independent of path. Indeed,
Figure 2.4.2 illustrates this fact.

Referring to Figure 2.4.2, we have [ fdz = [ f dzbecause

% fdz= fdz— fdz=0 (2.4.10)
Cc C

(&)

where the closed curve C = C; — C».
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¢

2

G
Fig. 2.4.2. Independent paths forming closed curve

(1,1)
G
C, &
(0,0) (1,0)

Fig. 2.4.3. Contours Cy, C,, and C;

The hypothesis in Theorem 2.4.1 requires the existence of F(z) such that
f() = F’'(z). Later in this chapter we shall show this for a large class of
functions f(z).

Sometimes it is convenient to evaluate the complex integral by reducing it
to two real-line integrals in the x, y plane. In the definition (2.4.5) we use
f(@) =ulx,y)+iv(x,y) and dz = dx + idy to obtain

/f(z)dz=/[(udx—vdy)+i(vdx+udy)] (2.4.11)
c c

This can be shown, via parameterization, to be equivalent to

b
/ f@)Z @) dt

Later in this chapter we shall use Eq. (2.4.11) in order to derive one form of
Cauchy’s Theorem.

In the following examples we illustrate how line integrals may be calculated
in prototypical cases.

Example 2.4.1 Evaluate f czdzfor(a) C = Cy,acontour fromz =0toz = 1
toz=1+41i;(b)C = C,, thelinefromz =0toz =1+4i;and (c) C = Cj3,
the unit circle |z| = 1 (see Figure. 2.4.3).
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(a) /Zdz=/(x—iy)(dx+idy)
C ¢

1 1
=/ xdx + (1 —=iy)@idy)
x=0 y=0

Lty — iyl
> y —iy /2],

=14

Note in the integral from z = 0toz = 1, y = 0, hence dy = 0. In the
integral fromz =1toz =1+1i,x = 1, hence dx = 0.

1
(b) /Zdz=/ (x — ix)(dx +idx)
C, x=0

1
(1—i)(1+i)/ xdx
0
=1

Note that C; is the line y = x, hence dy = dx. Since 7 is not analytic we
see that [, Zdz and [ Zdz need not be equal.

2
(©) / Zdz=/ e 06’ do = 27i
C3 0=0

Note that 7 = ¢, 7 = ¢7?, and dz = ie'?d#h, on the unit circle, r = 1.

Example 2.4.2 Evaluate [,. zdz along the three contours described above and
as illustrated in Figure 2.4.3. Because z is analytic in the region containing z,
and z = (d/dz)(z%/2), we immediately have, from Theorem 2.4.1

1+i)?
/zdz=/zdz=( +i) =1
C] CZ 2
/deZO
Cs3

These results can be calculated directly via the line integral methods described
above — which we will leave for the reader to verify.

Example 2.4.3 Evaluate f c(1/2) dz for (a) any simple closed contour C not
enclosing the origin, and; (b) any simple closed contour C enclosing the origin.
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y y

-C
1 C2
(a) C not enclosing origin (b) “deforming” C,, which encloses origin

Fig. 2.4.4. Integration contours in Example 2.4.3

(a) Because 1/zis analytic for all z # 0, we immediately have, from Theorem
2.4.1 and from 1/z = (d/dz)(log z)

1
/—dz=0
c Z

because [log z]¢ = 0 so long as C does not enclose the branch point of log z at
z = 0 (see Figure 2.4.4a)

(b) Any simple closed contour, call it C;, around the origin can be deformed
into a small, but finite circle of radius r as follows. Introduce a “crosscut”
(Ly, L) as in Figure 2.4.4b. Then in the limit of r and the crosscut width
tending to zero we have a closed contour: C =C, + L; + L, — C;. (Note
that for C; we take the positive counterclockwise orientation.) In Figure 2.4.4b
we have taken care to distinguish the positive and negative directions of C; and
C,, respectively. From part (a) of this problem

1
/—dz=0
c Z

then, because le + sz = 0, we have (using z = re'” and dz = rie'?d6)

1 1 o —1_—if: i0 .
—dz = —dz = re"ie'rdl =2mi
(o4 c < 0

Thus the integral of 1/z around any closed curve enclosing the origin is
2mi. We also note that if we formally use the antiderivative of 1/z (namely,
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1/z = d/dz(log z)), we can also find ch(l/Z) dz = 2mi. In this case, even
though we enclose the branch point of log z, the argument 6, of log z = logr +
i(0, + 2nm) increases by 2 as we enclose the origin. In this case, we need
only select a convenient branch of log z.

Example 2.4.4 Evaluate |, ¢ 2" dz for integer n and some simple closed contour
C that encloses the origin.

Using the crosscut segment as indicated in Figure 2.4.4, the integral in ques-
tion is equal to that on Cy, a small, but finite circle of radius r. Thus

2
/ Zn dz = / rn+letn0iet(9 do
Cy 0

2w )
— i/ rn+lel(n+l)0 do
0

_J0 n#—1
T\ 27 on=-—1
Hence even though z" is nonanalytic at z = 0 for n < 0, only the value
n = —1 gives a nontrivial contribution. We remark that use of the antiderivative

d Zn-ﬁ-l
n_ , -1
¢ dz <n+1> n#

yields the same results.

As mentioned earlier, complex line integrals arise in many physical appli-
cations. For example, in ideal fluid flow problems (in Section 2.1 we briefly
discussed ideal fluid flows), the real-line integrals

I'= /(¢x dx + ¢y dy) = / v-tds (2.4.12)
c c
F = /(¢x dy — ¢y dx) = / v-fids (2.4.13)
c c
where s is the arc length, v = (¢, ¢,) is the velocity vector, t= (%, %) is
the unit tangent vector to C, and fi = (j—i — Z—f) is the unit normal vector to C,

represent (I') the circulation around the curve C (when C is closed), and (F)
the flux across the curve C. We note that in terms of analytic complex functions
we have the simple equation

F+iF= /(¢x —i¢,)(dx +idy) = / Q(z)dz (2.4.14)
C C
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Recall from (2.1.16) that the complex velocity is given by Q'(z) = ¢, +
iV, = ¢ — i, (the latter follows from the Cauchy—Riemann conditions).
Using complex function theory to evaluate Eq. (2.4.14) often provides an easy
way to calculate the real-line integrals (2.4.12-2.4.13), which are the real and
imaginary parts of the integral in Eq. (2.4.14). An example is discussed in the
problem section.

Next we derive an important inequality that we shall use frequently.

Theorem 2.4.2 Let f(z) be continuous on a contour C. Then

/f&wz
C

where L is the length of C and M is an upper bound for | f| on C.

/f(z)dz
c

From real variables we know that, fora <t < b,

b b
/G(t)dt 5/ |G(t)|dt

b
ls/ﬁf@@nkwﬂm

<ML (2.4.15)

Proof

b
I = / F)Z @) dt (2.4.16)

hence

(This can be shown by using Eq. (2.4.19) below, with the triangle inequality.)
Then since | f| is bounded on C, i.e. | f(¢)| < M on C, where M is a constant,
then

b
IsM/me
However, because
12/ (1) dt = |x'(t) +iy'(t)| dt
= /(@) + (' (1)*dt = ds (2.4.17)

where s represents arc length along C, we have Eq. (2.4.15). L]

We also remark that the preceding developments of contour integration could
also have been derived using limits of appropriate sums. This would be in
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S)
)

(. V|
I

(a) D simply connected (b) D multiply connected

Fig. 2.4.5. Connected regions of domain D

analogy to the one-dimensional evaluation of integrals by Riemann sums. More
specifically, given a contour C in the z plane beginning at z, and terminating
at z5, choose any ordered sequence {z;} of n + 1 points on C such that zo = z,
and z, = z;. Define Az; = z;4 — z; and form the sum

Si=Y_ fEHAz (2.4.18)

j=1

where §; is any point on C between z;_; and z;. If f(x) is piecewise continuous
on C, then the limit of S, as n — oo and |Az;| — 0 converges to the integral
of f(z), namely

/f(z)dzz lim Y f(6)Az; (2.4.19)
C n—oo

|Az;|—0 j=1

Finally, we define a simply connected domain D to be one in which every
simple closed contour within it encloses only points of D. The points within
a circle, square, and polygon are examples of a simply connected domain.
An annulus (doughnut) is not simply connected. A domain that is not simply
connected is called multiply connected. An annulus is multiply connected,
because a contour encircling the inner hole encloses points within and outside
D (see Figure 2.4.5).

Problems for Section 2.4

1. From the basic definition of complex integration, evaluate the integral
$ f(z) dz, where C is the parametrized unit circle enclosing the origin,
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C : x(t) = cost, y(t) = sint or z = €', and where f(z) is given by

1
@2 ®2 © Z;

Evaluate the integral fc f(z) dz, where C is the unit circle enclosing the
origin, and f(z) is given as follows:

(@ 14+2z4+z2 ® 1/z—=1/2> © 1)z ) = (&) &
* Hint: use (1.2.19).

Let C be the unit square with diagonal corners at —1 — i and 1 + i.
Evaluate §,. f(z) dz, where f(z) is given by the following:

(a) sinz (b) ﬁ () z (d) Rez

172

Use the principal branch of log z and 7'/~ to evaluate

1 1
(a)/ logzdz (b)/ 2% dz
-1 —1

Show that the integral fc(l/zz) dz, where C is apath beginningatz = —a
and ending at z = b, a, b > 0, is independent of path so long as C doesn’t
go through the origin. Explain why the real-valued integral | f'a (1/x% dx
doesn’t exist, but the value obtained by formal substitution of limits agrees
with the complex integral above.

Consider the integral fob(l/zl/z)dz, b > 0. Let z'/? have a branch cut
along the positive real axis. Show that the value of the integral obtained
by integrating along the top half of the cut is exactly minus that obtained
by integrating along the bottom half of the cut. What is the difference
between taking the principal versus the second branch of z!'/2?

Let C be an open (upper) semicircle of radius R with its center at the
origin, and consider fc f(z)dz. Let f(z) = 1/(z*> + a?) forreal a > 0.
Show that | f(z)| < 1/(R* —a®), R > a, and

‘/f(z)dz
c

TR

<

R>a
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Let C be an arc of the circle |z|] = R (R > 1) of angle /3. Show that

/ dz <71 R
c+1| 7 3\R—1

dz
d deduce limp_, —_— =
and deduce limp OO/CZ3+1

0

iz
Consider Iz = f Cr e—z dz, where Cy is the semicircle with radius R in
the upper half plane with endpoints (—R, 0) and (R, 0) (Cg is open, it
does not include the x axis). Show that limg_. o, Iz = 0.

Consider

Ie=j£ 7% f(z)dz, a>—1, «real

where C. is a circle of radius € centered at the origin and f(z) is analytic
inside the circle. Show that lim,_,o I, = 0.

(a) Suppose we are given the complex flow field Q2(z) = —ik log(z —zo),
where k is a real constant and zo a complex constant. Show that the
circulation around a closed curve Cy encircling z = zq is given by
[ = 27k. (Hint: from Section 2.4, I" + i F = §, Q'(z)dz.)

(b) Suppose 2(z) = klog(z — zo). Find the circulation around Cy and
the flux through Cy.

2.5 Cauchy’s Theorem

In this section we study Cauchy’s Theorem, which is one of the most important
theorems in complex analysis. In order to prove Cauchy’s Theorem in the most
convenient manner, we will use a well-known result from vector analysis in
real variables, known as Green’s Theorem in the plane, which can be found in
advanced calculus texts; see, for example, Buck (1956).

Theorem 2.5.1 (Green) Let the real functions u(x, y) and v(x, y) along with
their partial derivatives du/dx, du/dy, dv/dx, dv/dy, be continuous through-
out a simply connected region R consisting of points interior to and on a simple
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C2:y=g2 (x)

Cl:y=g1 (x)

x=a x=b

Fig. 2.5.1. Deriving Eq. (2.5.1) for region R

closed contour C in the x-y plane. Let C be described in the positive (counter-
clockwise) direction, then

%(udx—i—vdy):// <8_v_8_u) dxdy 2.5.1
C R 0x 8y

We remark for those readers who may not recall or have not seen this formula,
Eq. (2.5.1) is a two-dimensional version of the divergence theorem of vector
calculus (taking the divergence of a vector v = (v, —u)).

An elementary derivation of Eq. (2.5.1) can be given if we restrict the region
R to be such that every vertical and horizontal line intersects the boundary of
‘R in at most two points. Then if we call the “top” and “bottom” curves defining
C,y = gy(x)and y = g;(x), respectively (see Figure 2.5.1)

9 g2(x) 9
_/ —udx dy / / —udydx
R dy &)

—/ [u(x. 2()) — u(x. 1(x))] dx

a

=+/ u(x,y)dx+/ u(x,y)dx
Cz Cl

= % u(x,y)dx
c
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Following the same line of thought, we also find

d
/ —vdxdyzfvdy
R 0X c

From these relationships we obtain Eq. (2.5.1).
With Green’s Theorem we can give a simple proof of Cauchy’s Theorem as
long as we make a certain extra assumption to be explained shortly.

Theorem 2.5.2 (Cauchy) If a function f is analytic in a simply connected
domain D, then along a simple closed contour C in D

j{ f(@)dz=0 (2.5.2)
C

We remark that in the proof given here, we shall also require that f'(z) be
continuous in D. In fact, a more general proof owing to Goursat enables one
to establish Eq. (2.5.2) without this assumption. We discuss Goursat’s proof in
the optional Section 2.7 of this chapter, which shows that even when f(z) is
only assumed analytic, we still have Eq. (2.5.2). From Eq. (2.5.2) one could
then derive as a consequence that f’(z) is indeed continuous in D (note so far in
our development, analytic only means that f’(z) exists, not that it is necessarily
continuous). In a subsequent theorem (Theorem 2.6.5: Morera’s Theorem) we
show that if f(z) is continuous and Eq. (2.5.2) is satisfied, then in fact f(z) is
analytic.

Proof (Theorem2.5.2) From the definition of fc f(@)dz,using f(z) =u +iv,
dz = dx +idy, we have

ff(z)dZZ?{(udx—vdy)—i—i?{(udvavdx) (2.5.3)
c fo c

Then, using f’(z) continuous, we find that u and v have continuous partial
derivatives, hence Theorem 2.5.1 holds, and each of the above line integrals
can be converted to the following double integrals for points of D enclosed
by C:

freren [ (e 22) v [ (-3 o
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Because f(z) is analytic we find that the Cauchy—Riemann conditions
(Egs. (2.1.4)) hold:

au av ou v
— = and — =
ay ax ax  dy
hence we have §. f(z)dz = 0. "

We also note that Cauchy’s Theorem can be alternatively stated as: If f(z)
is analytic everywhere interior to and on a simple closed contour C, then
$c f(2dz = 0.

Knowing that fc f(z)dz = 0 yields numerous results of interest. In par-
ticular, we will see that this condition and continuous f(z) yield an analytic
antiderivative for f.

Theorem 2.5.3 If f(z) is continuous in a simply connected domain D and if
fc f(z) dz = 0 for every simple closed contour C lying in D, then there exists
a function F(z), analytic in D, such that F'(z) = f(z).

Proof Consider three points within D: z, z, and z + h. Define F by

F(z) = / f(@Hd7 (2.5.5)

where the contour from z( to z lies within D (see Figure 2.5.2). Then from
$c f(z)dz = 0 we have

z+h

z+h z z0
/ f@hdz + f@Hd + / f(ZH)d7 =0 (2.5.6)

where again all paths must lie within D. Although it may seem that choosing a
contour in this way is special, shortly we will show that when f(z) is analytic
in D, the integral over f(z) enclosing the domain D is equivalent to any closed
integral along a simple contour inside D.

Fig. 2.5.2. Three points lying in D
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Fig. 2.5.3. Non-simple contour

Then, using Eq. (2.5.6) and reversing the order of integration of the last two
terms,

z+h z z+h
F(z+h)—F(z)=</ —/)f(z/)dz/= f(Z)d7

hence

Fz+h) —F@ [ f@)de
h B h

(2.5.7)

Because f(z) is continuous, we find, from the definition of the derivative and
the properties of real integration, that as & — 0

F'(z) = f(2) (2.5.8)

We remark that any (nonsimple) contour that has self-intersections can be
decomposed into a sequence of contours that are simple. This fact is illustrated
in Figure 2.5.3, where the complete nonsimple contour (‘“figure eight” contour)
can be decomposed into two simple closed contours corresponding to each
“loop” of the nonsimple contour. A consequence of this observation is that
Cauchy’s Theorem can be applied to a nonsimple contour with a finite number
of intersections.

In a multiply connected domain with a function f(z) analytic in this domain,
we can also apply Cauchy’s Theorem. The best way to see this is to introduce
crosscuts, as mentioned earlier, such that Cauchy’s Theorem can be applied to
a simple contour. Consider the multiply connected region depicted in Figure
2.5.4(b) with outer boundary Cy and » holes with boundaries Cy, C», ..., C,,
and introduce n crosscuts L1L}, L3L3, ..., LY L}, as in Figure 2.5.4(a).

Then Cauchy’s Theorem applies to an analytic function in a domain D with
the simple contour

C‘ZC()—ZCJ'-FZ(L{—L%)
j=1 j=1
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(a) with crosscuts (b) in the limit

Fig. 2.5.4. Multiply connected domain

where we have used the convention that each closed contour is taken in the
positive counterclockwise direction, and we take L, Lé in the same direction.

Because the integrals along the crosscuts vanish as the width between the
crosscuts vanishes (i.e., fL{_Lé’ f(z)dz — 0), we have

ff(zmz:o
C

where C = Co — >, C; = Co+ >77_,(—=C)). Itis often best to interpret

j=1
the integral
=t t

as one contour with the enclosed region bounded by C as that lying to the left
of Cy and to the right of C; (or to the left of —C;). From fc f(@)dz=0we
have

f@dz= jé f(2)dz (2.5.9)
o j=17€

with all the contours taken in the counterclockwise direction as depicted in
Figure 2.5.4(b). We often say that the contour Cy has been deformed into the
contours C;, j =1, ..., n. A simple case is depicted in Figure 2.5.5.

This is an example of a deformation of the contour, deforming Cy into Cj.
By introducing crosscuts it is seen that

f@)dz :f f@)dz (2.5.10)
Co C



2.5 Cauchy’s Theorem 87

Fig. 2.5.5. Nonintersecting closed curves Cy and C|

Fig. 2.5.6. Annulus

where Cj and C are two nonintersecting closed curves in which f(z) is analytic
on and in the region between Cy and C;. With respect to Eq. (2.5.10) we say
that Cy can be deformed into Cy, and for the purpose of this integration they
are equivalent contours.

The process of introducing crosscuts, and deformation of the contour, effec-
tively allows us to deal with multiply connected regions and closed contours
that are not simple. That is, one can think of integrals along such contours
as a sum of integrals along simple contours, as long as f(z) is analytic in the
relevant region.

Example 2.5.1 Evaluate

eZ
IT=¢ ———d
ﬁz(zz—m) ‘

where C is the boundary of the annulus between the circles |z| = 1, |z] = 3
(see Figure 2.5.6).
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We note that C = C, + (—C), and in the region between C; and C; the
function f(z) = €° /z(z2 — 16) is analytic because its derivative f’(z) exists
and is continuous. The only nonanalytic points are at z = 0, z = £4; hence,
Z=0.

Example 2.5.2 Evaluate

1 dz
IT=—¢ ———, m=12,....,.M
27i Jo (z —a)™

where C is a simple closed contour.

The function f(z) = 1/(z — a)™ is analytic for all z # a. Hence if C does
not enclose z = a, then we have 7 = 0. If C encloses z = a, we use Cauchy’s
Theorem to deform the contour to C,, a small, but finite circle of radius r
centered at z = a (see Figure 2.5.7). Namely

/Cf(z)dz—/c f(@)dz=0, f@=1/z—-a)"

We evaluate [, f(z)dz by letting

z—a=reé?, dz =ie'%r do
in which case
1 1 1 e e
= ——dz = — —je' rdf
i Je, (z—a)m 2wi Jy  rmeim?
| 1 iftm=1
= — ie " r=m d0=8m’1= .
27i Jo 0 otherwise

Fig. 2.5.7. Deformed contour around z = a
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Thus

0 z = a outside C,
IT=<0 z=a insideC, m#1
1 z=a insideC, m=1

By considering contour integrals over functions f(z) that enclose many
points in which f(z) have the local behavior

g; (@)
(Z _ aj)n’l

where g;(z) is analytic, numerous important results can be obtained. In Chapter
3 we discuss functions with this type of local behavior (we say f (z) has a pole of
order m at z = a;). In Chapter 4 we discuss extensions of the crosscut concept
and the methods described in Example 2.5.2 will be used to derive the well-
known Cauchy Residue Theorem (Theorem 4.1.1). The following example is
an application of these kinds of ideas.

Example 2.5.3 Let P(z) be a polynomial of degree n, with n simple roots, none
of which lie on a simple closed contour C. Evaluate

1 P'(2)

= - dz
2mi C P(Z)

Because P(z) is a polynomial with distinct roots, we can factor it as
P(z) =A(z—a)(z—ay) - (z—ay)
where A is the coefficient of the term of highest degree. Because

P'(2) d
= — (I
PG dz (log P(2))

d
= log(A(z —a))(z—ax) - (2 —ay))
z

it follows that

P'(z) 1 ro 1
P(z) z—a z—a z—a,

Hence, using the result from Example 2.5.2 above, we have

_ 1P
B 2mi C P(Z)

dz = number of roots lying within C
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Problems for Section 2.5

Evaluate fc f(z) dz, where C is the unit circle centered at the origin, and
f(z) is given by the following:

@@ e (b) e (o)

—iz Yo

(e) ) vz—4

22241
Use partial fractions to evaluate the following integrals fc f(z) dz, where
C is the unit circle centered at the origin, and f(z) is given by the following:

1 z 1

b) — e
-y Pacin Qiheoo

(a)

Evaluate the following integral

eiz
—d
ﬁz(z—n) ¢

for each of the following four cases (all circles are centered at the origin;
use Eq. (1.2.19) as necessary)

(a) C is the boundary of the annulus between circles of radius 1 and ra-
dius 3.

(b) C is the boundary of the annulus between circles of radius 1 and ra-
dius 4.

(¢c) C isacircle of radius R, where R > 7.

(d) C is acircle of radius R, where R < 7.

Discuss how to evaluate

e
—dz
%c 22
where C is a simple closed curve enclosing the origin. (Use (1.2.19) as
necessary.)

We wish to evaluate the integral I = fooo ¢’ dx. Consider the contour
I = fC(R) ¢'? dz, where C(r) is the closed circular sector in the upper
half plane with boundary points 0, R, and Re'™*. Show that I = 0 and
that limg_, o fCl(m ¢?dz = 0, where C 1(r) 18 the line integral along the
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circular sector from R to Re'™*. (Hint: use sinx > 2 on0 < x < %))
Then, breaking up the contour C g into three component parts, deduce

R . R
lim (/ e dx —e”’/4/ e’ dr> =0
R— o0 0 0

and from the well-known result of real integration, fooo e dx = V)2,
deduce that I = e™/*/ /2.

o0

6. Consider the integral I = / . Show how to evaluate this integral

oo X241

L dz . o
by considering §C<m o where C ) is the closed semicircle in the upper
z

half plane with endpoints at (—R, 0) and (R, 0) plus the x axis. Hint: use

1 1 1 1
—_— = —— - — - |, and show that the integral along the
22+1 20 \z+i z—i

open semicircle in the upper half plane vanishes as R — oo. Verify your
answer by usual integration in real variables.

2.6 Cauchy’s Integral Formula, Its & Generalization and Consequences

In this section we discuss a number of fundamental consequences and exten-
sions of the ideas presented in earlier sections, especially Cauchy’s Theorem.
Subsections 2.6.2 and 2.6.3 are more difficult and can be skipped entirely or
returned to when desired.

2.6.1 Cauchy’s Integral Formula and Its Derivatives

An important result owing to Cauchy shows that the values of an analytic
function f on the boundary of a closed contour C determine the values of f
interior to C.

Theorem 2.6.1 Let f(z) be analytic interior to and on a simple closed contour
C. Then at any interior point z

1
Flo) = —— f©

_27'[1 C —Z

de 2.6.1)

Equation (2.6.1) is referred to as Cauchy’s Integral Formula.

Proof Inside the contour C, inscribe a small circle Cs, radius § with center at
point z (see Figure 2.6.1).
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Fig. 2.6.1. Circle C; inscribed in contour C

From Cauchy’s Theorem we can deform the contour C into Cs:

]{f@) dg_:j{ £ de (2.62)
ct—z2 ¢ —z2

We rewrite the second integral as

2222 dr = 4+
f—2 ¢=f@ A

% J©) d¢ f) - fk) dc (2.6.3)
C

Using polar coordinates, { = z + 8e'?, the first integral on the right in
Eq. (2.6.3) is computed to be

d 2 8 i0
f ¢ _ / ¢ 46 = 2mi (2.6.4)
Cs 0

c—z b Yald

Because f(z) is continuous

1f(&) = fD) <e

for small enough |z — ¢| = 8. Then (see also the inequality (2.4.15))

f(é“)—f(z)a,C’S [f (&) — f(@I dz|
¢ ¢z Gs ¢ —z|
€
<3 c,3|d§|
=2me

Thusase — 0, the second integral in Eq. (2.6.3) vanishes. Hence Egs. (2.6.3)
and (2.6.4) yield Cauchy’s Integral Formula, Eq. (2.6.1). L]
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A particularly simple example of Cauchy’s Integral Formula is the following.
If on the unit circle || = 1 we are given f(¢) = ¢, then by Eq. (2.6.1)

1 ¢

2 Cé‘—Z

dt =z

An alternative way to obtain this answer is as follows:

1 e _i z
i e =% T o c(l z—z>d§
1
= T[C + zlog(¢ — 2)]c
Tl
=z

where we use the notation [-]¢ to denote the change around the unit circle, and
we have selected some branch of the logarithm.

A corollary of Cauchy’s Theorem demonstrates that the derivatives of f(z):
£ (@), "), ..., f™(z) all exist and there is a simple formula for them. Thus
the analyticity of f(z) implies the analyticity of all the derivatives.

Theorem 2.6.2 If f(z) is analytic interior to and on a simple closed contour C,
then all the derivatives f* (z), k = 1,2, ... exist in the domain D interior to
C, and

P = 'f{ A d¢ (2.6.5)
C

(é- _ Z)k+1

Proof Let z be any point in D. It will be shown that all the derivatives of f(z)
exist at z. Because z is arbitrary, this establishes the existence of all derivatives
in D.

We begin by establishing Eq. (2.6.5) for k = 1. Consider the usual difference
quotient:

Fe+h - f@ | |
P 2mh7{f@)(§—(2+h)_f—z)d§
_ £ v
271 Jo (0 — (z+h) (¢ —2)
LI QAR (2.6.6)

C 27w Jo (C—2)?
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where

L f¢) d¢ 2.6.7)

R=—
27i Joe (€ —2)*¢ —z—h)
We shall call min [ — z| = 2§ > 0. Then, if |h| < § for { on C, we have

6 —G@+m)|=1¢—zl—1|h>28-8=3
Because | f(¢)| < M on C, then

|R| < |h—| M
— 2w (28)26

(2.6.8)

where L is the length of the contour C. Because |[R| — 0 as & — 0, we have
established Eq. (2.6.5) for k = 1:

1
Fe— £©)

" 2mi Je (0 —2)?

d¢ 2.6.9)

We may repeat the above argument beginning with Eq. (2.6.9) and thereby
prove the existence of f”(z), that is, Eq. (2.6.5) for k = 2. This shows that f’
has a derivative f”, and so is itself analytic. Consequently we find that if f(z)
is analytic, sois f'(z). Applying this argument to f” instead of f proves that f”
is analytic, and, more generally, the analyticity of f* implies the analyticity
of f*+D By induction, we find that all the derivatives exist and hence are
analytic. Because f®)(z) is analytic, Eq. (2.6.1) gives

0 = L F® @)

2mi c ¢ —1z

dg (2.6.10)
Integration by parts (k) times (the boundary terms vanish) yields Eq. (2.6.5).

]
An immediate consequence of this result is the following.

Theorem 2.6.3 All partial derivatives of # and v are continuous at any point
where f = u + iv is analytic.

For example, the first derivative of f(z), using the Cauchy—Riemann equa-
tions, is
f'@) =uy +ivy = vy —iu, (2.6.11)

Because f’(z) is analytic, it is certainly continuous. The continuity of f'(z)
ensures that u,, vy, vy, and u, are all continuous. Similar arguments are
employed for the higher-order derivatives, uyy, iy, yy, .. ..
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*2.6.2 Liouville, Morera, and Maximum-Modulus Theorems

First we establish a useful inequality. From

f(©)
MW7) = — 2.6.12
(@) = f @ ( )

27 _ Z)n-H

where C is acircle, [ — z| = R, and | f(z)| < M, we have

n!
M@l < —]i |€_'f(§|)n'+l dz|

- n'M f|d |
- 27TR”+1 C {

n!'M
Rﬂ

IA

(2.6.13)

With Eq. (2.6.13) we can derive a result about functions that are everywhere
analytic in the finite complex plane. Such functions are called entire.

Theorem 2.6.4 (Liouville) If f(z) is entire and bounded in the z plane (in-
cluding infinity), then f(z) is a constant.

Proof Using the inequality (2.6.13) with n = 1 we have

@) < %

Because this is true for any point z in the plane, we can make R arbitrarily
large; hence f’(z) = O for any point z in the plane. Because

1@ =10 = [ f@rdc=o
0
we have f(z) = f(0) = constant, and the theorem is proven. [

Cauchy’s Theorem tells us that if f(z) is analytic inside C, then fc f()dz
= 0. Now we prove that the converse is also true.

Theorem 2.6.5 (Morera) If f(z) is continuous in a domain D and if

j{f(z)dzzo
c

for every simple closed contour C lying in D, then f(z) is analytic in D.
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Proof From Theorem 2.5.3 it follows that if the contour integral always van-
ishes, then there exists an analytic function F(z) in D such that F'(z) = f(z).
Theorem 2.6.2 implies that F’(z) is analytic if F(z) is analytic, hence so is

f(@). .

A corollary to Liouville’s Theorem is the so-called Fundamental Theorem
of Algebra, namely, any polynomial

P(2)=ao+aiz+ -+ az", (am #0) (2.6.14)

m > 1, integer, has at least one point z = « such that P(«) = 0; that is, P(z)
has at least one root.

We establish this statement by contradiction. If P(z) does not vanish, then
the function Q(z) = 1/P(z) is analytic (has a derivative) in the finite z plane.
For |z| — 00, P(z) — o0; hence Q(z) is bounded in the entire complex plane,
including infinity. Liouville’s Theorem then implies that Q(z) and hence P(z)
is a constant, which violates m > 1 in Eq. (2.6.14) and thus contradicts the
assumption that P (z) does not vanish. In Section 4.4 it is shown that P(z) has
m and only m roots, including multiplicities.

There are a number of valuable statements that can be made about the max-
imum (minimum) modulus an analytic function can achieve, and certain mean
value formulae can be ascertained.

For example, using Cauchy’s integral formula (Eq. (2.6.1)) with C being a
circle centered at z and radius r, we have { — z = re'®, and d¢ = ire'?d6;
hence Eq. (2.6.1) becomes

1 [ .
f) = —/ f(z+re?)do (2.6.15)
27'[ 0

Equation (2.6.15) is a “mean-value” formula; that is, the value of an analytic
function at any interior point is the “mean” of the function integrated over the
circle centered at z. Similarly, multiplying Eq. (2.6.15) by r dr, and integrating
over a circle of radius R yields

R 1 R p2n )
f(z)/ rdr:—// f(z+re’9)rdrd9
0 27 Jo Jo

hence
1 .
f@) = W//D f(z+re?) dA (2.6.16)

where Dy is the region inside the circle C, radius R, center z.
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Thus the value of f(z) also equals its mean value over the area of a circle
centered at z.

This result can be used to establish the following maximum-modulus theo-
rem.

Theorem 2.6.6 (Maximum Principles) (i) If f(z) is analytic in a domain D,
then | f(z)| cannot have a maximum in D unless f(z) is a constant. (ii) If f(z)
is analytic in a bounded region D and | f (z)| is continuous in the closed region
D, then | f(z)| assumes its maximum on the boundary of the region.

Proof Equation (2.6.16) is a useful device to establish this result. Suppose z
is an interior point in the region such that | f(¢)| < | f(z)| for all points ¢ in
the region. Choose any circle center z radius R such that the circle lies entirely
in the region. Calling ¢ = z + re'? for any point in the circle, we have (from
Eq. (2.6.16))

1
Q)] < m// (@) dA 26.17)
Dy

Actually, the assumed inequality | £ (¢)| < | f(z)| substituted into Eq. (2.6.17)
implies that in fact | f(¢)| = | f(z)| because if in any subregion, equality did
not hold, Eq. (2.6.17) would imply | f (z)| < | f(z)|. Thus the modulus of f(z)
is constant. Use of the Cauchy—Riemann equations then shows that if | f(z)| is
constant, then f(z) is also constant (see Example 2.1.4). This establishes the
maximum principle (i) inside C.

Because f(z) is analytic within and on the circle C, then | f (z)| is continuous.
A result of real variables states that a continuous function in a bounded region
must assume a maximum somewhere in the closed bounded region, including
the boundary. Hence the maximum for | f (z)| must be achieved on the boundary
of the circle C, and the maximum principle (ii) is established for the circle.

In order to extend these results to more general regions, we may construct
appropriate new circles centered at interior points of D and overlapping with
the old ones. In this way, by using a sequence of such circles, the region can
be filled and the above results follow. L]

We note that if f(z) does not vanish at any point inside the contour, by
considering 1/(f(z)) = g(z) it can be seen that |g(z)| also attains its maximum
value on the boundary and hence f(z) attains its minima on the boundary.

The real and imaginary parts of an analytic function f(z) = u(x,y) +
iv(x,y), u and v, attain their maximum values on the boundary. This follows
from the fact that g(z) = exp(f(z)) is analytic, and hence it satisfies the
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maximum principle. Thus the modulus |g(z)| = exp u(x, y) must achieve its
maximum value on the boundary. Similar arguments for a function
g(z) = exp(—if(z)) yield analogous results for v(x, y). Now, because f(z)
is analytic, we have from Theorem 2.6.2 and Eq. (2.6.11) that u and v are in-
finitely differentiable. Furthermore, from the Cauchy—Riemann conditions, u
and v are harmonic functions, that is, they satisfy Laplace’s equation

Viu =0, Viy =0 (2.6.18)

(see Section 2.1, e.g. Egs. 2.1.11a,b). Hence the maximum principle says that
harmonic functions achieve their maxima (and minima by a similar proof) on
the boundary of the region.

*2.6.3 Generalized Cauchy Formula and 8 Derivatives

In previous sections we concentrated on analytic functions or functions that are
analytic everywhere apart from isolated “singular” points where the function
blows up or possesses branch points/cuts. On the other hand, as mentioned
earlier (see, for example, Section 2.1 worked Example 2.1.2 and the subse-
quent discussion) there are functions that are nowhere analytic. For example,
the Cauchy—Riemann conditions show that the function f(z) = 7z (and hence
any function of 7) is nowhere analytic. The reader might mistakenly think that
such functions are mathematical artifacts. However, mathematical formulations
of physical phenomena are often described via such complicated nonanalytic
functions. In fact, the main theorem (Theorem 2.6.7), described in this sec-
tion, is used in an essential way to study the scattering and inverse scattering
theory associated with certain problems arising in nonlinear wave propagation
(Ablowitz, Bar Yaakov, and Fokas,1983). Despite the fact that Cauchy’s Inte-
gral Formula (Eq. (2.6.1)) requires that f(z) be an analytic function, there is
nevertheless an important extension, which we shall develop below, that extends
Cauchy’s Integral Theorem to certain nonanalytic functions.

From the coordinate representation z = x + iy, Z = x — iy, we have
x =(z+7)/2and y = (z — 7)/2i. Using the chain rule, that is

_Ox 0 n dy d
dz 9z dox 9z dy
we find
0 1 /0 a
—==|——i— (2.6.19a)
dz 2 \ox ay

3 1/98 .9
==3 (— + z—> (2.6.19b)
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Sometimes it is convenient to consider the function f(x, y) as depending
explicitly on both z and 7; that is, f = f(z, z). For simplicity we still use the
notation f(z) to denote f(z, 7). If f is a differentiable function of z and 7, and

% =0 (2.6.20)
0z
then we say that f = f(z). Moreover, any f(z) satisfying Eq. (2.6.20) is
an analytic function, because from Eq. (2.6.19b) and f(z) = u + iv, we find,
from Eq. (2.6.20), that % — + 1(3” a“) = 0, hence u and v satisfy the
Cauchy-Riemann equations
In what follows we shall use Green’s Theorem (Eq. (2.5.1)) in the following

form:
. g
%gd{ =2i // —=dA() (2.6.21)
c R 0C

where ¢ =& +in,d¢ =d& +idn,and dA(¢) = d& dn. Note in Eq. (2.5.1)
useu =g, v =1Ig

and replace x and y by £ and 7.
Next we establish the following:

Theorem 2.6.7 (Generalized Cauchy Formula) If 3/ exists and is contin-
uous in a region R bounded by a simple closed contour C, then at any interior
point z

1 f©) af/ac
fl@)= e ?{(; ) ;——//( )dA(;) (2.6.22)

Proof Consider Green’s Theorem in the form of Eq. (2.6.21) in the region R,
depicted in Figure 2.6.2, with g = f(¢)/(¢ — z) and the contour composed of
two parts C and Ce.

We have, from Eq. (2.6.21), noting that {% is analytic in this region,

f f¢) de — f¢) dt = 2i // O1/0 4 a (2.6.23)
C R,

{—z c. t —z2 . =z
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Fig. 2.6.2. Generalized Cauchy formula in region R,

Note that on C,: ¢ = z + ee'?

2 i0
f©) de _ fz +:e )iEeiO do
c.t—z 0 €é
2 )
= / f(z+ee)ido
0
s f(@)2mi) (2.6.24)

The limit result is due to the fact that f(z) is assumed to be continuous,
and from real variables we find that the limit ¢ — 0 and the integral of a
continuous function over a bounded region can be interchanged. Similarly,
because 1/(¢ —z) is integrable over R, and 9 f/9¢ is continuous, then the double
integral over R, converges to the double integral over the whole region R, the
difference tends to zero with €; namely, using polar coordinates ¢ = z + re?

I )l [ o

<2mMe (2.6.25)

Using the continuity of 3f/9¢ in a bounded region implies that

<M

‘Bf
T
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Thus Eq. (2.6.23) yields in the limit e — 0

L (FE) aemzmro = [ (F57) o4

and hence the generalized Cauchy formula (Eq. (2.6.22)) follows by manipu-
lation. "

We note that if 9f/d¢ = 0, that is, if f(z) is analytic inside R, then the
generalized Cauchy formula reduces to the usual Cauchy Integral Formula
(Eq. (2.6.1)).

Problems for Section 2.6

1. Evaluate the integrals 5£c f(z) dz, where C is the unit circle centered at the
origin and f(z) is given by the following (use Eq. (1.2.19) as necessary):

sinz b 1 1
O Oy Qey

@ % @ <1 - i)
z 2

2. Evaluate the integrals fc f(z) dz over a contour C, where C is the bound-
ary of a square with diagonal opposite corners at z = —(1 4+ i)R and
z=(1+41i)R, where R > a > 0, and where f(z) is given by the follow-
ing (use Eq. (1.2.19) as necessary):

e P 2

—, o ©3
4 (z - Fa) tta

(@)
z

3. Evaluate the integral

* 1
/ L
—o0 (X+l)2

by considering fC(R)(l /(z 4+ i)%) dz, where C (r) 1s the closed semicircle
in the upper half plane with corners at z = —R and z = R, plus the x
axis. Hint: show that

1
lim / ———dz=0
R—o00 Cim) (Z+l)2
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where C| gy is the open semicircle in the upper half plane (not including
the x axis).

Let f(z) be analytic in a square containing a point w and C be a circle
with center w and radius p inside the square. From Cauchy’s Theorem
show that

1 27 )
f(w)ZZ/O f (o + pe'®) do

Consider two entire functions with no zeroes and having a ratio equal to
unity at infinity. Use Liouville’s Theorem to show that they are in fact the
same function.

Let f(z) be analytic and nonzero in a region R. Show that | f(z)| has
a minimum value in R that occurs on the boundary. (Hint: use the
Maximum-Modulus Theorem for the function 1/f(z).)

Let f(z) be an entire function, with | f(z)| < C|z| for all z, where C is a
constant. Show that f(z) = Az, where A is a constant.

Find the 9 (dbar) derivative of the following functions:
@ e (b)zz (=r)
Verify the generalized Cauchy formula inside a circle of radius R for both

of these functions. Hint: Reduce problem (b) to the verification of the
following formula:

= e

where A is a circle of radius ». To establish this result, transform the
integral I to polar coordinates, { = £ + in = re'?, and find

/2” / rdrdo
1 —
reif —z
In the 0 integral change variables to u = ¢, and use du =ie?d6,
Tdo=1 fc “.» where Cy is the unit circle. The methods of Section 2.5
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10.

can be employed to calculate this integral. Show that we have

K 11 |z
I =2n rdr |——+-H(1—-—
0 Z Z r
where H(x) = {1l if x > 0,0if x < 0}. Thenshow that | = —7|z|*/z =

—mZ as is required.

Use Morera’s Theorem to verify that the following functions are indeed
analytic inside a circle of radius R:

(@) 2", n=0 (b) e

From Morera’s Theorem, what can be said about the following functions?

sin z <

e
© — @ —
4 z

In Cauchy’s Integral Formula (Eq. (2.6.1)), take the contour to be a circle
of unit radius centered at the origin. Let ¢ = ¢’ to deduce

R (9]
f(Z)_Z A ‘-z

do

where z lies inside the circle. Explain why we have

2
ozi f(é“)é:de
27 Jo ¢ —1/z
and use ¢ = 1/Z to show
f@) = — hf(;)(ii d )de
T o t—z (-2

whereupon, using the plus sign

2w

1 (1—1z%)
f(Z)—E A f(f)wde
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(a) Deduce the “Poisson formula” for the real part of f(z): u(r,¢) =
Re f,z = ret?

1—r2

1 2
utr. ) == /0 O cosd — )+ %

where u(60) = u(1, 6).
(b) If we use the minus sign in the formula for f(z) above, show that

1 [ 1472 —2re@=9
F@ = E/O A {1 ~2rcos(p — 0) + 12

and by taking the imaginary part

rsin(¢ — 0)
[1 —2rcos(¢p — 6) + r?]

1 2
v(r, @) = C+—/ u(®)
T Jo

where C = 5~ [*" v(1,0)d6 = v(r = 0). (Thislastrelationship fol-
lows from the Cauchy Integral formulaat z = 0 — see the firstequation
in this exercise.)

(c) Show that

2r sin(¢p — 0) _q {1 —r? 4 2ir sin((p—e)]
1 —2rcos(¢p —0) +r2 1+7r2—2rcos(¢p —0)
Im {§+z}
{—z

and therefore the result for v(r, ¢) from part (b) may be expressed as

C—i—zde
{—z

Im [%
v(r,¢) = v(0) + —/ u(®)
27'[ 0

This example illustrates that prescribing the real part of f(z) on |z]| = 1
determines (a) the real part of f(z) everywhere inside the circle and (b)
the imaginary part of f(z) inside the circle to within a constant. We
cannot arbitrarily specify both the real and imaginary parts of an analytic
function on |z| = 1.

11. The “complex delta function” possesses the following property:

/ / 5(z — 20)F(2) dA®z) = F(z0)
A
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or
//A 8(x — x0)8(y — yo) F(x, y)dA(x, y) = F(xo0, o)

where zg = x¢ + iyp is contained within the region A.
In formula (2.6.21) of Section 2.6, let g(z) = F(2)/(z — z0), where
F(z) is analytic in A. Show that

fme = ff o (=5)
cZ—ZO Z—20

where C is a simple closed curve enclosing the region A. Use

% F(2)/(z — zp) dz = 2mi F(zp) to establish
c

Fzo) = / / F(z)—( > A
Z—20

and therefore the action of 9/07 (1/(z — zp)) is that of a complex delta
function, that is, 9/07Z (1/(z — zo)) = w8(z — z0).

2.7 Theoretical Developments

In the discussion of Cauchy’s Theorem in Section 2.5, we made use of Green’s
Theorem in the plane that is taken from the vector calculus of real variables.
We note, however, that the use of this result and the subsequent derivations of
Cauchy’s Theorem requires f(z) = u(x, y) + iv(x, y) to be analytic and have
a continuous derivative f’(z) in a simply connected region. It turns out that
Cauchy’s Theorem can be proven without the need for f’(z) to be continuous.
This fact was discovered by Goursat many years after the original derivations
by Cauchy. Logically, this is especially pleasing because Cauchy’s Theorem
itself can subsequently be used as a basis to show that if f(z) is analytic in D,
then f’(z) is continuous in D.

We next outline the proof of Cauchy’s Theorem without making use of the
continuity of f”(z); the theorem is frequently referred to as the Cauchy—Goursat
Theorem. We refer the reader to Levinson and Redheffer (1970) and appropriate
supplementary texts for further details.

Theorem 2.7.1 (Cauchy—Goursat) If a function f(z) is analytic at all points
interior to and on a simple closed contour, then

$c f(2)dz =0 (2.7.1)
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Fig. 2.7.1. Square mesh over region R

Proof Consider a finite region R consisting of points on and within a simple
closed contour C. We form a square mesh over the region R by drawing
lines parallel to the x and y axes such that we have a finite number of square
subregions in which each point of R lies in at least one subregion. If a particular
square contains points not in R, we delete these points. Such partial squares
will occur at the boundary (see Figure 2.7.1).

We can refine this mesh by dividing each square in half again and again and
redefine partial squares as above. We do this until the length of the diagonal of
each square is sufficiently small.

We note that the integral around the contour C can be replaced by a sum of
integrals around the boundary of each square or partial square

7{ f@dz = 27{ f)dz 2.7.2)
c parae

where it is noted that all interior contours will mutually cancel because each
inner side of a square is covered twice in opposite directions.
Introduce the following equality:

f@=fE)+@—-z)f )+ E@—2)fi@ (2.7.3a)
where

Flo) = (f(z) — f(z))

=2

) - ') (2.7.3b)

We remark that

j{ dz =0, % (z—zj)dz=0 (2.7.4)
Cj Cj
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which can be established either by direct integration or from the known anti-
derivatives:
d2 (Z —z .)2
1 = 54 - i) = _7js
dz ¢ €=z dz 2
then using the results of Theorem 2.4.1 (Egs. (2.4.8) and (2.4.9)) in Section 2.4.
Then, it follows that

%f(z)dz < 7{ f@dz
c o /e
= ?{(z—zj)fj(z)dz
j=117€i
< Z}z{ |z — 2l | fi(2)| dz (2.7.5)
j=1"7€i

It can be established the mesh can be refined sufficiently such that

—flzp)| <e (2.7.6)

|f~j(Z)’ _ ‘f(z)_f(zj)
Z—Z

J

Calling the area of each square A ;, we observe the geometric fact that
lz —z;1 < +/24; (2.7.7)

Thus, using Theorem 2.4.2 for all interior squares, we have
]i 2 —z;| | Fi (@] dz < (V/24;)€(4\/A}) = 4/ 2¢€A; (2.7.8)
j
and for all boundary squares, the following upper bound holds:
fi Iz — ;1 | fi(@)] dz < (\/24;)e(4/A; + L;) (2.7.9)

where L; is the length of the portion of the contour in the partial square C;.
Then fc f(2) dz is obtained by adding over all such contributions Eqs. (2.7.8)
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and (2.7.9). Calling A = >~ A;, L =) L;, quantity A being the area of the
square mesh bounded by the contour C and L the length of the contour C, we

have
7{ f2)dz| < (4ﬁA 4 \/2AL) p (2.7.10)
C

We can refine our mesh indefinitely so as to be able to choose € as small as
we wish. Hence the integral fc f(2) dz must be zero. [



_3_

Sequences, Series and Singularities of Complex
Functions

The representation of complex functions frequently requires the use of infinite
series expansions. The best known are Taylor and Laurent series, which repre-
sent analytic functions in appropriate domains. Applications often require that
we manipulate series by termwise differentiation and integration. These oper-
ations may be substantiated by employing the notion of uniform convergence.
Series expansions break down at points or curves where the represented function
is not analytic. Such locations are termed singular points or singularities of the
function. The study of the singularities of analytic functions is vitally important
in many applications including contour integration, differential equations in the
complex plane, and conformal mapping.

3.1 Definitions of Complex Sequences, Series
and Their Basic Properties

Consider the following sequence of complex functions: f,(z)forn=1,2,3, ...,
defined in a region R of the complex plane. Usually, we denote the sequence
of functions by {f,(z)}, where n = 1, 2,3, .... The notion of convergence of
a sequence is really the same as that of a limit. We say the sequence f; (z)
converges to f(z) on R or a suitable subset of R, assuming that f(z) exists
and is finite, if

lim fu(2) = f(2) G.L.1)

This means that for each z, given € > 0 there is an N depending on € and z,
such that whenever n > N we have

[ /(@) — f(D)] <€ (3.1.2)

If the limit does not exist (or is infinite), we say the sequence diverges for
those values of z.

109
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An infinite series may be viewed as an infinite sequence, {s,(2)}, n =

1,2, 3, ..., by noting that a sequence of partial sums may be formed by
sn(2) = b;(2) (3.1.3)
j=1

and taking the infinite series as the infinite limit of partial sums:
[o.¢]
@) = lim s,() =) _b;(2) (3.1.4)
j=1

Conversely, given the sequence of partial sums, we may find the sequence
of terms b;(z) via: bi(z) = 51(z), b;j(z) = 5;(z) — sj-1(z), j = 2. With this
correspondence, no real distinction exists between a series or a sequence.

A basic property of a convergent series such as Eq. (3.1.4) is

lim b;(z) =0
J]—=>00
because
lim b;(z) = lim s;(z) — lim 5;_1(z) =S -85 =0 (3.1.5)
j—o0o j—oo Jj—o0

Thus a necessary condition for convergence is Eq. (3.1.5).

We say that the sequence of functions s,(z), defined for z in a region R,
converges uniformly in R if it is possible to choose N depending on € only
(and not z7): N = N(e) in Eq. (3.1.1). In other words, the same estimate for
N holds for all z in the domain R; that is, we may establish the validity of the
limit process independent of which particular z we choose in R.

For example, consider the sequence of functions

fn(z)zi, n=12,... (3.1.6)
nzg

In the annular region 1 < |z| < 2, the sequence of functions { f,;} converges
uniformly to zero. Namely, given € > 0 for n sufficiently large we have
1 1
(@) = f@=]——-0=—=<¢€
ng n|z|
Thus, the estimate 1/n|z] < 1/n holds in the region 1 < |z| < 2 for the
first integer n such that n > N(€) = 1/e. The sequence is therefore uniformly
convergent to zero.
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On the other hand, Eq. (3.1.6) converges to zero, but not uniformly, on the
interval 0 < |z| < 1; thatis, |f, — f| < e onlyifn > N(e€,z) = 1/€|z| in the
region 0 < |z| < 1. Certainly lim,_, o, f,(z) = f(z) = 0, but irrespective of
the choice of N there is a value of z (small) such that | f, — f| > €. Further
examples are given in the exercises at the end of the section.

Uniformly convergent sequences possess a number of important properties.
In particular, we may employ the notion of uniform convergence to establish
the following useful theorem.

Theorem 3.1.1 Let the sequence of functions f,(z) be continuous for each
integer n and let f,(z) converge to f(z) uniformly in a region R. Then f(z) is
continuous, and for any finite contour C inside R

lim/f,,(z)dZZ/f(z)dz (3.1.7)
n—0oQ ol C

Proof (a) First we prove the continuity of f(z). For z and zp in R, we write

f@) = f(zo) = fu(@) = fu(z0) + fu(z0) — f(20) + f(2) — fu(2)

and hence

[ f (@) — f@)| < 1 fa@) — falz))| + | fu(zo) — fG@o)| +1f(2) — fu()]

Uniform convergence of {f,(z)} allows us to choose an N independent of z
such that forn > N

|fu(z0) — f(z0)| <€/3  and 1f (@) = fu(@)] < €/3

Continuity of f,(z) allows us to choose § > 0 such that

[ fu(2) = fu(zo)| <€/3 for |z—z0| <&

Thus forn > N, |z —z0| < 8

|f (@) = f(z0) <€

which establishes the continuity of f(z).

(b) Because the function f(z) is continuous, it can be integrated by using
the usual definition as described in Chapter 2. Given the continuity of f(z)
we shall prove Eq. (3.1.7); namely, for ¢ > 0 we must find N such that when

n>N
‘/ fn(Z)dZ—/f(Z)dz <€ (3.1.8)
c c
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But, forn > N

/fndz—/fdz
c c

where the length of C isbounded by L and | f,,— f| < €; by uniform convergence
of f,. Taking €; = €¢/L establishes Eq. (3.1.8) and hence Eq. (3.1.7). L]

< / o — flldz] < eiL
C

Animmediate corollary of this theorem applies to series expansions. Namely,
if the sequence of continuous partial sums converge uniformly, then we may
integrate termwise, that is, for b;(z) continuous

Z /bj(z)dz =/ ij(z) dz (3.1.9)
j=1 ¢ JC\ j=1

Equation (3.1.9) is important and we will use it extensively in our develop-
ment of power series expansions of analytic functions.

We have already seen that uniformly convergent sequences and series have
important and useful properties, for example, they allow the interchange of
certain limit processes such as interchanging infinite sums and integrals. In
practice it is often unwieldy and frequently difficult to prove that particular
series converge uniformly in a given region. Rather, we usually appeal to
general theorems that provide conditions under which a series will converge
uniformly. In what follows, we shall state one such important theorem, for
which the proof is given in Section 3.4. The interested reader can follow the
logical development by reading relevant portions of Section 3.4 at this point.

Theorem 3.1.2 (“Weierstrass M Test”) Let |b;j(z)] < M, in a region R,
with M; constant. If 772, M converges, then the series S(z) = Y 72, b;(2)
converges uniformly in R.

Animmediate corollary to this theorem is the so-called ratio test for complex
series. Namely, suppose |b;(z)| is bounded, and

bjy1(2) .
———| <M <1, > 1 (3.1.10)
bj(Z) /
for M constant. Then the series
o0
S() = b;(2) (.1.11)
j=1

is uniformly convergent.
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In order to prove this statement, we write

by(2) b3(z)  ba(z)
bi(z) by(z)  by1(2)

bu(z) = b1(z) (3.1.12)

Theboundedness of b;(z) implies
|b1(z)| < B
hence
bu(2)] < BM"™!

and therefore

Ibj(z)| < B M“:< )
2 nEI= 82 M= (1

We see that the series Zj’; 1 1bj(z)] is bounded by a series that converges and is
independent of z. Consequently, we see that Theorem 3.1.2, via the assertion
Eq. (3.1.10), implies the uniform convergence of Eq. (3.1.11).

We note in the above that if any finite number of terms do not satisfy the
hypothesis, they can be added in separately; this will not affect the convergence
results.

Problems for Section 3.1

1. In the following we are given sequences. Discuss their limits and whether
the convergence is uniform, in the region o < |z| < B, for finite o, 8 > O.

1 )% 1%
(a) {2} (b) {n}
nzg n=1 Z n=1
o{ai} o {em),
C smn . 1+ (n2)2 .

2. For each sequence in Problem 1, what can be said if

(a) a=0, ®) a>0, B=ox
3. Compute the integrals

1 1
lim [ nz""'dz  and / lim (nz"") dz
0 0

n—oo n— 00
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and show that they are not equal. Explain why this is not a counterexample
to Theorem 3.1.1.

4. In the following, let C denote the unit circle centered at the origin. Let
f (@) =lim,_. f,(2). Evaluate §. f(z) dz and the limit lim,_, o § f,(2)
dz, and discuss why they might or might not be equal.

1 1
(@) fulz) = zTn (b) fu(z) = m

5. Show that the following series converge uniformly in the given regions:

o0
(a) Zzn, 0<l|z] <R, R<l

n=1

o0 o0
(b) Ze—“, R<|[Rez|<1, R>0 (¢ Z sech nz, Rez > 1

n=1 n=I1

6. Show that the sequence {z"};°, converges uniformly inside 0 < |z]| <
R, R < 1. (Hint: because |z| < 1, we find that |z] < R, R < 1. Find
N (€, R) using the definition of uniform convergence.)

3.2 Taylor Series

In a manner similar to a function of a single real variable, as mentioned in
Section 1.2, a power series about the point z = z is defined as

o0
f@ =Y bjz—z) (3.2.1)
j=0
where b, zo are constants or alternatively
© .
fa+z0)=> bz’ (3.2.2)
j=0

Without loss of generality we shall simply work with the series
[o.¢]
f@) =) b (3.2.3)
i=0

This corresponds to taking zo = 0. The general case can be obtained by replacing
z by (z — z20).
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We begin by establishing the uniform convergence of the above series.

Theorem 3.2.1 1f the series Eq. (3.2.3) converges for some z, # 0, then it
converges for all z in |z| < |z4|. Moreover, it converges uniformly in |z| < R
for R < |z.|.

Proof For j > J, |z] < |z«

Z

T

‘ . j j R\
b = ol < 2] = ()

| 24|
This follows from the fact that |b_,~z{;| < 1 for sufficiently large j owing to the
assumed convergence of the series at z = z, (i.e., limj_, o b jzi = 0). We now

take

Z
Tx

M =
|Z4]

<1 and M; =M’

in the Weierstrass M test for j > J. Thus Zjio bz’ converges uniformly for
|zl < R, |R| < |z.|, because Y32, |bjz/| < Y252, M/ = (M7)/(1 —M). =

We now establish the Taylor series for an analytic function.

Theorem 3.2.2 (Taylor Series) Let f(z) be analytic for |z| < R. Then

f@) =) b (3.2.4)
i=0
where
)
p, = 17O
J!

converges uniformly in |z| < R} < R.

We note that this is the Taylor series about z = 0. If z = 0 is replaced by
Z = 2z, then the result of this theorem would state that f(z) = > b,(z — 207,
where b; = fY(z)/j! converges uniformly in |z — zo| < R. (If f(z) is
analytic for |z| < R then (3.2.4) holds equally well.)

Proof The proof is really an application of Cauchy’s Integral Formula (Eq.
(2.6.1) of Section 2.6). We write

_ 1 f@ 1 (@) 2\
f(Z)_Ej{‘C—ng_% CT<1_Z) dc (3.2.5)
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where C is a circle of radius R. We use the uniformly convergent expansion
1-2" Z 7/ (3.2.6)

Equation (3.2.6) can be established directly. Consider s,(z) = Z?:o 7/ for
|z| < 1. Then
$0(2) — z8,(2) = 1 — 2!

hence s,(z) = (1 —z"T") /(1 — z). Because lim,_ o z"*! = 0, we have Eq.
(3.2.6). Noting that |z/¢| < 1, we can replace z by z/¢ in Eq. (3.2.6). Using
this expansion in Eq. (3.2.5) we deduce

f@) = oy fé f© ; <€f+‘> dc¢ (3.2.7)

From Theorem 3.1.1 of Section 3.1 we may interchange fc and Z?Q:o to
obtain

f2) = Z bjz/ (3.2.8)

where

T o Je ot T

L [f©), 20

where the right-hand side of Eq. (3.2.8) follows from the corollary of Cauchy’s
Theorem (Theorem 2.6.2 of Section 2.6). The uniform convergence of the
power series follows in the same way as discussed in Theorem 3.2.1 of this
section. ]

Sometimes a Taylor series converges for all finite z. Then f(z) is analytic
for |z| < R, for every R.

We note that (a) formula (3.2.4) is the same as that for functions of one real
variable and (b) the Taylor series about the point z = z is given by

f@=> biz—2z) (3.2.9)

where

1 A N F(z0)

P mi Jo (@ =2yt T J!
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Example 3.2.1
& = Z * for |z] <o0 (3.2.10)
- j!
iz
2 > sz
e = ZF for |z| < o0 (3.2.11)

The first of these formulae follows from Eq. (3.2.4) because f)(0) = 1
for f(z) = e*. Using the limit form of the “ratio test” discussed in Section 3.1
(Eq. (3.1.10))

Z’H—I

(n+1)!
N

= lim
n—oo

lim
n—oo

‘—0
n—+1

n!

We see that convergence of Eq. (3.2.10) is obtained for all z. The largest
number R for which the power series (3.2.3) converges inside the disk |z| < R
is called the radius of convergence. The value of R may be zero or infinity
or a finite number. A value for the radius of convergence may be obtained
via the usual absolute value tests of calculus such as the ratio test discussed in
Section 3.1, Eq. (3.1.10), or more generally via the root test of calculus (i.e.
R = [lim,— o (SUp,,.~, lam|"/™)]~" where the supremum, sup, is the least upper
bound: l.u.b.). In Example 3.2.1 we say the radius of convergence is infinite.
The second formula follows by simply using Eq. (3.2.10) and replacing z by
z2. We leave it as an exercise for the reader to verify that formulae (1.2.19)
of Section 1.2 are Taylor series representations (about z = 0) of the indicated
functions.

Taylor series behave just like ordinary polynomials. We may integrate or

differentiate Taylor series termwise. Integrating termwise inside its region of
convergence, about z = 0,

+
/f(z)dz:/(Za]zf> dz— +1 + C Cconstant (3.2.12)

is justified by Eq. (3.1.9) of Section 3.1. Similarly, differentiation

f@=>jajz/™ (3.2.13)

also follows. We formulate this result as a theorem.
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Theorem 3.2.3 Let f(z) be analytic for |z] < R. Then the series obtained
by differentiating the Taylor series termwise converges uniformly to f'(z) in
lz| <R < R.

Proof If f(z) is analytic in |z| < R, then from our previous results (e.g. The-
orem 2.6.2, Section 2.6), f'(z) is analytic in D for |z| < R. The Taylor series
for f'(z) is given by

i A G+ (@
fl@) = Z Cjz’, C;= % (3.2.14)
— !
But the Taylor series for f(z) is given by
W) .
f@=> ! j,( ) (3.2.15)

j=0

hence formal differentiation termwise yields

) o £G+D
f@=Y (’; J_(;))),zf*l => wzj (3.2.16)
! =L

j=1

which is equivalent to Eq. (3.2.14). Moreover, the same argument as presented
in the proof of Theorem 3.2.2 holds for Eq. (3.2.14), which shows that the
differentiated series converges uniformly in |z] < R; < R. ]

We remark that further differentiation for f”(z), f"(z), ..., follows in the
same manner by reapplying the arguments presented in Theorem 3.2.3.

The Taylor series representing the zero function is also clearly zero. (Because
zero is an analytic function, Eq. (3.2.4) applies.) We easily deduce that Taylor
series are unique; that is, there cannot be two Taylor series representations of
a given function f(z) because if there were two, say, Y . a,z" and Y b,z", the
difference > ¢,z", where ¢, = a, —b,, must represent the zero function, which
implies a, = b,.

Similarly, any convergent power series representation of an analytic function
f(z) must be the Taylor series representation of f(z). In order to demonstrate
this fact, we first show that any convergent power series can be differentiated
termwise.

Theorem 3.2.4 If the power series (3.2.3) converges for |z| < R, then it can
be differentiated termwise to obtain a uniformly convergent series for |z| <
R1 < R.
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Proof From Eq. (2.6.5) of Section 2.6 we have, for any closed contour C,
|zl =Ri <R

B f©)
2ri Jo (¢ —2)?
_ b Di0ast! d
T 2mi Jo (¢ —2)?

fl@) =

d¢

¢ (3.2.17)

Because the series in Eq. (3.2.17) is uniformly convergent, we may inter-
change the sum and integral (Section 3.1, Eq. (3.1.9)) to find

, - 1 <
r@=2 q (Efi 2P dg)

j=0

o0
d .
= ()
= E a]dz(Z)
j=0

© .
= Zjajzf_l (3.2.18)
=0

where we have employed Eq. (2.6.5) of Section 2.6 for the function f(z) = z/.
Uniform convergence follows in the same way as before. (]

The formula f(z) = Z?io a;z’ clearly may be differentiated over and over
again for |z] < Ry < R. Thus it immediately follows that

f0) =ao
f©0) =a
F90) = jla; (3.2.19)

Hence we have deduced that the power series of f(z) is really the Taylor series
of f(z) (about z = 0).

The usual properties of series hold; namely, the sum/difference of a series
are the sum/difference of the terms. Calling g(z) = Z;io bjz’

f@Eg@ =) ajzd £ b7 (3.220)
j=0 j=0

= (aj £ by’ (3221
j=0
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and it also follows that the product of two convergent series may be written

f@g) =Y C;2 (3.2.22)
=0
where
J
Ci =) baj (3.2.23)
k=0

Another result similar to that of real analysis is the comparison test.

Theorem 3.2.5 Let the series Z;OZO a;z’ converge for |z| < R. If |b;] < |a;]
for j > J, then the series Z?io bz’ also converges for |z| < R.

Proof For j > J and |z] < |z«] < R,

z J

x

<1

z J
—| <
Tx

|bjz!| < |a;2’| = |a;zl|

The latter inequalities follow because Zjio a;z’ converges, and we know
that for sufficiently large j, |a;z/| < 1. Convergence then follows, via the
Weierstrass M test. L

For example, we know that Z:":O(z" /n!) = e converges for |z| < co. Thus
by the comparison test the series Zflo:o[z" /(n!)?] also converges for |z| < 0o
since (n!)? > n! for all n.

Another example of a Taylor series (about z = 0) is given by

l J—
14z

o0
> (=D for 7] <1 (3.2.24)
n=0

(Also see the remark below Eq. (3.2.7).) Equation (3.2.24) is obtained by taking
successive derivatives of the function 1/(1 + z), evaluating them at z = 0, and
employing Eq. (3.2.4), or noting formula (3.2.6) and replacing —z with z. The
radius of convergence follows from the ratio test. Replacing z with z? yields

1 - n_2n
> = Z(—n 2, for |z| < 1 (3.2.25)
1 +z n=0

The divergence, for |z| > 1, of the series given in Eq. (3.2.25) is due to the
zeroes of 1 + z2 = 0, that is, z = =+i. In the case of real analysis, it was not
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really clear why the series (3.2.25) with z replaced by x diverges; only when
we examine the series in the context of complex analysis do we understand the
origins of divergence. Because the function 1/(1 4 z?) is nonanalytic only at
z = =i, it is natural to ask whether there is another series representation valid
for |z| > 1. In fact, there is such a representation that is part of a more general
series expansion (Laurent series) to be taken up shortly.

Having the ability to represent a function by a series, such as a Taylor series,
allows us to analyze and work with a much wider class of functions than the
usual elementary functions (e.g. polynomials, rational functions, exponentials,
and logarithms).

Example 3.2.2 Consider the “error function,” erf(z):

erf(z) = jﬁ /0 e dt (3.2.26)

Using Eq. (3.2.11) with z? replaced by —¢? and integrating termwise, we have
the Taylor series representation

0
B 2 o (_l)nZZn—H _ 2 Z3 ZS Z7 N
T Um&entn T Jx 073 520 730
(3.2.27)

Because we are integrating an exponential function that is entire, it follows that
the error function is also entire.

With the results of this section we see that the notion of analyticity of a
function f(z) in aregion R may now be broadened. Namely, if f(z) is analytic,
then by Definition 2.1.1, f'(z) exists in R. We have seen that this implies that
(a) f(2) has derivatives of all orders in R (an extension of Cauchy’s formula,
Theorem 2.6.2), and that (b) f(z) has a Taylor series representation in the
neighborhood of all points of R (Theorem 3.2.2).

On the other hand, if f(z) has a convergent power series expansion, that is

[ =) anz—2z)"

n=0
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then integrating f(z) over a simple closed contour C implies fc f(x)dz=0
because fc (z — z0)"dz = 0. Hence by Theorem 2.6.5, f(z) is analytic inside
C. This is consistent with point (b) above as we have already shown that the
power series is equivalent to the Taylor series representation.

In later chapters we study analytic functions that coincide in a domain or on
acurve or that are zero at distinct points. The following theorems will be useful
(c.f. Section 3.5 and Chapter 7); we will only sketch the proofs.

Theorem 3.2.6 Leteach of two functions f(z) and g(z) be analytic in acommon
domain D. If f(z) and g(z) coincide in some subportion D’ C D or on a curve
I interior to D, then f(z) = g(z) everywhere in D.

Proof Corresponding to any point zo in D’ (or on I') consider the largest circle
C contained entirely within D. Both f(z) and g(z) may be represented by a
Taylor series inside C, and by the uniqueness of Taylor series, f(z) = g(z)
inside C. Next pick a new interior point of C but near its boundary, and repeat
the above Taylor series argument to find f(z) = g(z) in an extended domain.
In fact, this procedure can be repeated so as to entirely fill up the common
domain D. (This statement, while intuitively clear, requires some analysis to
substantiate — we shall omit it.) n

Consequently, a function f(z) that vanishes everywhere in a subdomain
D’ C D oron acurve I' entirely contained within D must vanish everywhere
inside D (i.e. g(z) = 0 in the Theorem). The discussion in Theorem 3.2.6
provides us with a way of “analytically continuing” a known function in some
domain to a larger domain. We remark that one must be careful when continuing
a multivalued function; this is discussed further in Section 3.5.

In fact, analytic continuation of a function f(z) to a function g(z), with
which it shares a common boundary, is closely related to the above. It can be
described via the following theorem, which is proven with the aid of Morera’s
Theorem.

Theorem 3.2.7 Let D and D, be two disjoint domains, whose boundaries share
a common contour I". Let f(z) be analytic in D; and continuous in D; U T’
and g(z) be analytic in D, and continuous in D, U T, and let f(z) = g(z) on
I". Then the function

f(@) z € D
Hz)=<{ f(r) =g zeTl
g(@) z€ Dy
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c
D
g

(o)

Fig. 3.2.1. Analytic continuation

isanalyticin D = D; U T U D,. We say that g(z) is the analytic continuation
of f(2).

Proof Consider a closed contour C in D. If C does not intersect I', then
fc H(z)dz =0 because C is entirely contained in D; or D,. On the other
hand, if C intersects I', then we have (referring to Figure 3.2.1)

L)

?{H(z)dz= f(z)dz+/ f()dz
C C ()

')
+ / g()dz + / ¢()dz=0  (3.2.28)
ry C

where we have divided the closed contour C into two other closed contours
C; + T and C, — T, and the endpoints of the contour I' inside C are labeled
['(a) and I'(B). Note that the two “intermediate” integrals in opposite directions
along I mutually cancel owing to the fact that f(z) = g(z) on I'. Then, the
fact that f(z) and g(z) are analytic in D; and D, respectively, ensures that
§C H(z) dz = 0, whereupon from Morera’s Theorem (see Section 2.6.2) we
find that H (z) is analyticin D = D; UT' U D,. (If f, g are analytic on I" this
statement follows immediately; otherwise some more work is needed). n

Theorem 3.2.8 1If f(z) is analytic and not identically zero in some domain D
containing z = zo, then its zeroes are isolated; that is, there is a neighborhood
about z = 7z, f(z0) = 0, in which f(z) is nonzero.

Proof Because f(z) is analytic at zg, it has a Taylor series about z = z¢. If it
has a zero of order n we write

f@) =(z—20)"g2)

where g(z) has a Taylor series about z = z, and g(z¢) # 0. There must exist a
maximum integer n, otherwise f (z) would be identically zero in a neighborhood
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of zg and, from Theorem 3.2.6, must vanish everywhere in D. Because g(z) is
analytic, it follows that for sufficiently small €, |g(z) — g(zo)| < € whenever
z is in the neighborhood of zp; namely, 0 < |z — z9| < 6. Hence g(z) can
be made as close to g(zo) as desired; hence g(z) # 0 and f(z) # O in this
neighborhood. L]

Finally, in closing this section we briefly discuss the behavior of functions
that are represented by integrals. Such integrals arise frequently in applications,
for example, (a) the Fourier transform F'(z) of a function f(¢)

F(z) = / F(t)e # dt

or (b) the Cauchy type integral F'(z) associated with a function f(¢) on a simple
closed contour C with z inside C,

R Y (G

27'[1 Ct_Z

These are two examples we will study in some detail in subsequent chapters, in
which a given integral depends on another parameter, in this case z. Frequently
one is interested in the question of when the function F(z) is analytic, which
we now address in some generality.

Consider integrals of the following form:

b
F(2) =/ gz, ndt a<t<b (3.2.29)

where (a) for each #, g(z, t) is an analytic function of z in a domain D, and (b)
for each z, g(z, t) is a continuous function of ¢.
With these hypotheses, it follows that F(z) is analytic in D and

b
F'(z) = / %(z, 1) dt (3.2.30)

Because for each ¢, g(z, t) is an analytic function of z, we find that

gz.)=> cj()(z—z0) (3.231)
Jj=0

where z is any point in D and from Eq. (3.2.9) ¢;(¢) = 2m 9§C (;g(c ) de,

LO)H—I
and C is a circle inside D centered at zy. The continuity of g(z, ¢) as a function
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of ¢ implies the continuity of ¢;(#). The function g(z,t) is bounded in D:
|g(z,1)| < M because it is analytic there. Hence |c;(t)| < fc R ‘ig“/ﬂ =
M/p’, where p = | — zo| is the radius of the circle C. Thus the Taylor series
given by Eq. (3.2.31) converges uniformly for |z — z9| < p and can therefore
be integrated and/or differentiated termwise, from which Eq. (3.2.30) follows,
using the series for g with (3.2.29).

We also note that a closed contour in ¢ can be viewed (see Section 2.4) as
a special case of a line integral of the form of Eq. (3.2.30) wherea <t < b.
Hence the above results apply when F(z) = fc g(z,t)dt and C is a closed
contour (such as a Cauchy type integral).

On the other hand, if the contour becomes infinite (e.g. a = —oo orb = 00),
then, in addition to the hypotheses already stated, it is necessary to specify a
uniformity restriction on g(z, t) in order to have analyticity of F(z) and then
Eq. (3.2.30). Namely, in this case of infinite limits it is sufficient to add that
g(z, 1) satisty |g(z,t)|] < G(¢), where fab G(t)dt < oco. We will not go into
further details here.

Problems for Section 3.2

1. Obtain the radius of convergence of the series Y - | 5,(z), where s,(z) is
given by
Zn 2n

n non Z n!
(@ z (b) Wil (c) n"z @ ! e —

2. Find Taylor series expansions around z = 0 of the following functions in
the given regions:

1 z
(a) — lz| <1 (b) T3 lz| <1
sin z
(¢) coshz, |z] <o0 (d) —~ 0<|z] <0
cosz—1 e —1— 72
e ——, O0<lzl<o0 () —— 0O<lzl<ox
Z Z

3. Let the Euler numbers E, be defined by the power series

—Z =
coshz =

(a) Find the radius of convergence of this series.
(b) Determine the first six Euler numbers.
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Show that about any point z = xg

(a) Use the identity 1 = 1/((z 4 1) — 1) to establish

1 o0
== @D R+l <
< n=0

(b)  Use the above identity to also establish

1 [
Z—zzg m+DE+D" lz+1] <1
n=0

Verify that you get the same result by differentiation of the series in
part (a).

Evaluate the integrals fc f(z)dz, where C is the unit circle centered at
the origin and f(z) is given by the following:

sin z sinz coshz — 1
(@) 7 (b) = © ——

Z

Use the Taylor series for 1/(1 + z) about z = 0 to find the Taylor series
expansion of log(1 + z) about z = 0 for |z| < 1.

Use the Taylor series representation of 1/(1 —z) around z = 0 for |z] < 1
to find a series representation of 1/(1 — z) for |z| > 1. (Hint: use

1/ —z) = —1/(z(1 — 1/z2))

Use the Taylor series representation of 1/(1 — z) around z = 0, for
|z| < 1, to deduce the series representation of 1/(1 —z)%, 1/(1 —z2)3, ...,
1/(1 —z2)™.

Use the binomial expansion and Cauchy’s Integral Theorem to evaluate

j{(z + l/z)z”%
c Z
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where C is the unit circle centered at the origin. Recall the binomial
expansion

n n
a—i—b”:a"—l—nan_lb—i—---: ( )an—kbk,
( ) ; i

<n) _ n!
k)~ kl(n—k)

Use this result to establish the following real integral formula:

2 2n)!
R (COS 9)2’1 do = ﬂ
27 Jo 4n(n!)?

where

11. Define F(z) = f_oooo f@®e“ dt, where |f(t)] < e, a > 0. Find
where F(z) is analytic. Explain.

3.3 Laurent Series

In many applications we encounter functions that are, in some sense, gener-
alizations of analytic function. Typically, they are not analytic at some point,
points, or in some regions of the complex plane, and consequently, Taylor series
cannot be employed in the neighborhood of such points. However, another se-
ries representation can frequently be found in which both positive and negative
powers of (z — zo) exist. (Recall that Taylor series expansions contain only
positive powers of (z — zp).) Such a series is valid for those functions that are
analytic in and on a circular annulus, R < |z — z9| < R; (see Figure 3.3.1).

In the derivation of Laurent series it is convenient to work with the series
about an arbitrary point z = zg.

Fig. 3.3.1. Circular annulus R, < |z — 20| < R,
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Fig. 3.3.2. Inner contour C; and outer contour C,

Theorem 3.3.1 (Laurent Series) A function f(z) analytic in an annulus
R1 < |z — 20| < R, may be represented by the expansion

f@= > Ciz—2)" (3.3.1)

n=—00
in the region R < R, < |z — zo| < Ry < R, where

1 f()dz

= — _ 3.3.2
2mwi Jo (z — zo)"t! ( )

n
and C is any simple closed contour in the region of analyticity enclosing the
inner boundary |z — zo| = R;.

(Note: if f(z) is analytic in R; < |z — z9| < R, the same result holds.)

Proof We introduce the usual cross cut in the annulus (see Figure 3.3.2) where
we denote by C; and C, the inside and outside contours surrounding the point
Z = 20-

Contour Cj lies on |z — zo| = Rj, and contour C; lies on |z — 79| = R».
Application of Cauchy’s formula to the crosscut region where f(z) is analytic
and the crosscut contributions cancel, lets us write f(z) as follows:

L, L@
f(Z)_Zm sz_ZdC 2mwi Clg—Z

d¢ (33.3)

In the first integral we write
1 1 1

C—z - (& —z0) — (z — 20) B (4_10)(1_(%>)

1 = (2 — 20)’
= - (3.34
((C—Zo))jz_:o(s“—m)f @34
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In the above equation we have used Eq. (3.2.6) with z replaced by =%, and

£—20
we note that
z—20| |z — 20
= <1
{—20 R,
In the second integral we write
1 1 B 1 1
t—z z—z20—(—2) (z—20) (1_(€—ZO))
=20
1 & /-2
= 3 (; ZO) (33.5)
Z—20 =0 Z—20

Again in Eq. (3.3.5) we have made use of Eq. (3.2.6), where z is now replaced

by £, and we note that
=20

Ry
= <1
|z — zol

{ — 20
Z—20

Using Eq. (3.3.4) in the first integral of Eq. (3.3.3) and Eq. (3.3.5) in the
second integral of Eq. (3.3.3) gives us the following representation for f(z):

f@ =Y Ajz—2) +>_ Bj(z =120V (33.6)
j=0 j=0
where
A= g O 4 (3.3.7a)

% Cy ({ - ZO)]+1

1 .
Bj = i ]{ F@(& —z0) d¢ (3.3.7b)
Tl C

We make the substitutions n = j in the first sum of Eq. (3.3.6) and n =
—(j 4+ 1) in the second sum of Eq. (3.3.6) to obtain

0 -1
f@=) Az—20"+ > Boa1(z—20)" (3.3.8)
n=0

n=—00
where

1 f )

=i b Ty de (3.3.9)

n
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and

1 £©
Boyr =5 A T de¢ (3.3.10)

Because f(z) is analytic in the annulus, it follows from Cauchy’s Theorem

that each of the integrals fcl and fcz in Egs. (3.3.9) and (3.3.10) can be deformed
into any simple closed contour enclosing C;. This yields

L f®
Cr=5— ]i T d¢ (3.3.11)

where C, = A, forn > 0and C,, = B_,_; forn < —1. Thus Eq. (3.3.8)
becomes

f@ =) Cilz—2)" (33.12)

n=—oo
which proves the theorem. ]

The coefficient of the term 1/(z — zp), which is C_; in Eq. (3.3.12), turns
out to play a very special role in complex analysis. It is given a special name:
the residue of the function f(z) (see Chapter 4). The negative powers of the
Laurent series are referred to as the principal part of f(z).

‘We note two important special cases: (a) Suppose f (z) is analytic everywhere
inside the circle |z — zo| = R;. Then by Cauchy’s Theorem, C,, = Oforn < —1
because the integrand in Eq. (3.3.11) is analytic; in this case, Eq. (3.3.12)
reduces to the Taylor series

f@=) Ciz—z0)" (3.3.13)
n=0

where C, is given by Eq. (3.3.11) for n > 0. (b) Suppose f(z) is analytic
everywhere outside the circle |z — zg| = R,. Then the integral (3.3.11) yields
C,=0 for n > 1. In particular, for n > 1 we have that the contour C in
Eq. (3.3.11) may be deformed to a large circle |z| = R. Introducing the
transformation (see Section 1.3) t = 1/z, we find

oL )

n—1
h=— " dt 3.3.14
2i Je, (1 —tzo)"*! ( )

where C, denotes a circle of radius € = 1/R. Because f(z) is analytic at infinity,
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the function f(1/¢) is bounded, that is,
1
()

1 M1
ICl < — M \dt] (3.3.16)
2 Jo |1 — iz

Using ¢ sufficiently small so that

<M (3.3.15)

for sufficiently small . Hence

1
11— tzo"t > (1 — |t]|z0))" " > 5

it follows that (|dt| = € d9)

|Cp| <2Me" — 0 ase — 0,n > 1.

Thus, in this case f(z) has the form:

0

f@o=Y (ZC—

_ n’
n=—o0 20)

In practice, Laurent series frequently may be obtained from the Taylor series
of a function by appropriate substitutions. (We consider a number of other
examples later in this section.) For example, replacing z in the series expansion
for e* (see Eq. (3.2.10)) by 1/z yields a Laurent series for e'/%:

o0
1
1/z _
e/t = Z ] (3.3.17)
j=0

which contains an infinite number of negative powers of z. This is an example
of case (b) above, that is, ¢'/% is analytic for all |z| > 0.

Laurent series have properties very similar to those of Taylor series. For
example, the series converges uniformly.

Theorem 3.3.2 The Laurent series, Egs. (3.3.1) and (3.3.2), of a function f(z)
that is analytic in an annulus R} < |z — zg| < R, converges uniformly to f(z)
for p; < |z — z9| < p2, Wwhere Ry < p; and R, > p3.

Proof The derivation of Laurent series shows that f(z) has two representative
parts, given by the two sums in Eq. (3.3.6). We write f(z) = f1(z) + f2(2).



132 3 Sequences, Series and Singularities of Complex Functions

The first series in Eq. (3.3.6) is the Taylor series part and it converges uniformly
to f1(z) by the proof given in Theorem 3.2.1. For the second sum

£@) = Bz —z) Y (3.3.18)

j=0

we can use the M test. For j large enough and for z = z; on |z — 20| = R,

J+1
(it |B,] 21— 20
|Bj(z —z0) VY| = i
|z1 — zol/ Z—20
j+1
21— 20
<1 (3.3.19)
Z—20

where |B;|/|z1 — z0l/*! < 1 is due to the convergence of the series (3.3.18)
(see Theorem 3.3.1), and the fact that |(z; — z0)/(z — 20)| < 1 is due to z being
inside the annulus with p; > R;. n

A corollary to this result is the fact that the Laurent series may be integrated
termwise, a fact that follows from Theorem 3.1.1. Similarly, the Laurent series
may be differentiated termwise; the proof is similar to Theorem 3.2.3 and
is therefore omitted. It is also easily shown that the elementary operations
such as addition, subtraction, and multiplication for Laurent series behave just
like Taylor series.

In fact, we now show that the Laurent expansion given by Egs. (3.3.11) and
(3.3.12) is unique. Namely, if

f@ =Y buz—z0)" (3.3.20)

is valid in the annulus R| < |z — z¢| < R», then b, = C,, with C,, given by
Eq. (3.3.11). This fact will allow us to obtain Laurent expansions by elementary
methods. Before turning to some examples, let us prove this result.

Theorem 3.3.3 Suppose f(z) is represented by a uniformly convergent series
f@ =) buz—z0)"
n=—oo

in the annulus R; < |z — z9| < R,. Then b,=C,, with C, given by
Eqgs. (3.3.11).
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Proof Because f(z) is represented by a uniformly convergent series, given
€ — 0,thereisan N > 0 (i.e., N = N(¢)) such that whenn > N

N
’f(z) — Y baz—z0)"| <€ (3.3.21)

n=—N

inside Ry < |z — zo| < R,. Consider

i

where C is the circle |z — zo| = R, and R; < R < R,. Because we know by
contour integration (Section 2.4) that

1 " 1 whenn = —1
27i jé(;“ —Z0)dl = {O when n # —1 (3.3.23)

N

d¢

I = e S
(;— _ ZO)IH—]

(3.3.22)

b (¢ —z0)" — f(C))
N

m=—

we find that only the m = n term in the sum in Eq. (3.3.22) is nonzero, hence

1 f©

I =\b, — —
2ri Je (& — zo)"T!

(3.3.24)

n

However, from Eq. (3.3.21) we have the following estimate for Eq. (3.3.22):

< gl _ ¢ (33.25)
— o C|§_Z0|n+l _Rn T
Then from Eq. (3.3.24), because € may be taken arbitrarily small, we deduce
that

1 f(©)

bn =C,=— N
27i Jo (¢ = zo)"™!

d¢ (3.3.26)

We emphasize that in practice one does not use Eq. (3.3.2) to compute the
coefficients of the Laurent expansion of a given function. Instead, one usually
appeals to the above uniqueness theorem and uses well-known Taylor expan-
sions and appropriate substitutions.

Example 3.3.1 Find the Laurent expansion of f(z) = 1/(1 + z) for |z]| > 1.
The Taylor series expansion (3.2.6) of (1 —z)~!is

1 o0
= " for 2] <1 (3.3.27)
n=0
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We write
1 1

1+z z(+1/2)

and use Eq. (3.3.27) with z replaced by —1/z, noting that if |z| > 1 then
|—1/z] < 1. We find

(3.3.28)

1 1§ienn ff_w
=7 n = +1
1 +z 2 n=0 2 n=0 "
111
Sz 2B

We note that for |z] < 1, f(z) = 1/(1 +2) = Y oo (=1)"z". Thus there
are different series expansions in different regions of the complex plane. In
summary

[e.¢]
DDzl <1
1 _ n=0

oo

l+z (=D"
ZW |z| > 1

n=0

Example 3.3.2 Find the Laurent expansion of

1
)=——""—"— forl < |z] <2
1= he—2 &
We use partial fraction decomposition to rewrite f(z) as
1 1
f@Q=—-———+— (3.3.29)
z—1 z-=2
Anticipating the fact that we will use Eq. (3.3.27), we rewrite Eq. (3.3.29) as
1 1 1 1

=—— ) -z | —= 3.3.30
@ z(l—l/z) 2(1—z/2> (3.3.30)

Because 1 < |z] < 2, |1/z] < 1, and |z/2| < 1, we can use Eq. (3.2.28) to
obtain

I 1 1 &7\
ra=-23 553 (5)

n=0

(el L ai(2) s
- z 2 2 2 2 2

(3.3.31)
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Thus
o0
f@ =) C"
n=—0oQ
where
-1 n<-1
C, = 1

As with Example 3.3.1, there exist different Laurent series expansions for
|z| < 1 and for |z| > 2.
A somewhat more complicated example follows.

Example 3.3.3 Find the first two nonzero terms of the Laurent expansion of
the function f(z) = tanz about z = /2.
Letuscall z =m/2 + u, so

sin (5 +u) __cosu (3.332)

f@) =

N cos (% +u) T sinu

This can be expanded using the Taylor series for sin « and cos u:

(1_g+...) 1(1_;%4_...)

(A PR e (I

The denominator can be expanded via Eq. (3.3.27) to obtain, for the first two
nonzero terms

1 ! u? ! u?
o= L2 ) (1)

Il

|
N
7 N

—

|
w8,

+
~_

- +
b1
(z-%) 3
We also note that this Laurent series converges for |z — 7 /2| < 7 since cos z
vanishes at z = —m /2, 37 /2.

Problems for Section 3.3

1. Expand the function f(z) = 1/(1 + z?) in

(a) a Taylor series for |z| < 1
(b) a Laurent series for |z]| > 1
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2. Given the function f(z) = z/(a* — z%), a > 0, expand f(z) in a Laurent
series in powers of z in the regions

(@ |z|l <a (®) Iz| > a
3. Given the function
Z
1O c=ae+n

expand f(z) in a Laurent series in powers of z in the regions

@ lzl<l  (®) I<z]<2 (o) z]>2

4. Evaluate the integral §. f(z) dz where C is the unit circle centered at the
origin and f(z) is given as follows:

< 1
@ = ) —— () tanhz  (d) (e) 'f?
Z3 z2sinz cos 2z
5. Let
o0
D = N (07"

Show from the definition of Laurent series and using properties of integra-
tion that
1 54
Jn (t) —_ e—i(nQ—z sin@) de
2w

-7

1 T
= —/ cos(nf — tsinf) do
T Jo

The functions J,(¢) are called Bessel functions, which are well-known
special functions in mathematics and physics.

6. Given the function

o ,—1/t
AQz) = / ¢ ar
Z

t2

find a Laurent expansion in powers of z for |z| > R, R > 0. Why will the
same procedure fail if we consider

o0 —t
E(z) = / 67 dt

(See also Problem 7, below.)
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] e*[
E(z) = / —dt
.t

A formal series may be obtained by repeated integration by parts, that is,

e ? 00 ,—t
E(z) ——/Z t_zdt

7. Suppose we are given

z
et eF  2e7!
=——-—+ dt =
z 72 / 13
If this procedure is continued, show that the series is given by
e 1 (—)"n!
E@=—|(l-—-4++—— | +tR(d)
Z Z <

—t

dt

mw=«m“m+m/ ¢

n+2

Explain why the series does not converge. (See also Problem 8, below.)

8. In Problem 7, above, consider z = x real. Show that
—X

e

IRu()] < (1 + D=

Explain how to approximate the integral E(x) for large x, given some n.
Find suitable values of x for n = 1,2, 3 in order to approximate E(x)
to within 0.01, using the above inequality for |R,(x)|. Explain why this
approximation holds true for Rez > 0. Why does the approximation fail
asn — 0o?

9. Find the first three nonzero terms of a Laurent series for the function
f@ =lz(z — D]"*for |z| > 1.

*3.4 Theoretical Results for Sequences and Series

In earlier sections of Chapter 3 we introduced the notions of sequences, series,
and uniform convergence. Although the Weierstrass M test was stated, a proof
was deferred to this section for those interested readers. We begin this section
by discussing the notion of a Cauchy sequence.

Definition 3.4.1 A sequence of complex numbers { f,} forms a Cauchy se-
quence if, for every € > 0, there is an N = N(¢), such that whenever n > N
and m > N we have | f, — f| < €.

The same definition as 3.4.1 applies to sequences of complex functions
{f:(2)}, where it is understood that f; (z) exists in some region R, z € R. Here,
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in general, N = N (¢, 7). Whenever N = N (¢) only, the sequence { f,,(z)} is
said to be a uniform Cauchy sequence. The following result is immediate.

Theorem 3.4.1 1f a sequence converges, then it is a Cauchy sequence.

Proof 1f { f,(z)} converges to f(z), then for any € > O thereisan N = N (e, z)
such that whenevern > N and m > N

112 — f()] < % and  [£,(2) — @) < %
Hence

1fn(2) = fun @] = 1/u(@) — f(2) — (fu(2) — f(2))]
= |fn(Z) - f(2)| + |ﬁ71(Z) - f(Z)|

< €

and so { f,,(z)} is a Cauchy sequence.
We note that if { f (z)} converges uniformly to f(z) then N = N (¢) only, and
the Cauchy sequence is uniform. L]

We shall next prove the converse, namely that every Cauchy sequence con-
verges. We shall employ the following result of real analysis, namely every
real Cauchy sequence has a limit.

Theorem 3.4.2 1f { f,,(z)} is a Cauchy sequence, then there is a function f(z)
such that { f,,(z)} converges to f(z).

Proof Letuscall f,(z) = u,(x, y) +iv,(x, y). Because

[, (x, y) — up(x, Y)| < 1 fa(@) — fn (2]
[V, (x, ¥) = v (X, Y < 12 (2) = fin(2)]

and { f,(z)} is a Cauchy sequence, we find that {u,(x, y)} and {v,(x, y)} are
real Cauchy sequences and hence have limits u(x, y) and v(x, y), respec-
tively. Thus the function f(z) = u(x, y) 4+ iv(x, y) exists and is the limit of
@),

Convergence will be uniform if the number N for the Cauchy sequence
{f.(2)} depends only on € (N = N(¢)) and not on both € and z (N =
N (e, 2)). "
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The above theorem allows us to prove the Weierstrass M test given in Section
3.1. We repeat the statement of this theorem now for the convenience of the
reader.

Theorem 3.4.3 Let |bj(z)| < M; in some region R, with {M} a sequence of
constants. If )72, M; converges, then the series f(z) = Y72, b, (z) converges
uniformly in R.

Proof Letn > m and f,(z) = Z?:l b;(z). Then

n

> b

j=m+1

> b))

Jj=m+1

> M,

Jj=m+1

o0
> M,

Jj=m+1

|fn(2) = fin ()]

IA

IA

IA

Because Zj’;l M converges, we know that there is an N = N (¢) (the M are
only constants) such that when m > N, E;‘;mH M; < e. Thus {f,(z)} is a
uniformly convergent Cauchy sequence in R, and Theorem 3.4.2 follows. =

Early in this chapter we proved Theorem 3.1.1, which allowed us to in-
terchange the operation of integration with a limit of a uniformly convergent
sequence of functions. A corollary of this resultis Eq. (3.1.9), which allows the
interchange of sum and integral for a uniformly convergent series. A similar
theorem holds for the operation of differentiation.

Theorem 3.4.4 Let f,(z) be analytic in the circle |z — zo| < R, and let { f,,(z)}
converge uniformly to f(z) in |z — z9] < R — 8,8 > 0. Then (a) f(z) is
analytic for |z — zo| < R, and (b) {f, (z)}, {f,/(2)}, . .., converge uniformly in
lz—zol < R—268t0 f'(2), f(2),....

Proof (a) Let C be any simple closed contour lying inside |z — zo| < R — 8
(see Figure 3.4.1) for all R > § > 0. Because { f;,(z)} is uniformly convergent,
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Fig. 3.4.1. Region of analyticity in Theorem 3.4.3(a)

Fig. 3.4.2. For Theorem 3.4.4(b), |z —¢| > v

we have, from Theorem 3.1.1 of Section 3.1

ff(Z)dz = lim 7{ fn(z)dz (3.4.1)
C n—o00o C

Because f,(z) is analytic, we conclude from Cauchy’s Theorem that fc fn(2)
dz = 0, hence 35; f(z)dz = 0. Now from Theorem 2.6.5 (Morera) of Section
2.6 we find that f(z) is analytic in |z — zg| < R (because § may be made
arbitrarily small). This proves part (a).

(b) Let Cy bethecircle |z—z9| = R—vforall0 < v < § (see Figure 3.4.2).
We next use Cauchy’s Theorem for f'(z) — f, (z) (Theorem 2.6.3, Eq. (2.6.5)),
which gives

1 - Jn
(@ - @) = - O =@,

=5 A T e (3.4.2)
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Because { f,,(z)} is a uniformly convergent sequence, we find that forn > N
and any z in C

lf(2) — fu] < e

Thus

1) = £ < i‘f Lin

2 Je, 1€ — 2|
If z lies inside Cy, say, |z — zo| = R — 2v, then |{ — z| > v, fCI |d¢| < 2R,
hence

R
/@) — £ < El—z (3423)

Taking €; as small as necessary, thatis, €; = €v?/R, ensures that | f'(z) — i@l
is arbitrarily small; that is, | f'(z) — f,(z)| < € and hence {f, (z)} converges
uniformly inside |z — zo| < R — 2v. Taking § = 2v and part (a) above
establishes the theorem for the sequence {f, (z)}. (The values of § and v can
be taken arbitrarily small.) Because the sequence { f, (z)} converges uniformly
inside |z — zo| < R — 4, for all R > § > 0, we can repeat the above procedure
in order to establish the theorem for the sequence { f;/(z)}; that is, the sequence
{f(2)} converges uniformly to f”(z) and so on for { f,"(z)} to f,"(z), etc. m

An immediate consequence of this theorem is the result for series. Namely,
call

Si(2) =Y fi(@) (3.4.4)
j=1

If S, (z) satisfies the hypothesis of Theorem (3.4.4), then
n [o¢]
lim §,(2) = lim Y " fi@) =) f) = S@) (3.4.5)
j=1 j=1

We remark that { f,,(z)} being a uniformly convergent sequence of analytic
functions gives us a much stronger result than we have for uniformly convergent
sequences of only real functions. Namely, sequences of derivatives of any order
of f,(z) are uniformly convergent. For example, consider the real sequence
{u,(x)}, where

cos n2x

u,(x) = pa |x] < o0
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This sequence is uniformly convergent to zero because |u,(x)| < 1/n (inde-
pendent of x), which converges to zero. However, the sequence of functions

{u'n(x)}
ul (x) = 2nsinn’x, x| < o0 (3.4.6)

has no limit whatsoever! The sequence {u/,(x)} is not uniformly convergent. We
note also the above sequence u, (z) for z = x + iy is not uniformly convergent
for |z| < oo because cosn’z = cos n’x coshn?y — i sinn’x sinh n?y; and both
coshn?y and sinhn?y diverge as n — oo for y # 0.

Another corollary of Theorem 3.4.4 is that power series

f(Z) = Zan (z — ZO)n

n=0

may be differentiated termwise inside their radius of convergence. Indeed, we
have already shown that any power series is really the Taylor series expansion of
the represented function. Hence Theorem 3.4.4 could have alternatively been
used to establish the validity of differentiating Taylor series inside their radius
of convergence.

We conclude with an example.

Example 3.4.1 We are given
=1
(@=) — (3.4.7)
n=1

(The function ¢ (z) is often called the Riemann zeta function; it appears in
many branches of mathematics and physics.) Show that ¢ (z) is analytic for all
x > 1, where z = x +iy.

By definition, n° = ¢?1°2”, where we take log n to be the principal branch of
the log. Hence

zlogn (x+iy)logn

n‘=e =e

is analytic for all z because e is analytic, and

xlogn _ n*

|n*l=e

Thus from the Weierstrass M test (Theorem 3.1.2 or 3.4.3, proven in this
section), we find that the series representing ¢ (z) converges uniformly because
the series Z;’; 1(1/n%) (for x > 1) is a convergent series of real numbers. That
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is, we may use the integral theorem for a series of real numbers as our upper
bound to establish this. Note that

Thus from Theorem 3.4.4 we find that because {¢,(2)} = {d_,_,n *}isa
uniformly convergent sequence of analytic functions for all x > 1, the sum
£(z) is analytic.

Problems for Section 3.4

1. Demonstrate whether or not the following sequences are Cauchy sequences:
Z oo
@ {3 k<t ® {1+3} " <o
- n=1

© feosnz}2y, lzl<oo (&) {7, lzl<1

2. Discuss whether the following series converge uniformly in the given do-

mains:
n n 1
7 1 b <zl <1
@ > 2 Izl < ) > e 5 <lal <
Jj=1 Jj=0
(c) Zj!zzj, Iz| < a, a>0
=1
3. Establish that the function ;7| - is an analytic function of z for all z;

that is, it is an entire function.

4. Show that the following functions are analytic functions of z for all z; that
is, they are entire:

o0 Zn
@ > e

n=1

2n+1

> <
© ; [2n + D172

. coshnz
® Y
n=1 :

n

5. Consider the function f(z) = Y oo, (1/(z>+n?%)). Break the function f(z)
into two parts, f(z) = f1(z) + f2(z), where

l 1
HR =Y (m)

n=1
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and
f(2) = i (#>
’ B n=N+1 Z2 + n2

For |z| < R, N > 2R, show that in the second sum

1
Z2_{_”2

1

4
<
~ n?—R? " 3n?

whereupon explain why f>(z) converges uniformly and consequently, why
f(2) is analytic everywhere except at the distinct points z = +in.

6. Usethe method of Problem 5 to investigate the analytic properties of f(z) =
o0 1
2ont o

3.5 Singularities of Complex Functions

We begin this section by introducing the notion of an isolated singular point.
The concept of a singular point was introduced in Section 2.1 as being a point
where a given (single-valued) function is not analytic. Namely, z =z is a
singular point of f(z) if f’(zo) does not exist. Suppose f(z) (or any single-
valued branch of f(z), if f(z) is multivalued) is analytic in the region 0 < |z —
Z0| < R (i.e., in a neighborhood of z = zj), and not at the point zo. Then the
point z =z is called an isolated singular point of f(z). In the neighborhood
of an isolated singular point, the results of Section 3.3 show that f(z) may be
represented by a Laurent expansion:

f@= > Ciz—2)" (3.5.1)

n=—0o0

Suppose f(z) has anisolated singular point and in addition it is bounded; that
is, | f(z)| < M where M is a constant. It is clear that all coefficients C,, = 0
for n < 0 in order for f(z) to be bounded. Thus such a function f(z) is given
by a power series expansion, f(z) = > ro, C,(z — z0)", valid for |z — z9| < R
except possibly at 7 = zy. However, because a power series expansion converges
at z = zo, it follows that f(z) would be analytic if Cy = f(z0) (then = 0
term is the only nonzero contribution), in which case Z;io C,(z — z0)" is
the Taylor series expansion of f(z). If Cy # f(zo), we call such a point a
removable singularity, because by a slight redefinition of f(zo), the function
f () is analytic. For example, consider the function f(z) = (sinz)/z, which,
strictly speaking, is undefined at z = 0. If it were the case that f(0) # 1, then
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z = 0 is a removable singularity. Namely, by simply redefining f(0) = 1,
then f(z) is analytic for all z including z = 0 and is represented by the power
series

2 4 6 S n,2n
=tz (=D"z

— 1 = A
F@ TR ;(2n+1)!

Stated differently, if f(z) is analytic in the region 0 < |z — z9| < R, and
if f(z) can be made analytic at z = z¢ by assigning an appropriate value for
f(z0), then z = zp is a removable singularity.

An isolated singularity at zo of f(z) is said to be a pole if f(z) has the
following representation:

¢(2)

f@= (z — zo)V
where N is a positive integer, N > 1, ¢(z) is analytic in a neighborhood of z,
and ¢(zo) # 0. We generally say f(z) has an Nth-order pole if N > 2 and
has a simple pole if N = 1. Equation (3.5.2) implies that the Laurent expansion
of f(z) takes the form f(z) =Y .-\ Cu(z — z0)"; that is, the first coefficient
is C_y = ¢(zp). Coefficient C_y is often called the strength of the pole.
Moreover, it is clear that in the neighborhood of z = zj, the function f (z) takes
on arbitrarily large values, or lim,_, ;, f(z) = oo.

(35.2)

Example 3.5.1 Describe the singularities of the function

Z—-24+1 (-1
2+ D3 z(z+ 13

f@) =

The function f(z) has a simple pole at z = 0 and a third order (or triple) pole
at z = —1. The strength of the pole at z = 0 is 1 because the expansion of f(z)
near 7 = 0 has the form

f(z)=%(1—2z~|—---)(1—3z+...)

1
= _—54...
Z

Similarly, the strength of the third-order pole at z = —1 is —4, since the leading
term of the Laurent series near z = —1 is f(z) = —4/(z + 1)>.

Example 3.5.2 Describe the singularities of the function
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Using the Taylor series for sin z

z4+1 z+1

z(z—§+g—i—-~-) z2(1—§—2,+g—‘§—m)
z+11 2 7 2 7 2

L OO IR I O
2z 3! T2 g

we find that the function f(z) has a second order (double) pole at z = 0 with
strength 1.

f(@

Example 3.5.3 Describe the singularities of the function

sin z

f(z) =tanz =
COS Z

Here the function f(z) has simple poles with strength 1 at z = 7/2 + mn
form = 0, £1, £2,.... It is sometimes useful to make a transformation of
variables to transform the location of the poles to the origin: z = zo + 7, where
z0 = /2 + m, so that

sin(/2 +mmw 4+ 7)

f@ = cos(m/2 +mm +7')

sin(r /2 + mm) cosz' + cos(w /2 + mm) sinz’
cos(mw/2 + mm)cosz’ — sin(mw/2 + mm) sinz’

(=)™ cos 7’
(=1)ym+lginz

L A=@P2 4 1A= @2+
@ = @3B+ A= @2B+-)

1 11\ , | 1,
= ——(1=-(=== / )l =—— 1=
z’( (2! 3!)Z + ) z’( 3¢ T )

11,
=—;+§Z + -

1 1
=—m+§(z—(ﬂ/2+mﬂ))+“'

Hence f(z) = tan z always has a simple pole of strength —1 at z = 7 + m.
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Example 3.5.4 Discuss the pole singularities of the function

log(z + 1)
f@)=———"7—
(z—D
The function f (z) is multivalued with abranch pointatz = —1, hence following

the procedure in Section 2.2 we make f(z) single valued by introducing a
branch cut. We take the cut from the branch point at 7z = —1to z = o0
along the negative real axis with z = re'? for —m < 6 < m; this branch fixes
log(1) = 0. With this choice of branch, f(z) has a simple pole at z = 1 with
strength log 2. We shall discuss the nature of branch point singularities later in
this section.

Sometimes we might have different types of singularities depending on which
branch of a multivalued function we select.

Example 3.5.5 Discuss the pole singularities of the function

712 -1

f@)=

z—1
We let z =1 + ¢, so that
1+ -1 £J/T+1-1

t t

f@) =

where =+ denotes the two branches of the square root function with 4/x > 0 for
x > 0. (The point z = 0 is a square root branch point).
The Taylor series of 4/1 + 7 is

1 1
Vitt=14t— >+

2 8
Thus for the “+” branch
t 1,
L—2to+4 - 1 1
278
= = — — —f PP
f(@) ; 573 +
whereas for the “—” branch
—2—Lt4dl2—. 2 1 1
2738
— — e
F@ t t 2 8

On the + (principal) branch, f(z) is analytic in the neighborhood of t = 0;
that is, = 0 is a removable singularity. For the — branch, t = 0 is a simple
pole with strength —2.
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An isolated singular point that is neither removable nor a pole is called an
essential singular point. An essential singular point has a “full” Laurent series
in the sense that given f(z) = Zn_foo C,(z—2z0)", then forany N > O there is
ann < —N suchthat C,, # 0; thatis, the series for negative n does not terminate.
If this were not the case, then f(z) would have a pole (if C,, = 0forn < —N
and C_y # 0, then f(z) would have a pole of order N with strength C_y).

The prototypical example of an essential singular point is given by the func-
tion

fz) =e' (3.5.3)

which has the following Laurent series (Eq. (3.3.17)) about the essential sin-
gular pointatz =0

N |
fo=3 (3.5.4)
n=0
Because f'(z) = —e'/?/z? exists for all points z # 0, it is clear that f(z) is

analytic in the neighborhood of z = 0; hence it is isolated (as it must be for
z = 0 to be an essential singular point).
If we use polar coordinates z = re'?, then Eq. (3.5.3) yields

f(Z) _e, 0 _ e—(cos@ isinf)

= 7 {cos (sin@) —isin (sin&)}
r r

whereupon the modulus of f(z) is given by

1f (@) = ere?

Clearly for values of 8 such that cos9 > 0, f(z) - oo asr — 0, and for
cosf < 0, f(z) — 0asr — 0. Indeed, if we let r take values on a suitable
curve, namely, r = (1/R) cos 6 (i.e., the points (7, 0) lie on a circle of diameter
1/R tangent to the imaginary axis), then

f(z) = ef [cos(RtanO) — i sin(R tan6)] (3.5.5)
and

If(@)] = e (3.5.6)

Thus | f (z)| may take on any positive value other than zero by the appropriate
choice of R. As z — 0 on this circle, 0 — /2 (and tanf — o0) with R fixed,



3.5 Singularities of Complex Functions 149

then the coefficient in brackets in Eq. (3.5.5) takes on all values on the unit
circle infinitely often. Hence we see that f(z) takes on all nonzero complex
values with modulus (3.5.6) infinitely often.

In fact, this example describes a general feature of essential singular points
discovered by Picard (Picard’s Theorem). He showed that in any neighborhood
of an essential singularity of function, f(z) assumes all values, except possi-
bly one of them, an infinite number of times. The following result owing to
Weierstrass is similar and more easily shown.

Theorem 3.5.1 If f(z) has an essential singularity at z = zg, then for any com-
plex number w, f(z) becomes arbitrarily close to w in a neighborhood of zj.
That is, given w, and any € > 0, § > 0, there is a z such that

|f(2) —w| <e (3.5.7)

whenever 0 < |z — zo| < 6.

Proof We prove this by contradiction. Suppose | f(z) — w| > € whenever
|z — zo| <&, where § is small enough such that f(z) is analytic in the region
0 < |z — zo| < 8. Thus in this region

1

"= —w

is analytic, and hence bounded; specifically, |2(z)| < 1/€. The function f(z)
is not identically constant, otherwise f(z) would be analytic and hence would
not possess an essential singular point. Because /(z) is analytic and bounded,
it is representable by a power series h(z) = Zf;o:o C,(z — z0)", thus its only
possible singularity is removable. By choosing Cy = h(zp), it follows that /(z)
is analytic for |z — z9| < §. Consequently

1

D =w+ —

f(2) o
and f(z) is either analytic with h(z) # O or else f(z) has a pole of order N,
strength Cy, where Cy is the first nonzero coefficient of the term (z — zo)V
in the Taylor series representation of /(z). In either case, this contradicts the
hypothesis that f(z) has an essential singular point in the neighborhood of
Z = 20 (]

Functions that have only isolated singularities, while very special, turn out
to be important in applications. An entire function is one that is analytic
everywhere in the finite z plane. As proved in Chapter 2, the only function
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analytic everywhere, including the point at infinity, is a constant (Section 2.6,
i.e., Liouville’s Theorem). Entire functions are either constant functions, or at
infinity they have isolated poles or essential singularities. Some of the common
entire functions include (a) polynomials, (b) exponential functions, and (c)
sine/cosine functions. For example, f(z) = z, f(z) = €%, f(z) = sinz are all
entire functions.

As mentioned earlier, one can easily ascertain the nature of the singularity at
z = oo by making the transformation z = 1/¢ and investigating the behavior
of the function near t+ = 0. Polynomials have poles at z = oo, the order of
which corresponds to the order of the polynomial. For example, f(z) = z
has a simple pole at infinity (strength unity) because f(f) = 1/¢. Similarly,
f(z) = z* has a double pole at z = oo, etc. The entire functions e* and sin z
have essential singular points at z = co. Indeed, the Taylor series for sin z shows
that the Laurent series around r = 0 does not terminate in any finite negative
power:

e Gk
hence it follows that ¢ = 0 or z = oo is an essential singular point.

The next level of complication after an entire function is a function that has
only poles in the finite z plane. Such a function is called a meromorphic
function. As with entire functions, meromorphic functions may have essential
singular points at infinity. A meromorphic function is a ratio of entire functions.
For example, a rational function (i.e., a ratio of polynomials)

AN + Ay VTN 4+ Az + A
Byz™ + By_1zM=' +---+ Biz+ By

R(z) = (3.5.8)

is meromorphic. It has only poles as its singular points. The denominator is
a polynomial, whose zeroes correspond to the poles of R(z). For example,
the function

2 —1
5+2783 42

@D @+ DE-D
Cz(@ 4224+ (24 1)2

R(2)

@+ D=1
T2z 402z —i0)?
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has poles at z = 0 (simple), at z = =i (both double), and zeroes (simple) at
z==l.

The function f(z) = (sinz)/(1+z) is meromorphic. Ithasapoleatz = —1,
owing to the vanishing of (1 + z), and an essential singular point at z = oo due
to the behavior of sin z near infinity (as discussed earlier).

There are other types of singularities of a complex function that are non-
isolated. In Chapter 2, Section 2.2-2.3, we discussed at length the various
aspects of multivalued functions. Multivalued functions have branch points.
We recall that their characteristic property is the following. If a circuit is made
around a sufficiently small, simple closed contour enclosing the branch point,
then the value assumed by the function at the end of the circuit differs from
its initial value. A branch point is an example of a nonisolated singular point,
because a circuit (no matter how small) around the branch point results in a
discontinuity. We also recall that in order to make a multivalued function f(z)
single-valued, we must introduce a branch cut. Since f(z) has a discontinu-
ity across the cut, we shall consider the branch cut as a singular curve (it is
not simply a point). However, it is important to recognize that a branch cut
may be moved, as opposed to a branch point, and therefore the nature of its
singularity is somewhat artificial. Nevertheless, once a concrete single-valued
branch is defined, we must have an associated branch cut. For example, the
function

1
f2) = gz
Z

has branch points at z = 0 and z = co. We may introduce a branch cut along
the positive real axis: z = re’®, 0 < 6 < 2mw. We note that z = 0 is a branch
point and not a pole because log z has a jump discontinuity as we encircle z = 0.
It is not analytic in a neighborhood of z = 0; hence z = 0 is not an isolated
singular point. (We note the difference between this example and Example
3.5.4 earlier.)

Another type of singular point is a cluster point. A cluster point is one in
which an infinite sequence of isolated singular points of a single-valued function
f(z) cluster about a point, say, z =z, in such a way that there are an infinite
number of isolated singular points in any arbitrarily small circle about z = z,.
The standard example is given by the function f(z) = tan(1/z). Asz — 0
along the real axis, tan(1/z) has poles at the locations z, = 1/(w/2 + nm), n
integer, which cluster because any small neighborhood of the origin contains
an infinite number of them. There is no Laurent series representation valid in
the neighborhood of a cluster point.
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Another singularity that arises in applications is associated with the case of
two analytic functions that are separated by a closed curve or an infinite line.
For example, if C is a suitable closed contour and if f(z) is defined as

£ = {ﬁ(z) z inside C

f»(z) z outside C (3.5.9)

where f;(z) and f,(z) are analytic in their respective regions have continuous
limits to the boundary C and are not equal on C, then the boundary C is a
singular curve across which the function has a jump discontinuity. We shall
refer to this as a boundary jump discontinuity.

An example of such a situation is given by

1 d;:{fi(z)=1 z inside C

1
f(Z)Z% ct—z2

The discontinuity depends entirely on the location of C, which is provided
in the definition of the function f(z) via the integral representation. We note
that the functions f;(z) =1 and f,(z) = 0 are analytic. Both of these functions
can be continued beyond the boundary C in a natural way; just take f;(z) =
1 and f,(z) = 0, respectively. Indeed, functions obtained through integral
representations such as Eq. (3.5.10) have a property by which the function
f(2) is comprised of functions such as f;(z) and f,(z), which are analytic
inside and outside the original contour C.

In Chapter 7 we will study questions and applications that deal with equa-
tions that are defined in terms of functions that have properties very simi-
lar to Eq. (3.5.9). Such equations are called Riemann—Hilbert factorization
problems.

fo(z) =0 z outside C (3.5.10)

3.5.1 Analytic Continuation and Natural Barriers

Frequently, one is given formulae that are valid in a limited region of space,
and the goal is to find a representation, either in closed series form, integral
representation, or otherwise that is valid in a larger domain. The process of
extending the range of validity of a representation or more generally extending
the region of definition of an analytic function is called analytic continuation.
This was briefly discussed at the end of Section 3.2 in Theorems 3.2.6 and 3.2.7.
We elaborate further on this important issue in this section.

A typical example is the following. Consider the function defined by the
series

f@=>) 7" (3.5.11)
n=0
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when |z| < 1. When |z] — 1, the series clearly diverges because z” does not
approach zero as n — oo. On the other hand, the function defined by

g(2) = L (3.5.12)
1-z

which is defined for all z except the point 7 = 1, is such that g(z) = f(z) for
|z| < 1 because the Taylor series representation of Eq. (3.5.12) about z = 0
is Eq. (3.5.11) inside the unit circle. In fact, we claim that g(z) is the unique
analytic continuation of f(z) outside the unit circle. The function g(z) has a
pole at z = 1. This example is representative of a far more general situation.

The relevant theorem was given earlier as Theorem 3.2.6, which implies the
following.

Theorem 3.5.2 A function thatis analytic in adomain D is uniquely determined
either by values in some interior domain of D or along an arc interior to D.

The fact that a “global” analytic function can be deduced from such a rela-
tively small amount of information illustrates just how powerful the notion of
analyticity really is.

The example above (Eqs. (3.5.11), (3.5.12)) shows that the function f(z),
which is represented by Eq. (3.5.11) inside the unit circle, uniquely deter-
mines the function g(z), which is represented by Eq. (3.5.12) that is valid
everywhere.

We remark that the function 1/(1 — z) is the only analytic function (analytic
apart from a pole at z = 1) that can assume the values f(x) = 1/(1 — x) along
the real x axis. This also shows how prescribing values along a curve fixes the
analytic extension. Similarly, the function f(z) = e** (for constant k) is the
only analytic function that can be extended from f(x) = e** on the real x axis.

Chains of analytic continuations are sometimes required, and care may be
necessary. For example, consider the regions A, B, and C and the associated
analytic functions f, g, and h, respectively (see Figure 3.5.1), and let A N B
denote the usual intersection of two sets.

Referring to Figure 3.5.1, Theorem 3.5.2 (or Theorem 3.2.6) implies that
if g(z) and f(z) are analytic and have a domain A N B in common, where
f(2) = g(2), then g(z) is the analytic continuation of f(z). Similarly, if 4 (z)
and g(z) are analytic and have a domain B N C in common, where 4 (z) = g(z),
then £(z) is the analytic continuation of g(z). However, we cannot conclude
that h(z) = f(z) because the intersecting regions A, B, C might enclose a
branch point of a multivalued function.

The method of proof (of Theorem 3.2.6 or Theorem 3.5.2) extends the
function locally by Taylor series arguments. We note that if we enclose a
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Fig. 3.5.1. Analytic continuation in domains A, B, and C

y

R

Fig. 3.5.2. Overlapping domains R;, Ry, R3

branch point, we move onto the next sheet of the corresponding Riemann
surface.
For example, consider the multivalued function

f(z) =logz =logr +1i6 (3.5.13)

with three regions defined (see Figure 3.5.2) in the sectors

Ri: 0<6b<m
3 T
Ry: — <0 < —
4 4
Ra: 371<9<571
A R 2

The branches of log z defined by Eq. (3.5.13) in their respective regions R,
R», and Rj are related by analytic continuations. Namely, if we call f;(z) the
function Eq. (3.5.13) defined inregion R;, then f,(z) is the analytic continuation
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of f1(2), and f3(z) is the analytic continuation of f,(z). Note, however, that
f3(2) # f1(2), that is, the same pointzg = Re'™/* = Re*™/* has

f1(z0) =log R +im /4
f3(z0) = log R + 9in /4

This example clearly shows that after analytic continuation the function does
not return, upon a complete circuit, to the same value. Indeed, in this example
we progress onto the adjacent sheet of the multivalued function because we
have enclosed the branch point z = 0 of f(z) = logz.

On the other hand, if in a simply connected region, there are no singular
points enclosed between any two distinct paths of analytic continuation that
together form a closed path, then we could cover the enclosed region with
small overlapping subregions and use Taylor series to analytically continue
our function and obtain a single valued function. This is frequently called the
Monodromy Theorem, which we now state.

Theorem 3.5.3 (Monodromy Theorem) Let D be a simply connected domain
and f(z) be analytic in some disk Dy C D. If the function can be analyti-
cally continued along any two distinct smooth contours C; and C; to a point
in D, and if there are no singular points enclosed within C; and C,, then
the result of each analytic continuation is the same and the function is single
valued.

In fact, the theorem can be extended to cover the case where the region
enclosed by contours C; and C, contains, at most, isolated singular points,
f(2) having a Laurent series of the form (3.5.1) in the neighborhood of any
singular point. Thus the enclosed region can have poles or essential singular
points.

There are some types of singularities that are, in a sense, so serious that they
prevent analytic continuation of the function in question. We shall refer to
such a (nonisolated) singularity as a natural barrier (often referred to in the
literature as a natural boundary). A prototypical example of a natural barrier
is contained in the function defined by the series

f@=) (3.5.14)
n=0

The series (3.5.14) converges for |z| < 1, which can be easily seen from the
ratio test. We shall sketch an argument that shows that analytic continuation to
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|z| > 11is impossible. Because

[e¢]

fAH=S(A"=Y2"=%" (3.5.15)
n=0

n=0 n=1

it follows that f satisfies the functional equation

@ =f@ -z (3.5.16)

From Eq. (3.5.14) itis clear that 7o = 1 is a singular point because f (1) = co.
It then follows from Eq. (3.5.16) that f(z;) = oo, where z% =1(@.e.,z; = £1).
Similarly, f(z2) = co, where z‘z‘ = 1, because Eq. (3.5.14) implies

fEH=f-=f@)—z2-7 (3.5.17)

Mathematical induction then yields
m—1
f@)=f@-) & (35.18)
j=0

Hence the value of the function f(z) at all points z,, on the unit circle satisfying
72" =1 (i.e., all roots of unity) is infinite: f(z,) = co. Therefore all these
points are singular points. In order for the function (3.5.14) to be analytically
continuable to |z| > 1, at the very least we need f(z) to be analytic on some
small arc of the unit circle |z| = 1. However, no matter how small an arc we
take on this circle, the above argument shows that there exist points z,, (roots
of unity, satisfying z2* = 1) on any such arc such that f(z,) = co. Because
an analytic function must be bounded, analytic continuation is impossible.

Exotic singularities such as natural barriers are found in solutions of certain
nonlinear differential equations arising in physical applications (see, for ex-
ample, Egs. (3.7.52) and (3.7.53)). Consequently, their study is not merely a
mathematical artifact.

Problems for Section 3.5

1. Discuss the type of singularity (removable, pole and order, essential, branch,
cluster, natural barrier, etc.); if the type is a pole give the strength of the
pole, and give the nature (isolated or not) of all singular points associated
with the following functions. Include the point at infinity.

2 2z _ 3

€ tan z <
(b) (© e @ 5

eZ

2

(a)

z 72
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173 _
-1

2zl <1
l/z2 lz| > 1

Z

(e)

® log1+z'"% () f(z)={

(h) f@2)= Z i—' (i) sech z () cothl/z
n=1 ’

Evaluate the integral §C f(z)dz, where C is a unit circle centered at the
origin and where f(z) is given below.

(a) & g(z) entire (b) % (©) ze'/?
Z—w 2—w

1
83 +1

(d) cotz (e)

Show that the functions below are meromorphic; that is, the only singu-
larities in the finite z plane are poles. Determine the location, order and
strength of the poles.

z
(a) 12 (b) tanz (© S’z
@ © s e

o © 27i Jo (w? —2)(w —2)

C is the unit circle centered at the origin. First find the function for |z| < 1,
then analytically continue the function to |z| > 1.

Discuss the analytic continuation of the following functions:

[e.¢]
@ Yy 2" <l
n=0

& ZrH—l
) > g lal<l
n=0

Hint: (b) is also represented by the integral

[(5e)«
0 n=0

© >
n=0
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5. Suppose we know a function f(z) is analytic in the finite z plane apart
from singularities at 7 = i and z = —i. Moreover, let f(z) be given by the
Taylor series

f(Z) = Zajzj
=0

where a; is known. Suppose we calculate f(z) and its derivatives at z =
3/4 and compute a Taylor series in the form

f@=>b; <z— 4>
j=0

Where would this series converge? How could we use this to compute
f(z)? Suppose we wish to compute f(2.5); how could we do this by
series methods?

*3.6 Infinite Products and Mittag—Leffler Expansions

In previous sections we have considered various kinds of infinite series repre-
sentations (i.e., Taylor series, Laurent series) of functions that are analytic in
suitable domains. Sometimes in applications it is useful to consider infinite
products to represent our functions.

If {ax} is a sequence of complex numbers, then an infinite product is de-
noted by

P=]J0+a) (3.6.1)

k=1

We say that the infinite product (3.6.1) converges if (a) the sequence of partial
products P,

P=]J0+a (3.6.2)
k=1

converge to a finite limit, and (b) that for N, large enough

N
[[a+a)#0 (3.6.3)

lim
N—o00
k=Ny

If Eq. (3.6.3) is violated, that is, limy_, oo H11¢V=N0(1 +ay) = 0 for all Ny, then
we will consider the product to diverge. The reason for this is that the following
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infinite sum turns out to be intimately connected to the infinite product (see
below, Eq. (3.6.4):

o0
S =" log(l +a)
k=1
and it would not make sense if P = 0.

Moreover, in analogy with infinite sums, if the infinite product H,fil (14|akl)
converges, we say P converges absolutely. If [T/ (1 + |ax|) diverges but
P converges, we say that P converges conditionally. Clearly, if one of the
a, = —1, then P, = P = 0. For now we shall exclude this trivial case and
assume a; # —1, for all .

Equation (3.6.2) implies that P, = (1 + a,) P,—, whereupon a, = (P, —
P,_1)/P,_;. Thus if P, — P, we find that a, — 0, which is a necessary
but not sufficient condition for convergence (note also this necessary condition
would imply Eq. (3.6.3) for Ny large enough).

A useful test for convergence of an infinite product is the following.

If the sum

oo
S =" log(l +a) (3.6.4)
k=1
converges, then so does the infinite product (3.6.1). We shall restrict log z to
its principal branch.
Calling S, = Y _;_, log(1 + ay), the nth partial sum of S, then

S = eZA:l log(I+ar) _ P,

and as n — oo, e — ¢35 = P. Note again that if P = 0, then § = —oo,
which we shall not allow, excluding the case where individual factors vanish.

The above definition applies as well to products of functions where, for
example, gy is replaced by a(z) for z in a region R. We say that if a product
of functions converges for each z in a region R, then it converges in R. The
convergence is said to be uniform in R if the partial sequence of products
obey P,(z) — P(z) uniformly in R. Uniformity is the same concept as that
discussed in Section 3.4; namely, the estimate involved is independent of z.
There is a so-called Weierstrass M test for products of functions, which we
now give.

Theorem 3.6.1 Let a,(z) be analytic in a domain D for all k. Suppose for all
z € Dand k > N either

@  [log(l +ar(z))] = My
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or
b))  a(@)] = M

where Z,fil M), < 0o, M, are constants. Then the product

P@) =[] + ack))

k=1

is uniformly convergent to an analytic function P(z) in D. Furthermore P(z)
is zero only when a finite number of its factors 1 + a,(z) are zero in D.

Proof Forn > N, define

Pi@) =[] 0 +a)

k=N
$u(2) =Y log (I + a(2)
k=N

Using inequality (a) in the hypothesis of Theorem 3.6.1 for any z € D with
m > N yields

m oo
1Su(@) <Y My <Y Mi=M < oo
k=N k=1
Similarly, for any z € D withn > m > N we have

1$,2) = Su @I < Y M < Y Mi<ep

k=m+1 k=m+1

where €,,—0 as m— 00, and S, (z) is a uniformly convergent Cauchy sequence.
Because Py (z) = exp Si(z), it follows that

(Pa(2) = Pu(2)) = ¥@ (¥ @75@ —1)
From the Taylor series, eV = Z:io w"/n!, we have
le?]| < ™!, eV — 1] < el — 1
whereupon from the above estimates we have

|Py(2) — Pu(z)| < e (e — 1)
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and hence {P,(z)} is a uniform Cauchy sequence. Thus (see Section 3.4)
P,(z) — P(z) uniformly in D and P (z) is analytic because P,(z) is a sequence
of analytic functions. Moreover, we have

ReS,, iImS,,
| P (2)] = |eReSn@HImSn(a)|
— |eR€Sm(z)|

o~ IReS @)

v

— e—\ReSm (z)+iImS,, (z)|

> e_M

Thus P,,(z) > e M. Because M is independent of m, P(z) # 0in D.

Because we may write P(z) = ,1:’:_11 (14+a;(2))P(z), we see that P(z) =0
only if any of the factors (1 + a;(z)) = 0, for k = 1,2,..., N — 1. (The
estimate (a) of Theorem 3.6.1 is invalid for such a possibility.) It also follows
directly from the analyticity of a;(z) that

N-1

P2 = [[ (1 + @) Pa(2)

k=1

is a uniformly convergent sequence of analytic functions.

Finally, we note that the first hypothesis, (a), follows from the second hy-
pothesis, (b), as is shown next.

The Taylor series of log(1 + w), [w| < 1, is given by

w2 w3 w"
log(1 +w) = (w——+—+~-+(—l)"“7+~-~)

2 3
Hence
wi* | w]? [w]"
|10g(1+w)|§|w|+7+?+“'+ + -
and for |w| < 1/2 we have
|log(1 + )|<||1+1+1+ +1+
(0] w w — — —
& - 2 22 on
1
<lwl| ——7>
1-1/2
= 2|w|

Thus for |a;(2)] < 1/2

[og(l + ax(2))| = 2|ar(2)|
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If we assume that |a;(z)| < M, with 2130:1 M, < o0, it is clear that there
isak > N such that |a;(z)| < 1/2, and we have hypothesis (a). The theorem
goes through as before simply with M}, replaced by 2M;. ]

As an example, consider the product

00 2
Fo) =] (1 - %) (3.6.5)

k=1

Theorem 3.6.1 implies that F(z) represents an entire function with simple
zeroes as 7 = 1,42, .... In this case, ay(z) = —z>/k*. Inside the circle
lz| < R we have |a;(z)| < R?/k*. Because

>
— <00

2
k=1 k
Theorem 3.6.1 shows that the function F(z) is analytic for all finite z inside
the circle |z| < R. Because R can be made arbitrarily large, F(z) is entire,
and the only zeroes of F(z) correspond to the vanishing of (1 — z?/k?), for
k=1,2,....

Next we construct a function with simple zeroes atz = 1, 2, .. ., and no other
zeroes. We shall show that the function

G(z) =H{(1 - i)é”‘} (3.6.6)
k=1

is one such function. At first it may seem that the “convergence factor” e/*
could be dropped. But we will show that without this term, the product would
diverge. In fact, the e%/¥ term is such that the contributions of the (1/k) term
inside the product exactly cancels, that is,

2 2
Z Z Z Z Z
1__) z/k=<1__> 1 d - el =1 - —
( k)€ AT e T

We note the Taylor series

log ((1 — w)e”) =log(l —w) +w

I

I
&,
A
N =
_I_
w| e
+
INES
+
~
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hence for |w| < 1/2

11 1
log(1 — w)e”| < |w|? <5+ -+ = +)

Thus for |z| < R and k > 2R, for any fixed value R

) 2
log 1= ) ek <‘£‘ < R
k Tkl T\ k

hence from Theorem 3.6.1 the product (3.6.6) converges uniformly to an entire
function with simple zeroes at (1 — z/k) = O for k = 1,2, ...; that is, for
z=12,...

We now show that [];2, (1 — z/k) diverges for z # 0. We note that for any
integer n > 1

anﬁ(1—£>

k=1

- z
_ H (1 _ E>ez/k ek

k=1

n
()
I %

where S(n) =14+ 1/2+1/3 + --- + 1/n. Thus, using the above result that
Eq. (3.6.6) converges and because S(n) — 00, as n — oo we find that for
Rez < 0, H, — oo; forRez > 0, H, — 0; and for Rez = 0 and Imz # O,
H, does not have a limit as n — co. By our definition of convergence of an
infinite product (Eq. (3.6.1) below) we conclude that H is a divergent product.

Often the following observation is useful. If F(z) and G(z) are two entire
functions that have the same zeroes and multiplicities, then there is an entire
function h(z) satisfying

F(2) = "9G(2) (3.6.7)

This follows from the fact that the function F(z)/G(z) is entire with no
zeroes; the ratio makes all other zeroes of F and G removable singularities.
Because F/G is analytic without zeroes, it has a logarithm that is everywhere
analytic: log(F/G) = h(z).
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It is natural to ask whether an entire function can be constructed that has
zeroes of specified orders at assigned points with no other zeroes, or simi-
larly, whether a meromorphic function can be constructed that has poles of
specified orders at assigned points with no other poles. These questions lead
to certain infinite products (the so-called Weierstrass products for entire func-
tions) and infinite series (Mittag—Leffler expansions, for meromorphic func-
tions). These notions extend our ability to represent functions of a certain
specified character. Earlier we only had Taylor/Laurent series representations
available.

First we shall discuss representations of meromorphic functions. In what
follows we shall use certain portions of the Laurent series of a given meromor-
phic function. Namely, near any pole (of order N; at z = z;) of a meromorphic
function we have the Laurent expansion

Nj

f@=3" (Zi—zfj) + 3 bajz—z)"

n=1 n=0

The first part contains the pole contribution and is called the principal part at
Z=2Z2j,pj (Z):
N;j
pi@=Y (aif (3.6.8)

J— \n
—~(z Z;)

We shall order points as follows: |z,| < |z,| if r < s, with zo = 0 if the origin
is one of the points to be included.

If the number of poles of the meromorphic function is finite, then the repre-
sentation

f@=> pi@ (3.6.9)
j=1

is nothing more than the partial fraction decomposition of a rational function
vanishing at infinity, where the right-hand side of Eq. (3.6.9) has poles of
specified character at the points z = z;. A more general formula representing
a meromorphic function with a finite number of poles is obtained by adding to
the right side of Eq. (3.6.9) a function /A (z) that is entire. On the other hand, if
the number of points z; is infinite, the sum in Eq. (3.6.9) might or might not
converge; for example, the partial sum

i L, L S|
k:—nz_k_ 2 212 7202 72 —n2

k#0
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converges uniformly for finite z, whereas the partial sum >_,_, 1/(z — k) di-
verges, as can be verified from the elementary convergence criteria of infinite
series. In general, we will need a suitable modification of Eq. (3.6.9) with the
addition of an entire function 4 (z) in order to find a rather general formula for
a meromorphic function with prescribed principal parts. In what follows we
take the case {z;}; |z;| = oo as j — 00,20 = 0.

Mittag—Leffler expansions involve the following. One wishes to represent a

given meromorphic function f(z) with prescribed principal parts { p;(2) };io
oo

in terms of suitable functions. The aim is to find polynomials {g; (Z)}i:O’

where go(z) = 0, such that

@ =po@+ Y (pj@) — ;@) +h(z) = F@) +h(2) (3.6.10)

j=1

where /(z) is an entire function. The part of Eq. (3.6.10) that is called (z) has
the same principal part (i.e., the same number, strengths and locations of poles)
as f(z). The difference h(z), between f(z) and f(z), is necessarily entire. In
order to pin down the entire function 4 (z), more information about the function
f(2) is required.

When the function f(z) has only simple poles (N; =1), the situation is
considerably simpler, and we now discuss this situation in detail.

In the case of simple poles,

P ==~ (L) (3.6.11)

—Zj Zj l_Z/Zj

Then there is an m such that for |z/z;| < 1, the finite series

. m—1
8@ =-2 (1 + <i> TR (i) ) (3.6.12)
Zj Zj Zj

for m > 1, integer (if m = 0 we can take g;(z) = 0), approximates p;(z)
arbitrarily closely; a; is the residue of the pole z = z;. If we call

1
L(w,m):ﬁ+l+w+w2+~-~+w”‘_l (3.6.13)

then, assuming convergence of the infinite series, Eq. (3.6.10) takes the form

FO =@+ (“f) L (Z, m) ) (3.6.14)
=1

2j Zj

where A (z) is an entire function and the following theorem holds.
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Theorem 3.6.2 (Mittag—Leffler — simple poles) Let {z;} and {a;} be sequences
with z; distinct, |z;x| — 00 as k — oo, and m an integer such that

> lajl
J
E Izjl'"“ < 00 (3.6.15)

j=1

Then Eq. (3.6.14) represents a meromorphic function whose only singularities
are simple poles at z; with residue a; fork =1,2, .. ..

Proof From the fact that

1 w™

l+w+w +- - +w" ! =
1—w 1—w

we have

wWL

L(w,m):—l_w

For |w| < 1/2 we have |1 — w| > 1 — |w| > 1/2, and hence
|L(w, m)| < 2|w|™ (3.6.16)

Let |z] < R and for J large enough take j > J, |z;| > 2R, then |z/z;| < 1/2,
hence the estimate (3.6.16) holds for w = z/z;, and

aj; b4
L=, m
2j 2j

m

Z

2j

4

2

IA

2j

_ 2R"|ay|
|Zj|m+l

Thus with Eq. (3.6.15) we find that the series in Eq. (3.6.14) converges uni-
formly for |z| < R (for arbitrarily large R), and Eq. (3.6.14) therefore represents
a meromorphic function with the desired properties. ]

Using Theorem 3.6.2, we may determine which value of m ensures the con-
vergence of the sum in Eq. (3.6.15), and consequently we may determine the
function L(w, m) in Egs. (3.6.13)—(3.6.14).

For example, let us consider the function

f(@) =mcotnz

This function has simple poles at z; = j, j = 0, £1, £2, .. .. The strength of
any of these poles is a; = 1, which can be ascertained from the Laurent series
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of f(z) in the neighborhood of z;; that is, calling 7=z—j

()
cos 7/ ”(1_ 2 +>

sinwz n(zf s )

1 1 N2
=5 (l-5@D +---
Z 3
1

The principal part at each z; is therefore given by p;(z) = - Then the series
(3.6.15) in Theorem 3.6.2

f@)y=m

> g

s m—+1
Panii¥)
Jj#0

converges for m = 1. Consequently from Theorem 3.6.3 and Eq. (3.6.14) the
general form of the function is fixed to be

1 & I
mweotnmz = — + Z -+ — | +h(2) (3.6.17a)
z  ~ z—j
J=—00
1 > Z > Z
=_42 — 4 h(z) = —— + h(z) 3.6.17b
- ;zz—ﬂ (2) j;oozz—fz (2) (3.6.17b)

where the prime in the sum means that the term j =0 is excluded and where
h(z) is an entire function. Note that the (1/;) term in Eq. (3.6.17) is a necessary
condition for the series to converge.

In Chapter 4, Section 4.2, we show that by considering the integral

I = i Cncotrr{ (i—l—%) dt (3.6.18)
where C is an appropriate closed contour, that the representation (3.17) holds
with (z) = 0.

The general case in which the principal parts contain an arbitrary number of
poles — Eq. (3.6.8) with finite N; —is more complicated. Nevertheless, so long
as the locations of the poles are distinct, polynomials g;(z) can be found that
establish the following (see, e.g., Henrici, volume 1, 1977).

Theorem 3.6.3 (Mittag—Leffler — general case) Let f(z) be a meromorphic
function in the complex plane with poles {z;} and corresponding principal parts
{pj(z)}. Then there exist polynomials {g; (z)}?"=1 such that Eq. (3.6.10) holds
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o.¢]

and the series Z(p j(z) — g;(2)) converges uniformly on every bounded set
j=1

not containing the points {z; };‘;0.

Proof We only sketch the essential idea behind the proof; the details are cum-
bersome. Each of the principal parts {p; (z) }f;":, can be expanded in a convergent
Taylor series (around z = 0) for |z| < |z;|. It can be shown that enough terms can
be taken in this Taylor series that the polynomials g;(z) obtained by truncation
of the Taylor series of p;(z) at order z/

K
gi(@)=> B
k=0

ensure that the difference |p;(z) — g;(z)| is suitably small. It can be shown
(e.g. Henrici, volume I, 1977) that for any |z| < R, the polynomials g;(z) of
order K ; ensure that the series

> |pi@) = i)

Jj=1

converges uniformly. L]

It should also be noted that even when we only have simple poles for the
p;(2), there may be cases where we need to use the more general polynomials
described in Theorem 3.6.3; for example, if we have p;(z) = 1/(z — z;) where
zj =log(1+ j), (aj =1). Then we see that in this case Eq. (3.6.15) is not true
for any integer m.

A similar question to the one we have been asking is how to represent an
entire function with specified zeroes at location z;. We use the same notation
as before: zop = 0, |z1] < |z2|] < ..., and |zx|]—>00 as k — co. The aim is
to generalize the notion of factoring a polynomial to “factoring” an entire func-
tion. We specify the order of each zero by a;. One method to derive such a
representation is to use the fact that if f(z) is entire, then f’'(z)/f (z) is mero-
morphic with simple poles. Note near any isolated zero z; with order a; of f(2)
we have f(z) & by(z — zx)%; hence f'(2)/f(z) =~ ax/(z — z). Thus the order
of the zero plays the same role as the residue in the Mittag—Leffler Theorem.

From the proof of Eq. (3.6.10) in the case of simple poles, using Egs.
(3.6.11)—(3.6.15), we have the uniformly convergent series representation

F'@ _a (4 ﬂm_l(i)k h 3.6.19
f(z)_z+z< +2) +h(2) (3.6.19)

=1 \* T8 Yoo NS
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where /1(z) is an arbitrary entire function. Integrating and taking the exponential
yields (care must be taken with regard to the constants of integration, cf. Eq.
(3.6.21), below)

00 m—1 (

f(2)=2% (I —z/zj) exp
j=1 k=

)k+l aj

& e

J

k+1

g(2) (3.6.20)

where g(z) = exp ( f h(z) dz) is an entire function without zeroes. Function
(3.6.20) is, in fact, the most general entire function with such specified behavior.
Equation (3.6.20) could, of course, be proven independently without recourse
to the series representations discussed earlier. This result is referred to as the
Weierstrass Factor Theorem. Whena; =1, =0,1,2,..., Eq. (3.6.20) with
(3.6.15) gives the representation of an entire function with simple zeroes.

Theorem 3.6.4 (Weierstrass) An entire function with isolated zeroes at zo = 0,
{zj}iozl, |z1] < lz2| < ..., where |z;| — oo as j — o0, and with orders a;, is
given by Eq. (3.6.20) with (3.6.15).

A more general result is obtained by replacing m by j in (3.6.20). This is
sometimes used when (3.6.15) diverges.

We note that z; cannot have a limit point other than co. If z; has a limit
point, say, z., then z; can be taken arbitrarily close to z; therefore f(z) would
not be entire, resulting in a contradiction. Recall that an analytic function must
have its zeroes isolated (Theorem 3.2.8).

In practice, it is usually easiest to employ the Mittag—Leffler expansion for
f'(2)/f (), f(z) entire as we have done above, in order to represent an entire
function. Note that the expansion (3.6.17a,b) with #(z) = 0 can be integrated
using the principal branch of the logarithm function to find

oo
logsinmz =logz + Ao + Z [log(z2 —n?) - An]
n=1
where Ay and A, are constant. Using

. sinmz
lim =
z—0 Z

the constants can be evaluated: Ag =logz and A, = — log(—nz). Taking the
exponential of both sides yields

sinmz ad 2\?2
. =z]] (1 - <n> ) (3.6.21)

n=1

which provides a concrete example of a Weierstrass expansion.
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Problems for Section 3.6

1. Discuss where the following infinite products converge as a function of z:

o0 . o0 Zn
(a) n]})(l +7") () ]:IO (1 + H)
o0 22 o0 2Z 2
(C)E(H") (d)nl;[l<l+(n> )

2. Show that the product

00 4
(-5)
k=1 k

represents an entire function with zeroes at z = +k, £ik; k=1,2,....

weea0-()

n=

3. Using the expansion

show that we also have

. oo
SINTTZ Z
= 1—2)e/n
= = 1l ( n)

n=—0oQ

where the prime means that the n = 0 term is omitted. (Also see Problem
4, below.)

4. Use the representation

. oo /
SINTTZ Z
= 1—=e¥/n
= 1l ( n)

n=—0oQ

to deduce, by differentiation, that

t 1+§:’ Lot
mcotmz = — —
. Z Z—n n

n=—0oo

where the prime means that the n = 0 term is omitted. Repeat the process
to find
= 1

2
TTCSC "Mz = E _—
(z —n)?

n=—0o
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5. Show that if f(z) is meromorphic in the finite z plane, then f(z) must be
the ratio of two entire functions.

6. LetI'(z) be given by
1 = z
—— =z’ 142 e /m
I'(z) nI:II ( n>

forz #0,—1, -2, ... and y = constant.

(a) Show that

Mz 1 _°° 11
ro) 2z 7 Z <z +n n>
(b) Show that

Fe+h '@ 1_,
rz+1) T@ z

whereupon
['(z+1) =Czl'(2), C constant

(c) Show that lim,_,¢ zI'(z) = 1 to find that C = I"(1).
(d) Determine the following representation for the constant y so that
ra=1

(e) Show that

o0

1 234 1
11 (1 + ) e = lim 222 TS0 — i (n 4 eSO
n

l n—oo 123 n n—00
n=

where S(n) =1 + % + % + -+ % Consequently obtain the limit
= li il log(n + 1)
y = Jim (3~ loxtr

The constant y = 0.5772157 ... is referred to as Euler’s constant.
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In Section 3.6 we showed that

ncotnz—( + Z (Z—J %)):h(z)

—00

where Z/ denotes that the j = 0 term is omitted and where /(z) is entire.
We now show how to establish that 4(z) = 0.

(a)

(b)

()

Show that i (z) is periodic of period 1 by establishing that the left-hand
side of the formula is periodic of period 1. (Show that the second term
on the left side doesn’t change when z is replaced by z + 1.)

Because /(z) is periodic and entire, we need only establish that 4 (z)
is bounded in the strip 0 < Rez < 1 to ensure, by Liouville’s Theorem
(Section 2.6.2) that it is a constant. For all finite values of z = x +1iy
in the strip away from the poles, explain why both terms are bounded,
and because the pole terms cancel, the difference is in fact bounded.
Verify that as y — oo the term 7 cotw z is bounded.

To establish the boundedness of the second term on the left, rewrite it
as follows:

S(z) = 7+Z
n= lZ _n2

Use the fact thatinthe strip0 < x < 1,y > 2, |z] < ﬁy, we have
|22 —n?| > %(y2 + n?) (note that these estimates are not sharp), and
show that

1S(2)] < ﬂ+4yZ< +n2)

Explain why
[e.¢] oo
y 1 1 1 T
Zﬁ:_Zﬁf/ ﬁduzg
oyt ye= 14 (n/y) o l+u

and therefore conclude that S(z) is bounded for0 < x < 1 and y —
0o. The same argument works for y — —oo. Hence %(z) is a constant.
Because both terms on the left are odd in z, that is, f(z) = —f(—2),
conclude that 4(z) = 0.

Consider the function f(z) = (7?)/(sin’ 7 7).
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(a) Establish that near every integer z = j the function f(z) has the
singular part p;(z) = 1/(z — j)*.
(b) Explain why the series

= 1
SO =2 p
i (z—17
converges for all z # j.

(c) Because the series in part (b) converges, explain why the representation

o0

'ZOO (Z S +h(2)

SlIl Tz

where /(z) is entire, is valid.

(d) Show that h(z) is periodic of period 1 by showing that each of the
terms (7r/ sin 77)? and S(z) are periodic of period 1. Explain why
(r/ sin 77)% — S(2) is a bounded function, and show that each term
vanishes as |y| — oo. Hence conclude that i (z) = 0.

(e) Integrate termwise to find

1
ncotnz——+z < >
z—n

n=—00

where the prime denotes the fact that the n = 0 term is omitted.

(a) Let f(z) have simple poles at z = z,, n = 1,2,3,..., N, with
strengths a,, and be analytic everywhere else. Show by contour inte-
gration that (the reader may wish to consult Theorem 4.1.1)

1 f(z)

2wi Je, 7

ey

where Cy is alarge circle of radius Ry enclosing all the poles. Evaluate
(1) at z = 0 to obtain

1 f@ Y a,
27”,?% = dz—f(O)—l-;; 2)

(b) Subtract equation (2) from equation (1) of part (a) to obtain

1 S S Lo
i v =I@ f<0)+;an (Zn_z Zn) 3)
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(c) Assume that f(z) is bounded for large z to establish that the left-hand
side of Equation (3) vanishes as Ry — oo. Conclude that if the sum
on the right-hand side of Equation (3) converges as N — oo, then

Z_Zn Zn

d 1 1
f@=fO)+> a, ( + —) @
n=1

(This is a special case of the Mittag-Leffler Theorems 3.6.2-3.6.3)
(d) Let f(z) = w cotwz — 1/z, and show that

e | fj LI )
Teotwz — — = -
Tz Z —n n

n=—0oo

where the prime denotes the fact that the » = 0 term is omitted.

(Equation (5) is another derivation of the result in this section.) We
see that an infinite series of poles can represent the function cotz.
Section 3.6 establishes that we have other series besides Taylor series
and Laurent series that can be used for representations of functions.

*3.7 Differential Equations in the Complex Plane: Painlevé Equations

In this section we investigate various properties associated with solutions to
ordinary differential equations in the complex plane.

In what follows we assume some basic familiarity with ordinary differential
equations (ODEs) and their solutions. There are numerous texts on the subject;
however, with regard to ODEs in the complex plane, the reader may wish to
consult the treatises of Ince (1956) or Hille (1976) for an in-depth discussion,
though these books contain much more advanced material. The purpose of this
section is to outline some of the fundamental ideas underlying this topic and
introduce the reader to concepts which appear frequently in physics and applied
mathematics literature.

We shall consider nth-order nonlinear ODEs in the complex plane, with the
following structure:

d"w F dw d"lw 3.7.1)
= w, —, ..., ——; .
dz" dz dz—1°

where F' is assumed to be a locally analytic function of all its arguments, i.e.,
F has derivatives with respect to each argument in some domain D; thus F' can
have isolated singularities, branch points, etc. A system of such ODEs takes
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the form

dw,»
dz

= Fi(wy, ..., wy,; 2), i=1,...,n (3.7.2)

where again F; is assumed to be a locally analytic function of its arguments.
The scalar problem (3.7.1) is a special case of Eq. (3.7.2). To see this, we
associate w; with w and take

du)1 F
— =wp =
dz ? :
de
_— = = F
dz w3 2
dwnfl
" —w,=F,,
dz
dw,
= F(wy, ..., w,; 2) (3.7.3)
dz
whereupon
d'w .
Wiy = le, j=1,....n—1 (3.7.4a)
and
d"w, _F dw, dnilwl ) (3.7.4b)
dz” = wi, dZ,...,dZn_l,Z S

A natural question one asks is the following. Is there an analytic solution to
these ODEs? Given bounded initial values, that is, for Eq. (3.7.2), at z = zo

w;(z0) = wjo < 00 j=12,...,n 3.7.5)

the answer is affirmative in a small enough region about z = zo. We state this
as a theorem.

Theorem 3.7.1 (Cauchy) The system (3.7.2) with initial values (3.7.5), and
with F;(wy, ..., w,; 2) as an analytic function of each of its arguments in a
domain D containing z = zo, has a unique analytic solution in a neighborhood
of z = zp.

There are numerous ways to establish this theorem, a common one being
the method of majorants, that is, finding a convergent series that dominates
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the true series representation of the solution. The basic ideas are most easily
illustrated by the scalar first-order nonlinear equation

dw
— = f(w,2) (3.7.6)
dz

subject to the initial conditions w(0) = 0. Initial values w(zg) = wq could be
reduced to this case by translating variables, letting 7’ = 7z — 7o, W’ = w — wy,
and writing Eq. (3.7.6) in terms of w’ and z’. Function f (w, z) is assumed to be
analytic and bounded when w and z lie inside the circles |z| < @ and |w| < b,
with | f| < M for some a, b, and M. The series expansion of the solution to
Eq. (3.7.6) may be computed by taking successive derivatives of Eq. (3.7.6),
that is,

d>w  af N f dw
dz? dz 0w dz

dw  Ef 2azf dw 9*f (dw\?® df d*w
dz3 972 dzow dz  dw? \ dz dw dz?

(3.7.7)

This allows us to compute

dw N d>w\ 7* N dw\ 73 N (378)
w=|— — ) = — ) =+ 7.
dz ), - \az2 Jy2r T\ ), 3

The technique is to consider a comparison equation with the same initial
condition

dw

— =FW,2), W) =0 (3.7.9
dz

in which each term in the series representation of F'(w, z) dominates that of
f(w, z). Specifically, the series representation for f(w, z), which is assumed
to be analytic in both variables w and z, is

fw, =% Cpzlw* (3.7.10)

j=0 k=0

1 o/ tk
Cir=—— ( - fk> 3.7.11)
Jk! \ 9z/ 0w Jy
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At w = b and z = a, we have assumed that f is bounded, and we take the
bound on f to be

fw. ) =) ICilalb* =M (3.7.12)

j=0 k=0

Each term of this series is bounded by M; hence

ICjxl < Ma=ib™* (3.7.13)
We take F(w, z) to be
o0 o0 M
FW,2)=> > 7 Wk (3.7.14)
j=0 k=0

So from Egs. (3.7.13) and (3.7.10) the function F (W, z) majorizes f(w, z)
termwise. Because the solution W (z) is computed exactly the same way as for
Eq. (3.7.6), that is, we only replace w and f with W and F in Eq. (3.7.7),
clearly the series solution (Eq. (3.7.8) with w replaced by W) for W (z) would
dominate that for w. Next we show that W (z) has a solution in a neighborhood
of z = 0. Summing the series (3.7.14) yields

M

Fw,2) = ———F—~ (3.7.15)
(-H0-9
whereupon Eq. (3.7.9) yields
W\ dw M
l—— ) — = (3.7.16)
b ) dz 1-2
hence by integration
1 2 Z
W) = 5, (W()* = ~Ma log (1 — E> (3.7.17)
and therefore
2aM 1/2
W (z) :b—b[l—k aTlog (1 - 5)] (3.7.18)
a

In Eq. (3.7.18) we take the positive value for the square root and the prin-
cipal value for the log function so that W(0) = 0. The series representation
(expanding the log, square root, etc.) of W(z) dominates the series w(z). The
series for W (z) converges up and until the nearest singularity: z = a for the
log function, or to z = R where [-1%% = 0, whichever is smaller.
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Because R is given by

2aM R
14 =~ log (1 - —) =0 (3.7.19a)

R=a <1 — exp (- 21\2)) (3.7.19b)

Because R < a, the series representation of Eq. (3.7.9) converges absolutely for
|z] < R. Hence a solution w(z) satisfying Eq. (3.7.6) must exist for |z| < R, by
comparison. Moreover, so long as we stay within the class of analytic functions,
any series representation obtained this way will be unique because the Taylor

we have

series uniquely represents an analytic function.

The method described above can be readily extended to apply to the system
of equations (3.7.2). Without loss of generality, taking initial values w; = 0
for j =1,2,...,n at z = 0 and functions F;(wy, ..., w,, z) analytic inside
lz| <a,|w;| <b,j=1,...,n, then we can take |F;| < M in this domain.
For the majorizing function, similar arguments as before yield

aw, dw, _dw,
dz  dz  dz
= M (3.7.20)
(=2 0=-%)0-%) h
where
Wi(z) =0 forl,...,n
Solving
dW; _ dWip
dz  dz
W;(0) = W;11(0) =0fori =1,2,...,n — 1, implies that
W1=W2=~"=WnEW
whereupon Eq. (3.7.20) gives
aw M
= W) =0 (3.7.21)

ERRERIIR

Solving Eq. (3.7.21) yields

1
1 T
W=b—b 1+(”'£ ) Malog <1+Z>} (3.7.22)
a
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with a radius of convergence given by |z| < R where

R=a(1- ¢ ) (3.7.23)

Hence the series solution to the system (3.7.2), w;(0) = 0, converges abso-
lutely and uniformly inside the circle of radius R. (]
Thus Theorem 3.7.1 establishes the fact that so long as f; (wy, ..., wy; z) in

Eq. (3.7.2) is an analytic function of its arguments, then there is an analytic
solution in a neighborhood (albeit small) of the initial values z = zo. We may
analytically continue our solution until we reach a singularity. This is due to
the following.

Theorem 3.7.2 (Continuation Principle) The function obtained by analytic
continuation of the solution of Eq. (3.7.2), along any path in the complex plane,
is a solution of the analytic continuation of the equation.

Proof We note that because g;(z) = w; — Fj(wy, ..., wn;2), i =1,2,...,n,
is zero inside the domain where we have established the existence of our solu-
tion, then any analytic continuation of g;(z) will necessarily be zero. Because
the solution w; (z) satisfies g; (z) = 0 inside the domain of its existence, and be-
cause the operations in g;(z) maintain analyticity, then analytically extending
w; (z) gives the analytic extension of g;(z), which is identically zero. n

Thus we find that our solution may be analytically continued until we reach
a singularity. A natural question to ask is where we can expect a singularity.
There are two types: fixed and movable. A fixed singularity is one that is
determined by the explicit singularities of the functions f;(., z). For example

dw w
)

dz 2

has a fixed singular point (SP) at z = 0. The solution reflects this fact:
w = Ae” '/

whereby we have an essential singularity at z = 0.
Movable SPs, on the other hand, depend on the initial conditions imposed.
In a sense they are internal to the equation. For example, consider

dw _ w? (3.7.24a)
dz
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There are no fixed singular points, but the solution is given by

1

Z—20

w= - (3.7.24b)
where z is arbitrary. The value of zy depends on the initial value; that is, if
w(z =0) = wy, then zg = 1/wy. Equation (3.7.24b) is an example of a movable
pole (this is a simple pole). If we consider different equations, we could have
different kinds of movable singularities, for example, movable branch points,
movable essential singularities, etc. For example

d
" p=2 (3.7.25a)
dz
has the solution
w=((p—Do—2)N""7 (3.7.25b)

which has a movable branch point for p > 3.

In what follows we shall, for the most part, quote some well-known results
regarding differential equations with fixed and movable singular points. We
refer the reader to the monographs of Ince (1956), Hille (1976), for the rigorous
development, which would otherwise take us well outside the scope of the
present text.

It is natural to ask what happens in the linear case. The linear homogeneous
analog of Eq. (3.7.2) is

— =AW, W(zo) = Wo (3.7.26)
where w is an (n x 1) column vector and A(z) is an (n x n) matrix, that is,

a Aain w1

=
Il
<3
Il

Aanl e Ann Wy

The linear homogeneous scalar problem is obtained by specializing Eq.
(3.7.26):

n n—1 n—2

w
= " 3.7.27
do Pl(z)d — +p2(z)d — t o+ p@uw ( )
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where we take, in Eq. (3.7.26)

0 1 0 0 0
0 0 1 0 0
A= S ; (3.7.28a)
0 0 0 0 1
Pn(2) puc1(@) pua2(@) -+ p2(2) p1(2)
and
d dw, _
w2=ﬂ,...,wn=—w 1, wp =w (3.7.28b)
dz dz

The relevant result is the following.

Theorem 3.7.3 If A(z) is analytic in a simply connected domain D, then the
linear initial value problem (3.7.26) has a unique analytic solution in D.

A consequence of this theorem, insofar as singular points are concerned, is
that the general linear equation (3.7.26) has no movable SPs; its SPs are fixed
purely by the singularities of the coefficient matrix A(z), or in the scalar problem
(3.7.27), by the singularities in the coefficients {p;(z)};_;. One can prove
Theorem 3.7.3 by an extension of what was done earlier. Namely, by looking
for a series solution about a point of singularity, say, z = 0, w(z) = ZITO:O cezk,
one can determine the coefficients ¢, and show that the series converges until
the nearest singularity of A(z). Because this is fixed by the equation, we have
the fact that linear equations have only fixed singularities.

For example, the scalar first-order equation

dw
o p@w, w(zp) = wo (3.7.29a)

has the explicit solution

S p@ac

w(z) = wee (3.7.29b)

Clearly, if p(z) is analytic, then so is w(z).

For linear differential equations there is great interest in a special class of
differential equations that arise frequently in physical applications. These are
so-called linear differential equations with regular singular points. Equation
(3.7.26) is said to have a singular point in domain D if A(z) has a singular point
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in D. We say z = z¢ is a regular singular point of Eq. (3.7.26) if the matrix
A(z) has a simple pole at z = zq:

AR =) az—z)"
k=0

where ay is not the zero matrix. The scalar equation (3.7.27) is said to have a
regular singular point at z = zg if p;(z) has a k""-order pole, i.e. (z—z0)* px(2),
k = 1,...,n is analytic at z = zo. Otherwise, a singular point of a linear
differential equation is said to be an irregular singular point. As mentioned
earlier, Eq. (3.7.27) can be written as a matrix equation, Eq. (3.7.26), and the
statements made here about scalar and matrix equations are easily seen to be
consistent.
We may rewrite Eq. (3.7.27) by calling Q;(z) = —(z — 20)’ p;(2)

d" 7w

dz"=J

(z —z0)" =0 (3.7.30)

da" " ,
Y0, )"
z P=

where all the Q;(z) are analyticatz = zofor j = 1,2, ....

Fuchs and Frobenius showed that series methods may be applied to solve
Eq. (3.7.30) and that, in general, the solution contains branch points at z = z;.
Indeed, if we expand Q(z) about z = z as

o0

Qi) = cjnlz — 20)*

k=0

then the solution to Eq. (3.7.30) has the form
w@) =Y alz—z)" (3.7.31)
k=0

where r satisfies the so-called indicial equation

rc—1D)r—-2)---(r—n+1)
n—1
+ ) ciorr =D =2 r—n+j+1D+co=0 (3732
j=1

There is always one solution of (3.7.30) of the form (3.7.31) with a root r
obtained from (3.7.32). In fact there are n such linearly independent solutions
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so long as no two roots of this equation differ by an integer or zero (i.e.,
multiple root). In this special case the solution form (3.7.31) must in general be
supplemented by appropriate terms containing powers of log(z — z¢). Equation
(3.7.32) is obtained by inserting the expansion (3.7.31) into Eq. (3.7.30) a
recursion relation for the coefficients a; are obtained by equating powers of
(z — zo). Convergence of the series (3.7.31) is to the nearest singularity of
the coefficients Q;(z), j = 1,...,n. If all the functions Q;(z) were indeed
constant, co, then Eq. (3.7.32) would lead to the roots associated with the
solutions to Euler’s equation.

The standard case is the second-order equation n = 2, which is covered in
most elementary texts on differential equations:

d2
(z— m)zﬁ +(z— m)Ql(z)— + 0w =0 (3.7.33)
where Q(z) and Q»(z) are analytic in a neighborhood of z = zy. The indicial
equation (3.7.33) in this case satisfies.

r(r—=1)+cir+c =0 (3.7.34)

where ¢} and ¢y are the first terms in the Taylor expansion of Q(z) and Q»(z)
about z = zp, thatis, c10 = Q1(20) and c290 = 0>(z0).
Well-known second-order linear equations containing regular singular points
include the following:
Bessel’s Equation
2
z 62—2 + z‘;— +(@ = pHw =0 (3.7.352)

Legendre’s Equation

d*w dw
1-2%) — —2z— Dw =0 3.7.35b
( Z)dZZ i Tep D ( )
Hypergeometric Equation
42w
z(1 —z) +[c— (a+b+ l)z]— —abw =0 (3.7.35¢)

where a, b, ¢, p are constant.
We now return to questions involving nonlinear ODEs. In the late 19th and

early 20th centuries, there were extensive studies undertaken by mathematicians
in order to ennumerate those nonlinear ODEs that had poles as their only mov-
able singularities: We say that ODEs possessing this property are of Painlevé
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type (named after one of the mathematicians of that time). Mathematically
speaking, these equations are among the simplest possible because the solu-
tions apart from their fixed singularities (which are known a priori) only have
poles; in fact, they can frequently (perhaps always?) be linearized or solved
exactly. It turns out that equations with this property arise frequently in physi-
cal applications, for example, fluid dynamics, quantum spin systems, relativity,
etc. (See, for example, Ablowitz and Segur (1981), especially the sections on
Painlevé equations.) The historical background and development is reviewed
in the monograph of Ince (1956).

The simplest situation occurs with first-order nonlinear differential equations
of the following form:

(3.7.36)

where P and Q are polynomials in w and locally analytic functions of z. Then
the only equation that is of Painlevé type is

dw(z)
dz

= Ao(2) + A1 @Dw + Ar(D)w? (3.7.37)

Equation (3.7.37) is called a Riccati equation. Moreover, it can be linearized
by the substitution

ay
w(z) = a(2) (%) (3.7.38a)
where
a(z) = —1/Ax(2) (3.7.38b)
and v (z) satisfies the linear equation
Cf;;f = (A1(2) + A5(2)/ A2(2)) % — Ao(2)A2()Y (3.7.38c)

Because Eq. (3.7.38c¢) is linear, it has no movable singularities. But it does
have movable zeroes; hence w(z) from Eq. (3.7.38a) has movable poles.

Riccati equations are indeed special equations, and a large literature has been
reserved for them. The above conclusions were first realized by Fuchs, but an
extensive treatment was provided by the work of Painlevé. For Egs. (3.7.36),
Painlevé proved that the only movable singular points possible were algebraic,
that is, no logarithmic or more exotic singular points arise in this case.
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Painlevé also considered the question of enumerating those second nonlinear
differential equations admitting poles as their only movable singularities. He
studied equations of the form

Cw _ (4w (3.7.39)
=F(w, —, 7.
dz? dz ¢

where F is rational in w and dw/dz and whose coefficients are locally ana-
lytic in z. Painlevé and colleagues found (depending on how one counts) some
fifty different types of equations, all of which were either reducible to (a) lin-
ear equations, (b) Riccati equations, (c) equations containing so-called elliptic
functions, and (d) six “new” equations.

Elliptic functions are single-valued doubly periodic functions whose mov-
able singularities are poles. We say f(z) is a doubly periodic function if there
are two complex numbers w; and w, such that

f+w) = f()
f@+wm) = f(2) (3.7.40)

with a necessarily nonreal ratio: w>/w; = y, Imy # 0. There are no doubly
periodic functions with two real incommensurate periods and there are no triply
periodic functions. The numbers mw;+nw,, m, n integers, are periods of f(z)
and a lattice formed by the numbers 0, w;, w, with w; 4+ w; as vertices is called
the period parallelogram of f(z).

An example of an elliptic function is the function defined by the convergent
series:

o0 I
P@ =27+ [(z- omn) L — w52 (3.7.41)
m,n=0
(z = 0 can be translated to z = z¢ if we wish) where prime means (m, n)
# (0,0), and w,,, = mw; + nw,, where @, and w, are the two periods of
the elliptic function. The function P(z) satisfies a simple first-order equation.
Calling w = P(z), we have

W = 4w’ — grw — g3 (3.7.42)

where

00 !
g =60 Z wnfn

m,n=0

oo !
g3 =140 o5, (3.7.43)

m,n=0

The function w = P(z) is called the Weierstrass elliptic function.
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An alternative representation of elliptic functions is via the so-called Jacobi
elliptic functions w;(z) = sn(z, k), w,(z) = cn(z, k), and ws(z) = dn(z, k),
the first two of which are often referred to as the Jacobian sine and cosine.
These functions satisfy

dw1

= wHw;s w1 (0) =0 (3.7.44a)

dz
d
2 wws w0 =1 (3.7.44b)
dz
dw3 2
o= kwwy w0 =1 (3.7.44c¢)

é

Multiplying Eq. (3.7.44a) by w; and Eq. (3.7.44b) by w,, and adding, yields
(in analogy with the trigonometric sine and cosine)

w%(z) + w%(z) =1
Similarly, from Eqgs. (3.7.44a) and (3.7.44c)
Fwiz) +wiz) =1

whereupon we see, from these equations, that w) (z) satisfies a scalar first-order
nonlinear ordinary differential equation:

d 2
(ﬂ) = (1—w?) (1 - k) (3.7.45)
dz
Using the substitution u = w? and changing variables, we can put Eq. (3.7.45)
into the form Eq. (3.7.42). Indeed, the general form for an equation having
elliptic function solutions is

(w’)2 =(w—a)(w—>b)(w——c)(w—4d) (3.7.46)

Equation (3.7.46) can also be transformed to either of the standard forms (Egs.
(3.7.42) or (3.7.45)). (The “bilinear” transformation w = (¢ + Bw;)/(y +
dwy), ad — By # 0, can be used to transform Eq. (3.7.46) to Egs. (3.7.42) or
(3.7.45).) We also note that the autonomous (i.e., the coefficients are indepen-
dent of z) second-order differential equation

d—lf =w +ew? + fw, e, f constant (3.7.47)
z
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can be solved by multiplying Eq. (3.7.47) by dw/dz and integrating. Then by
factorization we may put the result in the form (3.7.46).

The six new equations that Painlevé discovered are not reducible to “known”
differential equations. They are listed below, and are referred to as the six
Painlevé transcendents listed as P; through Py;. It is understood that w' =
dw/dz.

P ow' =6w?+7z

P w' =2wd4zw+a

"2 ’ 2 b d
Py w”:(w) _£+M+Cu}3+_
w z z w
w)?  3w? b
Py vt )+—+4zw2+2(z2—a)w+—
2w 2 w

" 1 1 now o (w—1)? b
Pyiw=|-+—7|W)——+—F—(aw+—
2w w-—1 z b4 w

cw  dw(w+1)
+—+ —F
z w—1

" 1 1 1 1 N2
Pyjiw' =5 —4+——-+ (w)

2\w w-—1 w—z

(1 1 1 ) )

-\ -+ + w

z z—1 w-—z

ww — D(w —2) {a n b_z c(z—1) dz(z — 1)
22(z —1)? w2 (w—D? (w—2)?

where a, b, ¢, d are arbitrary constants.

It turns out that the sixth equation contains the first five by a limiting pro-
cedure, carried out by first transforming w and z appropriately in terms of
a suitable (small) parameter, and then taking limits of the parameter to zero.
Recent research has shown that these six equations can be linearized by trans-
forming the equations via a somewhat complicated sequence of transformations
into linear integral equations. The methods to understand these transformations
and related solutions involve methods of complex analysis, to be discussed later
in Chapter 7 on Riemann—Hilbert boundary value problems.

Second- and higher-order nonlinear equations need not have only poles or
algebraic singularities. For example, the equation

dw  (dw\? (2w -1 (3.7.48)
dz2 ~ \dz w? + 1 o
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has the solution
w(z) = tan(log(az + b)) (3.7.49)

where a and b are arbitrary constants. Hence the point z = —b/a is a branch
point, and the function w(z) has no limit as z approaches this point. Similarly,
the equation

dw  a—1 [dw\?
- = — 3.7.50
dz? aw ( dz ) ) %
has the solution
w(z) =c(z —d)* (3.7.51)

where ¢ and d are arbitrary constants. Equation (3.7.51) has an algebraic branch
point only if « = m/n where m and n are integers, otherwise the point z = d
is a transcendental branch point.

Third-order equations may possess even more exotic movable singular points.
Indeed, motivated by Painlevé’s work, Chazy (1911) showed that the following
equation

d? d> dw\?
Yt 5 (¥ (3.7.52)
Z dz

was solvable via a rather nontrivial transformation of coordinates. His solution
shows that the general solution of Eq. (3.7.52) possesses a movable natural
barrier. Indeed the barrier is a circle, whose center and radius depend on initial
values. Interestingly enough, the solution w in Eq. (3.7.52) is related to the
following system of equations (first considered in the case € = —1 by Darboux
(1878) and then solved by Halphen (1881), which we refer to as the Darboux-
Halphens system (when € = —1):

dw1

—— = wws3 + ew (w2 + w3)

dz

dw

— = wiw; + ewz(ws + wy)

dz

dw3

TZ = wiw; + ewsz(w; + wy) (3.7.53)
In particular, when € = —1, Chazy’s equation is related to the solutions of

Eq. (3.7.53) by

w = —2(w; + wy + w3)
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When € = 0, Egs. (3.7.53) are related (by scaling) to Egs. (3.7.44a,b,c), and
the solution may be written in terms of elliptic functions. Equations (3.7.53)
with € = —1 arise in the study of relativity and integrable systems (Ablowitz
and Clarkson, 1991).

In fact, Chazy’s and the Darboux-Halphen system can be solved in terms of
certain special functions that are generalizations of trigonometric and elliptic
function, so-called automorphic functions that we will study further in Chapter
5 (Section 5.8). By direct calculation (whose details are outlined in the exer-
cises) we can verify that the following (owing to Chazy) yields a solution to
Eq. (3.7.52). Transform to a new independent variable

_ X2(s)

o) x1(s)

(3.7.54a)

where x; and x, are two linearly independent solutions of the following hyper-
geometric equation (see Eq. (3.7.35¢), wherea = b = ﬁ and ¢ = %):

A _ a2 4 sy (3.7.54b)
72 = 2@ s)x .
where
Is 1 1
6 2
= d =
«@ =TTy ™ PO=Tma Ty
that is
d*x 1 7s\ dyx X
o X (2B X 3.7.54
sA=9a t (2 6) ds 144 (3.7:540)

Then the solution w of Chazy’s equation can be expressed as follows:

d 6duds 6 &L
w(s(@) =6——log i = ——=—— = —
dz x1 ds dz  x1 (dz/ds)
__Sa dn
W(x1, x2) ds

(3.7.55)

where W(x1, x2) is the Wronskian of x; and yx,, which satisfies W = oWV, or

dx dx
Wi, x2) = x1—= — X2 - !
s

7 =s"12(1 =)W, (3.7.56)
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where W), is an arbitrary constant. Although this yields, in principle, only a
special solution to Eq. (3.7.52), the general solution can be obtained by making
the transformation x| +> ax; + bxo, x2 = c¢x1 +dx», with a, b, ¢, and d as
arbitrary constants normalized to ad — bc = 1.

However, to understand the properties of the solution w(z), we really need
to understand the conformal map z = z(s) and its inverse s = s(z). (From s(z)
and x;(s(z)) we find the solution w(s(z)).) Usually, this map is denoted by s =
s(z; o, B, v), where o, B, y are three parameters related to the hypergeometric
equation (3.7.54c), which are in this case « = 0, 8 = 7 /2, y = n /3. This
function is called a Schwarzian triangle function, and the map transforms
the region defined inside a “circular triangle” (a triangle whose sides are either
straight lines or circular arcs — at least one side being an arc) in the z plane to
the upper half s plane. It turns out that by reflecting the triangle successively
about any of its sides, and repeating this process infinitely, we can analytically
continue the function s(z, 0, 7/2, 7/3) everywhere inside a circle. For the
solution normalized as in Eqs. (3.7.54a—c) this is a circle centered at the origin.
The function s = s(z; 0, w/2, 7/3) is single valued and analytic inside the
circle, but the circumference of the circle is a natural boundary — which in this
case can be shown to consist of a dense set of essential singularities. The reader
can find a further discussion of mappings of circular triangles and Schwarzian
triangle functions in Section 5.8. Such functions are special cases of what
are often called automorphic functions. Automorphic functions have the
property that s(y (z)) = s(z), where y(z) = ZZZIS, ad — bc = 1, and as such
are generalization of periodic functions, for example, elliptic functions.

It is worth remarking that the Darboux-Halphen system (3.7.53) can also be
solved in terms of a Schwarzian triangle function. In fact, the solutions w;, w,,
w3, are given by the formulae

1d o 5'(2) 1d Io 5'(z)
W =—=— , Wy = ———
1T T B 2= Toa B

1d o s'(2)
2dz Bi(i—y)

’

(3.7.57)

where s(z) satisfies the equation

_ 1 1 1 (s'(2))*
{S’Z}__(s_2+(1—s)2+s(l—s)) > (3.7.58a)

and the term {s, z} is the Schwarzian derivative defined by

{s,z} 35y (3.7.58b)
s,y =——=|— .
. s/ 2\ s/
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Equation (3.7.58a) is obtained when we substitute w;, w,, and w3 given by
Eq. (3.7.57) into Eq. (3.7.53), with ¢ = —1. The function s(z) is the
“zero angle” Schwarzian triangle function, s(z) = s(z, 0, 0, 0), which is dis-
cussed in Section 5.8. In the exercises, the following transformation involving
Schwarzian derivatives is established:

(=D
S =A8, 20— 3.7.59
{z,s}={s z}(s,(z))2 ( )
Using Egs. (3.7.58a)—(3.7.59), we obtain the equation
1/1 1 1
{Z’S}=§<s_2+(1—s)2+s(1—s)) (3.7.60)

In Section 5.8 we show how to solve Eq. (3.7.60), and thereby find the inverse
transformation z = z(s) in terms of hypergeometric functions. We will not go
further into these because it will take us too far outside the scope of this book.

Problems for Section 3.7

1. Discuss the nature of the singular points (location, fixed, or movable) of
the following differential equations and solve the differential equations.

dw dw
i } b) z— = w?
(a)zdZ w+z ()zdZ w
dw 3 . . .
(c) o =a(z)w’, a(z) is an entire function of z.
z
d*w dw
d) 22— +z7— =0
@ z dZ2+de+w

2. Solve the differential equation

Show that it has poles as its only singularity.

3. Given the equation

v _ pP@QwW* +q@w +r(2)
dz

where p(z), q(z), r(z) are (for convenience) entire functions of z
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(a) Letting w = a(2)¢'(z)/¢ (z), show that taking a(z) = —1/p(z) elim-
inates the term (¢’ /¢)?, and find that ¢ (z) satisfies

P'(2)
p(2)

9" — (CI(Z) + >¢' +p@r@e¢ =0

(b) Explain why the function w(z) has, as its only movable singular points,
poles. Where are they located? Can there be any fixed singular points?
Explain.

Determine the indicial equation and the basic form of expansion represent-
ing the solution in the neighborhood of the regular singular points to the
following equations:

2d2w dw 2 2 .
(@ z2—=+z—+ @ — p)H)w =0, pnotinteger,
dz? dz
(Bessel’s Equation)
d? d
(b) (1-27) d—zl; - 2zd—lj +p(p+Dw =0, pnotinteger,
(Legendre’s Equation)
© 20- 2% 4 e~ @+ b+ a2
¢ —2)— +[c—(a —
¢ Vi Yz

—abw =0, one solution is satisfactory,
(Hypergeometric Equation)

Suppose we are given the equation d’w/dz*> = 2w?.

(a) Let us look for a solution of the form

w= a,z—20)"" =alz—z20)" +az—z0)"" +-
n=0

for z near zo. Substitute this into the equation to determine that r = 1
and ap = *1.

(b) “Linearize” about the basic solution by letting w = +1/(z — z9) + v
and dropping quadratic terms in v to find d%v/dz*> = 6v/(z — 20)>.
Solve this equation (Cauchy—Euler type) to find

v=A(z—20) ">+ B(z — 20)°
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(c) Explain why this indicates that all coefficients of subsequent powers
in the following expansion (save possibly ay)

+1 2 3
w = +ai+ax(z —z0) +a3(z —z0)” +as(z —z0)" +---
(z — z0)

can be solved uniquely. Substitute the expansion into the equation for
w, and find a;, a, and a3, and establish the fact that a4 is arbitrary.
We obtain two arbitrary constants in this expansion: zo and a4. The
solution to w” = 2w? can be expressed in terms of elliptic functions;
its general solution is known to have only simple poles as its movable
singular points.

(d) Show that a similar expansion works when we consider the equation

d*w 3
e =zw” + 2w

(this is the second Painlevé equation (Ince, 1956)), and hence that
the formal analysis indicates that the only movable algebraic singular
points are poles. (Painlevé proved that there are no other singular points
for this equation.)

(e) Show that this expansion fails when we consider

d*w

— =2w’+ 7w

dz?
because a4 cannot be found. This indicates that a more general expan-
sionis required. (In fact, another term of the form b, (z—z0)> log(z—z0)
must be added at this order, and further logarithmic terms must be
added at all subsequent orders in order to obtain a consistent formal

expansion.)

6. Inthisexercise we describe the verification that formulae (3.7.54a)—(3.7.56)
indeed satisfy Chazy’s equation.

(a) Use Egs. (3.7.54a)—(3.7.55) to verify, by differentiation and resubsti-
tution, the following formulae for the first three derivatives of w. (Use
the linear equation (3.7.54b)

d*x dx
e Ol(S)E + B(s)x
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to resubstitute the second derivative x”(s) in terms of the first derivative
x'(s) and the function y (s) successively, thereby eliminating higher
derivatives of x (s).)

dw

4 =6()(f‘,3+X12(X1/)2) /W @
d*w 6/ o 5 301/ 3 ii
T = 6 LB —2aB) + 068 + 200 (x)] )W (ii)
d3w 8 ” ’ ’ 2 2
T =6 0x (B —20'8 — 5up' + 6B + 65”)

+x{x1' (128" — 24aB) + 61 (x1)* + 36, (x1)*B] /W
(iii)
where W is given by Eq. (3.7.56).

(b) By inserting (i)—(iii) into Chazy’s equation (3.7.52) show that all terms
cancel except for the following equation in « and S:

B —2a'B —5af +6a*B+24B>=0 (iv)
Show that the specific choices, as in Eq. (3.7.54b)

s _ 1 1
_ 6 2 _
() = <s(1 —s)) and A6 = 0 =y

satisfy (iv) and hence verify Chazy’s solution.
7. Consider an invertible function s = s(z).

(a) Show that the derivative d /dz transforms according to the relationship
d 1 d

dz ~ Z(s)ds’
(b) Asin Eq. (3.7.58b), the Schwarzian derivative is defined as {s, z} =
(s"/s") — 3(s"/s")*. Show that

-z (s) 5 G (56)
b= ae \7e) "2 \ds \26)

1
= - {sz}

(Z(9))*

(c) Consequently, establish that

1
s} =ts.2) (‘m)
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8. In this exercise we derive a different representation for the solution of
Chazy’s equation.

(a) Show that

” _ i ’ o i 1
s"@ = (5'@) =5 (Z,(S))

(b) Use z(s) = x2(s)/x1(s), where x; and yx, satisfy the hypergeometric
equation (3.7.54a), and the Wronskian relation W(x1, x2) = (x1 x5 —
X1x2) = Wos~/2(1 — 5)72/ in the above formulae, to show that

d 1 2
s"(z) = S’(z)ﬁ (sf(l - S)§X12(S)/Wo)

, 1, , 2x1
=s5'(z) (—s (z) — () +——s (Z))
2s

3(1—ys) X1
6 /
(c) Use Chazy’s solution (3.7.55), w = As'(z), to show that
X1

3s” 3s’+ 2s’
w = - ——

s/ 25 1—s

1d (s

2dz B =g

(d) Note that here s(z) is the Schwarzian triangle function with angles 0,
/2, /3; that is,

s(z) =5(z,0,7/2,/3)

The fact that Chazy’s and the Darboux-Halphen system are related by the
equation w = — 2(w; + w; + ws3) allows us to find a relation between
the above Schwarzian s(z, 0, /2, w/3) (for Chazy’s equation) and the
one used in the text for the solution of the Darboux-Halphen system with
zero angles, s(z, 0,0, 0). Call the latter Schwarzian §(z), that is, §(z) =
5(z,0,0,0). Show that Eq. (3.7.57) and w = —2(w; 4+ wy + w3) yields
the relationship

14 Ogﬁ _4 Ogﬂ
2dz (1 —s)*  dz C32(1-35)2
or
(s/)° (§)°
S —s)* 51—

where A is a constant.
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*3.8 Computational Methods

In this section we discuss some of the concrete aspects involving computation
in the study of complex analysis. Our purpose here is not to be extensive in our
discussion but rather to illustrate some basic ideas that can be readily imple-
mented. We will discuss two topics: the evaluation of (a) Laurent series and (b)
the solution of differential equations, both of which relate to our discussions in
this chapter. We note that an extensive discussion of computational methods
and theory can be found in Henrici (1977).

*3.8.1 Laurent Series

In Section 3.3 we derived the Laurent series representation of a function analytic
in an annulus, R; < |z — z9| < Ry. Itis given by the formulae (3.3.1) and
(3.3.2), which we repeat here for the convenience of the reader:

o]

f@) = Z cn(z —z0)" (3.8.1)

n=—0o0
where

1 f(@)dz

= — _ 3.8.2
2ri Jo (z — zo)" ! ( )

Cll

and C is any simple closed contour in the annulus which encloses the inner
boundary |z —zo| = R;. We shall take C to be a circle of radius r. Accordingly
the change of variables

z=2zo+re’ (3.8.3)

where r is the radius of a circle with R; < r < R,, allows us to rewrite
Eq. (3.8.2) as

1 [ 4
& = > / f©®e % do (3.8.4)

T
where ¢, = ¢,/r". In fact, Eq. (3.8.4) gives the Fourier coefficients of the
function

o0

fO)= Y e (3.8.5)

n=—00
with period 27 defined on the circle (3.8.3). Equation (3.8.4) can be used as a
computational tool after discretization. We consider 2N points equally spaced
along the circle, with 6; = hj, j = —N,—-N+1,...N—1, and [7 —
Z;V;_IN withdd — A = h =2x/(2N) = /N (note that when j = N then
91\/ = JT).
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The following discretization corresponds to what is usually called the discrete
Fourier transform:

N—-1
[O) =) e (3.8.6)
N

n=—

where
1 N-1
A N ,—inb;
o=y j;N e (3.8.7)

We note that the formulae (3.8.6) and (3.8.7) can be calculated directly, at a
“cost” of O(N?) multiplications. (The notation O(N?) means proportional
to N?; a formal definition can be found in section 6.1.) Moreover, it is well
known that in fact, the computational “cost” can be reduced significantly to
O (N log N) multiplications by means of the fast fourier transform (FFT),
(see, e.g., Henrici (1977)).

Given a function at 2N equally spaced points on a circle, one can readily
compute the discrete Fourier coefficients, ¢,. The approximate Laurent coeffi-
cients are then given by ¢, = ¢,/r". (For all the numerical examples below we
use r =1.) As N increases, the approximation improves rapidly if the contin-
uous function is expressible as a Laurent series. However, if the function f(z)
were analytic, we would find that the coefficients with negative indices would
be zero (to a very good approximation).

Example 3.8.1 Consider the functions (a) f(z) = 1/zand (b) f(z) =e'/*. Note
that with zo = 0 the exact answers are (a) c.; = l and ¢, = Oforn # 0, (b) ¢, =
1/(—n)! forn < 0, and ¢, = 0 for n > 1. The magnitude of the numerically
computed coefficients, using N = 16, are shown in Figure 3.8.1 (x represents

@ f@ =1/z (b) f(2) = "

Fig. 3.8.1. Laurent coefficients ¢, for two functions
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the coefficient). Note that for part (a) we obtain only one significantly nonzero
coefficient (c_; & 1 and ¢,~0 to high accuracy). In part (b) we find that ¢,~0
for n > 1; all the coefficients agree with the exact values to a high degree of
accuracy. Note that the coefficients decay rapidly for large negative n.

*3.8.2 Differential Equations

The solution of differential equations in the complex plane can be approximated
by many of the computational methods often studied in numerical analysis. We
shall discuss “time-stepping” methods and series methods.

We consider the scalar differential equation

d
d_y = fzy) (3.8.8)
Z

with the initial condition y(zp) = yo, where f is analytic in both arguments
in some domain D containing z = zo. The key ideas are best illustrated by
the explicit Euler method. Here dy/dz is approximated by the difference
(y(z + h,) — y(2)/h,. Call 2,11 = z, + h,, y(z,) = Yu, and note that
h, is complex; that is, h,, can take any direction in the complex plane. Also
note that we allow the step size, h,, to vary from one time step to the next,
which is necessary if, for instance, we want to integrate around the unit cir-
cle. In this application we keep |/, | constant. Hence, at z = z,,, we have the
approximation

Yn+1 = Yn + hnf(zns yn)’ n = 07 1, ce (389)

with the initial condition y(zg) = yo. It can be shown that under suitable as-
sumptions, Eq. (3.8.9) is an O (h?2) approximation over every step and an O (h,,)
approximation if we integrate over a finite time 7 with 4, — 0. Equation (3.8.9)
is straightforward to apply as we now show.

Example 3.8.2 Approximate the solution of the equation

y 2
a _ , 1)=-2
= y(1)

as z traverses along the contour C, where C is the unit circle in the complex
plane. We discretize along the circle and take z, = et where 6, = 2mn /N
and h, = zy,41 — zu,n = 0,1,... N — 1. The exact solution of dy/dz = y?
isy = 1/(A — z), where A is an arbitrary complex constant and we see that it
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L'
*x
xxxxxxx

(a) N =256 (b) N =512
Fig. 3.8.2. Explicit Euler’s method, Example 3.8.2

has a pole at the location z = A. For the initial value y(1) = —2, A = 5, and

the pole is located at z =

1
1 >
3

Because we are taking a circuit around the unit circle, we never get close to
the singular point. Because the solution is single valued, we expect to return
to the initial value after one circuit. We use the approximation (3.8.9) with
f(Zn,s ) = y,%, yo = ¥(zo) = —2. The solutions using N =256 and N =512
are shown in Figure 3.8.2, where we plot the real part of y versus the imaginary
part of y: v(z,) = yr(zy) + iyi(zy) forn = 0,1,..., N. Although the
solution using N = 512 shows an improvement, the approximate solution is
not single valued as it should be. This is due to the inaccuracy of the Euler
method.

We could improve the solution by increasing N even further, but in practice
one uses more accurate methods that we now quote. By using more accurate
Taylor series expansions of y(z, + h,) we can find the following second- and
fourth-order accurate methods:

(a) second-order Runge—Kutta (RK2)
1
Yn+1 = Yn + Eh"(k"‘ + k) (3.8.10)

where knl = f(zna yn) and kng = f(Zn + hna Yn + hnknl)
(b) fourth-order Runge—Kutta (RK4)

1
Yn+1 = Yn + ghn(knl + 2knz + 2kn3 + km) (3811)
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Imy Imy

1 T T T T T T 1
PR

*
05 05

Y - - - - Rey -1 - - - . Rey

(a) second-order (RK2) (b) fourth-order (RK4)
Fig. 3.8.3. Runge—Kutta methods (Example 3.8.3)

where

1 1
an = f(zna Yn)v knz = f(zn + Ehnv Yn + Ehnkm)

1 1
kn;, = f(zn + Ehnv Yn + Ehnknz)y kn4 = f(Zn + hna Yn + hnkng)

Example 3.8.3 We illustrate how the above methods, RK2 and RK4, work on
the same problem as Example 3.8.2 above, choosing £, in the same way as
before. Using N = 128 we see in Figure 3.8.3 that the solution is indeed single
valued (to numerical accuracy) as expected. Itis clear that the solutions obtained
by these methods are nearly single valued; they are a significant improvement
over Euler’s method. Moreover, RK4 is an improvement over RK2, although
RK4 requires more function evaluations and more computer time.

Example 3.8.4 Consider the differential equation

dy 14
dz 2
with initial values
(a) y(1) = 1, the exact solution is y(z) = 1/4/2 — z;
(b) y(1) = 2i, the exact solution is y(z) = 2i/+/4z — 3.

The general solution is y(z) = (zo — 7)~1/2, where the proper branch of the

square root is chosen to agree with the initial value. We integrate around the
unit circle (choosing 4, as in the previous examples) using RK2 and RK4 for
N = 128; the results are shown in Figure 3.8.4. For the initial value in part (a)
the singularity lies outside the unit circle and the numerical solutions are single
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(a) second-order (RK2) (b) fourth-order (RK4)
Fig. 3.8.4. Part (a) of Example 3.8.4, using y(1) = 1 and N = 128
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Fig. 3.8.5. The error in the numerical solutions shown in Figure 3.8.4

valued. Figure 3.8.5 shows the logarithm of the absolute value of the errors in
the calculations graphed in Figure 3.8.4. Note that the error in RK4 is several
orders of magnitude smaller than the error in RK2. For the initial value of part
(b) the branch point is at z = 3/4 and thus lies inside the unit circle and the
solutions are clearly not single valued. Numerically (see Fig. 3.8.6) we find
that the jump in the function y(z) is approximately 4i as we traverse the circle
from 6 =0 to 2, as expected from the exact solution.

As long as there are no singular points on or close to the integration contour
there will be no difficulty in implementing the above time-stepping algorithms.
However, in practice one frequently has nearby singular points and the con-
tour may need to be modified in order to analytically continue the solution.
In this case, it is sometimes useful to use series methods to approximate the
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(a) second-order (RK2) (b) fourth-order (RK4)
Fig. 3.8.6. Part (b) of Example 3.8.4, using y(1) = 2i and N = 128

solution of the differential equation and estimate the radius of convergence as
the calculation proceeds. This is discussed next.

Given Eq. (3.8.8) and noting Cauchys’ Theorem for differential equations,
Theorem 3.7.1, we can look for a series solution of the form y = Y 7 ' A,
(z — zo)". By inserting this series into the equation, we seek to develop a
recursion relation between the coefficients; this can be difficult or unwieldy
in complicated cases, but computationally speaking, it can almost always be
accomplished. Having found such a recursion relation, we can evaluate the
coefficients A, and find an approximation to the radius of convergence: from
the ratio test R = |z — zo| = lim,,—, oo | A,/ A,+1] When this limit exists, or more
generally via the root test R = [lim,_, o Sup,,, |an|"/"]~" (see Section 3.2).
As we proceed in the calculation we estimate the radius of convergence (for
large n). We may need to modify our contour if the radius of convergence begins
to shrink and move in a direction where the radius of convergence enlarges or
remains acceptably large.

Example 3.8.5 Evaluate the series solution to the equation

d
g (3.8.12)
dz

with y(0) = 1. The exact solution is obtained by integrating

d
y —dz
1+ y?

to find y = tan(z + m/4). In order to obtain a recursion relation associated
with the coefficients of the series solution y = Z;’o:() A, (z — zo)" it is useful
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to use the series product formula:

oo [e ] o0
> Az —z20" Y Bu(z—z20)" =Y Culz —20)"
n=0 m=0 n=0

where C,, = 277:0 A, B,_,. The insertion of the series for y into Eq. (3.8.12)
yields

[ee]

00 2
D nAz—z) " = (Z An(z—zo>"> +1
n=0

n=0

Using the product formula and the transformation

[o¢] [o¢]
> Az —20"" =+ DAz —20)"
n=0

n=0
we obtain the equation

n

A DAGE—20)" =Y | D A, | 2—z0)" +1

n=0 n=0 p=0

and hence the recursion relation

(n+ DA =) ApAuy + 0o (3.8.13)
p=0

where &, ¢ is the Kronecker delta function; 6§, 9 = 1 if » = 0 and 0 otherwise.
Because we have posed the differential equation at z = 0, we begin with zo = 0
and Ag = yg = 1. It is straightforward to compute the coefficients from this
formula. Computing the ratios up to n =12 (for example) we find that the
final terms yield lim,, oo A, /A, +1~A11/A12 =0.78539816. It is clear that the
series converges inside a radius of convergence R of approximately 7 /4 as it
should. Suppose we use this series up to z = 0.1 in steps of 0.01. This means
we use the recursion relation (3.8.13), but we use it repeatedly after each time
step; that is, for each of the values Ay = y(z;), z; = 0,0.01,0.02, ..., 0.10,
we calculate the corresponding, successive coefficients, A,, from Eq. (3.8.13)
before we proceed to the next z;. This means that in the series solution for
y we are reexpanding about a new point zp = z;. We obtain (still using
n = 12 coefficients) y(0.1) = 1.22305 and an approximate radius of conver-
gence R =0.6854. Note that these values are very good approximations of the
analytical values. We can also evaluate the series by moving into the complex
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plane. For example, if we expand around z = 0.1 and move in steps of 0.01i
toz = 0.140.14, we obtain y(0.1 4 0.1i) = 1.1930+ 0.2457i and an approx-
imate radius of convergence R = 0.6967. The series expansion is now seen to
be valid in a larger region. This is true because we are now moving away from
the singularity. The procedure can be repeated and we can analytically extend
the solution by reexpanding the series about new points and employing the re-
cursion relation to move into any region where the solution is analytic. In this
way we can “internally” decide on how big a region of analyticity we wish to
cover and always be sure to move into regions where the series solution is valid.

A detailed discussion of series methods for solving ODE’s appears in the
work of Corliss and Chang (1982).

Problems for Section 3.8

1. Find the magnitude of the numerically computed Laurent coefficients with
zo = 0 (using N =32) for (i) f(z) = €%, (i) f(z) = /2, (ii)) f(z) =
1/4/z, (iv) f(z) = tan1/z, and show that they agree with those in Figure
3.8.7.

(a) Do the Laurent coefficients in Figure 3.8.7 correspond to what you
would expect from analytical considerations? What is the true behavior
of each function; that is, what kind of singularities do these functions
have?

(b) Note that the coefficients decay at very different rates for the examples
(i) to (iv). Explain why this is the case. (Hint: Relate it to the single-
valuedness of the function.)

d
2. Consider the differential equation d—y =%, y(20) = yo.
b4

(a) Show that the analytical solution is given by

v = — 20

1 — yo(z — zo0)

(b) Write down the position of the singularity of the solution (a) above.
What is the nature of the singularity?

(c) From (b) above note that the position of the singularity depends on the
initial values, that is, zg and yy. Choose zop = 1 and find the values yy
for which the singularity lies inside the unit circle.

(d) Use the time-stepping numerical techniques discussed in this section
(Euler, RK2, and RK4) to compute the solution on the unit circle
z = ¢'? as 0 varies from 0 = 0 to 4.
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Fig. 3.8.7. Laurent coefficients c, for Problem 1: (a) f(z) = €% (b) f(z) = z'/%
(© f(z) = 1/z'%(d) f(2) = tan(1/2).
3. Repeat Problem 2 above for the differential equationdy/dz = % v, v(zo)
= Yo-

4. Consider the equation

dy

—+2y=1 y()=1

dz

(a) Solve this equation using the series method. Evaluate the solution as
we traverse the unit circle. Show that the solution is single valued.

(b) Evaluate an approximation to y(—1) from the series.

(c) Show that an exact representation of the solution in terms of integrals

18

y(z)z/ ¢ dt + 7
1

and verify that, by evaluating y(z) by a Taylor series (i.e., use e’

1412 4+14/2! +1%/3! 4 18/4! 4 . ..), the answer obtained from this

series is a good approximation to that obtained in part (b).
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Residue Calculus and Applications of Contour
Integration

In this chapter we extend Cauchy’s Theorem to cases where the integrand is not
analytic, for example, if the integrand possesses isolated singular points. Each
isolated singular point contributes a term proportional to what is called the
residue of the singularity. This extension, called the residue theorem, is very
useful in applications such as the evaluation of definite integrals of various
types. The residue theorem provides a straightforward and sometimes the only
method to compute these integrals. We also show how to use contour inte-
gration to compute the solutions of certain partial differential equations by the
techniques of Fourier and Laplace transforms.

4.1 Cauchy Residue Theorem

Let f(z) be analytic in the region D, defined by 0 < |z — z¢| < p, and let
Z = zo be an isolated singular point of f(z). The Laurent expansion of f(z)
(discussed in Section 3.3) in D is given by

f@ =Y Cilz—2)" “4.1.1)

n=—00

with

- L[ J@dz (4.12)
27 c (Z _ ZO)IH—I

where C is a simple closed contour lying in D. The negative part of series
Z;:lfoo C,(z — zo)" is referred to as the principal part of the series. The

coefficient C_; is called the residue of f(z) at zg, sometimes denoted as

206
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Fig. 4.1.1. Proof of Theorem 4.1.1

C_y = Res (f(2); zo)- We note when n = —1, Eq. (4.1.2) yields
7{ f@)dz =2miC_, (4.1.3)
c

Thus Cauchy’s Theorem is now seen to suitably generalize to functions f(z)
with one isolated singular point. Namely, we had previously proven that for
f(z) analytic in D the integral fc f(z)dz = 0, where C was a closed contour in
D. Equation (4.1.3) shows that the correct modification of Cauchy’s Theorem,
when f(z) contains one isolated singular point at zg € D, is that the integral
be proportional to the residue (C_;) of f(z) at zo. In fact, this concept is easily
extended to functions with a finite number of isolated singular points. The result
is often referred to as the Cauchy Residue Theorem, which we now state.

Theorem 4.1.1 Let f(z) be analytic inside and on a simple closed contour C,

except for a finite number of isolated singular points zy, ..., zy located inside
C. Then
N
ff(z)dz=2m'za, (4.1.4)
j=1

where a; is the residue of f(z) at z = z;, denoted by a; = Res (f(z); z;).

Proof Consider Figure 4.1.1. We enclose each of the points z; by small non-
intersecting closed curves, each of which lies within C: Cy, C3, ..., Cy and is
connected to the main closed contour by cross cuts. Because the integrals along
the cross cuts vanish, we find that on the contour' =C —-C;, —C, —---—Cyx
(with each contour taken in the positive sense)

/f(z)dz=0
T
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which follows from Cauchy’s Theorem. Thus

N
ff(z)dz = 27{ f(2)dz 4.1.5)
¢ =176

We now use the result (4.1.3) about each singular point. Because f(z)
has a Laurent expansion in the neighborhood of each singular point, z = z;,
Eq. (4.1.4) follows. [

Some prototypical examples are described below.

Example 4.1.1 Evaluate

I, = L Fdz, kel
2mi Je,
where Cy is the unit circle |z| = 1. Because z* is analytic fork =0, 1,2, ...,
we have [ = O0fork =0, 1,2, .... Similarly, fork = —2, —3, ... we find that
the residue of z* is zero; hence I, = 0. For k = —1 the residue of 7!
andthus 7_; = 1.
We write Iy = &1, where

is unity

5, — 1 whenk=1¢
“6=10 otherwise

is referred to as the Kronecker delta function.

Example 4.1.2 Evaluate

1
I =— ze'*dz
2]'[[ Co

where Cy is the unit circle |z| = 1. The function f(z) = ze'/? is analytic for
all z # 0 inside Cy and has the following Laurent expansion about z = 0:

1z ity L Ly
RV LTI SR SR
¢ ¢ 2 2122 313

Hence the residue Res (ze'/z; 0) = 1/2!, and we have

==
2
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Example 4.1.3 Evaluate

2
1:]4 it dz
o z2z+ 1

where C, is the circle |z| = 2.
We write the integrand as a partial fraction

742 A B
==+

2z4+1) 7z z+1

hence z+2 = A(z+1)+ Bz, and we deduce (takingz = 0,z = —1)that A = 2
and B = —1. (In fact, the coefficients A = 2 and B = —1 are the residues of

] 742 _ _ :
the function =255 at z = 0 and z = —1, respectively.) Thus

2 1
sz (—— )dz:Zm’(Z—l):Zni
c\z z+1

where we note that the residue about z = 0 of 2/z is 2 and the residue of
1/(z+ 1) aboutz = —1is 1.

So far we have evaluated the residue by expanding f(z) in a Laurent ex-
pansion about the point z = z;. Indeed, if f(z) has an essential singular point
at z = 7o, then expansion in terms of a Laurent expansion is the only general
method to evaluate the residue. If, however, f(z) has a pole in the neighborhood
of z¢, then there is a simple formula, which we now give.

Let f(z) be defined by

f(Z) = ﬂ

= 4.1.6
(z —zo)™ ) )

where ¢ (z) is analytic in the neighborhood of z = zy, m is a positive integer,
and if ¢(zg) # 0 f has a pole of order m. Then the residue of f(z) at zg is
given by

1 dm—1
C_ = m <dz’”_l¢) (z = z0)

_ 1 dmfl
T (m—1Ddzm!

((z = 20)" f(2))(z = 20) (4.1.7)

(This means that one first computes the (m — 1)*' derivative of ¢ (z) and then
evaluates it at 7 = zg.)
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The derivation of this formula follows from the fact that if f(z) has a pole
of order m at z = z¢, then it can be written in the form (4.1.6). Because ¢ (z)
is analytic in the neighborhood of z,

"D (z0)
(m—1)!
Dividing this expression by (z — zo)™, it follows that the coefficient of the
(z —2z0)~! term, denoted by C_, is given by Eq. (4.1.7). (From the derivation it
also follows that Eq. (4.1.7) holds even if the order of the pole is overestimated;
e.g. Eq. (4.1.7) holds even if ¢(z9) = 0, ¢'(z9) # 0, which implies the order

of the poleis m — 1.)
A simple pole has m = 1, hence the formula

¢(Z)=¢(ZO)+¢/(ZO)(Z—ZO)+"'+ (Z_Zo)m_1~|-~~-

Co1=¢(z0) = ZIL%((Z —20)f(2) 4.1.8)
(simple pole)

Suppose our function is given by a ratio of two functions N(z) and D(z),
where both are analytic in the neighborhood of z = zg

flr) = — 4.1.9)
<

Then if D(z) has a zero of order m at zo, we may write D(z) = (z — z0)" D(2),
where D(z¢) # 0 and D(z) is analytic near z = zo. Hence f(z) takes the form
(4.1.6) where ¢ (z) = N(z)/D(z) and Eq. (4.1.7) applies. In the special case
of a simple pole, m = 1, from the Taylor series of N(z) and D(z), we have
N(z) = N(z0) + (z — 20)N'(z0) + -+, and D(z) = D'(z0) + (z — ZO)%
+ - -+, whereupon ¢ (z9) = X&) and Eq. (4.1.8) yields

D'(z0)’

_ N(z0)
C D'z’
D’(zp) # 0. Special cases such as N(zg) = D’(z9) = 0 can be derived in a
similar manner.

In the following problems we illustrate the use of formulae (4.1.7) and
(4.1.10).

» (4.1.10)

Example 4.1.4 Evaluate

1 3 1
[=— (L)dz
2rni Je, \z2(z — 1)3

where C, is the circle |z] = 2.
The function

3z+1

f) = prEI
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has the form (4.1.6) near z = 0, z = 1. We have

3z+1
R E\eo ), T
es (f(2);0) <(Z — 1)3)z:0 :

1 /d*> [(3z+1

2! de Z 7=1
L(& 3+ ! =+1
2! de Z z=1 N

Res (f(z); 1)

hence I = 0.

Example 4.1.5 Evaluate

1
I =— cotzdz
Tl Jc,

where Cy is the unit circle |z| = 1.

The function cotz = cos z/sin z is a ratio of two analytic functions whose
singularities occur at the zeroes of sinz : z = nw,n = 0, £1, £2, .... Because
the contour C encloses only the singularity z = 0, we can use formula (4.1.10)
to find

. Cosz
I = lim - =
z—0 (sin z)’

Sometimes it is useful to work with the residue at infinity. The residue
at infinity, Res ( f(z), 00), in analogy with the case of finite isolated singular
points (see Eq. (4.1.5)), is given by the formula

Res (f(z); 00) = 2%;{ f@dz (4.1.11a)

where C,, denotes the limit R — oo of a circle Cg with radius |z|] = R. For
example, if f(z) is analytic at infinity with f(oco) = 0, it has the expansion
f(@) =a_1/z+a_»/z> + -, hence we find that

Res (f(z), 00) = i f@)dz

| /Zﬂ A 4 )iRe? a6
ko0 270 Jy \Rei? ' (Reif)? e

—a (4.1.11b)

I
5
|
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In fact Eq. (4.1.11a,b) holds even when f(co) # 0, as long as f(z) has a
Laurent series in the neighborhood of z = oo

As mentioned earlier it is sometimes convenient, when analyzing the be-
havior of a function near infinity, to make the change of variables z = 1/t.
Using dz = —tiz dt and noting that the counterclockwise (positive direction)
of Cg: z = Re' transforms to a clockwise rotation (negative direction) in
t:t=1/z=(/R)e”" =ee %, e = 1/R, we have

Res(/ (@ 00) = 5= f f(z)dz——j{ <t2) (})dt (4.112)

where C¢ is the limit as € — 0 of a small circle (¢ = 1/R) around the origin in
the ¢ plane. Hence the residue at oo is given by

RCS(f(Z); OO) = Res{tlz f<%)’ O}

that is, the right-hand side is the coefficient of  ~! in the expansion of f(1/1)/t>
near ¢ = 0; the left-hand side is the coefficient of z~! in the expansion of f(z)
at 7 = 0o. Sometimes we write

Res(f(2): 00) = lim (z(2)) when f(o0) =0. (4.1.13)

The concept of residue at infinity is quite useful when we integrate rational
functions. Rational functions have only isolated singular points in the extended
plane and are analytic elsewhere. Let z;, 22, ..., Zy denote the finite singular-
ities. Then for every rational function,

N
> “Res(f(2): zj) = Res(f (2); 00) (4.1.14)

j=1

This follows from an application of the residue theorem. We know that

— lim }{ f(z)dz-ZReS(f(Z) zj)

27wl R—oo

because f(z) has poles at {z j} j=1- On the other hand, because f(z) is a
rational function it has a Laurent series near infinity, hence we have
Res(f(2); 00) = (1/27i) limg 0 §, f(2)dz.

We illustrate the use of the residue at infinity in the following examples.
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Example 4.1.6 We consider the problem worked earlier, Example 4.1.4, but
we now use Res( f(z); 00).

We note that all the singularities of f(z) lie inside C,, and the integrand
is a rational function with f(oco) = 0. Thus I = Res(f(z); 00). Because
f(z) =3/z°+---asz — oo, we use Eq. (4.1.13) to find

(3z+1)=0

Res(/0:09) = Jim, 25

Hence I = 0, as we had already found by a somewhat longer calculation!
We illustrate this idea with another problem.

Example 4.1.7 Evaluate

I 1 7{ a*— 7% dz
T 2mi Jea?+ 22 2
where C is any simple closed contour enclosing the points z = 0, z = *ia.
The function

a’ =722 1
a?+7% z

f@)=

is arational function with f(co0) = 0, hence it has only isolated singular points,
and note that f(z) = —1/z+---asz — oo.

I =Res(f(z); 00)
We again use Eq. (4.1.13) to find

I'= lim (zf(2)) = —1

The value w(z;), defined by

() = — ]f dz L log(z — z)1c = 2% (4.1.15)
w(z;)) = — = — —Zi = —, 1.
T mi Jez— z; 2mi gemle =9y

is called the winding number of the curve C around the point z;. Here, Af; is
the total change in the argument of z — z; when z traverses the curve C around
the point z;. The value w(z;) represents the number of times (positive means
counterclockwise) that C winds around z;.

By the process of deformation of contours, including the introduction of cross
cuts and the like, one can generalize the Cauchy Residue Theorem (4.1.1) to

N
7{ f(Z)dZZZJTiZW(Zj)aj, aj =Res(f(2); z;) (4.1.16)
c =
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where the hypothesis of Theorem 4.1.1 remains intact except for allowing the
contour C to be nonsimple — hence the need for introducing the winding num-
bers w(z;) at every point z = z; with residue a; = Res(f(z); z;).

In applications it is usually clear how to break up a nonsimple contour into
a series of simple contours; we shall not go through the formal proof in the
general case. Rather than proving Eq. (4.1.16) in general, we illustrate the
procedure of breaking up a nonsimple contour into a series of simple contours
with an example.

Example 4.1.8 Use Eq. (4.1.16) to evaluate

d
I =j{ B
ci+ a?
a > 0, where C is the nonsimple contour of Figure 4.1.2.
The residue of 1/(z% + a?) is

1 1 1
Res| ———; +ia | = | — =+ —
22 +a? 22/ 1ia 2ai

We see from Figure 4.1.2 that the winding numbers are w(ia) = +2 and

w(—ia) = +1. Thus
. 1 1 T
I =27i|2| — | — — | =—
2ai 2ai a

More generally, corresponding to any two closed curves C and C, we have

4 dz é dz Nm
= + — 4.1.17
o t+a? Jo,24a?  a ( )

Fig. 4.1.2. Nonsimple curve for Example 4.1.8
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where N is an appropriate integer related to the winding numbers of C;| and
C,. Note that N7 /a is intimately related to the function

© d
B(2) =/ a2 4@
20 a a

where

or z = atana(® — ®(). Because z is periodic, with period N /a, changing
® by N /a yields the same value for z because the period of tan x is 7.

Incorporating the winding numbers in Cauchy’s Residue Theorem shows
that, in the general case, the difference between two contours, C| and C5, of a
function f(z) analytic inside these contours, save for a finite number of isolated
singular points, is given by

N
<% _f )f(z)dz=2rriijaj
Cy 2 j=1

The points a; = Res (f(z); z;) are the periods of the inverse function z = z(®),
defined by

P(z) = /Z f@dz; 7 =2z(P)

Problems for Section 4.1

1. Evaluate the integrals 2#7” fc f(z)dz, where C is the unit circle centered
at the origin and f(z) is given below.

z+1 cosh(1/z) e~ coshz
- - b) ——~ -
@ 273 —3z22 -2z ® z © 472 + 72
1 2 1
(d) M’ prlHClpal branch (e) M
2z+1 72z — 1/2z2)

2. Evaluate the integrals ﬁ fc f(z) dz, where C is the unit circle centered at
the origin with f(z) given below. Do these problems by both (i) enclosing
the singular points inside C and (ii) enclosing the singular points outside
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C (by including the point at infinity). Show that you obtain the same result
in both cases.

241 241
@2l 2o g EE

2 —1/z
, (c) z%e
22— a2

23
3. Determine the type of singular point each of the following functions has at
7 = 00:
(a) 7, m = positive integer  (b) z'3  (¢) (2 +aD)'?, > >0

(d) logz (e) log(z>+d%», a*>>0 (f) ¢?

Z2 1

1 N . .
&) zzsmg ) = @O sin'z () log(1 —e'/%)

4. Let f(z) be analytic outside a circle Cy enclosing the origin.

(a) Show that
1 1 1\ dt
_ dz = —— il Bl
2ri Je, fR)dz 2mi jip f(t) 12

where C,, is a circle of radius 1/R enclosing the origin. For R — oo
conclude that the integral can be computed to be Res (f(1/t)/t%; 0).
(b) Suppose f(z) has the convergent Laurent expansion

—1
f@= > Ajd

j=—o00

Show that the integral above equals A_;. (See also Eq. (4.1.11).)
5. (a) The following identity for Bessel functions is valid:

exp(lg(z - 1/z)> = Z J.(w)z"

n=—0oQ

Show that

1 w dz
J.(w) = ey ]{ exp(z(z - l/z)>z"+‘
c

where C is the unit circle centered at the origin.
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(b) Use exp(%(z - 1/z)> = exp(%z) exp<—2ﬂ>; multiply the two
Z

series for exponentials to compute the following series representation
for the Bessel function of “Oth” (n = 0) order:

2k

Jo(w) = Z( R

6. Consider the following integral

dz
Ir = ~2cosh z
cp 22 coshz

where Cy is a square centered at the origin whose sides lie along the lines
x =x(R+1)mrand y = (R + 1)7, where R is a positive integer. Evalu-
ate this integral both by residues and by direct evaluation of the line integral
and show that in either case limg_, o, Ir = 0, where the limit is taken over
the integers. (In the direct evaluation, use estimates of the integrand. Hint:
See Example 4.2.6.)

7. Suppose we know that everywhere outside the circle Cg, radius R cen-
tered at the origin, f(z) and g(z) are analytic with lim,_, », f(z) = C; and
lim,_, »,(zg(z)) = C,, where C; and C, are constant. Show

L @z = et
2mi Cx
8. Suppose f(z) is ameromorphic function (i.e., f(z) is analytic everywhere
in the finite z plane except at isolated points where it has poles) with N
simple zeroes (i.e., f(zo) = 0, f'(z0) # 0) and M simple poles inside a
circle C. Show

1 '@

— dz=N-M
2ri Jeo f(2)

4.2 Evaluation of Certain Definite Integrals

We begin this section by developing methods to evaluate real integrals of the
form

I = /Oo f(x)dx 4.2.1)

where f(x) is a real valued function and will be specified later. Integrals with
infinite endpoints converge depending on the existence of a limit; namely, we
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say that I converges if the two limits in

o R
[ = lim / f(x)dx + lim / F(x)dx, o finite (4.2.2)
L—o0 L R— o0 o

exist. When evaluating integrals in complex analysis, it is useful (as we will
see) to consider a more restrictive limit by taking L = R, and this is sometimes
referred to as the Cauchy Principal Value at Infinity, /,:

R
I, = lim F(x)dx (4.2.3)
R—o0 _R

If Eq. (4.2.2) is convergent, then I = I, by simply taking as a special case
L = R. Itis possible for I, to exist but not the more general limit (4.2.2). For
example, if f(x) is odd and nonzero at infinity (e.g. f(x) = x), then I, =0
but 7 will not exist. In applications one frequently checks the convergence of
I by using the usual tests of calculus and then one evaluates the integral via
Eq. (4.2.3). In what follows, unless otherwise explicitly stated, we shall only
consider integrals with infinite limits whose convergence can be established in
the sense of Eq. (4.2.2).
We first show how to evaluate integrals of the form

1:/oo fx)dx

where f(x) = N(x)/D(x), where N (x) and D(x) are real polynomials (that s,
f(x) is arational function), D(x) # O for x € R, and D(x) is at least 2 degrees
greater than the degree of N (x); the latter hypothesis implies convergence of
the integral. The method is to consider the integral

R
j{f(z)dZZ/ f(x)dx+/ f(z)dz 4.2.4)
C —R Cr

(see Figure 4.2.1) in which Cg is a large semicircle and the contour C encloses
all the singularities of f(z), namely, those locations where D(z) = 0, that
is, z1, 22, - .-, 2y We use Cauchy’s Residue Theorem and suitable analysis
showing that limg_, o [, ¢ J(@) dz = 0 (this is true owing to the assumptions
on f(x) and is proven in Theorem 4.2.1), in which case from (4.2.4) we have,
as R — oo,

0 N
/ f)dx =271y Res(f(2): 2)) (4.2.5)

Jj=1
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Fig. 4.2.2. Evaluating Eq. (4.2.5) with the contour in the lower half plane

The integral can also be evaluated by using the closed contour in the lower
half plane, shown in Figure 4.2.2. Note that because D(x) is a real polynomial,
its complex zeroes come in complex conjugate pairs.

We illustrate the method first by an example.

00 x2
I= / SN
oo X4+
We begin by establishing that the contour integral along the semicircular arc

described in Eq. (4.2.4) vanishes as R — oo. Using f(z) = zz/(z4 +1),z=
Re'? dz = iRe'?d6, |dz| = RdH, we have

b4 Z2 T Z2
< [ s [ oSz
imo 1+ 1] im0 12l — 1

7R3 0
= — —>
R4—1 R—o0

Example 4.2.1 Evaluate

f(2)dz

Cr

These inequalities follow from |z* 4+ 1| > |z|* — 1, which implies 1/|z* +
1| < 1/(R* — 1); we have used the integral inequalities of Chapter 2 (see, for
example, Theorem 2.4.2). Thus we have shown how Eq. (4.2.5) is arrived at in
this example.

The residues of the function f(z) are easily calculated from Eq. (4.1.10) of
Section 4.1 by noting that all poles are simple; they may be found by solv-
ing z* = —1 = ¢'™, and hence there is one pole located in each of the four
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quadrants. We shall use the contour in Figure 4.2.1 so we need only the ze-
roes in the first and second quadrants: z; = ¢/™/* and 7, = /"/4H7/D = 3im/4,
Thus Eq. (4.2.5) yields

2 2

4 Z

I=2ni (=) +(-—=
[(413)11 <4z3>zj

2mi —im —3im T i —im
ZT(E /4+63 /4)25(6 /4+€ /4)

=mcos(mr/4) = 7[/«/5
where we have used i = ¢/™/2. We also note that if we used the contour depicted
in Figure 4.2.2 and evaluated the residues in the third and fourth quadrants, we

would arrive at the same result — as we must.
More generally, we have the following theorem.

Theorem 4.2.1 Let f(z) = N(z)/D(z) be a rational function such that the
degree of D(z) exceeds the degree of N(z) by at least two. Then

lim f()dz=0
R—o00 Cr
Proof We write

ap?" +ap_12"7 4+ a1z + ag
f@= -
bnz™ +by—12" M+ +biz+ by

then, using the same ideas as in Example 4.2.1

T ap Zn+an_ Zn_1—|—...+a 7| + |a
F2)dz 5/ (R dgy Lo+l jaullz] + laol
Cr 0 (D 12]™ — |by—1lz] — -« —|b1]|z| — |bo|
_ wR(la,|R" + - - - + |ao|)
B |bm|Rm_ |bmfl|Rm_1 _—|b0| R—o0
since m > n + 2. .

Integrals that are closely related to the one described above are of the form
[o.¢] oo
L = / f(x)coskxdx, 5 :/ f(x)sinkx dx,
—0 —00

Ly = /oo Fx)et* dx, (k > 0)
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where f(x) is a rational function satisfying the conditions in Theorem 4.2.1.
These integrals are evaluated by a method similar to the ones described earlier.
When evaluating integrals such as I; or I, we first replace them by integrals
of the form I5. We evaluate, say I5;, by using the contour in Figure 4.2.1.
Again, we need to evaluate the integral along the upper semicircle. Because
e"t = ¢k ek (7 = x 4 iy), we have |¢/*?| < 1 (y > 0) and

f(z)eikz dZ

Cr

S/ |f(@)I1dz] —— 0
0 R—o0

from the results of Theorem 4.2.1. Thus using
o0 .
Ly = / Fx)e*t dx
—00

:/00 f(x)COSkde—i-i/oo f(x)sinkx dx,

we have from (4.2.5) suitably modified,

N
Ly=1+ilh=2mi ZRes (f()e™; 2)) (4.2.6)
j=1
and hence by taking real and imaginary parts of Eq. (4.2.6), we can compute [,
and I».

It should be remarked that to evaluate I53_, we use a semicircular contour in
the lower half of the plane, that is, Figure 4.2.2. The calculations are similar to
those before, save for the fact that we need to compute the residues in the lower
half plane and we find that I3_ = I} —il, = —2mi Z?’:l Res(f(2); zj)-

We note that in other applications one might need to consider integrals
/. Ca e % f(z)dz where Cy is a semicircle in the right half plane, and/or
/. c, e*? f(z) dz where C; is a semicircle in the left half plane. The methods to
show such integrals are zero as R — oo are similar to those presented above,
hence there is no need to elaborate further.

Example 4.2.2 Evaluate

o coskx
= —————dx, k>0, a>0, breal
oo (X + D)2+ a?

We consider

o0 eikx
L= —— 4
¥ /_oo(x+b)2+a2 g
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and use the contour in Figure 4.2.1 to find

elkZ

I, =2mi Res| ——;
- <(Z—i—b)2+a2

Z0=ia—b> (a >0)

ikz
. e T _ .
= 27n< ) = g hamibk (a,k > 0)
zo=ia—b

2(z+b) a

From

I /°° cos kx J +,/°° sinkx 4

= —_—daX l ——= ax

T e D)2+ a2 oo (X +b)2+a?

we have
I = ze_k“ cos bk
a
and
o sin kx T _iu .
= —— —dx = —e ““sinbk
oo (X + D)2+ a? a

If b = 0, the latter formula reduces to J = 0, which also follows directly from
the fact that the integrand is odd. The reader can verify that

/ |dz|
=
cp |27 = 20bllz| —a? — b?

TR 0
R? —2bR — (a? +b?) R-

ezkz
————dz
/CR (z+b)? +a?

In applications we frequently wish to evaluate integrals like /34 involving
f(x) for which all that is known is f(x) — 0 as |x| — oco. From calculus
we know that in these cases the integral still converges, conditionally, but our
estimates leading to Eq. (4.2.6) must be made more carefully. We say that
f () — 0 uniformly as R — oo in Cy if | f(z)| < Kg, where K depends
only on R (not on argz) and Kx — 0 as R — oo. We have the following
lemma, called Jordan’s Lemma.

Lemma 4.2.2 (Jordan) Suppose that on the circular arc C in Figure 4.2.1 we
have f(z) — O uniformly as R — co. Then

lim X f()dz=0 (k>0
R— o0 Cr
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20/m
4

2

Fig. 4.2.3. Jordan’s Lemma

Proof With | f(z)| < Kg, where K isindependentof 6 and Kz — Oas R — oo,

/ eisz(z) dZ
Cr

Using y = Rsin#, and sin(wr — 0) = sin6

b4 b4 ) /2 )
/ e—ky do = / e—kRSlane — 2/ e—kR sinf do
0 0 0

But in the region 0 < 6 < m/2 we also have the estimate sinf > 20 /7 (see
Figure 4.2.3).
Thus

I =

¥
5/ e ™ KrRdO
0

/2 2KgR
1 < ZKRR/ e—sz@/r[ do = RIXTT (1 _ e—kR)
A 2%R

and I — 0as R — oo because Kz — 0. [

We note that if & < 0, a similar result holds for the contour in Figure 4.2.2.
Moreover, by suitably rotating the contour, Jordan’s Lemma applies to the cases
k = i€ for £ # 0. Consequently, Eq. (4.2.6) follows whenever Jordan’s Lemma
applies. Jordan’s Lemma is used in the following example.

Example 4.2.3 Evaluate

*° xsinax cos Bx
I1=2 — 5 —dx, y >0, a, B real.
00 xX“+y

The trigonometric formula

sinax cos Bx = %[sin(a — B)x + sin(a + B)x]
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motivates the introduction of the integrals
00 xei(oz—ﬂ)x e’} xei(a+ﬁ)x
—00 XT Y —00 XT Y
=h+h
Jordan’s Lemma applies because the function f(z) = z/(z*> + y?) — 0 uni-

formly as z — oo and we note that,

R
lf'meKR

We note that the denominator is only one degree higher than the numerator.

If « — B > 0, then we close our contour in the upper half plane and the only
residue is z =iy (y > 0), hence

Jy =ime @ Py
On the other hand, if « — 8 < 0, we close in the lower half plane and find
Ji = —ime®*PY
Combining these results
Ji = im sgn(a — B)e 1Pl
Similarly, for I, we find
J, = im sgn(a + B)e”1“TFl
Thus
J =in[sgn(a — B)e” P 4+ sgn(a + Ble * "]
and, by taking the imaginary part
I =m[sgn(e — B)e P 4 sgn(a + Ble 1*+7I"]

If we take sgn(0) = O then the case « = B is incorporated in this result. This
could either be established directly using sinax cosax = % sin2ax, or by
noting that J; = 0 owing to the oddness of the integrand. This is a consequence
of employing the Cauchy Principal Value integral. (Note that the integral [ is
convergent.)

‘We now consider a class of real integrals of the following type:

2

I = f(sin@, cos0)do
0
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where f(x, y) is a rational function of x, y. We make the substitution
7 =é", dz =ie'? do

Then, using cos 6 = (¢! + e~%)/2 and sinf = (¢!’ — e71?)/2i, we have

cosf = (z+1/2)/2, sinf = (z — 1/2)/2i 427)
Thus
2 B
/ dgf(Siné’,cos@):% ‘.Z_Zf(z .1/Z’z+1/z)
0 G 12 21 2

where Cy is the unit circle |z| = 1. Using the residue theorem

! Z]{ f<z—.1/z’ z+l/z>(t.iz)
Co 2i 2 iz

N z—1/z z+1/z
=2mi ZRes(M; Zj>

j=1

The fact that f(x, y) is a rational function of x, y implies that the residue
calculation amounts to finding the zeroes of a polynomial.

Example 4.2.4 Evaluate

2 d@
1:/ S (A’> B>, A>0)
o A+ Bsinf

Employing the substitution (4.2.7) with Cy the unitcircle |z| = 1, and assuming,
for now, that B # 0,

1_% % 1 _j{ 2dz
N Co 12 (A—i—B(Z;./Z)) N Co 2iAz+ B(z2 - 1)

2 j{ dz

B Jo, 2+2i4z—1
The roots of the denominator z; and z; that satisfy (z — z1)(z — z2) = 2+
2iAz/B — 1 = 0 are given by

A rAN? —iA+ivJAZ=B?
21 =—I— 1 -] —-1=
B B B

A <A>2 | —iA —i/AZ - B?

D=—i=—1I
B
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Ni
N N+5
| | | |
T T T T
-(N+%) 1 2 7 N
C
-Ni
Fig. 4.2.4. Rectangular contour C
Because 71z = —1, we find that |z ||z2| = 1;hence if one root is inside Cy, the

other is outside. Because A2 — B% > 0, and A > 0, it follows that |z;| < |z2[;
hence z; lies inside. Thus, computing the residue of the integral, we have, from

I = 1
B 21 22

_ 4ri B _ 2
B 2iJAZ—B2 JAZ-B?

(The value of I when B = 01is 2w/ A.) We note that we also have computed

1_/27[ do
"~ Jo A+ Bcosh

simply by making the substitution 8 = /2 + ¢ inside the original integral.

As another illustration of the residue theorem and calculation of integrals, we
describe how to obtain a “pole” expansion of a function via a contour integral.

Example 4.2.5 Evaluate

1 wcotmg

ST A de, (22 #0,1%,22,3%,..)
2=
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where C is the contour given by the rectangle (—N — %) <x =< (N+ %),
—N <y < N (see Figure 4.2.4). Show that it implies

> 1
TCotmz =2 g —_—
22— n2

n=-—00

1 2 2
—° z_2+z2—12+z2—22+m (428)

z#0,£1,£2,...

We take N sufficiently large so that z lies inside C. The poles are located at
=n=0,%£1,£2,...,£N, and at ¢ = +£z; hence

N cosme 1
-y
meosmwg 22 —¢* ),

n=—N
n(cotn;) +ﬂ<cotn§>
—2¢ (=2 -2 {=—z

N
Z 1 cotmg
= — T
Z2 —n?

n=—N <

Next we estimate the contour integral on the vertical sides, ¢ = +(N + %) +in.
Here the integrand satisfies

wcotms

ZZ_CZ

7| tanh 71| T
TOICP =zl T N2 = |z]?

Because |£| > N, |tanhn| < 1 and we used

|cotme| =

sin[7 (N 4 1)] (sinh ) (—i)
sin[7 (N + 1)] (coshrn)

On the horizontal sides, { = & £ i N, and the integral satisfies

w cothm N w cothm N

Tceotmé -
TP =z T ONT =z

Z2_{-2
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because |¢| > N and we used

e$7rNei7r$ + e:i:nNe—ir[E
lcotrg| = oFTN pinE _ pEnN p—iné
enN +efrrN
e e cothm N
Thus
1 7 cotme
I=— ¢ |5 el
Tl Jo| 22 —¢
1 2Q2N)w 1 22N + 1)w cothn N 0
~ 27 N2—|z]2 2m N2 —|z)? N—ooo

since cothmt N — 1 as N — oo. Hence we recover Eq. (4.2.8) in the limit
N — oo. Formula (4.2.8) is referred to as a Mittag—Leffler expansion of the
function 7w cot wz. (The interested reader will find a discussion of Mittag-Leffler
expansions in Section 3.6 of Chapter 3.) Note that this kind of expansion takes
a different form than does a Taylor series or Laurent series. It is an expansion
based upon the poles of the function cotmz.

The result (4.2.8) can be integrated to yield an infinite product representation
of sin 7 z. Namely, from

d .
—logsinmz = mcotmz
dz

it follows by integration (taking the principal branch for the logarithm) that

o0
logsinnz =logz + Ao + z:(log(z2 —n%) — Ay)

n=1

where Ay and A, are constants. The constants are conveniently evaluated at
sinmz

z = 0 by noting that lim,_,( log *:*= = logz. Thus A9 = log=, and A, =
log(—n?); hence taking the exponential yields

. o 2
SINmTzZ Z
= | | 1-= 429
- z < n2> ( )

n=I

This is an example of the so-called Weierstrass Factor Theorem, discussed in
Section 3.6.
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It turns out that Eq. (4.2.8) can also be obtained by evaluation of a differ-
ent integral, a fact that is not immediately apparent. We illustrate this in the
following example.

Example 4.2.6 Evaluate

1

1 1
12% Cncotn;(g—{ﬂ)d{ (z#0,+£1,£2,...)

where C is the same contour as in Example 4.2.5 and is depicted in Figure 4.2.4.
Residue calculation yields

1 1
= omennoe SRR
n=-— i
+(M <—>)
oS L =2/,
N
= —mcotmz+ Z/< : ‘*‘l>+l
= z n n Z

where 2227 N/ means we omit the n = O contribution. We also note that the
contribution from the double pole at { = 0 vanishes because cotmw¢ /¢ ~
1/(we®>) —m/3+---as¢ — 0.

Finally, we estimate the integral / on the boundary in the same manner as in
Example 4.2.5 to find

|1|<—7f| S I
aer=1a

1l < Izl ( 4NT 202N + )= cothrrN)
T 2m \N(N — [z]) N(N —|z|)

—>0 as N —>

Hence

N

1 1 1
Tcotmy = Z,(z—n +;> +E (4.2.10)

n=—N

Note the expansion (4.2.10) has a suitable “convergence factor” (1/n) inside
the sum, otherwise it would diverge. When we combine the terms appropriately
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C. R
Fig. 4.2.5. Contour for Example 4.2.7

forn = %1, +2, ..., we find

t LR S SRS B PSSR SRS SR Y
meotmz = — 4+ —— + — - = - —— 4
< z z-—1 1 z+4+1 1 z—-2 2 z42 2
1 27 2z - z
RS +12—22+m_nzz_:ooz2—n2

which is Eq. (4.2.8).
When employing contour integration, sometimes it is necessary to employ
special properties of the integrand, as is illustrated below.

Example 4.2.7 Evaluate

©  dx
120 m, a>0

Because we have an integral on (0, c0), we cannot immediately use a contour

like that of Figure 4.2.1. If the integral was fooo f(x)dx where f(x) was aneven

function f(x) = f(—x), then [, f(x)dx = 1 [ f(x)dx. However, in this

case the integrand is noteven, and for x < O has asingularity. Nevertheless there

is a symmetry that can be employed: namely, (xe>"/3)3 = x3. This suggests

using the contour of Figure 4.2.5, where Cy, is the sector R e?:0<6< 2 /3.
We therefore have

£43+ﬁ__(li / 1;)#+a3

_2mzRes< g 3 j>

The only pole inside C satisfies 7> = —a® = a’¢'™ and is given by z; = ae'™/>.
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The residue is obtained from

R 1 1 1 U onips
es 21 ) = = = —e¢
B1a ! 32) . " 3a27R T 3a2

The integral on Cy tends to zero because of Theorem 4.2.1. Alternatively,
by direct calculation,

/ dz
Cr Z3 + a3

The integral on Cy, is evaluated by making the substitutionz = e
the orientation is taken into account)

dz 0 p2mi/3 i3
pprapec Sl e prwpee K
c, 2 ta’ =R r°t+a

Thus taking into account the contributions from C, (0 < z = x < R) and from
C., we have

2w R

< — 0, R — o0
3(R3 —a?)

27i/3 ) (where

R .
2mi o—27i/3

I l_ 271i/3 — 1
( e ) im a2

Rooo Jg 13 ~|—a3(1 — ) =
- 0

Thus
_2mi P p 2i in
T 32 1 — o3~ 3g2 \ g—in/3 — ginf3 )€
_ b4 27
"~ 3a’sinm/3 34/3q2

The following example, similar in spirit to Eq. (4.2.7), allows us to calculate
the following conditionally convergent integrals

C=/CMMMx (4.2.11)

0

S:/SMMMX (4.2.12)
0

Example 4.2.8 Evaluate

o0
I=/ ¢ dx
0
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o) Cr

/4

C R

x
Fig. 4.2.6. Contour for Example 4.2.8

For convenience we take t > 0. Consider the contour depicted in Figure 4.2.6
where the contour Cg is the sector Re’? : 0 < 6 < /4. Because e s
analytic inside C = C, + Cg + Cp, we have

%e’”zdz= (/ ~|—/ —|—/ )eitzzdz=0
c CL B Cr

The integral on Cy is estimated using the same idea as in Jordan’s Lemma
(sinf > 20/m for0 <6 < 7/2)

2
‘ / eztz dZ
Cr

/4
— ‘/ eitR2(00329+i sin 26) Rei(-)i d@‘
0
/4
</ ReftstinZH 46
“Jo
/4
b
< / Re ™% go = (1 — 'R
0 4tR

. i 2
where we used sin x > 271—" for0 < x < 7. Thus | fCR e'"“dz| - 0as R — oc.

Hence on C,, z = x,and on Cy, z = re'™*;

R
2 )
/ ellz dZ:/ eltx dx
Cy 0
) 0 2 .
/ eztz dZ:/ eftr dre’”“.
Cr R

Thus

o 2 . e 2
I = / eztx dx = el?‘[/4/ e—tr dr
0 0
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and this transforms 7 to a well-known real definite integral that can be evaluated
directly. We use polar coordinates

o0 2 2 o0 © 2 2
(/ e dx> =/ / e ) dx dy
0 o Jo

/2 00
/ e pdpdh = T
6=0 Jp=0 4t

Thus, taking R — oo,

J2

2 1

o0 T
=/‘f”m=f z (4.2.13)
) 2Vt

) 1 /@ T n\1 /&
I=e”’/4—1/—= CcOS — +isin— | =4/ —
2V ¢t 4 4 /2V ¢t

Hence Egs. (4.2.11) and (4.2.12) are found to be

and

S=C=-4/=— (4.2.14)

Incidentally, it should be noted that we cannot evaluate the integral / in the same
way (via polar coordinates) we do on J because / is not absolutely convergent.

The following example exhibits still another variant of contour integration.

Example 4.2.9 Evaluate

0 px
I=/ ¢ dx
N

forO < Re p < 1.Thecondition on p is required for convergence of the integral.
Consider the contour depicted in Figure 4.2.7.

eP* eP?
?{ Zdz= (/ +/ +/ +/ > ZdZ
cl+e b Csr Cse o/ 1+e
. e
:2mzj:Res<l+eZ,Zj>

The only poles of the function e”?/(1 + €*) occur when e* = —1 or by taking
the logarithm z = i (7w 4+2nm7),n = 0, £1, £2, . ... The contour is chosen such
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C
T y=2r
CSL o ITT CSR
JLom0
x=-R C x=R

x
Fig. 4.2.7. Contour of integration, Example 4.2.9

that z = x +iy, 0 < y < 2m; hence the only pole inside the contour is 7 = i,
with the residue

pz pz
Res ( ¢ ;in) = (e) = P Dix
I +e € ) min

The integrals along the sides are readily estimated and shown to vanish as
R — o0. Indeedon Csg: z=R+iy,0<y <2mw

eb? 2 op(R+iy)
dz| = / ——id
/CSR 1+ e? 0 1+ eR+iy Y

R — o0, Rep < 1)
OHCSL:ZZ—R+iy,OSy§27T

ebz 0 op(—R+iy) e~ PR
/ "dz‘z/ 7idy’§ 27 — 0,
co 1+ €° 2

o 1+ e RHy 1 —e R
The integral on the top has z = x 4 2xi, e* = e¥, so

pz ) —R px
/ = eanp/ ©dx
o L +e +r 1+e*

Hence, putting all of this together, we have, as R — oo,

00 Hpx ) )
/ dx|1—=¢&>P ) = 2mi P~ Dim
P

PR
<

27 — 0,
1

R — oo, Rep > 0)
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or
0 opx ) e*in T
dx =2mwi— — = —
o L +€f e~iPT — eiPT  sin prw
Problems for Section 4.2
1.

Evaluate the following real integrals.

© dx )
@ [ 5 @0

(Verify your answer by using usual antiderivatives.)
o dx
(b) / ————, a*>0
0o (x2+a?)?

dx 2 12
, b 0
© /0 @2+ a)l + b2> “r=

()/ x6+1

2. Evaluate the following real integrals by residue integration:

(a)/ X sinx dv: >0
«2+a?)

cos kx ] 2 2
(b) T DT dx; a°,b", k>0

k k
(c)/ YCOSEXY v k>0 (d)/ COSEX ix.  k real
o X2+4x+5 x4+ 1

x3 sinkx . o de
(C) / x4—|—a4 .Xf; kreal, a >0 (f) / m

/2 2 do
in* 0 do h / S —
(2) /O sin (h) . (-3

sin 0)2
()/ coskxcosmxdx’

a’ > 0, k, m real.
(7 +a?)

3. Show

2 2 27_[
/ cos2”9d9=/ sin”"0d6 = —B,, n=1,2,3,...
0 0 22n
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where B, =2%"(1-3-5---2n—1))/(2-4-6---(2n)). (Hint: the fact
that in the binomial expansion of (1 4+ w)?" the coefficient of the term w"
is B,.)

4. Show that

* coshax 1 a
dx = —sec| — |, la| <
o coshmx 2 2

Use a rectangular contour with corners at £R and =R +i.

5. Consider a rectangular contour with cornersatb+iR and b+ 1£iR. Use
this contour to show that

1 b+iR et 1

im - - =
R—o00 271 Jp_;p SINTTZ (1l + e %)

where 0 < b < 1, [Imal| < 7.

6. Consider a rectangular contour Cg with corners at (£R, 0) and (xR, a).
Show that

R R
% e dz = / e—x2 dx _/ e—(x+ia)2 dx +Jr=0
Cr —R —R

where
a . a .
Jr = / e R gy — / e TR gy
0 0
Show limg_, o Jg =0, whereupon we have [ e~ CH gy — I e~ dx
= /7, and consequently, deduce that ffooo e~ cos2ax dx = ﬁe‘”z.

7. Use asector contour with radius R, as in Figure 4.2.6, centered at the origin
with angle 0 <6 < 2?” to find, fora > 0,

©  dx T
o x54+a5 Sa*sin %

8. Consider the contour integral

I(N):Lj[ mweseme dc

2mi C(N) z2 —4'2
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where the contour C (N) is the rectangular contour depicted in Figure 4.2.4
(see also Example 4.2.5).

(a) Show that calculation of the residues implies that
i (=" T CSCIZ

I(N) = s -

n=—N

(b) Estimate the line integral along the boundary and show that limy_, o
I (N) = 0 and consequently, that

9. Consider a rectangular contour with corners (N + %) (£1 £i) to evaluate

1 mcotmzcothmz
— ——dz
2mi C(N) Z

and in the limit as N — oo, show that

i cothnmw 3
= ~ 180"

Hint: note

7 cotmzcothmz T3
Res| ————; =

Z

4.3 Indented Contours, Principal Value Integrals, and
Integrals With Branch Points

4.3.1 Principal Value Integrals

In Section 4.2 we introduced the notion of the Cauchy Principal Value integral
at infinity (see Eq. (4.2.3)). Frequently in applications we are also interested
in integrals with integrands that have singularities at a finite location. Consider
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the integral fa b f(x)dx, where f(x) has a singularity at xo, a < xo < b. Con-
vergence of such an integral depends on the existence of the following limit,
where f(x) has a singularity at x = xg:

Xg—€ b
| = 612&/0 f @) dx + lim f(x)dx 43.1)

x0+6

We say the integral fab f(x) dx is convergent if and only if Eq. (4.3.1) exists and
is finite; otherwise we say it is divergent. The integral might exist even if the
lim,_,,, f(x) is infinite or is divergent. For example, the integral f02 dx/(x —
1)!/3 is convergent, whereas the integral f02 dx /(x—1)?isdivergent. Sometimes
by restricting the definition (4.3.1), we can make sense of a divergent integral.
In this respect the so-called Cauchy Principal Value integral (where § = € in

Eq. (4.3.1))
b X0 —€ b
][ fx)dx = lir(r)l (/ +/ )f(x) dx (4.3.2)
a e—~>0* a xo+e€

is quite useful. We use the notation f: to denote the Cauchy Principal Value
integral. (Here the Cauchy Principal Value integral is required because of the
singularity at x = xo. We usually do not explicitly refer to where the singularity
occurs unless there is a special reason to do so, such as when the singularity is
at infinity.) We say the Cauchy Principal Value integral exists if and only if the
limit (4.3.2) exists. For example, the integral

21 <1 21
/ —dx lim —dx + lim —dx

1 X e—~0t J 1 X =0t Js X

= lim In|e| — lim In|§| 4+ 1n2
e—=0T §—0*
does not exist, whereas

2
1
][ —dx =lim(In|e|] —In|e]) +In2 =1n2
1 X e—0

does exist.

More generally, in applications we are sometimes interested in functions on
an infinite interval with many points {)c,'}fvz1 for which lim,_,,, f(x) is either
infinite or does not exist. We say the following Cauchy Principal Value integral
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%

Fig. 4.3.1. Small circular arc C,

exists if and only if fora < x; <xy <--- <xy <b

e8] a R X1 —€1
][ f(x)dx = lim </ +/ )f(x)dx+ lim (/
0 R—o0 _R b €1,€2,...,ey—>07T a

X2—€2 X3 —€3 XN —€N b
+/ - +-~-+/ +/ )f(x)dx
xi+€; X2+€ XN—1F+€EN-1 XN+en

(4.3.3)

exists. In practice we usually combine the integrals and consider the double
limit R — oo and ¢; — 0T, for example, [, in Eq. (4.3.3), and do not
bother to partition the integrals into intermediate values with a, b inserted.
Examples will serve to clarify this point. Hereafter we consider ¢; > 0, and
lim,, .o means lim,, ,o+.

The following theorems will be useful in the sequel. We consider integrals on
a small circular arc with radius €, center z = z, and with the arc subtending an
angle ¢ (see Figure 4.3.1). There are two important cases: (a) (z—z¢) f(z) — 0
uniformly (independent of the angle 6 along C.) as ¢ — 0, and (b) f(2)

possesses a simple pole at z = z.

Theorem 4.3.1 (a) Suppose that on the contour C,, depicted in Figure 4.3.1,
we have (z — z0) f(z) — O uniformly as € — 0.
Then

lim/ f(@)dz=0
e—>0 C.

(b) Suppose f(z) has a simple pole at z = zo with residue Res ( f(z2); zo) =
C_;. Then for the contour C,

lim / f(z)dz = i¢pC_, (4.3.4)
e—0 C.

where the integration is carried out in the positive (counterclockwise) sense.
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Proof (a) The hypothesis, (z — zo) f (z) — 0 uniformly as ¢ — 0, means that
on C, |(z — z0) f(2)| < K¢, where K. depends on €, not on arg (z — z), and
K. — 0as e — 0. Estimating the integral (z = zo + € /%) using | f(z)| <
K/€, ¢ = max |arg(z — zo)l,

_/ |f (@) ldz]
Ce

K. [®
— €edd =K. — 0, e—>0
€ Jo

A

f()dz

IA

(b) If f(z) has a simple pole with Res (f(z); z0) = C-1, then from the
Laurent expansion of f(z) in the neighborhood of z = zg

C_
f@)= —— 42
Z— 20

where g(z) is analytic in the neighborhood of z = zy. Thus

d
lim/ f(z)dz = 1lim C_; / < + lim g(z)dz
e—0 C. e—>0 c.2—20 e—0 C.

The first integral on the right-hand side is evaluated, using z = zo + € ', to

find
dz ?ice?do
= w =9
c. Z—20 0 €e

In the second integral, |g(z)| < M = constant in the neighborhood of z = zg
because g(z) is analytic there; hence we can apply part (a) of this theorem to
find that the second integral vanishes in the limit of ¢ — 0, and we recover
Eq. (4.3.4). n

As a first example we show

® sinax
/ dx =sgn(a) 4.3.5)
O
where
-1 a<0
sgn(a) = 0 a=0 (4.3.6)

1 a>0
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Ge

G

N

R z=—¢ ,_, 2=t R

Fig. 4.3.2. Contour of integration, Example 4.3.1

Example 4.3.1 Evaluate

oo ezax
1 =][ dx, a real “4.3.7)

oo X

Let us first consider @ > 0 and the contour depicted in Figure 4.3.2. Because
there are no poles enclosed by the contour, we have

iaz —€ R iax iaz iaz
]fe dz=(/ +/ )e dx—i—/e dz—i—/e dz =0
c Z —R € X c. < cr <

€

Because a > 0, the integral fCR el dz/z satisfies Jordan’s Lemma (i.e.,
Theorems 4.2.2); hence it vanishes as R — oco. Similarly, fc e dz/z is
calculated using Theorem 4.3.1(b) to find

iaz
lim [ $—dz=—in
e—0 c. 2

where we note that on C, the angle subtended is 7. The minus sign is a result
of the direction being clockwise. Taking the limit R — oo we have,

® cosax [ sinax )
I = dx +1i dx =inm
_ _ X

00 X

oo

Thus by setting real and imaginary parts equal we obtain ¥ (cosax)/x dx = 0
(which is consistent with the fact that (cos ax)/x is odd) and Eq. (4.3.5) with
a > 0. The case a < 0 follows because %
be obtained by using the contour in Figure 4.3.3. We also note that there is
no need for the principal value in the integral (4.3.5) because it is a (weakly)

convergent integral.

is odd in a. The same result could
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-R 2=—¢ 2=0 ,_¢ R

Fig. 4.3.3. Alternative contour, Example 4.3.1

The following example is similar except that there are two locations where
the integral has principal value contributions.

Example 4.3.2 Evaluate

* cosx —cosa
1 = ﬁdx, areal
oo X —a

We note that the integral is convergent and well defined at x = +a because
I’Hospital’s rule shows
cosx —cosa . —sinx —sina

lim ——————— = lim =
x—=a x2 — g2 x—>+a 2x 2a

We evaluate / by considering

where the contour C is depicted in Figure 4.3.4. Because there are no poles
enclosed by C, we have

L )
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L] L]
-R Z2=-a z=qa R
Fig. 4.3.4. Contour C, Example 4.3.2

Along Cg we find, by Theorems 4.2.1 and 4.2.2, that
e'? —cosa
Cgr Zz —a? d

Similarly, from Theorem 4.3.1 we find (note that the directions of C,, and C,,
are clockwise; that is, in the negative direction)

lim =0
R—o0

. e’ —cosa (et —cosa 7 sina
lim > 3 dZ = —InT| — =
a—-0J)c z-—a 2z __ 2a
e z=—a
and
. et —cosa . [é'* —cosa 7 sina
lim —5——dz=—in | ——F—— =
@=>0Jc, 2°—a 2z i—a 2a
Thus as R — oo
® ¥ _ cosa sina
g =T
o XX—a a

and hence, by taking the real part, I = —n(sina)/a.

Again we note that the Cauchy Principal Value integral was only a device
used to obtain a result for a well-defined integral. We also mention the fact that
in practice one frequently calculates contributions along contours such as C,
by carrying out the calculation directly without resorting to Theorem 4.3.1.

Our final illustration of Cauchy Principal Values is the evaluation of an inte-
gral similar to that of Example 4.2.9.
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\\J - -
Ce,
CSL CSR
N
. - y=0
x=-R x=0 x=R

Fig. 4.3.5. Contour of integration for Example 4.3.3

0 oPX _ pqx
:/ —dx
O
where 0 < p,q < 1.

We observe that this integral is convergent and well defined. We evaluate

two separate integrals:
SCENPY 24
I] 2][ dx
o 1l —e*

0 pqx
12 I][ dx,
oo I — €
noting that I = I} — .

In order to evaluate I;, we consider the contour depicted in Figure 4.3.5

pz
J =7{ ¢ dz
C 1 —e?
—€] R epx epz
=(/ +/> xdx—l—(/ —l—/) dz
—R € l—e Csr e /1 =€
—€ —R leripepx eﬂz
(L () e
R o l—e c, Jc,/)1—€

Along the top path line we take z = x + 2mi. The integral / = 0 because
no singularities are enclosed. The estimates of Example 4.2.9 show that the
integrals along the sides Cs; and Cgg vanish. From Theorem 4.3.1 we have

: el (e .
lim dz = —m( =im
z=0

a=0Jc 1 —¢ —e

Example 4.3.3 Evaluate

and
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and

~ —et

epz e[’z i
lim dz = —im =imwe ™
€©—>0 Ce, I —ef z=2mi

Hence, taking R — oo,

00 Hpx 1+e2rrip
I = dx = —im———— =mcotnp
oo 1 —€F 1 — e2mip

Clearly, a similar analysis is valid for I, where p is replaced by g. Thus, putting
all of this together, we find

I = n(cotmp — cotmq)

4.3.2 Integrals with Branch Points

In the remainder of this section we consider integrands that involve branch
points. To evaluate the integrals, we introduce suitable branch cuts associated
with the relevant multivalued functions. The procedure will be illustrated by a
variety of examples.

Before working out examples we prove a theorem that will be useful in
providing estimates for cases where Jordan’s Lemma is not applicable.

Theorem 4.3.2 1f on a circular arc Cg of radius R and center z = 0, zf (z) — 0
uniformly as R — oo, then

lim f()dz=0
R—o0 Cr

Proof Let ¢ > 0 be the angle enclosed by the arc Cg. Then

f(@dz

CR

¢
s/ [f@IRAO < K
0

Because zf(z) — O uniformly, it follows that |zf(z)| = R|f(z)] < Kg,
Kg — 0,as R — oc. L]

Example 4.3.4 Use contour integration to evaluate

o0
I=/ dix’ a,b>0
0o (x+a)x+Db)
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Fig. 4.3.6. “Keyhole” contour, Example 4.3.4

Because the integrand is not even, we cannot extend our integration region to
the entire real line. Hence the methods of Section 4.2 will not work directly.
Instead, we consider the contour integral

7 logz
_é (z+a)z+Db)
where C is the “keyhole” contour depicted in Figure 4.3.6. We take log z to be
on its principal branch z = re’’ : 0 < 6 < 27, and choose a branch cut along
the x-axis, 0 < x < oo.

An essential ingredient of the method is that owing to the location of

the branch cut, the sum of the integrals on each side of the cut do not
cancel.

R log x /E log(xe®™")
. oexr _oeMe )
e (x+a)x+Db) R Xx+a)(x+b)

</ / ) logz
dz
cx /) 2+ a)(z+Db)
() (%))
z+a),.__, z+b),.__,
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Theorems 4.3.1a and 4.3.2 show that

. / logz
lim —_————
=0 Je, (z+a)z+Db)
and
1
lim / 08t -0
R—o Je, (z+a)(z+ b)

Using log(x ¢*™) = logx + 2mi, log(—a) = log|a| + im (for a > 0) to sim-
plify the expression for J, we have

Y dx (logh—in loga—in
—2mi —— =2mi +
0o (x+ax+b) a—>b b—a

hence
1
I ( og b/a)
b—a
Of course, we could have evaluated this integral by elementary methods
because (we worked this example only for illustrative purposes)

/- 1 /°° 1 1 J
" \b-a) )y x+a x+b *
1 NERX. ®  logh/a

= n =
b—a x+b)], b—a

Another example is the following.

Example 4.3.5 Evaluate

0 2
I=/ #dx
0 x—l—l

Consider

1 2
J:% (;gzdz
czv+1

where C is the contour depicted in Figure 4.3.7, and we take the principal
branchof logz : z =re?,0 <6 < 27.
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X

z=-R <€ =0 ¢ z=R

Fig. 4.3.7. Contour of integration, Example 4.3.5

‘We have

€1 im\12 ) R 1 2
J :/ 7[ og(re )] e dr +/ og X dx
R e e

(/ / )log 2y
Cr 2241
1 2
= 2711'( o8 Z)
2Z 7=i=ei/2

Theorems 4.3.1a and 4.3.2 show that [ — Oase — Oand [, — Oas
R — o0. Thus the above equation simplifies, and

2/ ngd —1—2171/ O X dx—nz/ e
0 X2+ 0 )C2+1 0 )C2+l

(i /2)? 3
= 2mi =

2 4

However, the last integral can also be evaluated by contour integration, using
the method of Section 4.2 (with the contour Cy depicted in Figure 4.2.1) to find

/°° dx 1/°° dx 1. /1 b3
L A Y 1] e —
o x2+1 2/ x2+1 2 22 ), 2

Hence we have
*log’xd > logxd }
2/ og-x x+2m,/ ogxdx _m”
0 x2 +1 0 x?2 +1 4
whereupon, by taking the real and imaginary parts

3 00
1
I=% and / 98 4x=0
8 0 x2+l
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An example that uses some of the ideas of Examples 4.3.4 and 4.3.5 is the
following.

Example 4.3.6 Evaluate

ooxmfl
I:/ —dx, O<m<?2
0 .X2—|—1

The condition on m is required for the convergence of the integral.
Consider the contour integral

m—1
z
J=¢ ——dz
fg 22+1
where C is the keyhole contour in Figure 4.3.6. We take the principal branch
of 7" : z =re'?,0 < 0 < 2m. The residue theorem yields

R m—1 € 2mwiym—1
J =/ al dx+/ &dx
e x24+1 r x2+1
m—1
dz
(oL )w
m—1 m—1
—n ()L (F)
2z 7=i=ein/? 2z 7=—i=e3in/2

Theorems 4.3.1a and 4.3.2 imply that [, — Oase — 0,and [, — Oas
R — o0. Therefore the above equation simplifies to

o] xm—l . ein(m—l)/Z e3irr(m—l)/2
/ . dx(l me) = 27 . _ .
0o X*4+1 2i 2i

= —7i (eimjr/Z + e3imn/2)

Hence

immw myw
I = —ieim2 l+e :ncos > _ T
1 — g2imn sinmm  2sinZF

2

The following example illustrates how we deal with more complicated mul-
tivalued functions and their branch cut structure. The reader is encouraged to
review Section 2.3 before considering the next example.
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Fig. 4.3.8. Contour C for Example 4.3.7

=lz-11

z=-1

z=1
Fig. 4.3.9. Polar coordinates for example 4.3.7

Example 4.3.7 Evaluate

dx

_/ \/l—x2
- 1 4x2

where the square root function takes on a positive value (i.e., v/1 = +1) in the
range —1 < x < .

We consider the contour integral

11/2
J_]{(z )
1+ 272

where the contour C and the relevant branch cut structure are depicted in Fig-
ure 4.3.8.

Before calculating the various contributions to J we first discuss the multi-
valued function +/z2 — 1 (see Figure 4.3.9). Using polar coordinates, we find

1 .
(22— 1)2 = /pippe! @20 < ¢, ¢y <21
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where

=1 =pre®?,  pr=lz—1
and

(2417 = /pae®/?, 2=z +1]

With this choice of branch, we find

x2—1, l<x<o0
—Vx2—-1, —oco<x<-1

i1 —x2, -1l<x<l1, y—0"
—im, -1l<x<1, y—>0"

I—

@ -1z

Using these expressions in the contour integral J, it follows that

I-e ;. /1 _x2 Itea ;. /1 — x2
J =/ / dx
1

1te 1 142 1 +x2

1)1/2
URTRIRE =
c, Je, Jer) 14727
2 _ i 2_ 2
(5050
2Z 7=eiT/2 2Z 7=e3i7/2

We note that the crosscut integrals vanish

(/ /)(z DY o
Lo 1+Z -

because Lo and L; are chosen in a region where (z> — 1)!/? is continuous and
single-valued, and L and L; are arbitrarily close to each other. Theorem 4.3.1a
shows that fc, — Oase¢ — 0; thatis

(ZZ _ 1)1/2
C; 14 22

/2” ((z = )z + 1)|'7?)
~Jo

dz| < - ——¢;
2 + €2e2if 4 2¢;elf|

2 2 2e:
Ve T4 g 0

=
0 2 — 26,‘ — € €—0
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The contribution on Cy, is calculated as follows:

(Z2 _ 1)1/2 e — /27r (R2e2i9 1)1/2 19d9
0

ce 1427 1 + R2¢20

R%2e%% — H1/2 ~ Re'? as R — oo because the chosen

1/2 — 7. Hence

where we note that (
branch implies lim,_, o (z> — 1)

H2
lim / (Z D dz =2mi
R—00 1422 + 72

Calculation of the residues requires computing the correct branch of (zZ —1)'/2.

(2 — 1)112 el Grlata/d)2 1
( 2 >z ein/2 a 2i 2

4

Y /2

Taking €; — 0, R — o0, and substituting the above results in the expression
for J, we find

74

((ZZ _ 1)1/2) \/Eei(Sﬂ/4+77T/4)/2 1
2 o3in/2 B

2,/1 V1 —x2
I

e dx =2mi (V2 - 1)
X

hence
I=n(2-1)

It should be remarked that the contribution along Cg is proportional to the
residue at infinity. Namely, calling

it follows that

_<z2<1—1/z2>>%_1<_1 ><_1 )
f@ = Z2<l+zi2) _Z 1 222 =+ - 1 Z2+

Thus the coefficient of l is unity; hence from definition (4.1.11a,b)

Res(f(z); 00) =1
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and

12 212
lim/ @ =D iRes E=D7 0 = 2
R—00 1422 1+ 272

The above analysis shows that calculating / follows from

2
21 = 2mi ZRes(f(z); z;) — zmi Res(f (z); 00)

j=1
where the three residues are calculated at

71 = elﬂ/Z = e?:i:'r/Z7 Zoo = 0O

the minus sign is due to the orientation of the contour C with respect to z.

The calculation involving the residue at infinity can be carried out for a large
class of functions. In practice one usually computes the contribution at infinity
by evaluating an integral along a large circular contour, Cg, in the same manner
as we have done here.

Problems for Section 4.3

1. (a) Use principal value integrals to show that

dx = %(|k| — |m|), k,m real.

/°° coskx — cosmx
2
0

X

Hint: note that the function f(z) = (e’** — ¢"%) /7% has a simple pole
at the origin.
(b) Let k =2, m = 0 to deduce that

00 oin2
/ sm2x dx — T
0 X 2
/°° sin x dx:z 1_1
0 x(x2+1) 2 e
3. Show that

oo
-1
/ sy =l e T T, a0
a

oo X2(x2 +a?) a?

2. Show that
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Use a rectangular contour with corners at £R and =R + in/k, with an
appropriate indentation, to show that

o0 X 7.[2
dx = for k % 0, k real.
/(, snhix 5= gy lork# 0. krea

Projection operators can be defined as follows. Consider a function F(z)

1
F(z)=%/ f(©) dc

ct—z

where C is a contour, typically infinite (e.g. the real axis) or closed (e.g. a
circle) and z lies off the contour. Then the “plus” and “minus” projections
of F(z) at z = ¢ are defined by the following limit:

F() = lim [1. / ) d;}
C

=0t | 27 . —z

where ¢y are points just inside (+) or outside (—) of a closed contour
(i.e., lim,_, .+ denotes the limit from points z inside the contour C) or to
the left (4) or right (—) of an infinite contour. Note: the “+” region lies
to the left of the contour; where we take the standard orientation for a
contour, that is, the contour is taken with counterclockwise orientation.
To simplify the analysis, we will assume that f(x) can be analytically
extended in the neighborhood of the curve C.

(a) Show that

Fg0) = — gf (52 e+ - f(;“o)

where fc is the principal value integral that omits the point { = &p.
(b) Suppose that f(¢) = 1/(¢% + 1), and the contour C is the real axis
(infinite), with orientation take from —oo to 0o; find F* ().
(c) Suppose that f(¢) = 1/(¢% + a?), a* > 1, and the contour C is the
unit circle centered at the origin with counterclockwise orientation;
find F£(p).

An important application of complex variables is to solve equations for
functions analytic in a certain region, given a relationship on a boundary
(see Chapter 7). A simple example of this is the following. Solve for
the function ¥ *(z) analytic in the upper half plane and ¥~ (z) analytic
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in the lower half plane, given the following relationship on the real axis
(Rez = x):

YD) =y ) = f(x)

where, say, f(x) is differentiable and absolutely integrable. A solution
to this problem for ¥ *(z) — 0 as |z| — oo is given by

YE(x) = lim L/oo ALY

e~>0t 2mi J_o ¢ — (x £i€)

To simplify the analysis, we will assume that f(x) can be analytically
extended in the neighborhood of the real axis.

(a) Explain how this solution could be formally obtained by introducing
the projection operators

1 & d
P* = lim — 7§
e>0t 2l J_oo & — (x L£i€)

and in particular why it should be true that
Pyt =yt Py =—y, Py =P yT=

(b) Verify the results in part (a) for the example

FOr) — () —
yr(x) lﬂ(x)—x4+1
and find ¥ *(z) in this example.
(c) Show that
vrw=rod s

ooC_

In operator form the first term is usually denoted as H (f(x))/2i,
where H (f(x)) is called the Hilbert transform. Then show that

N 1 1
Yr(x) = ?H(f(X)) +-fx)
i 2

or, in operator form

oy Yopq s
Vo) =S (& —iH) f(x)



256

10.

11.

4 Residue Calculus and Applications of Contour Integration

Use the keyhole contour of Figure 4.3.6 to show that on the principal
branch of x*

00 k—1
(@) I(a):/ a dx = 'n a1 0<k<2, a>0
0o (x+a) sinkm

00 k—1 1 —
() / AR P Gl DL S WA
0 (x+1)2 sin k7w

Verify this result by evaluating I’(1) in part (a).

Use the technique described in Problem 7 above, using fc f(z)(logz)%dz,
to establish that

oo
1
(@) I(a):/ ﬂdleloga, a>0
0 x2+4a? 2a

*  logx b4
(b) / _logx o _ T
o 22T Ty

Verify this by computing 1'(1) in part (a).

Use the keyhole contour in Figure 4.3.6 to establish that

/°° xk d m  sin(keg)
X =
o Xx24+2xcos¢+1 sinkw  sin¢

forO0<k<1,0<¢ <m.

By using a large semicircular contour, enclosing the left half plane with a
suitable keyhole contour, show that

1 a—+i00 ezt

1
- S odr= ——
2mi a—ioco ﬁ ¢ ATt

This is the inverse Laplace transform of the function 1/4/z. (The Laplace
transform and its inverse are discussed in Section 4.5.)

fora,t >0

Consider the integral

1 dz
In = —% S 0
R i cp (22 —a?)'? a=

where Cr is a circle of radius R centered at the origin enclosing the points
7z = =%a. Take the principal value of the square root.
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13.

14.
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(a) Evaluate the residue of the integrand at infinity and show that I = 1.
(b) Evaluate the integral by defining the contour around the branch points
and along the branch cuts between z = —a to z = a, to find (see Sec-
2 [ dx
tion 2.3) that Ip = — —————. Use the well-known indefinite
) =) e

. dx . .
integral / ﬁ = sin~! x/a + const to obtain the same result
a’—x

as in part (a).

Use the transformation t = (x — 1)/(x 4+ 1) on the principal branch of
the following functions to show that

I k=1 _
@) /(ﬁ> ar = 20=RT g o

1 \1—1¢ sinkm

! 1+t dt 1 1
(b) / log i = —log2 ﬁ , O0<a<1
1 11—t/ 1—at 2a l1—a

Use the keyhole contour of Figure 4.3.6 to show for the principal branch
of x!/2 and log x

/OO x'?logx w2
X8 =T
o (I+x?) 22

and

o 172 T
- dx = —
/o (I4x%) V2

Consider the following integral with the principal branch of the square

1
1
root, / v/x(1 —x)dx. Use the contour integral Iz = —
0

2mi Cr
v/ z(z — 1) dz, where Cy is the “two-keyhole” or “dogbone” contour
similar to Figure 4.3.8, this time enclosing z = 0 and z = 1. Take the
branch cut on the real axis between z = 0 and z = 1.

(a) Show that the behavior at z = co implies that Rlim I = i
—>00

(b) Use the principal branch of this function to show

1
I = %/ Vx(l —x)dx
0

1
and conclude that/ Vx(l—x)dx = %
0
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(c) Use the same method to show

1
/ x"\/x(1 —x)=mnb,»
0

where b, 1 is the coefficient of the term x"t2

sion of (1 — x)'/2; that is

in the binomial expan-

! 1
l—x)2=1— —x — —x2—...
( x)2 Zx 8x

15. In Problem 10 of Section 2.6 we derived the formula

") =0+ 1 /2" @ 2r sin(g — 0)
v(r, =v(r = —_ u
¢ 2 o 1 —2rcos(p — ) + r2

where u(0) is given on the unit circle and the harmonic conjugate to
u(r, @), v(r, ¢) is determined by the formula above. (In that exercise
u(r, ¢) was also derived.) Let { = re'. Show thatasr — 1, ¢ — e'?
with z = ¢'?, the above formula may be written as (use the trigonometric
identity (I) below)

1 [ e + etf
v(p) =v(0) — o M(G)W do
) —

where the integral is taken as the Cauchy principal value. Show that

e +e? [ sin@ — @) , 60—
@ - — = =icot| —
elv — et 1 —cos(d — @) 2

using

2 X .2 X . . X X
cosx =2cos”"——1=1—2sin" —, s1nx=2s1n5(:os§,

and therefore deduce that

2 _
v(@) = v(0) + i][ u(9) cot (‘p—Q)d@
27 0 2

This formula relates the boundary values, on the circle, between the real
and imaginary parts of a function f(z) = u + iv, which is analytic inside
the circle.
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4.4 The Argument Principle, Rouché’s Theorem

The Cauchy Residue Theorem can be used to obtain a useful result regarding
the number of zeroes and poles of a meromorphic function. In what follows,
we refer to second order, third order, . .. poles as “poles of order 2,3,....”

Theorem 4.4.1 (Argument Principle) Let f(z) be a meromorphic function
defined inside and on a simple closed contour C, with no zeroes or poles on C.
Then

1 '@

1
i Je f@ dz=N-P=_largf(2)lc (4.4.1)

where N and P are the number of zeroes and poles, respectively, of f(z) inside
C; where a multiple zero or pole is counted according to its multiplicity, and
where arg f (z) is the argument of f(z); thatis, f(z) = |f(2)| exp(i argf(2))
and [arg f(z)]c denotes the change in the argument of f(z) over C.

Proof Suppose z = z; is a zero/pole of order n;. Then

[l *xm
f@  z-z o (442

where ¢ is analytic in the neighborhood of z and the plus/minus sign stands
for the zero/pole case, respectively. Formula (4.4.2) follows from the fact that
if f(z) has a zero of order n;,, we can write f(z) as f(z) = (z — z;)"g(2),
where g(z;) # 0 and g(z) is analytic in the neighborhood of z;; whereas if
f(z) has a pole of order n;,, then f(z) = g(z)/(z — z;)"». Equation (4.4.2)
then follows by differentiation with ¢ (z) = g’(z)/g(z). Applying the Cauchy
Residue Theorem yields

1 [ f© v o
Z
= — dz = ni; — n,~=N—P

ip=1

where M (M) is the number of zero (pole) locations z;, (z;,) with multiplicity
n;; (n;p), respectively.

In order to show that I = [arg f(z)]c /27, we parametrize C as in Section
2.4. Namely, welet z = z(t) ona <t < b, where z(a) = z(b). Thus we have,
for I, the line integral
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C
w=flz)

z-plane w-plane

Fig. 4.4.1. Mapping w

b pr
LML) %[log feoN,
g

'=2%i ), Fea)

1 1
= T[log |fz@)] +iargf ), = ——larg f(D)]c (4.4.3)
i 2mi

where we have taken the principal branch of the logarithm. ]

Geometrically, Eq. (4.4.3) corresponds to the following. Consider Figure
44.1.

Let w = f(z) be the image of the point z under the mapping w = f(z), and
let6 = arg f(z) be the angle that the ray from the origin to w makes with respect
to the horizontal; then w = | f(z)| exp(i6). Equation (4.4.3) corresponds to the
number of times the point w winds around the origin on the image curve C
when z moves around C. Under the transformation w = f(z) we find

1 f @ 1 dw 1
- dz=— ¢ — = —Jargw]e 4.4.4)
2ri Jo f(2) 2ri Je w 2ri

The quantity ﬁ[argw]c is called the winding number of C about the origin.

The following extension of Theorem 4.4.1 is useful. Suppose that f(z) and
C satisfy the hypothesis of Theorem 4.4.1, and let k(z) be analytic inside and
on C. Then

_ 1@
e A TE L
M. M,
= nizh(zi) = Y niph(zip) (4.4.5)

i,=1 ip=1

where h(z;;) and h(z;,) are the values of h(z) at the locations z;; and z;),.
Formula (4.4.5) follows from Eq. (4.4.2) by evaluating the contour integral



4.4 The Argument Principle, Rouché’s Theorem 261

y=N
Cy G,
C [ ]
1 z=
N N+,
N\ /
N-1 | -N e -1 2=0 7 N | N+1
:@‘Q
-C€2
y=-

Fig. 4.4.2. Contour Cy

associated with

f'(@)
f@

This amounts to obtaining the residue

'@, N _
Res(f(z) ; )—ﬂ:n,h(Zz)

If the zeroes/poles are simple, then in Eq. (4.4.5) we take n;; = n;, = 1.

Example 4.4.1 Consider the following integral:

T cotmz
2 i Cn CZ_ZZ

1(¢) =

<

where Cy is depicted in Figure 4.4.2. Deduce thatw cotm¢ = ¢ > 0o §+n
We have an integral of the form (4.4.5), where f(z) =sinnwz, h(z) = Cz s
zi = n,and n = 0,£1,42,..., £N. Deforming the contour and using

Eq. (4.4.5) withn;; = 1, n;, = 0, we find
N

TCcotmz 1
27”(%@” ]{ %)Cz—z Z__z:§2—n2

n=—N



262 4 Residue Calculus and Applications of Contour Integration

iy

iR

R
Fig. 4.4.3. Contour in first quadrant

where Cy g denotes the rectangular contour alone, without crosscuts and circles
around z = +¢. Taking N — oo and ¢; — 0, we have, after computing the
residues about Ce,

. 1 Tcotmy Tcotmy Tcotmz
lim — —— 5 dz— || —— + =
N—oo 2mi Jeu, $%—2 -2z =t -2z =t
it 1

=Zm

n=—00

It was shown in Section 4.2, Example 4.2.5, that fCNR — Qas N — oo; hence
we have the series representation

weotne =¢ Z ﬁ (4.4.6)

The Argument Principle is also frequently used to determine the number of
zeroes located in a given region of the plane.

Example 4.4.2 Determine the number of zeroes located inside the first quadrant
of the function

f=2+1

Consider the contour in Figure 4.4.3.
We begin at z = 0 where f(z) = 1. We take

Im f(x, y)

agf@ =@, tané ==
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with the principal branch ¢ = 0 corresponding to f(z) = 1. On the circle
|zl = R,

R33i0
On the real axis z = x, f(x,y) = X3 +1is positive and continuous; hence at
x =R,y =0,0(R,0) = 0. Next we follow the arg f (x, y) around the circular
contour. For large R, 1 + 1/(R3¢*?) is near 1; hence arg f(z) ~ 36, and
at z =iR, 0 = m/2; hence arg f(z) ~ 37w /2. Now along the imaginary axis
z=1y

. ; 1
7= Rele’ f(Z) — R3e310 (1 + )

fle,y) =—iy’ +1

as y traverses from y — oo to y — 0T, tan¢ goes from —oo to 0 (note
tan ¢ ~ —y> for y — o0); that is, ¢ goes from 37” to 2. Note also that we are
in the fourth quadrant because Im f < 0 and Re f > 0.

Thus the Argument Principle gives

1
N = —Jargflc =1
2w

because arg f changed by 2 over this circuit. (P = 0, because f(z) is a poly-
nomial, hence analytic in C.) Thus we have one zero located in the first quadrant.
Because complex roots for a real polynomial must have a complex conjugate
root, it follows that the other complex root occurs in the fourth quadrant. Cu-
bic equations with real coefficients have at least one real root. Because it is
not on the positive real axis (x> + 1 > 0 for x > 0), it is necessarily on the
negative axis.

In this particular example we could have evaluated the roots directly, that is,
P =—1=¢" =@ty =0,1,2,0rz; = €73, 7, = /™ = —1, and
73 = ¢>"/3 In more complicated examples an explicit calculation of the roots
is usually impossible. In such examples the Argument Principle can be a very
effective tool. However, our purpose here was only to give the reader the basic
ideas of the method as applied to a simple example. As we have seen, one must
calculate the number of changes of sign in Im f (x, y) and Re f(x, y) in order
to compute arg f(x, y).

A result that is essentially a corollary to the Argument Principle is the fol-

lowing, often termed Rouché’s Theorem.

Theorem 4.4.2 (Rouché) Let f(z) and g(z) be analytic on and inside a simple
closed contour C. If | f(z)| > |g(z)| on C, then f(z) and [ f(z) + g(z)] have
the same number of zeroes inside the contour C.
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w(z)

0,0) * .
(1,0) (2,0)

w-plane

~

C

Fig. 4.4.4. Contour C, proof of Rouché’s Theorem

In Theorem 4.4.2, multiple zeroes are enumerated in the same manner as in
the Argument Principle.

Proof Because | f(z)| > |g(z)] > 0on C, then | f(z)| # 0; hence f(z) # 0 on
C. Thus, calling

w(z) = f@)+g®@
' f@)

it follows that the contour integral 2—71” fc 1:)((5)) dz is well defined (no poles on

C). Moreover, (w(z) — 1) = g/f, whereupon

lw(z) — 1] <1 (4.4.7)

and hence all points w(z) in the w plane lie within the circle of unit radius
centered at (1, 0). Thus we conclude that the origin w = 0 cannot be enclosed
by C (see Figure 4.4.4). C is the image curve in the w-plane (if w = 0 were

enclosed then |w — 1| = 1 somewhere on C). Hence [argw(z)]¢c = 0 and
N = P for w(z). Therefore the number of zeroes of f(z) (poles of w(z))
equals the number of zeroes of f(z) + g(2). [

Rouché’s theorem can be used to prove the fundamental theorem of algebra
(also discussed in Section 2.6). Namely, every polynomial

P(Z) = Zn + an—lzn_l + an_zzn_z + .4 ap

has n and only n roots counting multiplicities: P(z;) =0,i =1,2,...,n. We
call f(z) =z"and g(z) = ap_12" "' + ay_27"2 4+ --- + ay. For |z] > 1 we



4.4 The Argument Principle, Rouché’s Theorem 265

find

18] < lan—1llz]"™" + lap—allzl" > + - - - + lao|
< (lan_1] + lan_a| + -+ lao)|z"!

If our contour C is taken to be a circle with radius R greater than unity, | f (z)| =
R"™ > |g(z)| whenever

R > max(l, |ay-1| + lan-2| + - - - + laol)

Hence P(z) = f(z) + g(z) has the same number of roots as f(z) = z" =0,
which is n. Moreover, all of the roots of P(z) are contained inside the circle
|z] < R because by the above estimate for R

[P(2)| =1z"+g@)|>=R"—|g()] >0

and therefore does not vanish for |z| > R.

Example 4.4.3 Show that all the roots of P(z) = z® — 4z + 10 lie between
1 <lz| <2

First we consider the circular contour C;: |z] = 1. We take f(z) = 10, and
g(2) = 22 — 473 Thus |f(2)| = 10, and |g(z)| < |z|® + 4|z|> = 5. Hence
|f| > |gl|, which implies that P(z) has no roots on C;. Because f has no
roots inside C|, neither does P(z) = (f + g)(z). Next we take f(z) = z® and
g(z) = —4z> + 10. On the circular contour Cy: |z] = 2, | f(z)| = 28 = 256,
and |g(2)| < 4|z)> + 10 = 42, so | f| > |g| and thus P(z) has no roots on
C,. Hence the number of roots of (f + g)(z) equals the number of zeroes of
f(z) =z Thus z® = 0 implies that there are eight roots inside C,. Because
they cannot be inside or on Cy, they lie in the region 1 < |z| < 2.

Example 4.4.4 Show that there is exactly one root inside the contour C;: |z| = 1,
for
h(z) =e* —4z—1
We take f(z) = —4zand g(z) = e* — 1 on Cy
If@I =14zl =4, [g@I=le—1<lef|+1<e+1<4

Thus | f| > |g| on Cy, and hence h(z) = (f + g)(z) has the same number of
roots as f(z) = 0, which is one.

Problems for Section 4.4

1. Verify the Argument Principle, Theorem 4.4.1, in the case of the following
functions. Take the contour C to be a unit circle centered at the origin.
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(a) 7", n an integer (positive or negative) (b) €* (c) cothdrnz

(d) P(2)/Q(z), where P(z) and Q(z) are polynomials of degree N and
M, respectively, and have all their zeroes inside C.

(e) What happens if we consider f(z) = e!/??

2. Show

SOy

2ri Jeo (f(2) = fo)
where N is the number of points z where f(z) = fy (a constant) inside
C; f'(z) and f(z) are analytic inside and on C; and f(z) # fo on the
boundary of C.

3. Use the Argument Principle to show that

(@) f(z) = z° + 1 has one zero in the first quadrant, and
(b) f(z) =z’ + 1 has two zeroes in the first quadrant.

4. Show that there are no zeroes of f(z) = 2t 4+ 22+ 522 + 2z + 4 in the first
quadrant. Use the fact that on the imaginary axis, z = iy, the argument
of the function for large y starts with a certain value that corresponds to a
quadrant of the argument of f(z). Each change in sign of Re f(iy) and
Im f(iy) corresponds to a suitable change of quadrant of the argument.

5. (a) Show that ¢? — (4z2 + 1) = 0 has exactly two roots for |z| < 1. Hint:
in Rouché’s Theorem use f(z) = —4z% and g(z) = ¢° — 1, so that
when C is the unit circle

If@I=4 and [g@)]=le"—1] <[ +]1

(b) Show that the improved estimate |g(z)| < e — 1 can be deduced from
e—1= f(; e” dw and that this allows us to establish that e* — (2z+1) =
0, has exactly one root for |z| < 1.

6. Suppose that f(z) is analytic in a region containing a simple closed contour
C. Let|f(z)| < M on C, and show via Rouché’s Theorem that | f (z)| < M
inside C. (The maximum of an analytic function is attained on its boundary;
this provides an alternate proof of the maximum modulus result in Section
2.6.) Hint: suppose there is a value of f(z), say fp, such that | fo| > M.
Consider the two functions — fy and f(z) — fo, and use | f(z) — fol| >
| fol — | f(z)] in Rouché’s Theorem to deduce that f(z) # fo.
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7. (a) Consider the mapping w = z°>. When we encircle the origin in the z
plane one time, how many times do we encircle the origin in the w
plane? Explain why this agrees with the Argument Principle.

(b) Suppose we consider w = z* 4+ a2z + a,z + a for three constants
ap, ai, ap. If we encircle the origin in the z plane once on a very large
circle, how many times do we encircle the w plane?

(c) Suppose we have a mapping w = f(z) where f(z) is analytic inside
and on a simple closed contour C in the z plane. Let us define C as the
(nonsimple) image in the w plane of the contour C in the z plane. If we
deduce that it encloses the origin (w = 0) N times, and encloses the
point (w = 1) M times, what is the change in arg w over the contour
C? If we had a computer available, what algorithm should be designed
(if it is at all possible) to determine the change in the argument?

*4.5 Fourier and Laplace Transforms

One of the most valuable tools in mathematics, physics, and engineering is
making use of the properties a function takes on in a so-called transform (or
dual) space. In suitable function spaces, defined below, the Fourier transform
pair is given by the following relations:

fx) = 1 /OO F(k)e'™ dk 4.5.1)
27 J_so
Fk) = / ~ fx)e ™ dx (4.5.2)

F (k) is called the Fourier transform of f(x). The integral in Eq. (4.5.1) is
referred to as the inverse Fourier transform. In mathematics, the study
of Fourier transforms is central in fields like harmonic analysis. In physics
and engineering, applications of Fourier transforms are crucial, for example,
in the study of quantum mechanics, wave propagation, and signal processing.
In this section we introduce the basic notions and give a heuristic derivation
of Egs. (4.5.1)-(4.5.2). In the next section we apply these concepts to solve
some of the classical partial differential equations.

In what follows we make some general remarks about the relevant function
spaces for f(x) and F (k). However, in our calculations we will apply complex
variable techniques and will not use any deep knowledge of function spaces.
Relations (4.5.1)-(4.5.2) always hold if f(x) € L? and F (k) € L?, where
f € L? refers to the function space of square integrable functions

00 172
1 fll2 = (/ |f|2(X)dX> <00 (4.5.3)
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In those cases where f(x) and f'(x) are continuous everywhere apart from
a finite number of points for which f(x) has integrable and bounded discon-
tinuities (such a function f(x) is said to be piecewise smooth), it turns out
that at each point of discontinuity, call it x, the integral given by Eq. (4.5.1)
converges to the mean: lim,_ o+ %[ f(xo+€)+ f(xo — €)]. At points where
f(x) is continuous, the integral (4.5.1) converges to f(x).

There are other function spaces for which Egs. (4.5.1)-(4.5.2) hold. If
f(x) € L', the space of absolutely integrable functions (functions f satisfy-
ing ffooo | f(x)]dx < 00), then F (k) tends to zero for |k| — oo and belongs to
a certain function space of functions decaying at infinity (sometimes referred to
as bounded mean oscillations (BMO)). Conversely, if we start with a suitably
decaying function F (k) (i.e., in BMO), then f(x) € L'. In a sense, purely
from a symmetry point of view, such function spaces may seem less natural
than when f (x), F(k) are both in L? for Egs. (4.5.1)—(4.5.2) to be valid. Nev-
ertheless, in some applications f(x) € L' and not L. Applications sometimes
require the use of Fourier transforms in spaces for which no general theory
applies, but nevertheless, specific results can be attained. It is outside the scope
of this text to examine L” (p = 1,2, ...) function spaces where the general
results pertaining to Eqs. (4.5.1)—(4.5.2) can be proven. Interested readers can
find such a discussion in various books on complex or Fourier analysis, such as
Rudin (1966). Unless otherwise specified, we shall assume that our function
f(x) € L' N L?, that is, f(x) is both absolutely and square integrable. It
follows that

E < 1f1 =/ )] dx
and .
LT T
=Pl = I

The first relationship follows directly. The second is established later in this
section. In those cases for which f(x) is piecewise smooth, an elementary
though tedious proof of Egs. (4.5.1)—-(4.5.2) can be constructed by suitably
breaking up the interval (—oo, co) and using standard results of integration
(Titchmarsch, 1948).

Statements analogous to Egs. (4.5.1)—(4.5.2) hold for functions on finite
intervals (—L, L), which may be extended as periodic functions of period 2L:

f)y= > Fermit (4.5.4)

n=—0o0

R 1 [t .
F, = o /7L F(x)e /L gy 4.5.5)
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The values F, are called the Fourier coefficients of the Fourier series repre-
sentation of the function f(x) given by Eq. (4.5.4).

A simple example of how Fourier transforms may be calculated is afforded
by the following.

Example 4.5.1 Leta > 0,b > 0, and f(x) be given by

—ax

fx) = {ibx

x>0
x <0

Then, from Eq. (4.5.2), we may compute F (k) to be

/ e—ux—lkx dx 4 / ebx—lkx dx
0 —00

1 1
Sarik bk 436
The inversion (i.e., reconstruction of f(x)) via Eq. (4.5.1) is ascertained by
calculating the appropriate contour integrals. In this case we use closed semi-
circles in the upper (x > 0) and lower (x < 0) half k-planes. The inversion

can be done either by combining the two terms in Eq. (4.5.6) or by noting that

Fk)

| o gike e ™ x>0
— —dk=4¢1/2 x=0
21 J_o a+ik 0 ‘<0
and
1 00 ikx 0 x>0
— —dk=<1/2 x=0
27'[ —00 b — lk ehx X < 0

The values at x = 0 take into account both the pole and the principal value
contribution at infinity; that is, % Cx ai’;k = 1/2whereon Cg : k = R e,
0 <6 < m. Thus Eq. (4.5.1) gives convergence to the mean value at x = O:

3+5 = 1= (im0 f() +limeo- f(x))/2.

A function that will lead us to a useful result is the following:

— |x| <e€
A(x;e) = 2¢ (4.5.7)
0 |x] > €
Its Fourier transform is given by
A 1 [ _ ink
A&Q:—/fmm=me (4.5.8)
2¢ J_. ke
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Certainly, A(x; €) is both absolutely and square integrable; so it is in L'NnL?,
and A (k; €) is in L2, It is natural to ask what happens as ¢ — 0. The function
defined by Eq. (4.5.7) tends, as ¢ — 0, to a novel “function” called the Dirac
delta function, denoted by §(x) and having the following properties:

8(x) = lim A(x: ) 4.5.9)

o] X=X0+€
/ 8(x — xp)dx = lin})/ S(x —xp)dx =1 (4.5.10)
—0 €—> x

=X)—€

/ S(x —x0) f(x)dx = f(x0) “4.5.11)

where f(x) is continuous. Equations (4.5.10)—(4.5.11) can be ascertained by
using the limit definitions (4.5.7) and (4.5.9). The function defined in Eq. (4.5.9)
is often called a unit impulse “function”; it has an arbitrarily large value con-
centrated at the origin, whose integral is unity. The delta function, §(x), is not
a mathematical function in the conventional sense, as it has an arbitrarily large
value at the origin. Nevertheless, there is a rigorous mathematical framework in
which these new functions — called distributions — can be analyzed. Interested
readers can find such a discussion in, for example, Lighthill (1959). For our
purposes the device of the limit process € — 0 is sufficient. We also note that
Eq. (4.5.7) is not the only valid representation of a delta function; for example,
others are given by

8(x) = lim { J%e—xz/f} (4.5.12a)
. €
8(x) = 113%{m} (4.5.12b)

It should be noted that, formally speaking, the Fourier transform of a delta
function is given by

S(k) = /OO S(x)e ™ dx =1 (4.5.13)

It does not vanish as |k| — o0; indeed, it is a constant (unity; note that §(x)
is not L'). Similarly, it turns out from the theory of distributions (motivated
by the inverse Fourier transform), that the following alternative definition of a
delta function holds:

1 [, .
S(x) = — S(k)e'*™ dk
27 J_so

I [ .
- e dk (4.5.14)
27 J_oo
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Formula (4.5.14) allows us a simple (but formal) way to verify Egs. (4.5.1)—

(4.5.2). Namely, by using Eqgs. (4.5.1)—(4.5.2) and assuming that interchanging
integrals is valid, we have

1 o0 " o0 ik
fx)=— dk e dx' f(x')e ™
27 ) —00
00 1 00 o
dx' f(x)| — dk =)
oo 27 J_ o

/00 dx" f(x)8(x —x") (4.5.15)

(o]

In what follows, the Fourier transform of derivatives will be needed. The
Fourier transform of a derivative is readily obtained via integration by parts.

Fik) = / ” f(x) e ™ dx

[f(x) e_ikx]iooo + ik/ fx)e * dx

ik F (k) (4.5.16a)

and by repeated integration by parts
A o . A
F (k) = / FP(x)e * dx = (ik)"F (k) (4.5.16b)
—0oQ0

Formulae (4.5.16a,b) will be useful when we examine solutions of differential
equations by transform methods.

It is natural to ask what is the Fourier transform of a product. The result is
called the convolution product; it is not the product of the Fourier transforms.
We can readily derive this formula. We use two transform pairs: one for a
function f(x) (Egs. (4.5.1)—(4.5.2)) and another for a function g(x), replacing
f(x) and F(k) in Egs. (4.5.1)—(4.5.2) by g(x) and G k), respectively. We
define the convolution product,

(f*xg)x) = / flx—x)g(x)dx' = / f(xHgx —x')dx'.

(The latter equality follows by renaming variables.) We take the Fourier trans-
form of (f * g)(x) and interchange integrals (allowed since both f and g are
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absolutely integrable) to find

/°° (f * ) (x)e ™ dx = /OO dx(/oo flx — X/)g(x/)dx’> omikx

00 o 00 ) ,
— / dx/ezkx g(x/)/ dxe—zk(x—x )f(x _ x/)
— —0o0

o]

= F()G (k). (4.5.17)
Hence, by taking the inverse transform of this result,

%/ e”‘xf?(k)f}(k)dkz/ g(xX) f(x —x)dx'

o]

=/ glx —xf(xdx'. (4.5.18)

o]

The latter equality is accomplished by renaming the integration variables. Note
that if f(x) = §(x —x’), then F(k) = 1, and Eq. (4.5.18) reduces to the known
transform pair for g(x), that is, g(x) = ﬁ f_oooo G (k)e'™ dk.

A special case of Eq. (4.5.18) is the so-called Parseval formula, obtained
by taking g(x) = f (—x), where f (x) is the complex conjugate of f(x), and
evaluating Eq. (4.5.17) at x = 0:

/ f)f(x)dx = 1 /Oo Fo)G (k) dk.
—o0 27 J_ o

Function G (k) is now the Fourier transform of f (=x):

Gk) = /00 e (—x)dx = /00 e (x)dx

o] —0Q

= ( / " it f(x)dx) = (F(k))

Hence we have the Parseval formula:

oo ) 1 o0 " b
/ | fI2(x)dx = 7 / |Fk)|” dk (4.5.19)
—00 T J-x

In some applications, ffooo | £12(x) dx refers to the energy of a signal. Fre-
quently it is the term ffooo |F (k)|* dk which is really measured (it is some-
times referred to as the power spectrum), which then gives the energy as per
Eq. (4.5.19).
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In those cases where we have f(x) being an even or odd function, then
the Fourier transform pair reduces to the so-called cosine transform or sine
transform pair. Because f(x) being even/odd in x means that £ (k) will be
even or odd in k, the pair (4.5.1)—(4.5.2) reduces to statements about semiinfinite
functions in the space L? on (0, o0) (i.e., fooo |f(x)|2dx < 00) or in the space
L' on (0, 00) (i.e., fooo | f(x)]dx < o0). For even functions, f(x) = f(—x),
the following definitions

1
V2

(or more generally (k) = aF.(k), f(x) = bf.(x), a = 2b, b # 0) yield the
Fourier cosine transform pair

fx) = —=fe(x), Fk) = V2F.(k) (4.5.20)

fo(x) = 2 / b F.(k) coskx dk (4.5.21)
T Jo

E(k) = /OO fe(x)coskx dx 4.5.22)
0

For odd functions, f(x) = — f(—x), the definitions

1 R .
X)=—=fx), Fk)=—-2iFk
fx) ﬁf (x) (k) (k)
yield the Fourier sine transform pair
2 (.
fi(x) = —/ Fs (k) sinkx dk (4.5.23)
T Jo
Fy(k) = / £, (x) sinkx dx (4.5.24)
0

Obtaining the Fourier sine or cosine transform of a derivative employs inte-
gration by parts; for example

Fc,l(k):/ f/(x) coskx dk
0

= [f(x) coskx]y® + k/oo f(x)sinkx dk = kEy(k) — f(0) (4.5.25)
0
and
Foy(k) = /00 f'(x) sinkx dk
0
= f0osinkel — & [ " fycoskr dk = —kFu() (45.26)
0

are formulae for the first derivative. Similar results obtain for higher derivatives.
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It turns out to be useful to extend the notion of Fourier transforms. One way
to do this is to consider functions that have support only on a semi-interval.
We take f(x) = 0 on x < 0 and replace f(x) by e f(x)(c > 0) for
x > 0. Then Egs. (4.5.1)—(4.5.2) satisfy, using F(k) from Eq. (4.5.2) in
Eq. (4.5.1):

1 [ ; L ,
e—c-xf(x) — 2_/ dk elkx |:/ e—th P f()C/) dx/:|
T J- 0

o0

hence

1 o0 . © . ’
f(X) — _/ dk e(c+tk)x |:/ ef(chlk)x f(X/) dx/:|
2n —0o0 0

Within the above integrals we define s = ¢ + ik, where c is a fixed real
constant, and make the indicated redefinition of the limits of integration to
obtain

c+ioo o
fx) = L ds e** (/ e f(x)) dx/)
2mi 0

c—ioo

or, in a form analogous to Egs. (4.5.1)-(4.5.2):
1 c+ioco .
fx) = —/ F(s)e** ds 4.5.27)
270 Jo—ioo

F(s) = / ~ f(x)e * dx (4.5.28)
0

Formulae (4.5.27)—(4.5.28) are referred to as the Laplace transform (F(s))
and the inverse Laplace transform of a function ( f (x)), respectively. The usual
function space for f(x) in the Laplace transform (analogous to L' N L? for
f(x) in Eq. (4.5.1)) are those functions satisfying:

/oo e f(x)] dx < co. (4.5.29)
0

Note Re s = ¢ in Egs. (4.5.27)—(4.5.28). If Eq. (4.5.29) holds for some ¢ > 0,
then f(x) is said to be of exponential order.

The integral (4.5.27) is generally carried out by contour integration. The
contour from ¢ — ioo to ¢ + i oo is referred to as the Bromwich contour, and
c is taken to the right of all singularities in order to insure (4.5.29). Closing the
contour to the right will yield f(x) = 0 for x < 0.
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Fig. 4.5.1. Bromwich contour, Example 4.5.2

We give two examples.

Example 4.5.2 Evaluate the inverse Laplace transform of F(s) =
w > 0. See Figure 4.5.1.

1 c+ioo SX
fo=s [ g

270 Jolioo S22+ w2

with

1
s24w??

For x < 0 we close the contour to the right of the Bromwich contour. Because
no singularities are enclosed, we have, on Cg,

s =c+ Re' - <6 < T

B T2 2

thus f(x) = 0,x < 0O because fCR — 0 as R — o0. On the other hand, for

x > 0, closing to the left yields (wé note that | ¢, — 0as R — oo where on
1

Cr:s=c+Re 2 <0<

2 eSX
f(X)Zjil Res (s2+w2§Sj>, Sp=1iw, 8§ =—iw

vy eTiwxY  sinwx
fx) = - = (x >0)

2iw 2iw w

Example 4.5.3 Evaluate the inverse Laplace transform of the function
F(s) =s7¢, O<a<l)

where we take the branch cut along the negative real axis (see Figure 4.5.2).
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c+iR

c-iR
Fig. 4.5.2. Contour for Example 4.5.3

As is always the case, f(x) = 0 for x < 0 when we close to the right.
Closing to the left yields (schematically)

f(x)+</ w4 4 +/>is?ews=o
Cr, Crpy s=rei” s=re~iT € 2mi

The right-hand side vanishes because there are no singularities enclosed by this
contour. The integrals fCRA’ fCRB’ and [ vanishas R — 0o (on Cg, : s =

c+Re. % <0 <mionCg,:s=c+Re -1 <6< F),ande - 0
(onC, : s = €€, — < 6 < ). On C. we have

F
/ _(s') et ds
C. 27l

5/ = $ 4 — 0
27

- e—>0

Hence

10 , 1 [ ,
f(x) — 2—/ r e e dr — o r e e dr =0
Tl Jr=c0 Tl Jr=0

or
iar __ ,—iam oo
fx) = (676_)/ r e dr (4.5.30)
27Tl 0
The gamma function, or factorial function, is defined by

'(z) = / wle " du 4.5.31)
0
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This definition implies that I'(n) = (n — 1)! when = is a positive integer:
n =1,2,....Indeed, we have by integration by parts

Fn+ 1D =[-u"e "]+ n/ u" e " du
0
=nl'(n) (4.5.32)

and when z = 1, Eq. (4.5.31) directly yields I'(1) = 1. Equation (4.5.32)
is a difference equation, which, when supplemented with the starting condi-
tion I'(1) = 1, can be solved for all n. So when n = 1, Eq. (4.5.32) yields
re)=rq)=1; when n =2, I'(3) =2I'(2) = 2!, ..., and by induction,
['(n) = (n — 1)! for positive integer n. We often use Eq. (4.5.31) for general
values of z, requiring only that Re z > 0 in order for there to be an integrable
singularity at u = 0. With the definition (4.5.31) and rescaling rx = u we have

sinam

fx) = ( )x“—lr(l —a)

The Laplace transform of a derivative is readily calculated.
n o0
Fi(s) = / f(x)e ™ dx
0

= [f(x)e*”]g" +s/0 fx)e > dx
=sF(s)— f(0)

By integration by parts n times it is found that

Fo(s) / FP(x)e™*dx
0

— SnF(S) _ f(nfl)(o) _ sf(n72)(0) .
— "2 f'(0) — 5" £(0) (4.5.33)

The Laplace transform analog of the convolution result for Fourier transforms
(4.5.17) takes the following form. Define

h(x) = /x g fx —x')dx' (4.5.34)
0

We show that the Laplace transform of 4 is the product of the Laplace transform
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of gand f.

H(s) = /oo h(x)e ™ dx
0

= /00 dx e™** /X g(xNfx —xdx'

0 0

By interchanging integrals, we find that
. o0 oo
H(s) = / dx’ g(x") / dxe™ f(x —x')
0 x’
o ’ R ’
=/ dx' g(x')e™** / dx e %) f(x —x")
0 x’

:/ dx/g(x/)e_”// du e ™" f(u)
0 0

hence
H(s) = G(s)F(s) (4.5.35)

The convolution formulae (4.5.34—4.5.35) can be used in a variety of ways. We
note that if F(s) = 1/s, then Eq. (4.5.27) implies f(x) = 1. We use this in the
following example.

Example 4.5.4 Evaluate h(x) where the Laplace transform of 4 (x) is given by

N 1
H = —
() s(sZ+1)
We have two functions:
F(s) =2 Gy =
V=g ) +1

Using the result of Example 4.5.2 shows that g(x) = sin x; hence Eq. (4.5.35)
implies that

X
hx) = / sinx"dx' =1—cosx
0

This may also be found by the partial fractions decomposition

o=
§)=—-—— 5
s s2+1
and noting that F(s) = 747 has, as its Laplace transform, f(x) = cos wx.
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Problems for Section 4.5

Obtain the Fourier transforms of the following functions:
1
x2+a?’
sinax

(x+b)2 4%

a’>>0

@ e (b

1

2
e CF0 @

a,b,c> 0.

()

Obtain the inverse Fourier transform of the following functions:

1 1

2
—_ —_— 0
k2 + w? (k% + w?)? =

(a) w>>0 (b

Note the duality between direct and inverse Fourier transforms.

Show that the Fourier transform of the “Gaussian”
f(x) = exp(—(x — x0)?/a*) xo, a real, is also a Gaussian:

Fk) = aﬁe—(kaﬂ)ze—ikxo

Obtain the Fourier transform of the following functions, and thereby show
that the Fourier transforms of hyperbolic secant functions are also related
to hyperbolic secant functions.
(a) sech[a(x — x¢)]e™, a, xg, w real
(b) sech’[a(x —xp)], a, xo real

(a) Obtain the Fourier transform of f(x) = (sinwx)/(x), w > 0.
(b) Show that f(x) in part (a) is not L, that is, ffcoo | f(x)|dx does

not exist. Despite this fact, we can obtain the Fourier transform,

so f(x) € L; is a sufficient condition, but is not necessary, for the
Fourier transform to exist.

Suppose we are given the differential equation
d2
P =00

with u(x = £00) =0, w > 0.
(a) Take the Fourier transform of this equation to find (using Eq. (4.5.16))
Uk) = F(k)/(k* + o)

where U (k) and F (k) are the Fourier transform of u(x) and f(x),
respectively.
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(b) Use the convolution product (4.5.17) to deduce that
1 o0

u() = / e (1) de
20 J_s

and thereby obtain the solution of the differential equation.
7. Obtain the Fourier sine transform of the following functions:

sin wx

(©)

X
wx’ O b - -,
(a) e w > ()x2+1 poa

w>0

8. Obtain the Fourier cosine transform of the following functions:

—w COS WX
(a)e x,(!)>0 (b)m (C)m,a)>0
9. (a) Assume that u(oc0) = 0O to establish that
® J%y N
/ —— sinkx dx = ku(0) — k*U, (k)
0 dx2
where IAJS(k) = fooou(x) sinkx dx is the sine transform of u(x)

(Eq. (4.5.23)).
(b) Use this result to show that by taking the Fourier sine transform of
d2
L =g
with u(0) = ug, u(oo) = 0, > 0, yields, for the Fourier sine
transform of u(x)

uok + Fy (k)

Us(k) = 2+ ol

where F, (k) is the Fourier sine transform of fx).
(c) Use the analog of the convolution product for the Fourier sine trans-
form

1 o0
5 /0 LF(x = ¢ — fx +O)1g () de

2 [ o A
= —/ sinkx F, (k)G (k) dk,
T Jo
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where Fc(k) is the Fourier cosine transform of f(x) and G, (k) is
the Fourier sine transform of g(x), to show that the solution of the
differential equation is given by

u(x) = upe " + L / (e7 P8l — 7ty p(2) d¢
20) 0

(The convolution product for the sine transform can be deduced from the
usual convolution product (4.5.17) by assuming in the latter formula that
f(x) is even and g(x) is an odd function of x.)

10. (a) Assume that u(co) = 0 to establish that

® g2 d R
/ ﬁ coskx dx = —ﬁ(m — K20,k
0

where U, k) = fooo u(x) cos kx dx is the cosine transform of u(x).
(b) Use this result to show that taking the Fourier cosine transform of

d? d
—u—a)zuz—f(x), with —M(O)zuo/, u(c0) =0, w>0
dx? dx

yields, for the Fourier cosine transform of u(x)

Fo(k) — ug/

Uc(k) = k2 T w2

where F, (k) is the Fourier cosine transform of f (x).
(c) Use the analog of the convolution product of the Fourier cosine
transform

1 o0
5/0 (Fx =) + fOr +0)g@) de

2 [* o N
= —/ coskxF.(k)G.(k)dk
T Jo

to show that the solution of the differential equation is given by

o' ox , L [T —eixtl ol
u(x)=——e "+ — [ (e +e ) F(©)d¢
w 2w Jo
(The convolution product for the cosine transform can be deduced from
the usual convolution product (4.5.17) by assuming in the latter formula
that f(x) and g(x) are even functions of x.)
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11. Obtain the inverse Laplace transforms of the following functions, assum-
ing w, wy, w > 0.

) 1 1
@i oo © Gran
Ky 1 1
@D oror @ erancrae Dot
1 1
© (h)

8 (s + w1)? + w7 (52 — w?)?

12. Show explicitly that the Laplace transform of the second derivative of a
function of x satisfies

/ P e dx = 82F(s) — s£(0) — £1(0)
0

13. Establish the following relationships, where we use the notation L£( f (x))

= F(s):

(a) LE fx)=F@s—a) a>0

(b) L(fx—a)H(x—a)=e “F(s) a>0,
where

1 x>0

H(x):{o x<0

(c) Use the convolution product formula for Laplace transforms to show
that the inverse Laplace transform of Hs)=1 /(53 (s +w?)), 0 >0

satisfies
1 X
h(x) = —/ x'sinw(x — x")dx’
w Jo
X sin wx
w? w?

Verify this result by using partial fractions.

14. (a) Show that the inverse Laplace transform of F (s) = e

is given by

/s,a >0,

r

0 o 12
fx)=1- l/ sin(ar 77) )e’” dr
T Jo

Note that the integral converges at r = 0.
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(b) Use the definition of the error function integral

2 /X 2
erfx = — e dr
v Jo

to show that an alternative form for f(x) is

fx)y=1-— erf<2j/)_c>

(c) Show that the inverse Laplace transform of £'(s) = e~ /s
0, is given by

12 a >

F1/2

1 [ cos(ar'’?) -
fx) = —/ ——e "dr
T Jo

or the equivalent forms

f( ) 2 /oo au 7u2d 1 7a2/4x
X)=—— cos —e u=-—e
7% Jo Jx JTX

Verify this result by taking the derivative with respect to a in the
formula of part (a).

(d) Follow the procedure of part (c) and show that the inverse Laplace
transform of F(s) = ¢~ is given by

—a®/4x

a
Sx) = We

Show that the inverse Laplace transform of the function

N 1
Fis) = ———
V52 + w?

o > 0, is given by

1 [® e 2 ! cos(wxp)
fo=— | e—ar=" | gy
T Jow VO =12 T Jo /11— p?
(The latter integral is a representation of Jo(wx), the Bessel function of
order zero.) Hint: Deform the contour around the branch points s = Fiw,
then show that the large contour at infinity and small contours encircling
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16.

17.

18.

4 Residue Calculus and Applications of Contour Integration

+iw are vanishingly small. Itis convenient to use the polar representations
s+ioy = re® ands—iw, = re'®”, where —=3mw/2 < 6; < m/2,i = 1,2,
and (s* + o?) V2 — /i1t ¢! @+0/2 The contributions on both sides of
the cut add to give the result.

Show that the inverse Laplace transform of the function F(s) = (logs)/
(s> + w?), w > 0 is given by

1 o0 —rXx
F) = 2= coswx + (log ) m X —/ 4 forx>0
2w w e 0

Hint: Choose the branch s = re'?, —7 < 6 < 7. Show that the contour at
infinity and around the branch point s = 0 are vanishingly small. There
are two contributions along the branch cut that add to give the second

(integral) term; the first is due to the poles at s = £iw.

(a) Show that the inverse Laplace transform of £ (s) = log s is given by
fi) =—1/x.

(b) Do the same for F,(s) = log(s + 1) to obtain f>(x) = —e™*/x.

(c) Find the inverse Laplace transform F(s) = log((s + 1)/s) to obtain
f(x) = (1 —e™)/x, by subtracting the results of parts (a) and (b).

(d) Show that we can get this result directly, by encircling both the s = 0
and s = —1 branch points and using the polar representations s + 1 =
rel?, s = e, —m <0 <m, i =1,2.

Establish the following results by formally inverting the Laplace transform.

Fo =" L
§) = ————, >0,
s14ets
4 . nmx
fx) = n:; <E) sin ~

Note that there are an infinite number of poles present in F(s); conse-
quently, a straightforward continuous limit as R — oo on a large semi-
circle will pass through one of these poles. Consider a large semicircle
Cr,, where Ry encloses N poles (e.g. Ry = ”Ti(N + %)) and show that
as N — 00, Ry — o0, and the integral along Cg, will vanish. Choos-
ing appropriate sequences such as in this example, the inverse Laplace
transform containing an infinite number of poles can be calculated.
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19. Establish the following result by formally inverting the Laplace transform

X _ l sinh(sy)
F© =1 5o

fx) = % + nzz; 2(’1—711)" sin <?) cos (MTX)

See the remark at the end of Problem 18, which explains how to show
how the inverse Laplace transform can be proven to be valid in a situation
such as this where there are an infinite number of poles.

>0

*4.6 Applications of Transforms to Differential Equations

A particularly valuable technique available to solve differential equations in
infinite and semiinfinite domains is the use of Fourier and Laplace transforms.
In this section we describe some typical examples. The discussion is not in-
tended to be complete. The aim of this section is to elucidate the transform
technique, not to detail theoretical aspects regarding differential equations. The
reader only needs basic training in the calculus of several variables to be able
to follow the analysis. We shall use various classical partial differential equa-
tions (PDEs) as vehicles to illustrate methodology. Herein we will consider
well-posed problems that will yield unique solutions. More general PDEs and
the notion of well-posedness are investigated in considerable detail in courses
on PDEs.

Example 4.6.1 Steady state heat flow in a semiinfinite domain obeys Laplace’s
equation. Solve for the bounded solution of Laplace’s equation

3¢ (x, y) " P(x,y)
0x2 ay?

0 4.6.1)

in the region —00 < x < 00, y > 0, where on y = 0 we are given ¢ (x,0) =

h(x)withh(x) € L'NL* (e, [* |h(x)|dx < ooand [ |h(x)[*dx < o).
This example will allow us to solve Laplace’s Equation (4.6.1) by Fourier

transforms. Denoting the Fourier transform in x of ¢ (x, y) as <i>(k, y):

Bk, y) = / e b (x, y) dx

taking the Fourier transform of Eq. (4.6.1), and using the result from Section 4.5
for the Fourier transform of derivatives, Eqs. (4.5.16a,b) (assuming the validity
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of interchanging y-derivatives and integrating over k, which can be verified
a posteriori), we have

P’ .
S ke =0 4.6.2)
y

Hence
bk, y) = A(k)e® + Bk)e ™

where A (k) and B(k) are arbitrary functions of k, to be specified by the boundary
conditions. We require that & (k, y) be bounded for all y > 0. In order that
<i>(k, y) yield a bounded function ¢ (x, y), we need

bk, y) = Clk)e K (4.6.3)

Denoting the Fourier transform of ¢ (x, 0) = h(x) by H (k) fixes C (k) = H(k),
so that

Bk, y) = Hk)e Y (4.6.4)
From Eq. (4.5.1) by direct integration (contour integration is not necessary) we
find that F(k, y) = ¢ %17 is the Fourier transform of f(x,y) = %%ﬂz, thus

from the convolution formula Eq. (4.5.17) the solution to Eq. (4.6.1) is given by

I yh(x) ,
,y) = — ———d 4.6.5
bx, ) ﬂ[m(x_x,)2+y2 x (465)
If h(x) were taken to be a Dirac delta function concentrated at x = ¢, h(x) =
hy(x —¢) = 8(x — ¢), then H(k) = e~*¢, and from Eq. (4.6.4) directly (or
Eq. (4.6.5)) a special solution to Eq. (4.6.1), ¢ (x, y) is

1
ds(x,y) =Gx —¢,y) = 7'[<(x—§)))2+yz> (4.6.6)

Function G (x — ¢, y) is called a Green’s function; it is a fundamental solution
to Laplace’s equation in this region. Green’s functions have the property of
solving a given equation with delta function inhomogeneity. From the boundary
values hs(x — ¢, 0) = §(x — ¢) we may construct arbitrary initial values

¢(x,0) =/ h(§)é(x = &) dt = h(x) (4.6.7a)

o]
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and, because Laplace’s equation is linear, we find by superposition that the
general solution satisfies

¢(x,y)=/ h(§) G(x =&, y)d¢ (4.6.7b)

o0

which is Eq. (4.6.5), noting that ¢ or x” are dummy integration variables. In
many applications it is sufficient to obtain the Green’s function of the underlying
differential equation.

The formula (4.6.5) is sometimes referred to as the Poisson formula for a
half plane. Although we derived it via transform methods, it is worth noting
that a pair of such formulae can be derived from Cauchy’s integral formula. We
describe this alternative method now. Let f(z) be analytic on the real axis and
in the upper half plane and assume f(¢) — 0 uniformly as { — oo. Using a
large closed semicircular contour such as that depicted in Figure 4.2.1 we have

@
f(z)—%jig_zdc

1 @,

= 2mi C{—Z

where Imz > 0 (in the second formula there is no singularity because the
contour closes in the upper half plane and { = Z in the lower half plane).
Adding and subtracting yields

Fo) = 7( f(;“)( Z)dc

The semicircular portion of the contour Cg vanishes as R — oo, implying
the following on Im ¢ = O for the plus and minus parts of the above integral,
respectively: calling z = x +iy and ¢ = x" +iy/,

fx,y) = / f&, y—0)< X=X >dx'
X2 4 y?

roo =1 [ rey =0 )

Calling

f@)=flx,y) =ulx, y)+ivix,y), Re f(x,y =0) =u(x,0) = h(x)
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and taking the imaginary part of the first and the real part of the second of the
above formulae, yields the conjugate Poisson formulae for a half plane:

—1 [ ’_
=5 [ ()

1 oo
M()C, y) = ; /ool’l(x/)<(x_x,yw> dx/

Identifying u(x, y) as ¢ (x, y), we see that the harmonic function u(x, y) (be-
cause f(z) is analytic its real and imaginary parts satisfy Laplace’s equation) is
given by the same formula as Eq. (4.6.5). Moreover, we note that the imaginary
part of f(z), v(x, y), is determined by the real part of f(z) on the boundary.
We see that we cannot arbitrarily prescribe both the real and imaginary parts
of f(z) on the boundary. These formulae are valid for a half plane. Similar
formulae can be obtained by this method for a circle (see also Example 10,
Section 2.6).

Laplace’s equation, (4.6.1), is typical of a steady state situation, for example,
as mentioned earlier, steady state heat flow in a uniform metal plate. If we have
time-dependent heat flow, the diffusion equation

a

9 _ kv (4.6.8)

ot
is a relevant equation with k the diffusion coefficient. In Eq. (4.6.8), V? is the
Laplacian operator, which in two dimensions is given by V? = % + % In
one dimension, taking k = 1 for convenience, we have the following initial
value problem:

Ip(x, 1) %P(x,1)
ar  9x2

(4.6.9)

The Green’s function for the problem on the line —co < x < oo is obtained
by solving Eq. (4.6.9) subject to

¢(x,0) =68(x —¢)

Example 4.6.2 Solve for the Green’s function of Eq. (4.6.9). Define

bk, 1) = /OO e *p(x, 1) dx

—00
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whereupon the Fourier transform of Eq. (4.6.9) satisfies

ad(k, t .
# = —k*®(k, 1) (4.6.10)
hence
Sk, 1) = Bk, 0)e 1 = g~k (4.6.11)

where ®(k, 0) = e¢~*¢ is the Fourier transform of ¢(x,0) =6(x — ¢). Thus,
by the inverse Fourier transform, and calling G (x — ¢, t) the inverse transform
of (4.6.11),

1 o
G(x—¢, 1) = 7 eHRmOK g

o0
— e*(X*{)Z/‘” . i/ e*(k*i?f)zt dk
27 J_ o

_6=0?
e 4t

where we use ffooo e du = /7. Arbitrary initial values are included by
again observing that

o0

d)(x,O):h(X):/ h(£)é(x —¢)dt

—00

which implies

o 1 e a-0?
X, 1) = Gx—¢,0h()dt = —— h(¢)e % d¢ (4.6.13
o= [ Gu—con@d = [ ¢ @6.13)

The above solution to Eq. (4.6.9) could also be obtained by using Laplace
transforms. It is instructive to show how the method proceeds in this case. We
begin by introducing the Laplace transform of ¢ (x, t) with respect to ¢:

d(x,s) = /oo e P(x,1)dt (4.6.14)
0

Taking the Laplace transform in ¢ of Eq. (4.6.8), with ¢(x,0) = §(x — ¢),
yields
54

0P A
—z(x,s)—s@(x,s)z—S(x—é’) (4.6.15)
0x
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Hence the Laplace transform of the Green’s function to Eq. (4.6.9) satisfies
Eq. (4.6.15). We remark that generally speaking, any function G (x — ¢) satis-

fying
LG(x =¢)=—b0(x=0)

where L is a linear differential operator, is referred to as a Green’s function. The
general solution corresponding to ¢ (x, 0) = h(x) is obtained by superposition:
o(x,t) = ffcoo G(x — ¢)h(¢)d¢. Equation (4.6.15) is solved by first finding
the bounded homogeneous solutions on —oo < x < oo, for (x — ¢) > 0 and
x—=¢)<0:

d . (x—¢,5)=A@)e" 0 forx—¢>0
& (x—¢,5)=B(s)e' O forx—¢ <0 (4.6.16)

where we take s!/2 to have a branch cut on the negative real axis; that is,
s =re?, —7 <6 < ;. This will allow us to readily invert the Laplace trans-
form (Re s > 0).

The coefficients A(s) and B(s) in Eq. (4.6.16) are found by (a) requiring
continuity of dx — g,s) at x = ¢ and by (b) integrating Eq. (4.6.15) from
X = —¢€,t0ox = + €, and taking the limit as € — 0*. This yields a jump
condition on Z;#:I;(x —Z,8):

b x—¢=07
{_(x s s)} — (4.6.17)
ax r—f=0-
Continuity yields A(s) = B(s), and Eq. (4.6.17) gives

—s'2A(@s) —s'?B(s) = —1 (4.6.18a)
hence

A(s) = B(s) = (4.6.18b)

25172
Using Eq. (4.6.16), <f’(x — ¢, §) is written in the compact form:

—gl/2—
o=l

&’(X—C,S)ZW

(4.6.19)

The solution ¢ (x, t) is found from the inverse Laplace transform:

1 ct+ioco ,—s'?|x—z| st
) = — —d 4.6.20
¢(x, 1) i /Hoo 2512 s ( )
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for ¢ > 0. To evaluate Eq. (4.6.20), we employ the same keyhole contour as
in Example 4.5.3 in Section 4.5 (see Figure 4.5.2). There are no singularities
enclosed, and the contours Cy and C. at infinity and at the origin vanish in the
limit R — oo, € — 0, respectively. We only obtain contributions along the
top and bottom of the branch cut to find

-1 0 e*irl/zle{\efrt )
pien = o [ e

2mi Jos  2rV/2eim/2

-1 00 gir'/zlegl gfrt

27i J S € dr 4.6.21)

172 172

In the second integral we putr '/ = u; in the first we put '/~ = u and then take
u — —u, whereupon we find the same answer as before (see Eq. (4.6.12)):

1 o 2 .
d(x,t) = — o= g,
27 J_o
L T
27 ) o
e’(x*5)2/4t
B 27‘/% (4.6.22)

The Laplace transform method can also be applied to problems in which the
spatial variable is on the semiinfinite domain. However, rather than use Laplace
transforms, for variety and illustration, we show below how the sine transform
can be used on Eq. (4.6.9) with the following boundary conditions:

0
PO =0, pr=00=ho), lim Lx,n=0,  ©@623)
x—>00 JX
Define, following Section 4.5

2 [,
d(x,t) = —/ b, (k,t) sinkx dk (4.6.24a)
T Jo

&, (k1) = / ” b (x, 1) sinkx dx (4.6.24b)
0
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We now operate on Eq. (4.6.9) with the integral fooo dx sinkx, and via integra-
tion by parts, find

00 82 a e e} o0 a
/ —¢sinkxdx = —¢(x,t) sinkx —k/ —¢coskxdx
o 0x2 9x £ o Ox

= k¢ (0. 1) — K*®; (k. 1) (4.6.25)
whereupon the transformed version of Eq. (4.6.9) is

ad,
ot

(k1) 4+ K*®,(k, 1) = k h(t) (4.6.26)
The solution of Eq. (4.6.26) with ¢ (x, 0) = 0 is given by
t
b, (k, 1) = / (ke = gt (4.6.27)
0

If ¢ (x, 0) were nonzero, then Eq. (4.6.27) would have another term. For sim-
plicity we only consider the case ¢ (x, 0) = 0. Therefore

2 [ ' ,
p(x, 1) = = / dk sin kx { / h(t'ye K=k dt’} (4.6.28)
T Jo 0

By integration we can show that (use sin kx = (e’** — ¢=*¥)/2 and integrate
by parts to obtain integrals such as those in (4.6.12))

o0
Jx,t—1) = / ke R sinkx dk
0

ﬁxe—x2/4(t—t’)

hence by interchanging integrals in Eq. (4.6.28), we have

o(x, 1) = %/@ h(tYJ(x,t —t)dt

When h(t) = 1, if we call n = m’ then dn = mdﬂ, and we have
2 o0
bl 1) = —/ e dn
T ) x>
b

x
= erfc(z\/;) (4.6.30)
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We note that erfc(x) is a well-known function, called the complementary
error function: erfc(x) = 1 — erf(x), where erf(x) = % Iy edy.

It should be mentioned that the Fourier sine transform applies to problems
such as Eq. (4.6.23) with fixed conditions on ¢ at the origin. Such solutions
can be extended to the interval —co < x < oo where the initial values
¢ (x,0) are themselves extended as an odd function on (—o0, 0). However,
if we should replace ¢ (x = 0, ¢) = h(¢) by a derivative condition, at the ori-
gin, say, % (x =0, t) = h(t), then the appropriate transform to use is a cosine
transform.

Another type of partial differential equation that is encountered frequently
in applications is the wave equation

— = ——=F(x,1) (4.6.31)

where the constant ¢, ¢ > 0, is the speed of propagation of the unforced wave.
The wave equation governs vibrations of many types of continuous media with
external forcing F(x, t). If F(x, t) vibrates periodically in time with constant
frequency w > 0, say, F(x,t) = f (x)e'®, then it is natural to look for special
solutions to Eq. (4.6.31) of the form ¢ (x, 1) = ®(x)e’". Then ®(x) satisfies

2 2
e (‘;’) &= f(x) (4.6.32)

0x2

A real solution to Eq. (4.6.32) is obtained by taking the real part; this would
correspond to forcing of ¢ (x, t) = ¢ (x) cos wt. If we simply look for a Fourier
transform solution of Eq. (4.6.32) we arrive at

®(x) = -1 / _FR) ik dk (4.6.33)

2 Je k2 — ()o2’

where (k) is the Fourier transform of f(x). Unfortunately, for the standard
contour C, k real, —oo < k < oo, Eq. (4.6.33) is not well defined because
there are singularities in the denominator of the integrand in Eq. (4.6.33) when
k = *xw/c. Without further specification the problem is not well posed. The
standard acceptable solution is found by specifying a contour C that is indented
below k = —w/c and above k = +w/c (see Figure 4.6.1); this removes the
singularities in the denominator.

This choice of contour turns out to yield solutions with outgoing waves at
large distances from the source F'(x, t). A choice of contour reflects an imposed
boundary condition. In this problem it is well known and is referred to as the
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=.2
o 7\ x
N = %

Fig. 4.6.1. Indented contour C

Sommerfeld radiation condition. An outgoing wave has the form e/®(=1*I/¢)
(as t increases, x increases for a given choice of phase, i.e., on a fixed point on
a wave crest). An incoming wave has the form ¢/“*+*/¢) " Using the Fourier
representation Fk) = ffooo f()e **d¢ in Eq. (4.6.33), we can write the
function in the form

P(x) = / f)Hx — ¢, w/c)dt (4.6.34a)
where
-1 eik(x=0)

and the contour C is specified as in Figure 4.6.1. Contour integration of
Eq. (4.6.34b) yields

i o=ilx—tl@/o)
H(x —-¢ o/c) = T/C) (4.6.34¢)

At large distances from the source, |x| — 0o, we have outgoing waves for the

solution ¢ (x, 1):

. o0
d(x, 1) =Red —— / F(o)eiet—h=elo ge L (4.6.34d)
2/c) J-w
Thus, for example, if f(¢) is a point source: f () = §(¢ —xo) where §(¢ — xo)
is a Dirac delta function concentrated at xg, then (4.6.34d) yields

1
2(w/c)

Px, 1) =— sinw(t — |x — xol/c). (4.6.34¢)

An alternative method to find this result is to add a damping mechanism to
the original equation. Namely, if we add the term —e %—‘f to the left-hand side
of Eq. (4.6.31), then Eq. (4.6.33) is modified by adding the term iew to the
denominator of the integrand. This has the desired effect of moving the poles
off the real axis (k; = —w/c + iea, k, = +w/c — iea, where @ = constant)
in the same manner as indicated by Figure 4.6.1. By using Fourier transforms,
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and then taking the limit ¢ — 0 (small damping), the above results could have
been obtained.
In practice, wave propagation problems such as the following one

du  du

m + Pyl =0, —00 < X < 00, u(x,0) = f(x), (4.6.35)

where again f(x) € L'NL?, are solved by Fourier transforms. Function u(x, t)
typically represents the small amplitude vibrations of a continuous medium such
as water waves. One looks for a solution to Eq. (4.6.35) of the form

oo
u(x,r) = 1 / bk, t)e'*™ dk (4.6.36)
27 J_oo
Taking the Fourier transform of (4.6.35) and using (4.5.16) or alternatively, sub-
stitution of Eq. (4.6.36) into Eq. (4.6.35) — assuming interchanges of derivative
and integrand are valid (a fact that can be shown to follow from rapid enough
decay of f(x) at infinity, thatis, f € L' N L?) yields

ob

— —ik*h=0 (4.6.372)
ot
hence
bk, t) = b(k, 0)e*" (4.6.37b)
where
bk, 0) = / f(x)e * dx (4.6.37¢)
-0

The solution (4.6.36) can be viewed as a superposition of waves of the form
ehx—ioW®it "4y (k) = —k3. Function w (k) is referred to as the dispersion rela-
tion. The above integral representation, for general f(x), is the “best” one can
do, because we cannot evaluate it in closed form. However, as t — o0, the
integral can be approximated by asymptotic methods, which will be discussed
in Chapter 6, that is, the methods of stationary phase and steepest descents.
Suffice it to say that the solution u(x, ) — 0 as t — oo (the initial values are
said to disperse as t — 00) and the major contribution to the integral is found
near the location where w'(k) = x/t; that is, x/t = —3k” in the integrand
(where the phase W = kx — w (k)¢ is stationary: % = 0). The quantity o’ (k)
is called the group velocity, and it represents the speed of a packet of waves
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centered around wave number k. Using asymptotic methods for x /¢ < 0, as
t — 00, u(x, t) can be shown to have the following approximate form

u(x, 1) ~ — (Z lj/(ﬁc_) i(kix+k,'3[+¢i)> (4.6.38)

ki = /—x/3t, ky = —/—x/3t, ¢, ¢; constant
When x/t > 0 the solution decays exponentially. As x/t — 0, Eq. (4.6.38)
may be rearranged and put into the following self-similar form

ulx,t) ~ ——Ax/30)'?) (4.6.39)

d
(3)1/3
where d is constant and A(n) satisfies (by substitution of (4.6.39) into (4.6.35))

Ay —nAy —A =0
or
A, —nA=0 (4.6.40a)

with the boundary condition A — 0 as n — oo. Equation (4.6.40a) is called
Airy’s equation. The integral representation of the solution to Airy’s equation
with A — 0, n — o0, is given by

e,
A = — / e/ 13 g (4.6.40b)
27 J_o

(See also the end of this section, Eq. (4.6.57).) Its wave form is depicted in
Figure 4.6.2. Function A(7n) acts like a “matching” or “turning” of solutions
from one type of behavior to another: i.e., from exponential decay as n — +oc0o
to oscillation as n — —oo (see also Section 6.7).

Sometimes there is a need to use multiple transforms. For example, consider
finding the solution to the following problem:

¢+¢

a2 Ty m’¢ = f(x,y), ¢, y) = 0asx’>+y*> — oo (4.6.41)

A simple transform in x satisfies

1 R .
p(x,y) = — / O (ky, y)e™* dk,
2w J_

o0
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Fig. 4.6.2. Airy function

We can take another transform in y to obtain

o0 o0
ox,y) = / / bk, kp)e Ry gk dk, (4.6.42)
—o0 J—00

(2m)?

Using a similar formula for f(x, y) in terms of its transform F (ky, k), we find
by substitution into Eq. (4.6.41)

-1 F(kl, kz)eiklirikzy
o(x,y) = @) k12 n k% e dky dk; (4.6.43)

Rewriting Eq. (4.6.43) using

N oo o0 . . ,
F ki, k) = / / f(x', y/)eflklx —ikayy dx’dy/
and interchanging integrals yields
[o.¢] oo
p(x,y) = / / fO& NG —x',y —y)dx' dy (4.6.442)
—00 J —00

where

zk1x+lkoy
G(x, dk dk 4.6.44b
(x,y) = (27_[)2/ / 122 1 ke ( )
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By clever manipulation, one can evaluate Eq. (4.6.44b). Using the methods of
Section 4.3, contour integration with respect to k; yields

1 o0 eikzy—a/kg-‘rmz\xl
Gx,y)= I
—00

£ Tk (4.6.452)
Vk3 +m? ’
Thus, for x # 0
2G o
0G ey = 30 [ iy Jenil g, (4.6.45b)

ox Y 4 oo

where sgnx = 1 forx > 0, and sgnx = —1forx < 0. Equation (4.6.45b) takes
on an elementary form for m = 0 (4/ k% = |ka|):

G ( ) X
i, y) =
ax Y 27 (x2 + y?)
and we have
1 2 2
G(x,y) = —In(x"+y°) (4.6.46)
4

The constant of integration is immaterial, because to have a vanishing
solution ¢ (x, y) as x> 4+ y> — oo, Eq. (4.6.44a) necessarily requires that
[°2 50, f(x, y)dxdy = 0, which follows directly from Eq. (4.6.41) by in-
tegration with m = 0. Note that Eq. (4.6.43) implies that when m = 0, for
the integral to be well defined, F (ky = 0, k, = 0) = 0, which in turn implies
the need for the vanishing of the double integral of f(x, y). Finally, if m # 0,
we only remark that Eq. (4.6.44b) or (4.6.45a) is transformable to an integral
representation of a modified Bessel function of order zero:

Gx,y)= —%Ko (m/x2+ y?) (4.6.47)

Interested readers can find contour integral representations of Bessel functions
in many books on special functions.

Frequently, in the study of differential equations, integral representations can
be found for the solution. Integral representations supplement series methods
discussed in Chapter 3 and provide an alternative representation of a class of
solutions. We give one example in what follows. Consider Airy’s equation in
the form (see also Eq. (4.6.40a))

d_zz —zy=0 (4.6.48)
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and look for an integral representation of the form

y(z) = / e () de (4.6.49)
C

where the contour C and the function v(¢) are to be determined. Formula
(4.6.49) is frequently referred to as a generalized Laplace transform and the
method as the generalized Laplace transform method. (Here C is generally not
the Bromwich contour.) Equation (4.6.49) is a special case of the more general
integral representation fc K (z,¢)v(¢)d¢. Substitution of Eq. (4.6.49) into
Eq. (4.6.48), and assuming the interchange of differentiation and integration,
which is verified a posteriori gives

/ (&%= 2v()e¥ds =0 (4.6.50)
c
Using
d d
zey = E(e“v) — e“i
rearranging and integrating yields
¢ 2 dv z¢
—[e“v(@)] . + v+ —)efdc =0 (4.6.51)
c dg

where the term in brackets, [-]¢, stands for evaluation at the endpoints of the
contour. The essence of the method is to choose C and v(¢) such that both
terms in Eq. (4.6.51) vanish. Taking

d
=0 (4.6.52)
dt
implies that
V() = Ae ¥, A = constant (4.6.53)

Thinking of an infinite contour, and calling { = R ¢'? we find that the
dominant term as R — oo in [-]¢ is due to v(¢), which in magnitude is given
by

0(0)] = |Ale™Feos30/3 (4.6.54)

Vanishing of this contribution for large values of ¢ will occur for cos 36 > 0,
that is, for

—% 4207 <360 < %—G-Znn, n=0,1,2 (4.6.55)
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/2

5m/6 /6
11
11

=7t/6
71/6 )

3n/2

Fig. 4.6.3. Three standard contours

So we have three regions in which there is decay:
-5 <0<% 0

7 <0< 5?” un (4.6.56)

n o< (1)

There are three standard contours C;, i = 1, 2 and 3, in which the integrated
term [-]¢ vanishes as R — oo, depicted in Figure 4.6.3. The shaded region
refers to regions of decay of v(¢).

The three solutions, of which only two are linearly independent (because the
equation is of second order), are denoted by

yi(z) = / e B g (4.6.57)
C;
«; being a convenient normalizing factor, i = 1, 2, 3. In order not to have a
trivial solution, one must take the contour C between any two of the decaying
regions. If we change variables { = ik then the solution corresponding to
i = 2,y(z), is proportional to the Airy function solution A(n) discussed
earlier (see Eq. (4.6.40b)).

Finally, we remark that this method applies to linear differential equations
with coefficients depending linearly on the independent variable. Generaliza-
tions to other kernels K (z, ¢) (mentioned below Eq. (4.6.49)) can be made and
is employed to solve other linear differential equations such as Bessel functions,
Legendre functions, etc. The interested reader may wish to consult a reference
such as Jeffreys and Jeffreys (1962).
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Problems for Section 4.6

Use Laplace transform methods to solve the ODE

d
Ld—); + Ry = f(), y(0)=yy, constantsL,R >0
(a) Let f(t) = sinwot, wy > 0, so that the Laplace transform of f(¢) is

F(s) = wo/(s® + wy?). Find

[0} —By n R sin wot
. Ko smor
L((R/L)* + wo?) L? ((R/L)* + wp?)

¥(1) = yoe ' +

o COS wyt

L ((R/L)* + w?)

(b) Suppose f(¢) is an arbitrary continuous function that possesses a
Laplace transform. Use the convolution product for Laplace trans-
forms (Section 4.5) to find

o ,
Y(6) = yoe F' + Z/ Fhe 2 ar
0

(c) Let f(t) = sinwyt in (b) to obtain the result of part (a), and thereby
verify your answer.

This is an example of an “L,R circuit” with impressed voltage f () arising
in basic electric circuit theory.

Use Laplace transform methods to solve the ODE

2

oy ’ ;
W_kyzf(t), k>0, yO0) =y, y(0) =y,

(@) Let f(t) = e ™ ky # k, ko > 0, so that the Laplace transform of
f@)is F(s) = 1/(s + ko), and find

}’0/ e*kot
y(t) = ypcoshkt + ? sinh kt + m
hkt ko/k
cos (ko/B) sinh k¢

k=K k) — k2
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(b) Suppose f(¢) is an arbitrary continuous function that possesses a
Laplace transform. Use the convolution product for Laplace trans-
forms (Section 4.5) to find

t—1")

/ ’ inh k
y(t) = yocoshkt +%sinhkt+/ f(t/)smf
0

dt’

(c) Let f(t) = e~ in (b) to obtain the result in part (a). What happens
when kg = k?

Consider the differential equation

3

d ’ 4
Tg+wo3y=f(t), wo >0, y0)=y(©0)=y(0)=0

(a) Find that the Laplace transform of the solution, ¥ (s), satisfies (as-
suming that f(¢) has a Laplace transform F(s))

F(s)

()= O

(b) Deduce that the inverse Laplace transform of 1/ (83 4+ wod) is given
by

et 2 wo T
ht) =S 2 oo (N3 = T
=302 " 302’ (3 3

and show that
t
y(®) =/ h(t") f(t — ") dt’
0

by using the convolution product for Laplace transforms.

Let us consider Laplace’s equation (32¢)/(dx2) + (32¢)/(3y?) = 0, for
—00 < x < oo and y > 0, with the boundary conditions (d¢/dy)(x, 0)
= h(x) and ¢ (x, y) — 0 as x> + y> — oo. Find the Fourier transform
solution. Is there a constraint on the data i (x) for a solution to exist? If
s0, can this be explained another way?

Given the linear “free” Schrodinger equation (without a potential)

du 3%u

lat 5.2 0, withu(x,0) = f(x)



4.6 Applications of Transforms to Differential Equations 303

(a) solve this problem by Fourier transforms, by obtaining the Green’s
function in closed form, and using superposition. Recall that

f_oooo e du = 7.
(b) Obtain the above solution by Laplace transforms.

Given the heat equation

0 _ iy

ar  9x2

with the following initial and boundary conditions

0
b0 =0, Pa=0.1)= g0,
X
lim ¢(x,t) = lim % =0
X—>00 x—00 0X

(a) solve this problem by Fourier cosine transforms.
(b) Solve this problem by Laplace transforms.
(c) Show that the representations of (a) and (b) are equivalent.

Given the wave equation (with wave speed being unity)

P’ 9% 0
a2 9x2

and the boundary conditions

¢
¢, 1 =0 =0, —=(x,1=0) =0,

$p(x=0,n=0, ¢(x=¢1)=1
(a) obtain the Laplace transform of the solution B(x,s)

<i>(x, 5) = sinh sx

s sinh s£

(b) Obtain the solution ¢ (x, ¢) by inverting the Laplace transform to find

X e=2(=D" . [nnx nwt
¢(x,t)=z+; P sm( 7 )cos(7>

(see also Problem (19), Section 4.5).
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Given the wave equation

2 2
0’ _ 0% _,

9tz 9x?2
and the boundary conditions

Syt =0) =0, %%mz=m=o,

¢(x=0,1)=0, p(x=1L.1)= f(0)

(a) show that the Laplace transform of the solution is given by

B(x.s) = IA’(s') sinh sx
sinh s£
where F (s) is the Laplace transform of f (7).
(b) Call the solution of the problem when f () = 1 (so that F (s)=1/s)
to be ¢, (x, ). Show that the general solution is given by

" g

or (x,t) f(t —1t)dt

¢(x, 1) =

Use multiple Fourier transforms to solve

P 32 2
(Ve PN _,
ot ax2  9y?

on the infinite domain —co < x < 00, —00 < y < 00, t > 0, with
¢(x,y) = 0as x>+ y> — o0, and ¢(x, v, 0) = f(x, y). How does the
solution simplify if f(x, y) is a function of x? 4+ y*>? What is the Green’s
function in this case?

Given the forced heat equation

dp 9% _
= a2 = f(x, 1), ¢(x,0) =g(x)

on—o00 <x <00, >0,withe, g, f —> Oas |x| > o0

(a) use Fourier transforms to solve the equation. How does the solution
compare with the case f = 0?

(b) Use Laplace transforms to solve the equation. How does the method
compare with that described in this section for the case f = 0?
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Given the ODE
'+ Qr+ 1)y +zy=0
look for a contour representation of the form y = / e“v(g)de.
c

(a) Show that if C is a closed contour and v(¢) is single valued on this
contour, then it follows that v(¢) = A(¢> 4+ 1) /2.

(b) Show thatify = z7*w, then whens = r, w satisfies Bessel’s equation
22w” 4+ zw’ + (z% — r?)w = 0, and a contour representation of the
solution is given by

w= Az }{ e“ P+ 1) de
Cc

Note that if r = n + 1/2 for integer n, then this representation yields
the trivial solution. We take the branch cut to be inside the circle C
when (r — 1/2) # integer.

The hypergeometric equation
' +@—2y —by=0

has a contour integral representation of the form y = / e“v()de.
c

(a) Show that one solution is given by

1
y=/ et — o) dg
0

where Reb > 0 and Re (a — b) > 0.

(b) Let b =1, and a = 2; show that this solution is y = (¢ — 1)/(2),
and verify that it satisfies the equation.

(c) Show that a second solution, y, = vy; (where the first solution is
denoted as y;) obeys

v 4+ Qzy + (@ — 2y =0

Integrate this equation to find v, and thereby obtain a formal repre-
sentation for y,. What can be said about the analytic behavior of y,
near z = (0?

Suppose we are given the following damped wave equation:

82¢ 182¢ a(»b iwt
ﬁ_ﬁﬁ_eﬁze d(x—1¢), w,e>0
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(a) Show that ¥ (x) where ¢ (x, 1) = e® v (x) satisfies

" w ? .
¥ +(<;> —lwe)W:S(x—g“)

(b) Show that ¥ (k), the Fourier transform of ¥ (x),is given by
. —e ikt

Bl =
k2 — (%) + iwe

(c) Invert ¥ (k) to obtain ¥ (x), and in particular show that as € — 07
we have

yw=1o
oo e
2(¢)

c

and that this has the effect of deforming the contour as described in
Figure 4.6.1.

14. In this problem we obtain the Green’s function of Laplace’s equation in
the upper half plane, —co < x < 00,0 < y < 00, by solving

3°G N 3G
axz = 0y?
G(x,y=0)=0, G(x,y) >0 as r2=x2+y?— 00

=38(x — )y —m),

(a) Take the Fourier transform of the equation with respect to x and find
that the Fourier transform, G(k, y) = ffooo G(x, y)e‘”“‘ dk, satisfies

— kG =8(y—me ™ with Gk,y=0=0

(b) Take the Fourier sine transform of G (k, y) with respect to y and find,
for

o0
6ok, 1) = / Gk, y)sinly dy
0

that it satisfies

sinIne k¢

ok, ) = ———————
Gk ) =~
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(c) Invert this expression with respect to k and find

e~ =¢lsin Iy

Gx, ) =— 2

whereupon

dl

1 [ e " ¢lsinlysinly
Gx,y) = —;/ ]

(d) Evaluate G(x, y) to find

(x—§)2+(y—n)2)

1
ol = Elog((x—c)2+(y+n)2

307

Hint: Note that taking the derivative of G(x, y) (of part (c) above)
with respect to y yields an integral for (dG)/(dy) that is elementary.
Then one can integrate this result using G(x, y = 0) = 0 to obtain

G(x,y).






Part 11

Applications of Complex Function Theory

The second portion of this text aims to acquaint the reader with examples of
practical application of the theory of complex functions. Each of the chapters 5,
6 and 7 in Part IT can be read independently.
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Conformal Mappings and Applications

5.1 Introduction

A large number of problems arising in fluid mechanics, electrostatics, heat con-
duction, and many other physical situations can be mathematically formulated
in terms of Laplace’s equation (see also the discussion in Section 2.1). That is,
all these physical problems reduce to solving the equation

®,, + Py, =0 5.1.1)

in a certain region D of the z plane. The function ®(x, y), in addition to satis-
fying Eq. (5.1.1), also satisfies certain boundary conditions on the boundary C
of the region D. Recalling that the real and the imaginary parts of an analytic
function satisfy Eq. (5.1.1), it follows that solving the above problem reduces
to finding a function that is analytic in D and that satisfies certain boundary
conditions on C. It turns out that the solution of this problem can be greatly
simplified if the region D is either the upper half of the z plane or the unit
disk. This suggests that instead of solving Eq. (5.1.1) in D, one should first
perform a change of variables from the complex variable z to the complex vari-
able w = f(z), such that the region D of the z plane is mapped to the upper
half plane of the w plane. Generally speaking, such transformations are called
conformal, and their study is the main content of this chapter.

General properties of conformal transformations are studied in Sections 5.2
and 5.3. In Section 5.3 a number of theorems are stated, which are quite natural
and motivated by heuristic considerations. The rigorous proofs are deferred to
Section 5.5, which deals with more theoretical issues. We have denoted Section
5.5 as an optional (more difficult) section. In Section 5.4 a number of basic
physical applications of conformal mapping are discussed, including problems
from ideal fluid flow, steady state heat conduction, and electrostatics. Physical
applications that require more advanced methods of conformal mapping are
also included in later sections.

311
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According to a celebrated theorem first discussed by Riemann, if D is a
simply connected region D, which is not the entire complex z plane, then there
exists an analytic function f(z) such that w = f(z) transforms D onto the up-
per half w plane. Unfortunately, this theorem does not provide a constructive
approach for finding f(z). However, for certain simple domains, such as do-
mains bounded by polygons, it is possible to find an explicit formula (in terms
of quadratures) for f(z). Transformations of polygonal domains to the upper
half plane are called Schwarz—Christoffel transformations and are studied in
Section 5.6. A classically important case is the transformation of a rectangle to
the upper half plane, which leads to elliptic integrals and elliptic functions. An
important class of conformal transformations, called bilinear transformations,
is studied in Section 5.7. Another interesting class of transformations involves
a “circular polygon” (i.e., a polygon whose sides are circular arcs), which is
studied in Section 5.8. The case of a circular triangle is discussed in some detail
and relevant classes of functions such as Schwarzian functions and elliptic mod-
ular functions arise naturally. Some further interesting mathematical problems
related to conformal transformations are discussed in Section 5.9.

5.2 Conformal Transformations

Let C be a curve in the complex z plane. Let w = f(z), where f(z) is some
analytic function of z; define a change of variables from the complex variable
z to the complex variable w. Under this transformation, the curve C is mapped
to some curve C* in the complex w plane. The precise form of C* will depend
on the precise form of C. However, there exists a geometrical property of C*
that is independent of the particular choice of C: Let z( be a point of the curve
C, and assume that f'(z¢) # 0; under the transformation w = f(z) the tangent
to the curve C at the point zq is rotated counterclockwise by arg f'(zo) (see
Figure 5.2.1), wo = f(zo)-

Before proving this statement, let us first consider the particular case that the
transformation f(z) is linear, that is, f(z) = az + b, a, b € C, and the curve
C is a straight ray going through the origin. The mathematical description of
such a curve is given by z(s) = se'?, where ¢ is constant, and the notation
z(s) indicates that for points on this curve, z is a function of s only. Under the
transformation w = f(z), this curve is mapped to w(s) = az(s) + b = |a|s
expli (¢ + arg (a))] + b, that is, to a ray rotated by arg (a) = arg (f'(z)); see
Figure 5.2.2.

Let us now consider the general case. Points on a continuous curve C are
characterized by the fact that their x and y coordinates are related. It turns
out that, rather than describing this relationship directly, it is more convenient
to describe it parametrically through the equations x = x(s), y = y(s), where
x(s) and y(s) are real differentiable functions of the real parameter s. For
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C*

0 +argf(z,)

Fig. 5.2.1. Conformal transformation

A

w = az+b

Fig. 5.2.2. Ray rotated by arg (a)

example, for the straight ray of Figure 5.2.2, x = scosg, y = ssing; for a
circle with center at the origin and radius R, x = Rcoss, y = Rsins, etc.
More generally, the mathematical description of a curve C can be given by
z(s) = x(s) + iy(s). Suppose that f(z) is analytic for z in some domain of
the complex z plane denoted by D. Our considerations are applicable to that
part of C that is contained in D. We shall refer to this part as an arc in order
to emphasize that our analysis is local. For convenience of notation we shall
denote it also by C. For such an arc, s belongs to some real interval [a, b].

C:z(s) =x(s)+1iy(s), s € [a, b] (5.2.1)

We note that the image of a continuous curve is also continuous. Indeed, if
we write w = u(x,y) +iv(x, y), u,v € R, the image of the arc (5.2.1) is the
arc C* given by w(s) = u(x(s), y(s)) + iv(x(s), y(s)). Because x and y are
continuous functions of s, it follows that # and v are also continuous functions of
s, which establishes the continuity of C*. Similarly, the image of a differentiable
arc is a differentiable arc. However, the image of an arc that does not intersect
itself is not necessarily nonintersecting. In fact, if f(z;) = f(z2), 21,22 € D,
any nonintersecting continuous arc passing through z; and z, will be mapped
onto an arc that does intersect itself. Of course, one can avoid this if f(z) takes
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no value more than once in D. We define dz(s)/ds by

dz(s)  dx(s) = .dy(s)
= +l
ds ds ds

Let f(z) be analytic in a domain containing the open neighborhood of zo =
2(80). The image of C is w(s) = f(z(s)); thus by the chain rule

dw(s) o dz(s)
s | J(z0) ds |, (5.2.2)
If f'(zp) # 0 and 7' (sg) # 0, it follows that w’(sg) # 0 and
arg (' (s0)) = arg (z'(50)) + arg ('(20)) (5.2.3)

orargdw = argdz + arg f'(zo), where dw, dz are interpreted as infinitesimal
line segments. This concludes the proof that, under the analytic transforma-
tion f(z), the directed tangent to any curve through z; is rotated by an angle
arg (f'(z0))-

An immediate consequence of the above geometrical property is that, for
points where f’(z) # 0, analytic transformations preserve angles. Indeed, if
two curves intersect at zo, because the tangent of each curve is rotated by
arg f'(zo), it follows that the angle of intersection (in both magnitude and
orientation), being the difference of the angles of the tangents, is preserved by
such transformations. A transformation with this property is called conformal.
We state this as a theorem; this theorem is enhanced in Sections 5.3 and 5.5.

Theorem 5.2.1 Assume that f(z) is analytic and not constant in a domain D of
the complex z plane. For any point z € D for which f’(z) # 0, this mapping
is conformal, that is, it preserves the angle between two differentiable arcs.

Remark A conformal mapping, in addition to preserving angles, has the prop-
erty of magnifying distances near z, by the factor | f'(zo)|. Indeed, suppose
that z is near z, and let wy be the image of zy. Then the equation

|f (@) — f(z0)l

| f'(z0)| = lim
) |z — zo|
implies that |w — wy| is approximately equal to | f'(z0)||z — zol.

Example 5.2.1 Let D be the rectangular region in the z plane bounded by
x=0,y=0,x =2and y = 1. The image of D under the transformation
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<

s g

w=2e™z+ (1+2i)

———————

]
Y
<
-
<
]
V)

v=(1-14)/2

z plane w plane

Fig. 5.2.4. Transformation w = z2

w = (1 4+ i)z 4+ (1 + 2i) is given by the rectangular region D’ of the w
plane boundedbyu +v =3, u —v=—-l,u+v=7andu —v = -3.

Ifw=u+iv,whereu,v € R,thenu =x —y+1,v=x 4+ y + 2. Thus
the points a, b, ¢, and d are mapped to the points (0,3), (1,2), (3,4), and (2,5),
respectively. The line x = Oismappedtou = —y+1,v=y+2,oru+v =3;
similarly for the other sides of the rectangle.

The rectangle D is translated by (1 + 2i), rotated by an angle 7 /4 in the
counterclockwise direction, and dilated by a factor V2. In general, a linear
transformation f(z) = az + B, translates by B, rotates by arg («), and dilates
(or contracts) by |«|. Because f'(z) = « # 0, a linear transformation is always
conformal. In this example, @ = +/2exp(in/4), B = 1 + 2i.

Example 5.2.2 Let D be the triangular region bounded by x = 1, y = 1, and
x +y = 1. The image of D under the transformation w = z? is given by the
curvilinear triangle a’b’c’ shown in Figure 5.2.3.

In this example, u = x> — y?, v = 2xy. The line x = 1 is mapped to

u=1-— yz, v=2y,oru =1-— ':Tz; similarly for the other sides of the
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triangle. Because f’(z) = 2z and the point z = 0 is outside D, it follows that
this mapping is conformal; hence the angles of the triangle abc are equal to the
respective angles of the curvilinear triangle a’d’c’.

Problems for Section 5.2

1. Show that under the transformation w = 1/z the image of the lines x =
c; # 0and y = ¢, # 0 are the circles that are tangent at the origin to the
v axis and to the u axis, respectively.

2. Find the image of the region R, bounded by y = 0, x = 2,andx>—y* = 1,
for x > 0 and y > 0 (see Figure 5.2.5), under the transformation w = 72

3. Find a linear transformation that maps the circle C;: |z — 1| = 1 onto the
circle Cy: |lw — 3i/2| = 2.

4. Show that the function w = e® maps the interior of the rectangle, R_,
0<x<1,0<y<2m(z=x+1iy), onto the interior of the annulus,
R,, 1 < |w]| < e, which has a jump along the positive real axis (see Fig-
ure 5.2.6).

5. Show that the mapping w = +/1 — z2 maps the hyperbola 2x* — 2y? = 1
onto itself.

6. (a) Show that transformation w = 2z + 1/z maps the exterior of the unit
circle conformally onto the exterior of the ellipse:

u 2
<§> +U2:1

z-plane

C(2,43)

0 1 2

Fig. 5.2.5. Region in Problem 5.2.2



5.3 Critical Points and Inverse Mappings 317

y
A
2n D C
RZ
A B
0 1 *
z plane w plane

Fig. 5.2.6. Mapping of Problem 5.2.4

(b) Show that the transformation w = %(ze“" + ¢“/z), for real constant
o, maps the interior of the unit circle in the z plane onto the exterior of
the ellipse (u/ cosha)? 4 (v/ sinha)? = 1 in the w plane.

5.3 Critical Points and Inverse Mappings

If '(z0) = 0, then the analytic transformation f(z) ceases to be conformal.
Such a point is called a critical point of f. Because critical points are zeroes
of the analytic function f’, they are isolated. In order to find what happens
geometrically at a critical point, we use the following heuristic argument. Let
8z = z — 29, where z is a point near zq. If the first nonvanishing derivative
of f(z) at zg is of the nth order, then representing dw by the Taylor series, it
follows that

1 n n 1 n n
bw = MGG+ e f @) e (53

where £ (zy) denotes the nth derivative of f(z) at z = zo. Thus as 8z — 0
arg (Sw) — narg (8z) +arg (" (20)) . (5.3.2)

This equation, which is the analog of Eq. (5.2.3), implies that the angle between
any two infinitesimal line elements at the point z is increased by the factor n.
This suggests the following result.

Theorem 5.3.1 Assume that f(z) is analytic and not constant in a domain D of
the complex z plane. Suppose that f'(zo) = f"(z0) = -+~ = f" V(z) =0,
while £ (z9) # 0, zo € D. Then the mapping z — f(z) magnifies n times
the angle between two intersecting differentiable arcs that meet at z.
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Fig. 5.3.1. Angle between line segments (68, — 6) tends to angle between arcs (6) as
r—0

Proof We now give a proof of this result. Let z;(s) and z,(s) be the equations

describing the two arcs intersecting at z (see Figure 5.3.1). If z; and z;, are

points on these arcs that have a distance » from z, it follows that

o 6, 22720 _ -6
) k) Zl o ZO

Z]-Z():rei Z2—z0=rei

The angle 6, — 0, is the angle formed by the linear segments connecting the
points z; — zg and z5 — zo. As r — 0, this angle tends to the angle formed by
the two intersecting arcs in the complex z plane. Similar considerations apply
for the complex w plane. Hence if 6 and ¢ denote the angles formed by the
intersecting arcs in the complex z plane and w plane, respectively, it follows
that

) 22— 20 . f(z2) — f(Zo))
6 = lim ar , = limarg | ———— (5.3.3)
ot (m - z<>> vEETE <f(zl) — /o)
Hence
f((zz)—f(Zo) 22— 20 n
T 22—20)" B
¢ = lim arg { ( f(zf)—.?'(zo)) <Z1 - ZO) } (5.3.4)
(z1—20)"
Using
(n) (n+1)
f@ = f(zo0) + /() (z—z0)" + w(z —z0)"" 4 (53.5)
n! (n+ 1!

it follows that

i L@ = fo) @) = o) [ (z0)
im —————— = lim

=0 (22 — zo)" r—0  (z1 — zo)" n!
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2
w=z

v=(1-)/2

z plane w plane

Fig. 5.3.2. Transformation w = z*

Hence, Eqgs. (5.3.4) and (5.3.3) imply
. 2—20\" . 22 — 20
¢ = lim arg <—> =nlim arg (—) = n6
r—0 721 — 20 r—0 21 — 20 .

Example 5.3.1 Let D be the triangular region bounded by x = 0, y = 0 and
x +y = 1. The image of D under the transformation w = z* is given by
the curvilinear triangle a’b’c’ shown in Figure 5.3.2 (note the difference from
example 5.2.2).

In this example, u = x> — y?, v =2xy. The lines x =0;y =0; and
x+y=1 are mapped to v =0 with u <0;v=0 with u >0; and v =
%(1 — u?), respectively. The transformation f(z) = 72 ceases to be con-
formal at z = 0. Because the second derivative of f(z) at z = 0 is the first
nonvanishing derivative, it follows that the angle at b (which is 7 /2 in the z
plane) should be multiplied by 2. This is indeed the case, as the angle at »" in
the w plane is 7.

Critical points are also important in determining whether the function f(z)
has an inverse. Finding the inverse of f(z) means solving the equation w =
f(z) for z in terms of w.

The following terminology will be useful. An analytic function f(z) is called
univalent in a domain D if it takes no value more than once in D. It is clear
that a univalent function f(z) provides a one-to-one map of D onto f(D); it
has a single-valued inverse on f (D).

There are a number of basic properties of conformal maps that are useful and
that we now point out to the reader. In this section we only state the relevant
theorems; they are proven in the optional Section 5.5.

Theorem 5.3.2 Let f(z) be analytic and not constant in a domain D of the
complex z plane. The transformation w = f(z) can be interpreted as a mapping
of the domain D onto the domain D* = f(D) of the complex w plane.
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The proof of this theorem can be found in Section 5.5. Because a domain is
an open connected set, this theorem implies that open sets in the domain D of
the z plane map to open sets D* in the w plane. A consequence of this fact is
that | f(z)| cannot attain a maximum in D* because any point w = f(z) must
be an interior point in the w plane. This theorem is useful because in practice
we first find where the boundaries map. Then, since an open region is mapped
to an open region, we need only find how one point is mapped if the boundary
is a simple closed curve.

Suppose we try to construct the inverse in the neighborhood of some point z.
If 79 is not a critical point, then w — wy is given approximately by f’(z¢)(z—2z0)-
Hence it is plausible that in this case, for every w there exists a unique z, that
is, f(z) is locally invertible. However, if zq is a critical point, and the first
nonvanishing derivative at zq is £ (z¢), then w — wy is given approximately
by f™(z0)(z — z0)"/n!. Hence now it is natural to expect that for every w
there exist n different z’s; that is, the inverse transformation is not single valued
but it has a branch point of order n. These plausible arguments can actually be
made rigorous (see Section 5.5).

Theorem 5.3.3 (1) Assume that f(z) is analytic at zg and that f'(zo) # 0. Then
f(z) is univalent in the neighborhood of zy,. More precisely, f has a unique
analytic inverse F' in the neighborhood of wy = f(z0); thatis, if z is sufficiently
near zp, then z = F(w), where w = f(z). Similarly, if w is sufficiently near wy
and z = F(w), then w = f(z). Furthermore, f'(z) F'(w) = 1, which implies
that the inverse map is conformal.

(2) Assume that f(z) is analytic at zo and that it has a zero of order n; that
is, the first nonvanishing derivative of f(z) at zg is £ (zo). Then to each w
sufficiently close to wg = f(z¢), there correspond n distinct points z in the
neighborhood of z(, each of which has w as its image under the mapping w =
f(z). Actually, this mapping can be decomposed in the form w —wy = ¢”",
¢ = g(z — 20), g(0) = 0, where g(z) is univalent near zg and g(z) = zH(2)
with H(0) # 0.

The proof of this theorem can be found in Section 5.5.

Remark We recall that w = 7" provides a one-to-one mapping of the z plane
onto an n-sheeted Riemann surface in the w plane (see Section 2.2). If a complex
number w # 0 is given without specification as to the sheet in which it lies,
there are n possible values of z that give this w, and so w = z" has an n-valued
inverse. However, when the Riemann surface is introduced, the correspondence
becomes one-to-one, and w = z" has a single-valued inverse.
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Theorem 5.3.4 Let C be a simple closed contour enclosing a domain D, and let
f(z) be analytic on C and in D. Suppose f(z) takes no value more than once on
C. Then (a) the map w = f(z) takes C enclosing D to a simple closed contour
C* enclosing a domain D* in the w plane; (b) w = f(z) is a one-to-one map
from D to D*; and (c) if z traverses C in the positive direction, then w = f(2)
traverses C* in the positive direction.

The proof of this theorem can be found in Section 5.5.

Remark By examining the mapping of simple closed contours it can be estab-
lished that conformal maps preserve the connectivity of a domain. For example,
the conformal map w = f(z) of a simply connected domain in the z plane maps
into a simply connected domain in the w plane. Indeed, a simple closed contour
in the z plane can be continuously shrunk to a point, which must also be the
case in the w plane — otherwise, we would violate Theorem 5.3.2.

Problems for Section 5.3

1. Find the families of curves on which Rez?> = C, for constant C;, and
Im z2 = C,, for constant C,. Show that these two families are orthogonal
to each other.

2. Let D be the triangular region of Figure 5.3.2a, that is, the region bounded
by x =0,y =0, and x 4+ y = 1. Find the image of D under the mapping
w = z3. (It is sufficient to find a parameterization that describes the
mapping of any of the sides.)

3. Express the transformations

(@) u=4x>—8y, v=_8x—4y?
(b) u=x>-3xy?, v=3x’y—y3

in the form w = F(z,2), z = x + iy, Z = x — iy. Which of these
transformations can be used to define a conformal mapping?

4. Show that the transformation w = 2z-/2 — 1 maps the (infinite) domain

exterior of the parabola y> = 4(1 — x) conformally onto the domain |w| <
1. Explain why this transformation does not map the (infinite) domain
interior of the parabola conformally onto the domain |w| > 1. (Hint: the
“intermediate” map p = —i(l — w)/(1 + w) taking |{w| > 1 to Imp > 0
is useful.)
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5. Let D denote the domain enclosed by the parabolae v?> = 4a(a — u) and
v2=4a(a +u),a >0, w = u + iv. Show that the function

2
dt

0 \t(1+12)

w=C2

where

! dr
va= C/o Vi +12)

maps the unit circle conformally onto D.

5.4 Physical Applications

It was shown in Section 2.1 that the real and the imaginary parts of an analytic
function satisfy Laplace’s equation. This and the fact that the occurrence of
Laplace’s equation in physics is ubiquitous constitute one of the main reasons
for the usefulness of complex analysis in applications. In what follows we
first mention a few physical situations that lead to Laplace’s equation. Then we
discuss how conformal mappings can be effectively used to study the associated
physical problems. Some of these ideas were introduced in Chapter 2.
A twice differentiable function ®(x, y) satisfying Laplace’s equation

Ve =0, +®%,=0 (5.4.1)

in a region R is called harmonic in R. Let V (z), z = x + iy, be analytic in R.
fV(z) =u(x,y)+iv(x,y), where u, v € R and are twice differentiable, then
both 1 and v are harmonic in R. Such functions are called conjugate functions.
Given one of them (u or v), the other can be determined uniquely within an
arbitrary additive constant (see Section 2.1).

Letu, and u; be the components of the vector u along the positive x and y axis,
respectively. Suppose that the components of the vector u (where u = (uy, u3))
satisfy the equation

0 d
a2y (5.4.2)
ox ay

Suppose further that the vector u can be derived from a potential, that is, there
exists a scalar function ® such that

P 0P

=—, = — 543
ax us 3y ( )

uj

Then Egs. (5.4.2) and (5.4.3) imply that ® is harmonic. These equations arise
naturally in applications, as shown in the following examples.
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(x, y+Ay) ,1\ (x+Ax, y+Ay)
u(x,n) ——— —=u,(x+Ax, )
| .
e | (x+Ax, y)

Fig. 5.4.1. Flow through a rectangle of sides Ax, Ay

Example 5.4.1 (Ideal Fluid Flow) A two-dimensional, steady, incompress-
ible, irrotational fluid flow (see also the discussion in Section 2.1).

If a flow is two dimensional, it means that the fluid motion in any plane is
identical to that in any other parallel plane. This allows one to study flow in a
single plane that can be taken as the z plane. A flow pattern depicted in this plane
can be interpreted as a cross section of an infinite cylinder perpendicular to this
plane. If a flow is steady, it means that the velocity of the fluid at any point
depends only on the position (x, y) and not on time. If the flow is incompressible,
we take it to mean that the density (i.e., the mass per unit volume) of the fluid
is constant. Let p and u denote the density and the velocity of the fluid. The
law of conservation of mass implies Eq. (5.4.2). Indeed, consider a rectangle
of sides Ax, Ay. See Figure 5.4.1.

The rate of accumulation of fluid in this rectangle is given by < fXHAX I Ay
pdx dy. The rate of fluid entering along the side located between the points
(x,y) and (x,y + Ay) is given by fyHAy(,oul)(x, n)dn. A similar integral
gives the rate of fluid entering the side between (x, y) and (x + Ax, y). Letting
p be a function of x, y, and (for the moment) ¢, conservation of mass implies

d x+Ax y+Ay y+Ay
a4 / pdxdy =/ [(ou1)(x, 1) — (our)(x + Ax, m)]dn
X y y

x+Ax
+ / [(pu2) (€, y) — (puz)(E. y + Ay)]dE

Dividing this equation by Ax Ay and taking the limit as Ax, Ay tend to zero,
and assuming that p, u;, and u, are smooth functions of x, y, and ¢, it follows
from calculus that

dp | d(puy) | 0(pux) _
at dx ay

0

Because the flow is steady (dp)/(9t) = 0, and because the flow is incompress-
ible, p is constant. Hence this equation yields Eq. (5.4.2).
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If the flow is irrotational, it means that the circulation of the fluid along any
closed contour C is zero. The circulation around C is given by fc u - ds, where
ds is the vector element of arc length along C. We could use a derivation similar
to the above, or we could use Green’s Theorem (see Section 2.5, Theorem 2.5.1
with (u, v) replaced by u = (u, u,) and ds = (dx, dy)), to deduce

Buz = L) 544
ax ay
This equation is a necessary and sufficient condition for the existence of a
potential ®, that is, Eq. (5.4.3). Therefore Eqgs. (5.4.2) and (5.4.4) imply that
@ is harmonic.
Because the function @ is harmonic, there must exist a conjugate harmonic
function, say, ¥(x, y), such that

Q) =P, y) +iP(x,y) (5.4.5)

is analytic. Differentiating €2(z) and using the Cauchy—Riemann conditions
(Eq. (2.1.4)), it follows that

d2 9® ¥ 0P 0P ) _
— =t =T —i—=u—iuy =i (5.4.6)
dz ox ax ox dy

where u = u; + iu, is the velocity of the fluid. Thus the “complex velocity”
of the fluid is given by

e
u = (d_z) (5.4.7)

The function ¥(x, y) is called the stream function, while €2(z) is called the
complex velocity potential (see also the discussion in Section 2.1). The families
of the curves ¥ (x, y) = const are called streamlines of the flow. These lines
represent the actual paths of fluid particles. Indeed, if C is the curve of the path
of fluid particles, then the tangent to C has components (u1, uy) = (P, ®,).
Using the Cauchy—Riemann equations (2.1.4) we have

3T, +&,¥, =0

it follows that as vectors (®,, ®,) - (¥,, ¥,) = 0, that is, the vector perpen-
dicular to C has components (¥, ¥,), which is, the gradient of ¥. Hence we
know from vector calculus that the curve C is given by ¥ = const.
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Example 5.4.2 (Heat Flow) A two-dimensional, steady heat flow.

The quantity of heat conducted per unit area per unit time across a surface of
a given solid is called heat flux. In many applications the heat flux, denoted by
the vector Q, is given by Q = —kVT, where T denotes the temperature of the
solid and & is called the thermal conductivity, which is taken to be constant. The
conductivity k depends on the material of the solid. Conservation of energy, in
steady state, implies that there is no accumulation of heat inside a given simple
closed curve C. Hence if we denote Q,, = Q - /i where 7 is the unit outward
normal

%Qnds=7£(Q1dy— Q,dx) =0
c c

This equation, together with Q = —kVT, that is

oT oT
0, =—k— 0r=—k—

ax’ dy
and Green’s Theorem 2.5.1 from vector calculus (see Section 2.5), imply that
T satisfies Laplace’s equation. Let W be the harmonic conjugate function of
T, then the function

Q) =Tx,y)+i¥(x,y) (5.4.8)

is analytic. This function is called the complex temperature. The curves of the
family T (x, y) = const are called isothermal lines.

Example 5.4.3 (Electrostatics) We have seen that the appearance of Laplace’s
equation in fluid flow is a consequence of the conservation of mass and of the
assumption that the circulation of the flow along a closed contour equals zero
(irrotationality). Furthermore, conservation of mass is equivalent to the condi-
tion that the flux of the fluid across any closed surface equals zero. The situation
in electrostatics is similar: If E denotes the electric field, then the following
two laws (consequences of the governing equations of time-independent elec-
tromagnetics) are valid. (a) The flux of E through any closed surface enclosing
zero charge equals zero. This is a special case of what is known as Gauss’s
law; that is, fc E,ds = q/e€y, where E, is the normal component of the elec-
tric field, ¢ is the dielectric constant of the medium, and ¢ is the net charge
enclosed within C. (b) The electric field is derivable from a potential, or stated
differently, the circulation of E around a simple closed contour equals zero. If
the electric field vector is denoted by E = (E|, E»), then these two conditions
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imply

0E,  0E; 0E, 0K,

—— 4 <=0, — = (5.4.9)

ax dy dax ady
From Eq. (5.4.9) we have

—od —0P
E| = , Ey=—— (5.4.10)
ox dy

(the minus signs are standard convention) and thus from Eq. (5.4.9) the function
® is harmonic, that is, it satisfies Laplace’s equation. Let ¥ denote the function
that is conjugate to ®. Then the function

Q@) =P, y) +i¥(x,y) (5.4.11)

is analytic in any region not occupied by charge. This function is called the
complex electrostatic potential. Differentiating £2(z), and using the Cauchy—
Riemann conditions, it follows that

dQ 0P or 0P oP _

— =4 j—=——j— =-FE 5.4.12)

dz ox ox ox dy
where E = E| + i E; is the complex electric field (E = E,—iE;). The curves
of the families ®(x, y) = const and ¥(x, y) = const are called equipotential
and flux lines, respectively. From Eq. (5.4.12) Gauss’s law is equivalent to

Im ]{fdz — ]{(Eldy — Erdx) = % E,ds = q/e (5.4.13)
C C C

We also note that integrals of the form [ Ed7z are invariant under a conformal
transformation. More specifically, using Eq. (5.4.12), a conformal transforma-
tion w = f(z) transforms the analytic function 2 (z) to 2 (w)

_ aQ aQ
EdZ:—/—dZZ—/—du):—/dQ 5.4.14)
dz dw

In order to find the unique solution ® of Laplace’s equation (5.4.1), one needs
to specify appropriate boundary conditions. Let R be a simply connected region
bounded by a simple closed curve C. There are two types of boundary-value
problems that arise frequently in applications: (a) In the Dirichlet problem one
specifies ® on the boundary C. (b) Inthe Neumann’s problem one specifies the
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normal derivative of ® on the boundary C. (There is a third case, the “mixed
case” where a combination of ® and the normal derivative are given on the
boundary. We will not discuss this possibility here.)

If a solution exists for a Dirichlet problem, then it must be unique. Indeed if
&, and P, are two such solutions then ® = ®; — P, is harmonic in R and
® = Oon C. The well-known vector identity (derivable from Green’s Theorem

(2.5.1))
2
fcb(aq)dy—aq)dx> // BV2P + (M)> + <8(I)) ]dxdy
c ox dy
(5.4.15)
implies
LG+
— ) + (= dxdy =0 (5.4.16)
Jr |\ 0x dy

Therefore ® must be a constant in R, and because ® = 0 on C, we find that
® = 0 everywhere. Thus ®; = ®,; that is, the solution is unique. The same
analysis implies that if a solution exists for a Neumann problem (d®/9n = 0
on C), then it is unique to within an arbitrary additive constant.

It is possible to obtain the solution of the Dirichlet and Neumann problems
using conformal mappings. This involves the following steps:

(a) Use a conformal mapping to transform the region R of the z plane onto a
simple region such as the unit circle or a half plane of the w plane.

(b) Solve the corresponding problem in the w plane.

(c) Use this solution and the inverse mapping function to solve the original
problem (recall that if f(z) is conformal (f’(z) # 0), then according to
Theorem 5.3.3, f(z) has a unique inverse).

This procedure is justified because of the following fact. Let ®(x, y) be
harmonic in the region R of the z plane. Assume that the region R is mapped
onto the region R’ of the w plane by the conformal transformation w = f(z),
where w = u + iv. Then ®(x, y) = ®(x(u, v), y(u, v)) is harmonic in R’.
Indeed, by differentiation and use of the Cauchy—Riemann conditions (2.1.4)
we can verify (see also Problem 7 in Section 2.1) that

2792 3%
—+ — (5.4.17)

28  92d  |df
ou? ov?

02 Ty T az

which, because df/dz # 0, proves the above assertion. We use these ideas in
the following example.
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YA
| vA
1A, !
I
A |
____5 X 1 D=9,
A1 A3 s i
Y ! u
T ->
EA2 a, a, ag’: ay’ a, a,
! |
I
z plane w plane

Fig. 5.4.2. Transformation of the unit circle

Example 5.4.4 Solve Laplace’s equation for a function @ inside the unit circle
that on its circumference takes the value ®, for 0 < 6 < m, and the value ®,
for m < 6 < 2m. This problem can be interpreted as finding the steady state
heat distribution inside a disk with a prescribed temperature ¢ on the boundary.

An important class of conformal transformations are of the form w = f(z)
where

_az+b
T cez+d’

1@ ad — be # 0. (5.4.18)

These transformations are called bilinear transformations. They will be
studied in detail in Section 5.7. In this problem we can verify that the bilinear
transformation (see also the discussion in Section 5.7, especially Eq. (5.7.18))

w '<1_Z) (5.4.19)
=1 ST
1+z

that is,

2y 1= (" +y%)
U= ————, V= ———
(I+x)2 42 (1+x)%+ y?

maps the unit circle onto the upper half of the w plane. (When z is on the unit
circle z = €'?, then w(z) = u = 1?20059') The arcs A{A>A3 and A3A4A5 are
mapped onto the negative and positive real axis, respectively, of the w plane.
Let w = pe'¥. The function ay + b, where a and b are real constants, is
the real part of the analytic function —ai log w + b in the upper half plane and
therefore is harmonic. Hence a solution of Laplace’s equation in the upper half

of the w plane, satisfying ® = ®, foru <0,v=0(i.e., ¥ =nw)and ® = P,
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Fig. 5.4.3. Flow velocity

foru > 0,v =0 (i.e., ¥ = 0), is given by

®, - v
O=>d,— (B, — <I>1)z =%, — 2 “lgp! (—)

g T u
Owing to the uniqueness of solutions to the Dirichlet problem, this is the only
solution. Using the expressions for # and v given by Eq. (5.4.19), it follows
that in the x, y plane the solution to the problem posed in the unit circle is given

by

b, — P 1 — (x? 2

P(x,y) =P, — 2 “lan™! {7@2 +y )]
y

(See also Problem 9 in Section 2.2.)

Example 5.4.5 Find the complex potential and the streamlines of a fluid moving
with a constant speed 4y € R in a direction making an angle o with the positive
x axis. (See also Example 2.1.7.)

The x and y component of the fluid velocity are given by u cos & and u sin «.
The complex velocity is given by

U =ugcosa + iug sino = uge'®

thus

Q)
dz

—ia io

=L_t=bt()€ s or Q:M()e_ Z

where we have equated the constant of integration to zero . Letting 2 = ®+i W,
it follows that

W(x,y) =up(ycosa — xsina) = ugr sin(f — «)

The streamlines are given by the family of the curves ¥ = const, which are
straight lines making an angle o with the positive x axis.
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Q =klog(z —a) Q =iklog(z —a)

Fig. 5.4.4. Streamlines

Example 5.4.6 Analyze the flow pattern of a fluid emanating at a constant rate
from an infinite line source perpendicular to the z plane at z = 0.

Let p and u, denote the density (constant) and the radial velocity of the fluid,
respectively. Let g denote the mass of fluid per unit time emanating from a line
source of unit length. Then

q = (density)(flux) = p(2rru,)

Thus

q 1 k
u, = )
2mpr r

k>0

where the constant k = g /2mp is called the strength of the source. Integrating
the equation u, = d®/9r and equating the constant of integration to zero (® is
cylindrically symmetric), it follows that & = k log r, and hence with z = re'®

Q(z) =klogz

The streamlines of this flow are given by ¥ = Imf2(z) = const, that is, 6 =
const. These curves are rays emanating from the origin.

The complex potential ©2(z) = klog(z — a) represents a “source” located at
z = a. Similarly, Q(z) = —klog(z — a) represents a “sink” located at z = a
(because of the minus sign the velocity is directed toward z = 0).

It is clear that if Q2(z) = ® + i ¥ is associated with a flow pattern of stream-
lines ¥ = const, the function i 2 (z) is associated with a flow pattern of stream-
lines @ = const. These curves are orthogonal to the curves ¥ = const; that
is, the flows associated with €2(z) and i€2(z) have orthogonal streamlines.

This discussion implies that in the particular case of the above example the
streamlines of £2(z) = ik log z are concentric circles. Because dQ/dz = ikz™!

[l
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it follows that the complex velocity is given by

a2 _ksin@ ik cos@
dz )

r r

This represents the flow of a fluid rotating with a clockwise speed k/r around
z = 0. This flow is usually referred to as a vortex flow, generated by a vortex
of strength k localized at z = 0. If the vortex is localized at z = a, then the
associated complex potential is given by 2 = ik log(z —a). (See also Problems
7 and 8 of Section 2.2.)

Example 5.4.7 (The force due to fluid pressure) In the physical circumstances
we are dealing with, one neglects viscosity, that is, the internal friction of a fluid.
It can be shown from the basic fluid equations that in this situation the pressure
P of the fluid and the speed |u| of the fluid are related by the so-called Bernoulli
equation

1

where « is a constant along each streamline. Let £2(z) be the complex potential
of some flow and let the simple closed curve C denote the boundary of a
cylindrical obstacle of unit length that is perpendicular to the z plane. We shall
show that the force FF = X 4 iY exerted on this obstacle is given by

7 L% s 2d
= —1 —_—
2p C dZ .

Let ds denote an infinitesimal element around some point of the curve C,
and let 0 be the angle of the tangent to C at this point. The infinitesimal force

Fig. 5.4.5. Force exerted on a cylindrical object
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exerted on the part of the cylinder corresponding to ds is perpendicular to ds
and has magnitude Pds. (Recall that force equals pressure times area, and area
equals ds times 1 because the cylinder has unit length). Hence

dF =dX +idY = —Pdssind +iPdscos® =iPe'ds
Also
dz =dx+idy=ds cos® +idssinf = ds e’

Without friction, the curve C is a streamline of the flow. The velocity is tangent
to this curve, where we denote the complex velocity as u = lu|e’; hence

e .
= lule (5.4.21)
Z

The expression for d F and Bernoulli’s equation (5.4.20) imply

_ Y O _l 2\ o
F=X+4+iY=9il«a plul” |eds
c 2

The first term in the right-hand side of this equation equals zero because
$e’ds = §dz = 0. Thus

o1, 5 i 1 d\? ., 1 dQ\’
F=—ip ¢ |ul"e”""ds = <ip — | €ds = <ip — ) dz
2 C 2 C dZ 2 C dZ
where we have used Eq. (5.4.21) to replace |u| with d€2/dz, as well as dz with
ds e,
Example 5.4.8 Discuss the flow pattern associated with the complex potential
2

a iy
Qz) = uo(z—i— —) + ——logz
b4 2w

This complex potential represents the superposition of a vortex of circulation
of strength y with a flow generated by the complex potential uo(z + a®z™").
(The latter flow was also discussed in Example 2.1.8.) Let z = re'?; then if
QL=®+i¥

2
a

W(x,y) =ug (r — —) sinf + ZL logr, a >0, up,a,y real constants
r T

Ifr = a, then ¥(x, y) = y loga/2m = const, therefore r = a is a streamline.
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YA

(Stagnation points marked with &)

Fig. 5.4.6. Flow around a circular obstacle (y = 0)

Furthermore

ase 1 a’ iy

d_Z = Mo( - Z_z) + E
which shows that as z — o0, the velocity tends to uy. This discussion shows
that the flow associated with £2(z) can be considered as a flow with circulation
about a circular obstacle. In the special case that y = 0, this flow is depicted
in Figure 5.4.6.

Note that when y = 0, dQ2/dz = 0 for z = =+a; that is, there exist two
points for which the velocity vanishes. Such points are called stagnation points
see Figures (5.4.6-5.4.9); the streamline going through these points is given by
¥ = 0. In the general case of y # 0, there also exist two stagnation points
given by d2/dz = 0, or

iy o | y?

a2_ Y
4rug 1672u}

If 0 < y < 4mauy, there are two stagnation points on the circle (see Figure
5.4.7). If y = 4mwauy, these two points coincide (see Figure 5.4.8) at z = —ia.
If y > 4mau, then one of the stagnation points lies outside the circle, and one
inside (see Figure 5.4.9).
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(Stagnation points marked with &)

Fig. 5.4.7. Separate stagnation points (y < 4mwau)

— =

(Stagnation point marked with ©)

Fig. 5.4.8. Coinciding stagnation points (y = 4mwaug)
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(Stagnation point marked with ©)

Fig. 5.4.9. Streamlines and stagnation point (y > 4mwau)

Using the result of Example 5.4.7, it is possible to compute the force exerted
on this obstacle

-1 a® iy 2
F=—i l—=|+—| dz=—i
2“0]{: {uo( zz> ZJTZ] ¢ Loy

(Recall that f 7"dz = 2mid, _;, where §, _; is the Kronecker delta function.)
This shows that there exists a net force in the positive y direction of magnitude
pupy. Such a force is known in aerodynamics as lift.

Example 5.4.9 Find the complex electrostatic potential due to a line of constant
charge g per unit length perpendicular to the z plane at z = 0.

The relevant electric field is radial and has magnitude E,. If C is the circular
basis of a cylinder of unit length located at z = 0, it follows from Gauss’s law
(see Example 5.4.3) that

]{ E.ds=E2nr =4nq, or E,=—
c
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Fig. 5.4.10. Electrostatic potential between parallel plates

where g is the charge enclosed by the circle C, and here we have normalized to
€o = 1/4m. Hence the potential satisfies

P 2q _
So=o o ® = —2qglogr, or £2(z) =—2qlogz
r r

Thisisidentical to the complex potential associated with a line source of strength
k = —2q. From Eq. (5.4.13) we see that Im(§ E dz) = Im(§ —Q/'(z)dz) =
4mq, as it should.

Example 5.4.10 Consider two infinite parallel flat plates, separated by a dis-
tance d and maintained at zero potential. A line of charge ¢ per unit length
is located between the two planes at a distance a from the lower plate (see
Figure 5.4.10). Find the electrostatic potential in the shaded region of the z
plane.

The conformal mapping w = exp(;r z/d) maps the shaded strip of the z plane
onto the upper half of the w plane. So the point z = ia is mapped to the point
wo = exp(ima/d); the points on the lower plate, z = x, and on the upper plate,
7 = x +id, map to the real axis w = u for u > 0 and u < 0, respectively. Let
us consider a line of charge g at wy and a line of charge —¢q at wy. Consider
the associated complex potential (see also the previous Example 5.4.9)

Q(w) = —2q log(w — wop) + 2q log(w — wg) = 2q log <3 — Z())
— Wo

Calling C, a closed contour around the charge g, we see that Gauss’ law is

satisfied,
f

q

E,ds = Imj{ Edz = Imj{ —Q'(w)dw =4mq
c, (op
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where C’q is the image of C, in the w-plane. (Again, see Example 5.4.3, with
€9 = 1/4m.) Then, calling 2 = ® + i ¥, we see that ® is zero on the real
axis of the w plane (because log A/A* is purely imaginary). Consequently,
we have satisfied the boundary condition @ = 0 on the plates, and hence the
electrostatic potential at any point of the shaded region of the z plane is given by

& = 2 Relog [&} — 2g Relog {”_78] p="29
w — etV ed — etV d
Problems for Section 5.4
1. Consider a source at z = —a and a sink at z = a of equal strengths k.

(a) Show that the associated complex potential is 2(z) = klog[(z +

a)/(z —a)l.
(b) Show that the flow speed is 2ka/v/a* — 2a2r? cos 20 + r*, where
i
z=re".

2. Use Bernoulli’s equation (5.4.20) to determine the pressure at any point
of the fluid of the flow studied in Example 5.4.6.

3. Consider a flow with the complex potential Q2(z) = uo(z + a*/z), the
particular case y = 0 of Example 5.4.8. Let p and po, denote the pres-
sure at a point on the cylinder and far from the cylinder, respectively.

(a) Use Eq. (5.4.20) to establish that p — ps = 1 pug>(1 — 4sin’6).

(b) Show that a vacuum is created at the points +ia if the speed of the
fluid is equal to or greater than 1y = +/2ps/(3p). This phenomenon
is usually called cavitation.

4. Discuss the fluid flow associated with the complex velocity potential
Q) = Qoz + 2% + X logz,a > 0, y real, Qg = Uy + i Vo. Show
that the force exerted on the cylindrical obstacle defined by the flow field
is given by F = ip Qyy. This force is often referred to as the lift.

5. Show that the steady-state temperature at any point of the region given in
Figure 5.4.11, where the temperatures are maintained as indicated in the
figure, is given by

(r? — 1)sin6
4+ 1)cosO — 2r

0 (r* — 1)siné
— — tan
T (r2+1)cos@ +2r

1
T(r,0) = —Otan’1 {( 5
T r
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1

o°C o°C
Fig. 5.4.11. Temperature distribution for Problem 5.4.5

2,

B

Fig. 5.4.12. Electrostatic potential for Problem 5.4.7

Hint: use the transformation w = z+ 1/z to map the above shaded region
onto the upper half plane.

6. Let Q(z) = z%, where « is a real constant and o > % If 7 = re'? show
thattherays® = O and 0 = 7/« are streamlines and hence can be replaced
by walls. Show that the speed of the flow is ar?=! where r is the distance
from the corner.

7. Two semiinfinite plane conductors meet at an angle 0 < « < /2 and are
charged at constant potentials ®, and ®,.
Show that the potential ® and the electric field E = (E,, Ey) in the
region between the conductors are given by

B - ® & -
R G T
o

ar

where z = rei?, 0 < 6 < a.

8. Two semiinfinite plane conductors intersect at an angle @, 0 < o < 7,
and are kept at zero potential.
A line of charge ¢ per unit length is located at the point z;, which is
equidistant from both planes. Show that the potential in the shaded region
is given by
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Fig. 5.4.14.

9. Consider the flow past an elliptic cylinder indicated in Figure 5.4.14.

(a) Show that the complex potential is given by

(a + b)*
Q) = —_—
(z) = uop (C + py:
where
1
§E§(Z+ Zz—cz), r=a? - b?
(b) Show that the fluid speed at the top and bottom of the cylinder is
up(1+ ),

10. Two infinitely long cylindrical conductors having cross sections that are
confocal ellipses with foci at (—c, 0) and (c, 0) (see Figure 5.4.15) are
kept at constant potentials ®; and ®,.

(a) Show that the mapping z = csin¢ = csin(§ + in) transforms the
confocal ellipses in Figure 5.4.15 onto two parallel plates such as those
depicted in Figure 5.4.10, where & = ®; on n = n;, with coshn; =
R;/c, j = 1,2. Use the transformation w = exp(% (¢ —in)), where
d = ny — n; (see Example 5.4.10) to show that the complex potential
is given by
Qw)=®, —|——(I)2 _ i logw =&+ - — i [Sin*1 (E) — im].

im id c

(b) If the capacitance of two perfect conductors is defined by C =

q/(®, — ®,), where g is the charge on the inside ellipse, use Gauss’
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Fig. 5.4.15. Confocal ellipses, Problem 5.4.10

Fig. 5.4.16. Ideal flow, Problem 5.4.11

law to show that the capacitance per unit length is given by

C— L _ 21
T 2d 2 (cosh_1 (%) — cosh™! (%))

(c) Establish that as ¢ — 0 (two concentric circles):

1
C—»> —————
2log(R2/Ry)

11.  Acircular cylinder of radius R lies at the bottom of a channel of fluid that,
at large distance from the cylinder, has constant velocity u.

(a) Show that the complex potential is given by

TR
Q(z) = m Rug coth (—)
Z

(b) Show that the difference in pressure between the top and the bottom
points of the cylinder is p7r#u3/32, where p is the density of the fluid
(see Egs. (5.4.20)—(5.4.21)).
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*5.5 Theoretical Considerations — Mapping Theorems

In Section 5.3, various mapping theorems were stated, but their proofs were
postponed to this optional section.

Theorem 5.5.1 (originally stated as Theorem 5.3.2) Let f(z) be analytic and not
constant in a domain D of the complex z plane. The transformation w = f(z)
can be interpreted as a mapping of the domain D onto the domain D* = f (D)
of the complex w plane. (Sometimes this theorem is summarized as “open sets
map to open sets.”)

Proof A point set is a domain if it is open and connected (see Section 1.2).
An open set is connected if every two points of this set can be joined by a
contour lying in this set. If we can prove that D* is an open set, its connectivity
is an immediate consequence of the fact that, because f(z) is analytic, every
continuous arc in D is mapped onto a continuous arc in D*. The proof that D*
is an open set follows from an application of Rouche’s Theorem (see Section
4.4), which states: if the functions g(z) and g(z) are analytic in a domain and
on the boundary of this domain, and if on the boundary |g(z)| > |2(z)|, then in
this domain the functions g(z) — g(z) and g(z) have exactly the same number
of zeroes. Because f(z) is analytic in D, then f(z) has a Taylor expansion at a
point zg € D. Assume that f’(zg) # 0. Then g(z) = f(z) — f (zo) vanishes (it
has a zero of order 1) at zo. Because f(z) is analytic, this zero is isolated (see
Theorem 3.2.7). That is, there exists a constant & > 0 such that g(z) # 0 for
0 < |z — zo] < €. On the circle |z — z0| = €, g(z) is continuous; hence there
exists a positive constant A such that A = min | f(z) — f(zo)| on |z — zo| = €.
If g(z) = a is acomplex constant such that [a| < A, then |g(2)| > |a| = |2(2)|
on |z — z9| = ¢, and Rouche’s Theorem implies that g(z) — g(z) vanishes in
|z —zol < e.

Hence, for every complex number a = |ale’®, |a| < A, we find that there
is exactly one value for g(z) = w — wy = a corresponding to every z inside
|z — zo0l < &. Therefore, if zog € D, f'(z9) # 0, and wy = f(zo), then for
sufficiently small ¢ > O there exists a § > 0 such that the image of |z — z9| < ¢
contains the disk |w — wy| < § (here § = A), and therefore D* is open. If
f'(z0) = 0, a slight modification of the above argument is required. If the first
nonvanishing derivative of f(z) at z is of the nth order, then g(z) has a zero
of the nth order at z = zo. The rest of the argument goes through as above,
but in this case one obtains from Rouche’s Theorem the additional information
that in |z — zo| < € the values w, for which |w — wy| < A, will now be taken
n times. [
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Theorem 5.5.2 (originally stated as Theorem 5.3.3) (1) Assume that f(z) is
analytic at zo and that f’(zg) # 0. Then f(z) is univalent in the neighbor-
hood of zp. More precisely, f has a unique analytic inverse F in the neigh-
borhood of wy = f(z0); that is, if z is sufficiently near zo, then z = F(w),
where w = f(z). Similarly, if w is sufficiently near wy and z = F(w), then
w = f(z). Furthermore, f'(z) F'(w) = 1, which implies that the inverse map is
conformal.

(2) Assume that f(z) is analytic at zo and that it has a zero of order n;
that is, the first nonvanishing derivative of f(z) at zg is £ (z¢). Then to each
w sufficiently close to wg = f(zp), there correspond n distinct points z in
the neighborhood of zy, each of which has w as its image under the mapping
w = f(z). Actually, this mapping can be decomposed in the form w—wy = ¢”,
¢ = g(z — z0), g(0) = 0 where g(z) is univalent near zo and g(z) = zH(2)
with H(0) £ 0.

Proof (1) The first part of the proof follows from Theorem 5.5.1, where it was
shown that each w in the disk |w — wy| < A denoted by P is the image of
a unique point z in the disk |z — z9| < &, where w = f(z). This uniqueness
implies z = F(w) and zg = F(wq). The equations w = f(z) and z = F(w)
imply the usual equation w = f(F(w)) satisfied by a function and its inverse.
First we show that F'(w) is continuous in P and then show that this implies that
F (w) is analytic.

Let w; € P be the image of a unique point z; in |z — z9| < ¢. From
Theorem 5.5.1, the image of |z — z;| < & contains |w — wi| < &y, so for suffi-
ciently small §; we have |z — z;| = |F(w) — F(w)| < €1, and therefore F (w)
is continuous.

Next assume that w; is near w. Then w and w, are the images corresponding
to z = F(w) and z; = F(w), respectively. If w is fixed, the continuity of F
implies that if |w; — w| is small, then |z; — z| is also small. Thus

Fw) - Fw) 21—z 21—z

= e d 1
wp —w wr—w  f(z1) = f(2) (@

(5.5.1)

as lw; —w| — 0.

Because f(z) = w has only one solution for |z — z¢9| < ¢, it follows that
f'(z) # 0. Thus Eq. (5.5.1) implies that F’(w) exists and equals 1/f'(z).
We also see, by the continuity of f(z), that every z near z( has as its image a
point near wy. So if |z — zo| is sufficiently small, w = f(z) is a point in P
and z = F(w). Thus z = F(f(z)) near zy, which by the chain rule implies
1 = f/(z) F'(w), is consistent with Eq. (5.5.1).
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(2) Assume for convenience, without loss of generality, that zo = wy = 0.
Using the fact that the first (n — 1) derivatives of f(z) vanish at z = zo, we
see from its Taylor series that w = z"h(z), where h(z) is analytic at z = 0 and
h(0) # 0. Because 7(0) # 0 there exists an analytic function H(z) such that
h(z) = [H(2)]", with H(0) # 0. (The function H (z) can be found by taking
the logarithm.) Thus w = (g(z))", where g(z) = zH(z). The function g(z)
satisfies g(0) = 0 and g’(0) # O, thus it is univalent near 0. The properties of
w = ¢" together with the fact that g(z) is univalent imply the assertions of part
(2) of Theorem 5.3.3. [

Theorem 5.5.3 (originally stated as Theorem 5.3.4) Let C be a simple closed
contour enclosing adomain D, and let f(z) be analytic on C and in D. Suppose
f (z) takes no value more than once on C. Then (a) the map w = f(z) takes
C enclosing D to a simple closed contour C* enclosing a region D* in the
w plane; (b) w = f(z) is a one-to-one map from D to D*; and (c) if z
traverses C in the positive direction, then w = f(z) traverses C* in the positive
direction.

Proof (a) The image of C is a simple closed contour C* because f(z) is ana-
lytic and because f(z) takes on no value more than once for z on C.

(b) Consider the following integral with the transformation w = f(z), where
wy corresponds to an arbitrary point zop € D and is not a point on C*:

1 f'@dz 1 dw
T 2w Jo f()—wo 270 Jor w — wy

(5.5.2)

From the argument principal in Section 4.4 (Theorem 4.4.1) we find that I =
N — P, where N and P are the number of zeroes and poles (respectively) of
f(z) — wg enclosed within C. However, because f(z) is analytic, P = 0 and
I =N.

If wy lies outside C*, the right-hand side of Eq. (5.5.2) is 0, and therefore
N = 0so that f(z) # wg inside C. If wq lies inside C*, then the right-hand
side of Eq. (5.5.2) is 1 (assuming for now, the usual positive convention in f ),
and therefore f(z) = wy once inside C. Finally, wg could not lie on C* because
it is an image of some point zp € D, and, from Theorem 5.5.1 (open sets map
to open sets), some point in the neighborhood of wy would need to be mapped
to the exterior of C*, which we have just seen is not possible.

Consequently, each value wy inside C* is attained once and only once, and
the transformation w = f(z) is a one-to-one map.
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(c) The above proof assumes that both C and C* are traversed in the positive
direction. If C* is traversed in the negative direction, then the right-hand side of
Eq. (5.5.2) would yield —1, which contradicts the fact that N must be positive.
Clearly, C and C* can both be traversed in the negative directions.

Finally, we conclude this section with a statement of the Riemann Mapping
Theorem. First we remark that the entire finite plane, |z| < oo, is simply con-
nected. However, there exists no conformal map that maps the entire finite
plane onto the unit disk. This is a consequence of Liouville’s Theorem because
an analytic function w = f(z) such that | f(z)| < 1 for all finite z € C would
have to be constant. Similar reasoning shows that there exists no conformal
map that maps the extended plane |z] < oo onto the unit disc. By Riemann’s
Mapping Theorem, these are the only simply connected domains that cannot
be mapped onto the unit disk.

Theorem 5.5.4 (Riemann Mapping Theorem) Let D be a simply connected
domain in the z plane, which is neither the z plane or the extended z plane.
Then there exists a univalent function f(z), such that w = f(z) maps D onto
the disk |w| < 1.

The proof of this theorem requires knowledge of the topological concepts of
completeness and compactness. It involves considering families of mappings
and solving a certain maximum problem for a family of bounded continuous
functionals. This proof, which is nonconstructive, can be found in advanced
textbooks (see, for example, Nehari (1952)). In the case of a simply connected
domain bounded by a smooth Jordan curve, a simpler proof has been given
(Garabedian, 1991).

Remarks 1t should be emphasized that the Riemann Mapping Theorem is a
statement about simply connected open sets. It says nothing about the behavior
of the mapping function on the boundary. However, for many applications
of conformal mappings, such as the solution of boundary value problems, it
is essential that one is able to define the mapping function on the boundary.
For this reason it is important to identify those bounded regions for which
the mapping function can be extended continuously to the boundary. It can be
shown (Osgood—Carathéodory Theorem) thatif D is bounded by a simple closed
contour, then it is possible to extend the function f mapping D conformally
onto the open unit disk in such a way that f is continuous and one to one on
the boundaries.

A further consequence of all this is that fixing any three points on the bound-
ary of the mapping w = f(z), where the two sets of corresponding points
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{z1, 22, z3}, {w1, wo, w3} appear in the same order when the two boundaries are
described in the positive direction, uniquely determines the map. The essential
reason for this is that two different maps onto the unit circle can be transformed
to one another by a bilinear transformation, which can be shown to be fixed
by three points (see Section 5.7). Alternatively, if zo is a point in D, fixing
f(zo0) = 0 with f'(z9) > 0 uniquely determines the map.

We also note that there is a bilinear transformation (e.g. Eq. (5.4.19) and see
also Eq. (5.7.18)) that maps the unit circle onto the upper half plane, so in the
theorem we could equally well state that w = f(z) maps D onto the upper half
w plane.

5.6 The Schwarz—Christoffel Transformation

One of the most remarkable results in the theory of complex analysis is Rie-
mann’s Mapping Theorem, Theorem 5.5.4. This theorem states that any simply
connected domain of the complex z plane, with the exception of the entire z
plane and the extended entire z plane, can be mapped with a univalent transfor-
mation w = f(z) onto the disk |w| < 1 or onto the upper half of the complex w
plane. Unfortunately, the proof of this celebrated theorem is not constructive,
that is, given a specific domain in the z plane, there is no general constructive
approach for finding f(z). Nevertheless, as we have already seen, there are
many particular domains for which f(z) can be constructed explicitly. One
such domain is the interior of a polygon. Let us first consider an example of a
very simple polygon.

Example 5.6.1 The interior of an open triangle of angle w o, with vertex at the
origin of the w plane is mapped to the upper half z planeby w = z%,0 < o < 2;
see Figure 5.6.1.

If z = re’”, w = pe'?, then the rays ¢ = 0 and ¢ = ma of the w plane
are mapped to the rays 8 = 0 and & = 7 of the z plane. We note that the

B s STy ]

z plane w plane

Fig. 5.6.1. Transformation w = z*
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conformal property, that is that angles are preserved under the transformation
w = f(z) = z% doesn’t hold at z = 0 since f(z) is not analytic there when

o # 1.

The transformation w = f(z) associated with a general polygon is called the
Schwarz—Christoffel transformation. In deriving this transformation we will
make use of the so-called Schwarz reflection principle. The most basic version
of this principle is really based on the following elementary fact. Suppose that
f(z) is analytic in a domain D that lies in the upper half of the complex z
plane. Let D denote the domain obtained from D by reflection with respect
to the real axis (obviously D lies on the lower half of the complex z plane).
Then corresponding to every point z € D, the function f(z) = f(Z) is analytic
in D.

Indeed, if f(z) = u(x,y) +iv(x,y), then m =u(x,—y) —iv(x, —y).
This shows that the real and imaginary parts of the function f(z) = f(Z) have
continuous partial derivatives, and that the Cauchy—Riemann equations (see
Section 2.1) for f imply the Cauchy—Riemann equations for f, and hence f is
analytic. Call @i(x, y') = u(x, —y), 0(x,y’) = —v(x, —y), ¥ = —y, then the
Cauchy Riemann conditions for i and ¥ in terms of x and y’ follow.

Example 5.6.2 The function f(z) = 1/(z + i) is analytic in the upper half z
plane. Use the Schwarz reflection principle to construct a function analytic in
the lower half z plane.

The function f(Z) = 1/(z — i) has a pole at z = i as its only singularity;
therefore it is analytic for Imz < 0.

The above idea not only applies to reflection about straight lines, but it also
applies to reflections about circular arcs. (This is discussed more fully in Section
5.7.) In a special case, it implies that if f(z) is analytic inside the unit circle,
then the function f(1/7) is analytic outside the unit circle. Note that the points
in the domains D and D of Figure 5.6.2 are distinguished by the property that

Fig. 5.6.2. Reflection principle
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Fig. 5.6.3. Analytic continuation across the real axis

they are inverse points with respect to the real axis. If one uses a bilinear
transformation (see, e.g., Eqs. (5.4.19) or (5.7.18)) to map the real axis onto
the unit circle, the corresponding points z and 1/Z will be the “inverse” points
with respect to this circle. (Note that the inverse points with respect to a circle
are defined in property (viii) of Section 5.7).

The Schwarz reflection principle, across real line segments is the following.
Suppose that the domain D has part of the real axis as part of its boundary.
Assume that f(z) is analytic in D and is continuous as z approaches the line
segments L, ..., L, of the real axis and that f(z) is real on these segments.
Then f(z) can be analytically continued across L, ..., L, into D (see also
Theorems 3.2.6, 3.2.7, and 3.5.2). Indeed, f(z) is analytic in D, which implies
that f(z) = f(Z) is analytic in D because f(z) = f(z) on the line segments
(due to the reality condition). These facts, together with the continuity of

f(z) as z approaches L, ..., L,, imply that the function F(z) defined by
f(z)in D, by f(z)in D, and by f(z) on Ly, ..., L, is also analytic on these
segments.

A particular case of such a situation is shown in Figure 5.6.3. Although D
has two line segments in common with the real axis, let us assume that the
conditions of continuity and reality are satisfied only on L. Then there exists
a function analytic everywhere in the shaded region except on /;.

The important assumption in deriving the above result was Im f = 0 on
Imz = 0. If we think of f(z) as a transformation from the z plane to the w
plane, this means that a line segment of the boundary of D of the z plane is
mapped into a line segment of the boundary of f(D) in the w plane which
are portions of the real w axis. By using linear transformations (rotations and
translations) in the z and w plane, one can extend this result to the case that these
transformed line segments are not necessarily on the real axis. In other words,
the reality condition is modified to the requirement that f (z) maps line segments
in the z plane into line segments in the w plane. Therefore, if w = f(z) is
analytic in D and continuous in the region consisting of D together with the
segments Ly, ..., L,, and if these segments are mapped into line segments in
the w plane, then f(z) can be analytically continued across Ly, ..., L,.
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Fig. 5.6.4. Transformation of a polygon

As mentioned above the Schwarz reflection principle can be generalized
to the case that line segments are replaced by circular arcs (see also, Nehari
(1952)). We discuss this further in Section 5.7.

Theorem 5.6.1 (Schwarz—Christoffel) Let I be the piecewise linear boundary
of a polygon in the w plane, and let the interior angles at successive vertices be

a7, . .., a,. The transformation defined by the equation

dw

Fr y@—a)* 'z—a)® 'z —a)™! (5.6.1)
where y is a complex number and ay, ..., a, are real numbers, maps I" into
the real axis of the z plane and the interior of the polygon to the upper half of
the z plane. The vertices of the polygon, A;, Ay, ..., A,, are mapped to the
points ay, ..., a, on the real axis. The map is an analytic one-to-one conformal

transformation between the upper half z plane and the interior of the polygon.

When A is finite then 0 < o; < 2; a; = 2 corresponds to the tip of a “slit”
(see Example 5.6.5 below). Should a vertex A ; be atinfinity then -2 < o; <0
(using z = 1/1).

In this application we consider both the map and its inverse, that is, mapping
the w plane to the z plane; z = F(w), or the z plane to the w plane; w = f(z).

We first give a heuristic argument of how to derive Eq. (5.6.1). Our goal is
to find an analytic function f(z) in the upper half z plane such that w = f(z)
maps the real axis of the z plane onto the boundary of the polygon. We do this
by considering the derivative of the mapping “’Tlg = f'(2), ordw = f'(z)dz.
Begin with a point w on the polygon, say, to the left of the first vertex A; (see
Figure 5.6.4) with its corresponding point z to the left of @ in the z plane. If we
think of dw and dz as vectors on these contours, then arg (dz) = 0 (always) and
arg (dw) = const. (always, since this “vector” maintains a fixed direction) until
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Fig. 5.6.5. Continuation of D

we traverse the first vertex. In fact arg (dw) only changes when we traverse the
vertices. Thus arg (f'(z)) = arg (dw) — arg (dz) = arg (dw). We see from
Figure 5.6.4 that the change in arg ( f’(z)) as we traverse (from left to right) the
first vertex is w — w ¢ 1, and more generally, through any vertex A, the change is
arg (f'(z)) = w(1 — «y). This is precisely the behavior of the arguments of the
function (z—ay)*~': as we traverse a point z = z, we find thatarg (z —ay) = 7
if z is real and on the left of a, and that arg (z — ay) = 0 if z is real and on the
right of a,. Thus arg (z — a;) changes by —m as we traverse the point a;, and
(oeg — 1) arg (z — ag) changes by (1 — a,). Because we have a similar situation
at each vertex, this suggests that [i,—l; = f’(z) is given by the right-hand side of
Eq. (5.6.1). Many readers may wish to skip the proof of this theorem, peruse
the remarks that follow it, and proceed to the worked examples.

Proof We outline the essential ideas behind the proof. Riemann’s mapping
theorem, mentioned at the beginning of this section (see also Section 5.5)
guarantees that such a univalent map w = f(z) exists. (Actually, one could
proceed on the assumption that the mapping function f(z) exists and then
verify that the function f(z) defined by (5.6.1) satisfies the conditions of the
theorem.) However we prefer to give a constructive proof. We now discuss its
construction.

Let us consider the function w = f(z) analytically continued across one
of the sides of the polygon D in the w plane to obtain a function fj(z) in an
adjacent polygon D;; every point w € D corresponds to a point in the upper
half 7 plane, and every point w € D, corresponds to a symmetrical point, Z, in
the lower half z plane. Doing this again along a side of D, we obtain a function
Jf>(2) in the polygon D», etc., as indicated in Figure 5.6.5.

Each reflection of a polygon in the w plane across, say, the segment Ay Ay 1,
corresponds (by the Schwarz reflection principle) to an analytic continuation
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of f(z) across the line segment aia;.1. By repeating this over and over, the
Schwarz reflection principle implies that f(z) can be analytically continued
to form a single branch of what would be, in general, an infinitely branched
function.

However, because we have reflections about straight sides, geometrical argu-
ments imply that the functions f(z) € D and f,(z) € D, are linearly related to
each other via a rotation and translation: thatis, f>(z) = Af(z) + B, A = ¢'°.
The same is true for any even number of reflections, fi, f4, .... But g(z) =
f"(z)/f'(z) is invariant under such linear transformations, so any point in the
upper half z plane will correspond to a unique value of g(z); because g(z) =
(" @)/ (£ (@) = (fa"()/(fd'(2)) = -+, any even number of reflections
returns us to the same value. Similarly, any odd number of reflections returns us
a unique value of g(z) corresponding to a point z in the lower half plane. Also
from Riemann’s Mapping Theorem and the symmetry principle f’(z) # 0, f(z)
is analytic everywhere except possibly at the endpoints z = a,, £ = 1,2, ....
The only possible locations for singularities correspond to the vertices of the
polygon. On the real z axis, g(z) is real and may be continued by reflection to
the lower half plane by g(z) = g(Z). In this way, all points z (upper and lower
half planes) are determined uniquely and the function g(z) is therefore single
valued.

Next, let us consider the points z = a, corresponding to the polygonal vertices
Ay. In the neighborhood of a vertex z = a, an argument such as that preceding
this theorem shows that the mapping has the form

w—wo = f(2) = f(z0) = (z—a)® e’ + ¢’z —ap) + ¢ (z — ap)? +

Consequently, g(z) = f”(z)/f’(z) is analytic in the extended z plane except
for poles at the points ay, . . ., a, with residues (a; — 1), ..., (a0, — 1). It follows
from Liouville’s Theorem that

(@ (ar — 1)
_ =c (5.6.2)
'@ zzl: z—aq

where c¢ is some complex constant. But f(z) is analytic at z = oo (assuming
no vertex, z = ay is at infinity), so f(z) = f(co) + b1 /z + bz/z2 + ...; hence
f"(@)/f (z) — 0 as as z — oo, which implies that ¢ = 0. Integration of
Eq. (5.6.2) yields Eq. (5.6.1). ]

Remarks (1) For a closed polygon, Y (1 — ;) = 2, and hence > ;_, oy =
(n —2) where n is the number of sides. This is a consequence of the well known
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geometrical property that the sum of the exterior angles of any closed polygon
is 2.

(2) It is shown in Section 5.7 that for bilinear transformations, the corres-
pondence of three (and only three) points on the boundaries of two domains
can be prescribed arbitrarily. Actually, it can be shown that this is true for any
univalent transformation between the boundary of two simply-connected do-
mains. In particular, any of the three vertices of the polygon, say A, A, and
As, can be associated with any three points on the real axis a;, a,, a3 (of course
preserving order and orientation). More than three of the vertices a, cannot
be prescribed arbitrarily, and the actual determination of a4, as, . .., a, (some-
times called accessory parameters) might be difficult. In application, symmetry
or other considerations usually are helpful, though numerical computation is
usually the only means to evaluate the constants ay, as, . .., a,. Sometimes it
is useful to fix more independent real conditions instead of fixing three points,
(e.g. map a point wy € D to a fixed point 2y in the z plane, and fix a direction
of f'(zo), that is, fix arg f'(zo)).

(3) The integration of Eq. (5.6.1) usually leads to multivalued funcions.
A single branch is chosen by the requirement that 0 < arg (z —a;) <7, [ =
1,..., n. The function f(z) is analytic in the semiplane Im z > 0; it has branch
points at z = ay.

(4) Formula (5.6.1) holds when none of the points coincide with the point
at infinity. However, using the transformation z = a, — 1/¢, which transforms
the point z = a, to ¢ = oo but transforms all other points a; to finite points
Lo = 1/(a, — ay), we see that Eq. (5.6.1) yields

ﬁ 0 B _l aj—1 - B _l o1 —1 (_l)anl
dé' (; ) - y(an aj §> . (an ap—1 C) §

Using Remark (1), we have

Zi =PE =) (6 = L) (5.6.32)
¢

where ¢y = 1/(a, — a;) and y is a new constant. Thus, formula (5.6.1) holds
with the point at co removed. If the point z = a, is mapped to ¢ = oo, then,
by virtue of Remark (2), only two other vertices can be arbitrarily prescribed.
Using Remark (1), we find that as { — oo

df ~ _a_1|: C1 :l
= n 1+_+...
dc 144 ¢
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(5) Using the bilinear transformation

,<1+§) i—i dz 2i
=1 — R = —, —_ = —
t=iT; CEED dr a—¢p

which transforms the upper half z plane onto the unit circle || < 1, it follows
that Eq. (5.6.1) also with z replaced by ¢ and with suitable constants y — 7,
ag — &g, ¢ being on the unit circle, £ = 1,2, ..., n, which can be found by
using the above bilinear transformation and Remark (1).

(6) These ideas can be used to map the complete exterior of a closed polygon
(with n vertices) in the w plane to the upper half z plane. We note that at first
glance one might not expect this to be possible because an annular region (not
simply connected) cannot be mapped onto a half plane. In fact, the exterior of
a polygon, which contains the point at infinity, is simply connected. A simple
closed curve surrounding the closed polygon can be continuously deformed to
the point at infinity. In order to obtain the formula in this case, we note that
all of the interior angles way, £ = 1,2, ..., n, must be transformed to exterior
angles 2w — mwa, because we traverse the polygon in the opposite direction,
keeping the exterior of the polygon to our left. Thus the change in arg f'(z) at
avertex Ay is —(wr — mway) and therefore in Eq. (5.6.1) (o — 1) = (1 — ).
We write the transformation in the form

dw 1—a l—a l—a

— =g@Q)z—a1)) "z —a) - (z—a,) ™

dz

The function g(z) is determined by properly mapping the point w = oo, which
is now an interior point of the domain to be mapped. Let us map w = oo to
a point in the upper half plane, say, z = iag, ap > 0. We require w(z) to be
a conformal transformation at infinity, so near z = iay, g(z) must be single
valued and w(z) should transform like

wi@)=ni+trt+---, (= . as { — 00, orz — iag
Z—1lq
Similar arguments pertain to the mapping of the lower half plane by using the
symmetry principle. Using the fact that the polygon is closed, > ;_, (1 — o)
= 2, and conformal at z = oo, we deduce that

14
(z —iap)?(z +iag)?

g2 =

(Note that g(z) is real for real z.) Thus, the Schwarz—Christoffel formula
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mapping the exterior of a closed polygon to the upper half z plane is given
by

dw y
dz  (z—iap)*(z +iag)?

z—a)" ™ (z—a)' " (z—ay)' % (5.6.3b)

We also note that using the bilinear transformation of Remark (5) withag = 1,
we find that the Schwarz—Christoffel transformation from the exterior of a
polygon to the interior of a unit circle |¢| < 1 is given by

dw _ 3(: —)TMEC =) T =g (5.6.3¢)
g ¢?
where the points ¢;,i = 1,2, ..., n lie on the unit circle.

Example 5.6.3 Determine the function that maps the half strip indicated in
Figure 5.6.6 onto the upper half of the z plane.

We associate A(oco) with a(oo), Aj(—k) witha;(—1), and A, (k) with a,(1).
Then, from symmetry, we find that B(oo) is associated with b(c0). Equation

(5.6.1) withot; = @y = 1,4, = —1, and a, = 1 yields

I (R Vg
— =y(z z— =
dz v 1 — 22

Integration implies
w=¢sin"'z+c

Whenz =1, w =k, and when z = —1, w = —k. Thus

k=7sin"'(1) +c, —k =jpsin"(=1) +¢
z = sin(Z-w) A U/:\ B
|
|
|
a a, a, b ___A_I | 42___>
1 1 -k ! k u
|
z plane w plane

Fig. 5.6.6. Transformation of a half strip
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Fig. 5.6.7. Constant temperature boundary conditions

Using sin~'(1) = /2 and sin~'(—=1) = —/2, these equations yield ¢ = 0,
7 =2k/m. Thus w = (2k/m) sin"! z, and z = sin(wrw/2k).

Example 5.6.4 A semiinfinite slab has its vertical boundaries maintained at
temperature Ty and 27; and its horizontal boundary at a temperature O (see
Figure 5.6.7). Find the steady state temperature distribution inside the slab.
We shall use the result of Example 5.6.3, with £ = a/2 (interchanging w
and z). It follows that the transformation w = sin(7 z/a) maps the semiinfinite
slab onto the upper half w plane. The function T = &6 + 20, + « (see also
Section 2.3, especially Eqgs. (2.3.13)—-(2.3.17)), where «;, o, and « are real
constants and is the imaginary part of «; log(w + 1) 4+ oz log(w — 1) +i«,
and is thereby harmonic (i.e., because it is the imaginary part of an analytic
function, it satisfies Laplace’s equation) in the upper half strip. In this strip,
w+1=re?andw—1 = re®, where 0 < 0;,6, < . To determine o,
oy, and o, we use the boundary conditions. If 8; = 6, = 0, then T = 2Ty; if
0p=0and 0, =m,thenT =0;if 6 =0, = 7, then T = T,,. Hence

T 2T, T 2T
T = —001 - —092 + 2Ty = 20 tan~! vo_ “79 tan~! v + 2Ty
T T T u—+1 T u—1
Using
. . Tz
w=u-+1iv = sin <—)
a
that is,

Y ELL Ty X\ . Ty
u=sin| — | cosh| — and v=cos|— |sinh | —
a a a a
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A, si
=s\22-1
a a, a, a, b A A A, B
-1 0 1 0
z plane w plane

Fig. 5.6.8. Transformation of the cut half plane onto a slit

we find

e ) | ] () )
T sin(Z*) cosh(™) +1 i sin(Z*) cosh (™)
Y

Example 5.6.5 Determine the function that maps the “slit” of height s depicted
in Figure 5.6.8 onto the upper half of the z plane.

We associate A;(0—) with a;(— 1) A, (si) with a>(0), and A3(0+) with
1

a3(1). Then Eq. (5.6.1) with o] = 2,a1 =-l,ap=2,a,=0,3 = 5, and
a; = 1 yields
dw 1 1 ]72
—=y+Dzz-1D)7 = —
iz 7 ( ) 2z( ) =
Thus

w=38vz2—-14+¢

When z =0, w = si, and when z = 1, w = 0. Thus
w=svz2—1 (5.6.4)

Example 5.6.6 Find the flow past a vertical slit of height s, which far away
from this slit is moving with a constant velocity u( in the horizontal direction.

It was shown in Example 5.6.5 that the transformation w = s+/z2 — 1 maps
the vertical slit of height s in the w plane onto the real axis of the z plane. The
flow field over a slitin the w plane is therefore transformed into a uniform flow in
the z plane with complex velocity Q2 (z) = Uypz = Up(x +iy), and with constant
velocity Uy. The streamlines of the uniform flow in the z plane correspond to
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E height s u E x
T — _——— > T - >
w plane z plane

w=s\z2-1
a a, a, a, b
1 0 1
z plane

Fig. 5.6.10. Transformation of the exterior of an isosceles triangle

y = c (recall that Q = ® + i ¥ where ® and W are the velocity potential and
stream function, respectively) where c is a positive constant and the flow field in
the w plane is obtained from the complex potential Q(w) = Uo((%)2+ 1) 5. The
image of each of the streamlines y = c in the w planeis w = s/ (x +ic)? — 1,
—00 < x < 00. Note that c = 0 and ¢ — oo correspondto v = 0 and v — oo.
Alternatively, from the complex potential 2 = & +i¥, ¥ = 0 whenv =0
and ' (w) — Up/s as lw| — oo. Thus one gets the flow past the vertical
barrier depicted in Figure 5.6.9, with ug = Uy/s.

Example 5.6.7 Determine the function that maps the exterior of an isosceles
triangle located in the upper half of the w plane onto the upper half of the z
plane.

We note that this is not a mapping of a complete exterior of a closed polygon;
in fact, this problem is really a modification of Example 5.6.5. We will show
that a limit of this example as k — 0 (see Figure 5.6.10) reduces to the previous
one. Note tan(ro) = s/ k.

We associate A;(—k) with a;(—1), A,(si) with a,(0), and A3 (k) with as(1).
The angles at A, Ay, and Az are given by m — na, 2mr — (m — 27ww), and
m — wa, respectively. Thus oy = 1 —a, 00 = 1 + 20, 03 = 1 — @, and
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Eq. (5.6.1) yields

Z20(

dw
-~ = LD ==
Y+ D2z -1) V= oy

dz

Thus
Z ;201
=7 ———d¢ + 5.6.5
w V/O 1 —¢e {+c (5.6.5)

When z =0, w = si, and when z = 1, w = k. Hence ¢ = si, and

1 €-2a
=7 || G de

The integral fol can be expressed in terms of gamma functions by calling t = ¢2
and using a well-known result for integrals

C'(p)I'(q)

1
B(p,q)= | t"'A -0 "drt =
(p.q) /Ot (1—=0)"dt T ta)

B(p, q) is called the beta function. (See Eq. (4.5.30) for the definition of the
gamma function, I'(z).) Using this equation with p =« +1/2, g = 1 —«, and
') =1rd), where T'() = /z, it follows that (e + 1/2)T'(1 —a) =
(k — si)/m. Thus

_ G-shym [T
T T+ 1T (=) Jy (1—c2)

de + si (5.6.6)

We note that Example 5.6.5 corresponds to the limitk — 0, o« — % in Eq. (5.6.6),
that is, under this limit, Eq. (5.6.6) reduces to Eq. (5.6.4)

w:si—si/o'\/l%_gzdg=si\/1—z2=sx/22_1

An interesting application of the Schwarz—Christoffel construction is the
mapping of a rectangle. Despite the fact that it is a simple closed polygon, the
function defined by the Schwarz—Christoffel transformation is not elementary.
(Neither is the function elementary in the case of triangles.) In the case of
a rectangle, we find that the mapping functions involve elliptic integrals and
elliptic functions.
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Fig. 5.6.11. Transformation of a rectangle

Example 5.6.8 Find the function that maps the interior of a rectangle onto the
upper half of the z plane. See Figure 5.6.11.

We associate Ay (—1 + si) with @y (—1/k), A»(—1) with ay(—1),and z =0
with w = 0. Then by symmetry, A3, A4 are associated with a3, a4 respectively.
In this example we regard k as given and assume that 0 < k < 1. Our goal is
to determine both the transformation w = f(z) and the constant s as a func-
tions of k. In this case, oy =y = a3 = oy = %,
and a4 = 1/k. Furthermore, because f(0) = 0 (symmetry), the constant of
integration is zero; thus Eq. (5.6.1) yields

1
a =_E9a2=_1’a3 = 19

ilz_l; =y@—-D"Pe+ D@ — 1/ P+ 1k

Then by integration manipulation and by redefining y (to 7)

o [F dg _
w y/o NS yF(z, k) (5.6.7)
The integral appearing in Eq. (5.6.7), with the choice of the branch defined ear-
lier, in Remark 3 (we fix /1 = 1 and note w is real for real z, lz| > 1/k),
is the so-called elliptic integral of the first kind; it is usually denoted by
F(z, k). (Note, from the integral in Eq. (5.6.7), that F(z, k) is an odd func-
tion; i.e, F(—z,k) = —F(z,k).) When z = 1, this becomes F (1, k) which
is referred to as the complete elliptic integral, usually denoted by K (k) =
F(l,k)= fol d¢/+/(1 —¢2)(1 — k2¢?2). The association of z = 1 with w = 1
implies that # = 1/K (k). The association of z = 1/k with w = 1 + is yields

1+is =

1 /% s
Ko (I =eHa -k

~e (e Jamsien)
K L /A=) -k
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or Ks = K’, where K’ denotes the associated elliptic integral (not the deriva-
tive), which is defined by

K’ (k)

_ / dt
N VJE D - ke

This expression takes an alternative, standard form if one uses the substitution
£ = (1—Kk?&?)712 where k' = +/1 — k2 (see Eq. (5.6.9)).
In summary, the transformation f(z) and the constant s are given by

wo F@h o K® (5.6.8)
K (k) K (k)
where (the symbol = denotes “by definition™)
Z d§
F(z, k) = , Kk)=F(,k
o= s KW=F0K
1 dé:
K'(k) E/ (5.6.9)
0 V=& — (1 - kHE?]

The parameter k is called the modulus of the elliptic integral. The inverse of
Eq. (5.6.8) gives z as a function of w via one of the so-called Jacobian elliptic
functions (see, e.g., Nehari (1952))

F(z, k)
w =

IR0 z=sn(wk, k) (5.6.10)

We note that Example 5.6.3 (with k£ = 1 in that example) corresponds to the
following limit in this example: s — oo, which implies that k — 0 because
limy_,¢ K'(k) = o0, and limy_,o K (k) = /2. Then the rectangle becomes an
infinite strip, and Eq. (5.6.8a) reduces to equation

2 (7 dt 2
w = —Sm "z

7 Jo \/1—§2=7T

Remark The fundamental properties of elliptic functions are their “double pe-
riodicity” and single valuedness. We illustrate this for one of the elliptic func-
tions, the Jacobian “sn” function, which we have already seen in Eq. (5.6.10).
A standard “normalized” definition is (replacing wK by w in Eq. (5.6.10))

w=F(zk = z=F"'wk =snw,k) (5.6.11)
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Fig. 5.6.12. Reflecting in the w plane

where again
Z dé—
0 V(1= -k

so that sn(0, k) = 0 and sn’(0, k) = 1 (in the latter we used % = 1/”2—‘;).
We shall show the double periodicity

F(z, k)=

sn(w + nw| + imw,, k) = sn(w, k) (5.6.12)

where m and n are integers, w; = 4K (k), and w, = 2K’(k). Given the nor-
malization of Eq. (5.6.11) it follows that the “fundamental” rectangle in the w
plane corresponding to the upper half z planeis Ay = —K + iK', a; = —1/k,
A, = —K, and ay = —1, with Aj, a3, A4, and a4 as the points symmetric to
these (in Figure 5.6.11, all points on the w plane are multiplied by K; this
is now the rectangle R in Figure 5.6.12). The function z = sn(w, k) can be
analytically continued by the symmetry principle.

Beginning with any point w in the fundamental rectangle R we must obtain
the same point w by symmetrically reflecting twice about a horizontal side
of the rectangle, or twice about a vertical side of the rectangle, etc., which
corresponds to returning to the same point in the upper half z plane each time.
This yields the double periodicity relationship (5.6.12).

These symmetry relationships also imply that the function z = sn(w, k)
is single valued. Any point z in the upper half plane is uniquely determined
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and corresponds to an even number of reflections, and similarly, any symmetric
point Z in the lower half plane is found uniquely by an odd number of reflections.
Analytic continuation of z = sn(w, k) across any boundary therefore uniquely
determines a value in the z plane. The only singularities of the map w = f(z)
are at the vertices of the rectangle, and near the vertices of the rectangle we have

w—A; = Ci(z —a)* 1+Cfl)(z—a,-)+~~}

and we see that z = sn(w, k) is single valued there as well. The “period
rectangle” consists of any four rectangles meeting at a corner, such as R, R,
Rz, RyinFigure 5.6.12. All other such period rectangles are periodic extensions
of the fundamental rectangle. Two of the rectangles map to the upper half z
plane and two map to the lower half z plane. Thus a period rectangle covers the
z plane twice, that is, for z = sn(w, k) there are two values of w that correspond
to a fixed value of z.

For example, the zeroes of sn(w, k) are located at w = 2nK + 2miK’ for
integers m and n. From the definition of F(z, k) we see that F (0, k) = 0. If we
reflect the rectangle R to Ry, this zero is transformed to the location w = 2i K’,
while reflecting to R transforms the zero to w = 2K, etc. Hence two zeroes
are located in each period rectangle. From the definition we also find the pairs
w=-K,z=-l;w=-K+iK',z=—};andw = iK', z = oo. The
latter is a simple pole.

Schwarz-Christoffel transformations with more than 4 vertices usually re-
quires numerical computation (cf. Trefethan, 1986, Driscoll and Trefethan,
2002).

Problems for Section 5.6

1. Use the Schwarz—Christoffel transformation to obtain a function that maps
each of the indicated regions below in the w plane onto the upper half of
the z plane in Figure 5.6.13a,b.

2. Find a function that maps the indicated region of the w plane in Fig-
ure 5.6.14 onto the upper half of the z plane, such that (P, Q, R) +—
(—00, 0, 00).

3. Show that the function w = / dt/(1 — té)%) maps a regular hexagon
0
into the unit circle.
4. Derive the Schwarz—Christoffel transformation that maps the upper half

plane onto the triangle with vertices (0, 0), (0, 1), (1, 0). (See Figure
5.6.15.)
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Fig. 5.6.13. Schwarz—Christoffel transformations—Problem 5.6.1

5. A fluid flows with initial velocity uo through a semiinfinite channel of
width d and emerges through the opening A B of the channel (see Figure
5.6.16). Find the speed of the fluid.

Hint: First show that the conformal mapping w = z + ¢ maps the
channel |y| < d/2 onto the w-plane excluding slits, as indicated in Figure
5.6.17.

2mz/d

6. The shaded region of Figure 5.6.18 represents a semiinfinite conductor
with a vertical slit of height / in which the boundaries AD, D E (of height
h) and D B are maintained at temperatures 77, 7>, and T3, respectively.
Find the temperature everywhere. Hint: Use the conformal mapping
studied in Example 5.6.5.

7. Utilize the Schwarz—Christoffel transformation in order to find the com-
plex potential F(w) governing the flow of a fluid over a step with velocity
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Q (—m+mi) R

P

Fig. 5.6.14. Schwarz—Christoffel transformations—Problem 5.6.2

= Wy=1
z-plane -
w-plane
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a;= -1 a, = 1 0!3=7Z'/2 w;= 1

Fig. 5.6.15. Schwarz—Christoffel transformations—Problem 5.6.4

B
Fig. 5.6.16. Fluid low—Problem 5.6.5

at infinity equal to g, where ¢ is real. The step A;(—00)A,(ih)A3(0) is
shown in Figure 5.6.19. The step is taken to be a streamline.

By using the Schwarz reflection principle, map the domain exterior to a
T-shaped cut, shown in Figure 5.6.20, onto the half plane.

Find a conformal mapping onto the half plane, Im w > 0, of the z domain
of the region illustrated in Figure 5.6.21 inside the strip —5 < Rez < 7,
by taking cuts along the segments [—7/2, — /6] and [7/6, /2] of the

real axis.
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Fig. 5.6.17. Mapping Problem 5.6.5
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Fig. 5.6.18. Temperature distribution—Problem 5.6.6
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Fig. 5.6.19. Fluid flow—Problem 5.6.7
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Fig. 5.6.20. “T-Shaped” region—Problem 5.6.8
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E (c0) E (c0)
z-plane
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—n/6 /6
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Fig. 5.6.21. Schwarz—Christoffel transformation—Problem 5.6.9

Show that the mapping w = [ (dt/(t'/>(t*> — 1)'/?)) maps the upper
half plane conformally onto the interior of a square. Hint: show that the
vertices of the square are w(0) = 0, w(l) = A, w(—1) = —i A, w(oo) =
A — i A where A is given by a real integral.

Use the Schwarz—Christoffel transformation to show that

w=log2(z> +2)/* +2z+ 1)

maps the upper half plane conformally onto the interior of a semi infinite
strip.

Z
Show that the function w = / (1 = ¢%'2/¢?) d¢ maps the exterior of

1
a square conformally onto the interior of the unit circle.

Show that a necessary (but not sufficient) condition for z = z(w) appear-
ing in the Schwarz—Christoffel formula to be single valued (i.e., for the
inverse mapping to be defined and single valued) is that ¢y = 1/n,, where
ng is an integer.

Find the domain onto which the function

S 4 1
w=/%dr, —l<a<=
0o (1—13)3te 3

maps the unit disk.

Find the mapping of a triangle with angles o7, ap 7w, a3w where the side
opposite angle o3 has length /.
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5.7 Bilinear Transformations

An important class of conformal mappings is given by the particular choice of

f@)

az+b

W=f(Z)=m,

ad —bc #0 (5.7.1)
where a, b, c, and d are complex numbers. This transformation is called bilin-
ear, or Mobius, or sometimes linear fractional.

Bilinear transformations have a number of remarkable properties. Further-
more, these properties are global. Namely, they are valid for any z including
Z = 00, that is, valid in the entire extended complex z plane. Throughout this
section, we derive the most important properties of bilinear transformations
(labeled (i)—(viii)):

(i) Conformality

Bilinear transformations are conformal.
Indeed, if c =0, f'(z) = % #0.Ifc#0

ad — bc

)= id?

which shows that f'(z) is well defined for z # —d/c, z finite. Inorderto analyze
the point z = oo, weletZ = 1/z, then w = f(z) becomes w = (bZ+a)/(dZ+
¢), whichis well behaved at 7 = 0. The image of the pointz = —d/cisw = oo,
which motivates the transformation @ = 1/w. Then @ = (cz + d)/(az + b),
and because the derivative of the right-hand side is not zero at z = —d/c, it
follows that w = f(z) is conformal at w = 0.

Example 5.7.1 Find the image of x> — y> = 1 under inversion, that is, under
the transformation w = 1/z.

Using z = x 4+ iy and Z = x — iy, it follows that the hyperbola x> — y?> = 1
can be written as

Z+2*+@Z—2°>=4, or 2+72=2
This becomes

1 1

s+ — =2 o w+n’=2wl’, or u—v’=w+v)? (572)
w w

under z = 1/w, w = u +iv. For small ¥ and v, Eq. (5.7.2) behaves like
u =~ +v. This together with conformality at the points A and B suggests
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——— >

S

z plane w plane

Fig. 5.7.1. Inversion (w = 1/z)

the lemniscate graph depicted in Figure 5.7.1. (In polar coordinates w = pe'?,
the lemniscate above is p> = cos2¢.) Note that the left (right) branch of the
hyperbola transforms to the left (right) lobe of the lemniscate.

(ii) Decomposition
Any bilinear transformation, which is not linear, can be decomposed into two
linear transformations and an inversion.
Indeed, if ¢ = 0 the transformation is linear. If ¢ # 0, then it can be written
in the form

a + bc —ad
w=—-+—-—
¢ clez+d)
This shows that a general bilinear transformation can be decomposed into the
following three successive transformations:

1 a bc—ad
z1=cz+d, = —, w=—-—+——2 (5.7.3)
71 c c

(iii) Bilinear Transformations Form a Group

This means that bilinear transformations contain the identity transformation
and that the inverse as well as the “product” of bilinear transformations are also
bilinear transformations (i.e., closure under the operation product).

Indeed, the choice b = ¢ = 0,a =d = 1, reduces w = f(z) tow = z,
that is, to the identity transformation. The inverse of the transformation f(z)
is obtained by solving the equation w = f(z) for z in terms of w. Hence the
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inverse of f(z) is given by

dz —b

—_— 5.7.4
Ep—— (5.7.4)

This corresponds to Eq. (5.7.1) witha — d, b - —b,¢c - —c,and d —
a, therefore ad — bc — ad — bc, which shows that the inverse of f(z) is
also bilinear. In order to derive the product of two transformations, we let
72 = f2(z) and w = f1(z2), where f and f, are defined by Eq. (5.7.1) with
all the constants replaced by constants with subscripts 1 and 2, respectively.
Computing w = f1(f2(z)) = f3(z), one finds

a3z +bsy; a3 =aja; +bica, by =aby+bid,

S = cz+ds  c3=cia+dicy, diy=ciby+did;

(5.7.5)

It can be verified that (a3ds — b3c3) = (a1d; — bici)(ardy — bacy) # 0, which
together with Eq. (5.7.5) establishes that f3(z) is a bilinear transformation.
Actually the operation product in this case is composition.

There exists an alternative, somewhat more elegant formulation of bilinear
transformations: Associate with f(z) the matrix

a b
T:(c d> (5.7.6)

The condition ad — bc # 0 implies that det T # 0; that is, the matrix T is
nonsingular. The inverse of T is denoted by

(47
—c a

Equation (5.7.4) implies that the inverse of f is associated with the inverse of

T. (If ad — bc = 1, then T~ is exactly the matrix inverse.) Furthermore,

Eq. (5.7.5) can be used to show that the product (composition) of two bilinear

transformations f3(z) = fi(f>(z)) is associated with T} T». Using this notation

and Property (ii), it follows that any bilinear transformation is either linear or

can be decomposed in the form 717,75 where T} and T3 are associated with
linear transformations and 75 is associated with inversion, that is,

(@ by _ 0 1 _ (a3 b3
= (50 me(e) me(00)
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(iv) The Cross Ratio of Four Points Is an Invariant

This means that

(wy — wy) (w3 — w2) _ (21 — 24) (23 — 22)
(wr —w2) (w3 —wy) (21 —22) (23 — 24)

(5.7.7)

where w; is associated with z; in Eq. (5.7.1). This property can be established
by manipulating expressions of the form:

_ (ad —be)(z1 — 22)
~ (czi +d)(cza +d)

w; — ws (5.7.8)

An alternative proof is as follows. Let X (zy, z2, 23, z4) denote the right-hand
side of Eq. (5.7.7). Because every bilinear transformation can be decomposed
into linear transformations and an inversion, it suffices to show that these trans-
formations leave X invariant. Indeed, if z, is replaced by az, 4 b, then both
the numerator and the denominator of X are multiplied by a?, and hence X is
unchanged. Similarly, if z, is replaced by 1/z,, X is again unchanged.

If one of the points w,, say w, is oo, then the left-hand side of Eq. (5.7.7)
becomes (w3 — w;)/(w3 — wy). Therefore this ratio should be regarded as the
ratio of the points oo, wy, ws, ws.

Equation (5.7.7) has the following important consequence: letting ws = w,
24 = z, Eq. (5.7.7) becomes

(wy; — w) (w3 — wy) _ (z1 —2)(z3 — 22)
(wi —wo)(wz —w) (21 —22)(z3 — 2)

(5.7.9)

Equation (5.7.9) can be written in the form w = f(z), where f(z) is some
bilinear transformation uniquely defined in terms of the points z, and w,. This
allows the interpretation that bilinear transformations take any three distinct
points z,, into any three distinct point w,. Furthermore, a bilinear transfor-
mation is uniquely determined by these three associations.

The fact that a bilinear transformation is completely determined by how it
transforms three points is consistent with the fact that f(z) depends at most on
three complex parameters (because one of c, d is different than zero and hence
can be divided out).

Example 5.7.2 Find the bilinear transformation that takes the three points z; =
0,zp=1,andzz3 = —iintow; =1, w, =0, and w3 = i.
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Equation (5.7.9) implies

(I—w)i  (—2)(=i—1) . 1—z
i—w  (=D(=i—-2)’ 14z

(v) Bilinear Transformations Have One or Two Fixed Points

By fixed points, we mean those points of the complex z plane that do not
change their position if z — f(z). In other words, now we interpret the trans-
formation f(z) not as a transformation of one plane onto another, but as a
transformation of the plane onto itself. The fixed points are the invariant points
of this transformation. We can find these fixed points by solving the equation
z = (az+ b)/(cz + d). It follows that we have a quadratic equation and, ex-
cept for the trivial cases (c = 0 and a = d, or b = ¢ = 0), there exist two
fixed points. If (d — a)> + 4bc = 0, these two points coincide. We exclude
these cases and denote the two fixed points by o and 8. Equation (5.7.9) with
w) =71 = a, w3 = z3 = B implies

w—o —A(Z_“) (5.7.10)
w—p \z-58 o

where A is a constant depending on w», z», @, and 8. Thus the general form of
a bilinear transformation with two given fixed points & and § depends only on
one extra constant A.

Example 5.7.3 Find all bilinear transformations that map 0 and 1 to 0 and 1,
respectively.
Equation (5.7.10) implies

w—1 (z—l) z
—_— = or w=—"——
w Z (1—Mz+A

(vi) Bilinear Transformations Map Circles and Lines Into Circles or Lines

In particular, we will show that under inversion a line through the origin goes
into a line through the origin, a line not through the origin goes into a circle,
a circle through the origin goes into a line, and a circle not through the origin
goes into a circle.

The derivation of these results follows. The mathematical expression of a
line is

ax +by+c=0, a,b,c eR



5.7 Bilinear Transformations 371

Using z = x + iy, Z = x — iy, this becomes

) b
Bz+Bi+c=0, B:%—’E (5.7.11)

The mathematical expression of a circle with center zg and radius p is |z — zo|=p
or (z — 20)(z — Z0) = p?, or

2ZZ+Bz+ Bz +c=0; B = —2, c=|B—p> (5712

Under the inversion transformation w = 1/z, the line given by Eq. (5.7.11),
replacing z = 1/w and 7 = 1/w, becomes

cwd +Bw+Bw=0

If ¢ = 0 (which corresponds to the line (5.7.11) going through the origin), this
equation defines a line going through the origin. If ¢ # 0, using Eq. (5.7.12),
the above equation is a circle of radius | B|/|c| and with center at —B/c.

Under the inversion transformation, the circle defined by Eq. (5.7.12) be-
comes

cww+Bw+Bw+1=0

If ¢ = 0 (which corresponds to the circle (5.7.12) going through the origin),
this equation defines a line. If ¢ # 0, the above equation is the equation of a
circle.

Remark 1t is natural to group circles and lines together because a line in the
extended complex plane can be thought of as a circle through the point z = co.
Indeed, consider the line (5.7.11), and let z = 1/¢. Then Eq. (5.7.11) reduces
to the equation c¢Z + BZ + B¢ = 0, which is the equation of a circle going
through the point ¢ = 0, that is, z = o0o. Using the terminology of this remark,
we say that the inversion transformation maps circles into circles.

The linear transformation az + b translates by b, rotates by arg a, and dilates
(or contracts) by |a| (see Example 5.2.1). Therefore a linear transformation also
maps circles into circles. These properties of the linear and inversion transfor-
mations, together with Property (ii), imply that a general bilinear transformation
maps circles into circles.

The interior and the exterior of a circle are called the complementary domains
of the circle. Similarly, the complementary domains of a line are the two half
planes, one on each side of the line. Let K, K. denote the complementary
domains of a circle in the z plane and K*, K} denote the complementary
domains of the corresponding circle in the w plane (in this terminology for a
circle we include the degenerate case of a line).
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Fig. 5.7.2. Inverse points p, g

(vii) If K, K. Denote the Complementary Domains of a Circle, Then Either
K*=Kand K} =K.orK*=K.and K} = K
The derivation of this property could be derived in a manner similar to the
derivation of Properties (vi), where one uses inequalities instead of the equality
(5.7.12). These inequalities follow from the fact that the interior and exterior
of the circle are defined by |z — z9| < p and |z — z0] > p, respectively. We
will not go through the details here.

Example 5.7.4 The inversion w = 1/z maps the interior (exterior) of the unit
circle in the z plane to the exterior (interior) of the unit circle in the w plane.
Indeed, if |z| < 1, then |w| = 1/|z] > 1.

(viii) Bilinear Transformations Map Inverse Points (With Respect to a Circle)
to Inverse Points

The points p and ¢ are called inverse with respect to the circle of radius p and
center zg if zg, p, and ¢ lie, in that order, on the same line and the distances
|zo — p| and |z — ¢q| satisfy |zo — pl|zo — q| = p? (see Figure 5.7.2).

If the points zg, p, and ¢ lie on the same line, it follows that p = z9 + r;
exp(ip), ¢ = zo + ry exp(ip). If they are inverse, then r;r, = p?, or (p — 20)
(§ — Zo) = p>. Thus the mathematical description of two inverse points is

2
p=z04re?, g=z0+ pTeW’, r£0 (57.13)

Asr — 0, p = zp and ¢ = oo. This is consistent with the geometrical descrip-
tion of the inverse points that shows that as g recedes to oo, p tends to the center.
When a circle degenerates into a line, then the inverse points, with respect to
the line, may be viewed as the points that are perpendicular to the line and are
at equal distances from it.

Using Eq. (5.7.13) and z = 79 + pe'® (the equation for points on a circle),
we have

z—p pe'? —ret? roore i — peTi¢

- — e —_— . _ Lip if
2—q  pe? — Leiv  p rei — e (—e'?e') (5.7.14)
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whereupon

Z_p‘zi (5.7.15)
i—dq P

We also have the following. Let p and ¢ be distinct complex numbers, and
consider the equation

=k, 0<k<l (5.7.16)

Z—p ‘
Z—q
It will be shown below that if & = 1, this equation represents a line and the

points p and g are inverse points with respect to this line. If k 7 1, this equation
represents a circle with center at zy and radius p, given by

I Sl ' _klp—gq|
“Toer PT -k

(5.7.17)

the points p and ¢ are inverse points with respect to this circle, and the point p
is inside the circle.

Indeed, if k = 1, then |z— p| = |z —¢q|, which states that z is equidistant from
p and g; the locus of such points is a straight line, which is the perpendicular
bisector of the segment pg. If k # 1, then Eq. (5.7.16) yields

@=pPE-P=kc-9E-7
This equation simplifies to Eq. (5.7.12), describing a circle with

k*q — p Ipl> — k*lq|?
) C=—F—>7 —
1— k2 1— k2

These equations together with zo = —B, p?> = |B|?> — c imply Egs. (5.7.17).
Equations (5.7.17) can be written as |p — zo| = kp and |qg — 29| = p/k, which
shows that p and g are inverse points. Furthermore, because k < 1, the points
p and g are inside and outside the circle, respectively.

Using Eq. (5.7.16), we demonstrate that bilinear transformations map inverse
points to inverse points. Recall that bilinear transformations are compositions
of linear transformations and inversion. If w = az + b, we must show that the
points p = ap + b, § = aq + b are inverse points with respect to the circle in
the complex w plane. But

’w—ﬁ‘zk—plz
w—gq |z —ql
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which shows that indeed p and g are inverse points in the w plane. Similarly,
ifw=1/z,p=1/p,andg =1/q

w—p|_ |5 |_lal,
w—q

- ~pl

which shows that again p and g are inverse points, though p might now lie
inside or outside the circle. (Here we consider the generic case p # 0, g # o0;
the particular cases of p = 0 or ¢ = 0o are handled in a similar way.)

Example 5.7.5 A necessary and sufficient condition for a bilinear transforma-
tion to map the upper half plane Imz > 0 onto the unit disk |w| < 1, is that it
be of the form

w =ﬁz_(f, 1Bl =1, Ima > 0 (5.7.18)
—u

Sufficiency: We first show that this transformation maps the upper half z
plane onto |w| < 1. If z is on the real axis, then |[x — «| = |x —&|. Thus
the real axis is mapped to |w| = 1; hence y > 0 is mapped onto one of the
complementary domains of |w| = 1. Because z = « is mapped into w = 0,
this domain is |w| < 1.

Necessity: We now show that the most general bilinear transformation map-
ping y > 0 onto |w| < 1 is given by Eq. (5.7.18). Because y > 0 is mapped
onto one of the complementary domains of either a circle or of a line, y = 0 is
to be mapped onto |[w| = 1. Let « be a point in the upper half z plane that is
mapped to the center of the unit circle in the w plane (i.e., to w = 0). Then &,
which is the inverse point of o with respect to the real axis, must be mapped to
w = oo (which is the inverse point of w = 0 with respect to the unit circle).
Hence

az—uo

w = =
cZ—«

Because the image of the real axis is |w| = 1, it follows that |?| = 1, and the
above equation reduces to Eq. (5.7.18), where 8 = a/c.
Example 5.7.6 A necessary and sufficient condition for a bilinear transforma-

tion to map the disk |z] < 1 onto |w| < 1 is that it be of the form

77—
w=f—- ,
az —1

1Bl =1, ] <1 (5.7.19)
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Sufficiency: We first show that this transformation maps |z| < 1 onto |w| <
1. If z is on the unit circle z = ¢'?, then

oo — €|

| | - | | .
656’9 -1

e —eif]

Hence |z| < 1 is mapped onto one of the complementary domains of |w| = 1.
Because z = 0 is mapped into B«, and |Ba| < 1, this domain is |w| < 1.

Necessity: We now show that the most general bilinear transformation map-
ping |z| < 1 onto |w| < 11is given by Eq. (5.7.19). Because |z| < 1 is mapped
onto |w| < 1, then |z| = 1 is to be mapped onto |w| = 1. Let « be the point in
the unit circle that is mapped to w = 0. Then, from Eq. (5.7.13), 1/& (which
is the inverse point of « with respect to |z| = 1) must be mapped to w = oo.
Hence, if o # 0

az—ao ad 7 —o
T =

a

w =

cz— c az—1

Because the image of |z] = 1 is |w| = 1, it follows that |“L—‘_5‘| = 1, and the above

equation reduces to Eq. (5.7.19), with B = ¢*. If @ = 0 and B # 0, then the

points 0, oo map into the points 0, 0o, respectively, and w = Bz, || = 1. Thus
Eq. (5.7.19) is still valid.

It is worth noting that the process of successive inversions about an even
number of circles is expressible as a bilinear transformation, as the following
example illustrates.

Example 5.7.7 Consider a point z inside a circle C; of radius r and centered
at the origin and another circle C; of radius R centered at z (see Figure 5.7.3)
containing the inverse point to z with respect to C;. Show that two successive
inversions of the point z about C; and C,, respectively, can be expressed as a
bilinear transformation.

The point Z is the inverse of z about the circle C; and is given by

= 2 ~ r2
L =r or = —
Z

The second inversion satisfies, for the point Z

G-70E—z20)=R?
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z
e
G
Fig. 5.7.3. Two successive inversions of point z
or
. R’ R r’z+ (R’ —|zl)z
=0+ z7——=0t7"——= 2 _ —
Z—20) ) rt =202

which is a bilinear transformation.

In addition to yielding a conformal map of the entire extended z plane, the
bilinear transformation is also distinguished by the interesting fact that it is the
only univalent function in the entire extended z plane.

Theorem 5.7.1 The bilinear transformation (5.7.1) is the only univalent func-
tion that maps |z| < oo onto |w| < oo.

Proof Equation (5.7.8) shows that if z; # 7z, then w; # wy; that is, a bilinear
transformation is univalent. We shall now prove that a univalent function that
maps |z| < oo onto |w| < oo must necessarily be bilinear.

To achieve this, we shall first prove that a univalent function that maps the
finite complex z plane onto the finite complex w plane must be necessarily
linear. We first note that if f(z) is univalent in some domain D, then f’(z) # 0
in D. This is a direct consequence of Theorem 5.3.3, because if f'(z9) = 0,
Zo € D, then f(z) — f(zo) has a zero of order n > 2, and hence equation
f(2) = w has at least two distinct roots near zo for w near f(zgp). It was shown
in Theorem 5.3.2 (i.e., Theorem 5.5.1) that the image of |z| < 1 contains some
disk |w — wg| < A. This implies that oo is not an essential singularity of f(z).
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z plane w plane

Fig. 5.7.4. Region between two cylinders

Because if 0o is an essential singularity, then as z — 00, f(z) comes arbitrarily
close to wy (see Theorem 3.5.1); hence some values of f corresponding to
|z] > 1 would also lie in the disk |w — wy| < A, which would contradict the
fact that f is univalent. It cannot have a branch point; therefore, z = oo is at
worst a pole of f; that is, f is polynomial. But because f'(z) # 0 for z € D,
this polynomial must be linear. Having established the relevant result in the
finite plane, we can now include infinities. Indeed, if z = oo is mapped into
w = 00, f(z) being linear is satisfactory, and the theorem is proved. If zy # oo
is mapped to w = oo, then the transformation { = 1/(z — z¢) reduces this case
to the case of the finite plane discussed above, in which case w(¢) being linear
(i.e., w(¢) = a¢ + b) corresponds to w(z) being bilinear. [

Example 5.7.8 Consider the region bounded by two cylinders perpendicular
to the z plane; the bases of these cylinders are the discs bounded by the two
circles |zl = Rand |z —a| =7r,0 <a < R—r (R,r,a € R). The inner
cylinder is maintained at a potential V, while the outer cylinder is maintained at
a potential zero. Find the electrostatic potential in the region between these two
cylinders.

Recall (Eq. (5.7.16)) that the equation |z—«| = k|z—B]|, k > Oisthe equation
of a circle with respect to which the points « and g are inverse to one another.
If ¢ and B are fixed, while k is allowed to vary, the above equation describes a
family of nonintersecting circles. The two circles in the z plane can be thought
of as members of this family, provided that « and 8 are chosen so that they are
inverse points with respect to both of these circles (by symmetry considerations,
we take them to be real), that is, «f = R? and (a — a)(B — a) = r%. Solving
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for o and 8 we find

R2 1 2 2 2
p=— and a=—(R"4+a" —r"—A),
o 2a
A2 = [(R*+a* — r})? — 44*R?)

where the choice of sign of A is fixed by taking « inside, and B outside both
circles. The bilinear transformation w = « (z — ) /(az — R*) maps the above
family of nonintersecting circles into a family of concentric circles. We choose
constant kK = —R so that |z| = R is mapped onto |w| = 1. (Here z = Re'’
maps onto w = (Be'?)/(B), where B = R —ae ', so that jw| = 1.) By using
Eq. (5.7.17), for the circle |z| = R, kf = «a/p, and for the circle |z —a| =7,
k% = 2=2_ Thus from Egs. (5.7.16)—(5.7.17) we see that the transformation

B—a
— —R —
w=R "% _(ZE)(EZ“
R? —az o z—B
maps |z| = R onto |w| = 1 and maps |z — a| = r onto |w| = pg, where py is
given by

a—a

B—a

po=ky|—
o

R‘_

From this information we can now find the solution of the Laplace equa-
tion that satisfies the boundary conditions. Calling w = pe’?, this solution is
® = Vlogp/log py. Thus

—
RZ

@_
R? —az

~ log po

14
log|w| = Iog 7o log

From the mapping, we conclude that when |z| = R, |w| = 1; hence ® = 0,
and when |z — a| = r, |[w| = po, and therefore & = V. Hence the real part of
the analytic function Q(w) = IL log w leads to a solution ® (2 = & +iW¥)

ogp
of Laplace’s equation with the requisite boundary conditions.

In conclusion, we mention without proof, the Schwarz reflection principle
pertaining to analytic continuation across arcs of circles. This is a general-
ization of the reflection principle mentioned in conjunction with the Schwarz—
Christoffel transformation in Section 5.6, which required the analytic continu-
ation of a function across straight line segments, for example, the real axis.
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C
z plane w plane

Fig. 5.7.5. Schwarz symmetry principle

Theorem 5.7.2 (Schwarz Symmetry Principle) Let z € D and w € D, be
points in the domains D and D,,, which contain circular arcs y and y,, respec-
tively. (These arcs could degenerate into straight lines.) Let f(z) be analytic
in D and continuous in D U y. If w = f(z) maps D onto D,, so that the arc
y is mapped to y,,, then f(z) can be analytically continued across y into the
domain D obtained from D by inversion with respect to the circle C of which y
is a part. Let y, y,, be part of the circles C : [z —z0| =7, Cy : [w — wp| = R,
then the analytic continuation is given by

r2 } 2
f(Z)—wo—m

Consequently, if z and Z are inverse points with respect to C, where z € D
and 7 € D, then the analytic continuation is given by f(Z) = f(z), where
f(z) = w is the inverse point to w with respect to circle C,,.

i—20=——,
Z— 20

In fact, the proof of the symmetry principle can be reduced to that of symmetry
across the real axis by transforming the circles C and C,, to the real axis, by
bilinear transformations. We will not go into further detail here.

Thus, for example, let y be the unit circle centered at the origin in the z plane,
and let f(z) be analytic within y and continuous on y. Then if | f(z)| = R
(i.e., yy is a circle of radius R in the w plane centered at the origin) on y,
then f(z) can be analytically continued across y by means of the formula
f(z) = R*/f(1/7) because R?/f is the inverse point of f with respect to
the circle of radius R centered at the origin and 1/Z is the inverse point to
the point z inside the unit circle y. On the other hand, suppose f(z) maps
to a real function on y. By transforming z to z — a, and f to f — b we




380 5 Conformal Mappings and Applications

findz —a =r?/(Z—a), f() —b = R*/(f(z) — b) as the inverse points of
circles radii r, R centered at z = a, w = b resp. Then the formula for analytic
continuation is given by f(z) = j‘(%) because f is the inverse point of f with
respect to the real axis. '

We note the “symmetry” in this continuation formula; that is, @ = f(z) is
the inverse point to w = f(z) with respect to the circle C,, of which y,, is a
part, and Z is the inverse point to z with respect to the circle C of which y is a
part. As indicated in Section 5.6, in the case where y and y,, degenerate into
the real axis, this formula yields the continuation of a function f(z) where f(z)
is real for real z from the upper half plane to the lower half plane: f(Z) = f(2).
Similar specializations apply when the circles reduce to arbitrary straight lines.
We also note that in Section 5.8 the symmetry principle across circular arcs is
used in a crucial way.

Problems for Section 5.7

1. Show that the “cross ratios” associated with the points (z, 0, 1, —1) and
(w,i,2,4) are (z + 1)/2z and (w — 4)(2 — i)/2(i — w), respectively.
Use these to find the bilinear transformation that maps 0, 1, -1 to i, 2, 4,
respectively.

2. Show that the transformation w; = ((z + 2)/(z — 2))'/? maps the z plane
with a cut —2 < Rez < 2 to the right half plane. Show that the latter
is mapped onto the interior of the unit circle by the transformation w =
(w; — 1)/(w; + 1). Thus deduce the overall transformation that maps
the simply connected region containing all points of the plane (including
00) except the real points z in —2 < z < 2 onto the interior of the unit
circle.

3. Show that the transformation w = (z —a)/(z +a), a = \/c? — p? (where
c and p are real, 0 < p < c¢), maps the domain bounded by the circle

/AN
N NPy

Fig. 5.7.6. Mapping of Problem 5.7.3
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i C]

z- plane
Fig. 5.7.7. Mapping of Problem 5.7.5

|z — c¢| = p and the imaginary axis onto the annular domain bounded by
|w| = 1 and an inner concentric circle (see Figure 5.7.6). Find the radius,
8, of the inner circle.

Show that the transformation w; = [(1 + z)/(1 — z)]> maps the upper half
unit circle to the upper half plane and that w, = (w; —i)/(w; +1) maps the
latter to the interior of the unit circle. Use these results to find an elementary
conformal mapping that maps a semicircular disk onto a full disk.

Let C; be the circle with center i /2 passing through 0, and let C, be the
circle with center i /4 passing through O (see Figure 5.7.7). Let D be the
region enclosed by C; and C,. Show that the inversion w; = 1/z maps D
onto the strip —2 < Im w; < —1 and the transformation w, = ™' maps
this strip to the upper half plane. Use these results to find a conformal
mapping that maps D onto the unit disk.

Find a conformal map f that maps the region between two circles |z| = 1
and |z — i| = i onto an annulus pg < |z| < 1, and find py.

Find the function ¢ that is harmonic in the lens-shaped domain of Fig-
ure 5.7.8 and takes the values 0 and 1 on the bounding circular arcs. Hint:
It is useful to note that the transformation w = z/(z — (1 + i)) maps the
lens-shaped domain into the region Ry, : 37” <argw < 57” with ¢ = 1 on
argw = 3w /4 and ¢ = 0 on arg w = 57 /4. Then use the ideas introduced
in Section 5.4 (c.f. Example 5.4.4) to find the corresponding harmonic
function ¢ (w).

Note: ¢ can be interpreted as the steady state temperature inside an in-
finitely long strip (perpendicular to the plane) of material having this lens-
shaped region as its cross section, with its sides maintained at the given
temperatures.
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[ =

Fig. 5.7.8. Mapping of Problem 5.7.7

*5.8 Mappings Involving Circular Arcs

In Section 5.6 we showed that the mapping of special polygonal regions to the
upper half plane involved trigonometric and elliptic functions. In this section we
investigate the mapping of a region whose boundary consists of a curvilinear
polygon, that is, a polygon whose sides are made up of circular arcs. We
outline the main ideas, and in certain important special cases we will be led
to an interesting class of functions called automorphic functions, which can
be considered generalizations of elliptic functions. We will study a class of
automorphic functions known as Schwarzian triangle functions, of which the
best known (with zero angles) is the so-called elliptic modular function.

Consider a domain of the w plane bounded by circular arcs. Our aim is to
find the transformation w = f(z) that maps this domain onto the upper half of
the z plane (see Figure 5.8.1).

The relevant construction is conceptually similar to the one used for linear
polygons (i.e., the Schwarz—Christoffel transformation). We remind the reader
that the crucial step in that construction is the introduction of the ratio f”/f.
The Riemann mapping Theorem ensures that there is a conformal ( f'(z) # 0)
map onto the upper half plane. The Schwarz reflection principle implies that
this ratio is analytic and one to one in the entire z plane except at the points
corresponding to the vertices of the polygon; near these vertices in the z plane,
that is, near z = a,

f@)=(z—- ap)* [Céo) + cél)(z —ap) + - ]

therefore f”/f’ has simple poles. These two facts and Liouville’s Theorem
imply the Schwarz—Christoffel transformation. The distinguished property of
f”/f’ is that it is invariant under a linear transformation; that is, if we transform
f = Af + B, where A and B are constant, then f”'/ f' = 7"/ f’. The fact that
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a; Z>

z plane w plane

Fig. 5.8.1. Mapping of a region whose boundary contains circular arcs

the mapping is constructed from a given polygon through an even number of
Schwarz reflections implies that the most general form of the mapping is given
by f(z) = Af(z) + B where A and B are constants.

The generalization of the above construction to the case of circular arcs is
as follows. In Section 5.7 the Schwarz symmetry principle across circular
arcs was discussed. We also mentioned in Section 5.7 that an even succession
of inversions across circles can be expressed as a bilinear transformation. It
is then natural to expect that the role that was played by f”(z)/f’(z) in the
Schwarz—Christoffel transformation will now be generalized to an operator
that is invariant under bilinear transformations. This quantity is the so-called
Schwarzian derivative, defined by

(@Y 1@\
ra=(7a) -1(76) 64
Indeed, let
FZZ;IS’ ad —be #0 (5.8.2)
Then
/ (ad - bC)f/ NG N/ ’
= W’ or (log F")' = (log f') — 2(log(cf + d))
Hence

F// _ f// 2Cf/
F' f cf +d

Using this equation to compute (F”/F')’ and (F”/F’)?, it follows from Eq.
(5.8.1) that

{fiz}={F.z2} (5.8.3)
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Single-valuedness of {f, z} follows in much the same way as the derivation
of the single-valuedness of f”(z)/f’(z) in the Schwarz—Christoffel derivation.
Riemann’s Mapping Theorem establishes the existence of a conformal map to
the upper half plane. From the Schwarz reflection principle f(z) is analytic and
one to one everywhere except possibly the endpoints z = a;,, £ = 1,2.... In
the present case, any even number of inversions across circles is a bilinear trans-
formation (see Example 5.7.7). Because the Schwarzian derivative is invariant
under a bilinear transformation, it follows that the function { f, z} corresponding
to any point in the upper half z plane is uniquely obtained. Similar arguments
hold for an odd number of inversions and points in the lower half plane. More-
over, the function { f, z} takes on real values for real values of z. Hence we
can analytically continue { f, z} from the upper half to lower half z plane by
Schwarz reflection. Consequently, there can be no branches whatsoever and the
function {f, z} is single valued. Thus the Schwarzian derivative is analytic in
the entire z plane except possibly at the points a,, £ = 1, ..., n. The behavior
of f(z) at ay can be found by noting that (after a bilinear transformation) f(z)
maps a piece of the real z axis containing z = a, onto two linear segments
forming an angle m . Therefore in the neighborhood of z = a,

f@=G—an™g) (5.8.4)

where g(z) is analytic at z = ay, g(ay) # 0, and g(z) is real when z is real.
This implies that the behavior of { f, z} near ay is given by the following (the
reader can verify the intermediate step: f’ (z) CIES R .7 (/) B )

z—ag ap  glag)
1 1-— 2 1— 2
{fizb=7 %2+ P +h), Be= o (@) (5.8.5)
2(z—ayp) 7 —ag ar  glae)

where h(z) is analytic at z = a,. Using these properties of { f, z} and Liouville’s
Theorem, it follows that

{f.a)= Xfl )+X:m +e (5.8.6)

2 _
25 k-a)’ i a

where oy, ..., &y, B1, ..., Bn,ai, ..., a,, are real numbers and c is a constant.
We recall that in the case of the Schwarz—Christoffel transformation the anal-
ogous constant ¢ was determined by analyzing z = co. We now use the same
idea. If we assume that none of the points ay, . . ., a, coincide with oo, then f(z)
is analytic at z = oo; that is, f(z) = f(00) 4+ ¢1/z + ¢2/z> + - - - near 7 = 00
Using this expansion in Eq. (5.8.1) it follows that { f, z} = ks/z* +ks/z° + - -~
near z = 0o. This implies that by expanding the right-hand side of (5.8.6) in a
power series in 1/z, and equating to zero the coefficients of 9.1 /z, 1/ 72, and
1/ Z3, we find that ¢ = 0 (the coefficient of z°) and for the coefficients of 1 /2,
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1/7% and 1/73

n B n B N n ) B s 3
B l B

> Bi=0 > (api+1-af) =0 > [Bai+a(1—af)] =0

=1

=1 =1
(5.8.7)

In summary, let f(z) be a solution of the third-order differential equation
(5.8.6) with ¢ = 0, where {f, z} is defined by Eq. (5.8.1) and where the real
numbers appearing in the right-hand side of Eq. (5.8.6) satisfy the relations
given by Eq. (5.8.7). Then the transformation w = f(z) maps the domain of

the w plane, bounded by circular arcs forming vertices withangles r o, . . . T,
0 <ay <2, =1,...n onto the upper half of the z plane. The vertices are
mapped to the points ay, . .., a, of the real z axis.

It is significant that the third-order nonlinear differential Eq. (5.8.6) can be
reduced to a second-order linear differential equation. Indeed, if y; (z) and y»(z)
are two linearly independent solutions of the equation

1
y'(z) + S P@y@) =0 (5.8.8)
then
fo=2® (5.8.92)
¥2(2)
solves
{f,z} =P (5.8.9b)

The proof of this fact is straightforward. Substituting y; = y, f into Eq. (5.8.8),
demanding that both y; and y, solve Eq. (5.8.8) and noting that the Wronskian
W = y,y] — y1¥5 is a constant for Eq. (5.8.8), it follows that

f S pZ)

f »
which implies Eq. (5.8.9b). This concludes the derivation of the main results
of this section, which we express as a theorem.

Theorem 5.8.1 (Mapping of Circular Arcs) If w = f(z) maps the upper half
of the z plane onto a domain of the w plane bounded by » circular arcs, and if
the points z = a¢, £ = 1, ..., n, on the real z axis are mapped to the vertices
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ofangle moy, 0 <oy <2,¢=1,...,n,then
w=fz) =29 (5.8.10)
¥2(2)

where y;(z) and y,(z) are two linearly independent solutions of the linear
differential equation

Y'(@) + im+li L - (5.8.11)
= 4(z—ap)?> 2 i o
and the real constants 8,, £ = 1, ..., n satisfy the relations (5.8.7).

Remarks (1) The three identities (5.8.7) are the only general relations that exist
between the constants entering Eq. (5.8.11). Indeed, the relevant domain is
specified by 7 circular arcs, that is, 3n real parameters (each circle is prescribed
by the radius and the two coordinates of the center). However, as mentioned
in Section 5.7, three arbitrary points on the real z axis can be mapped to any
three vertices (i.e., six real parameters) in the w plane. This reduces the number
of parameters describing the w domain to 3n — 6. On the other hand, the
transformation f (z) involves 3n — 3 independent parameters: 3n real quantities
{ae, Be, ac);_,, minus the three constraints (5.8.7). Because three of the values
ay can be arbitrarily prescribed, we see that the f(z) also depends on 3n — 6
parameters.

(2) The procedure of actually constructing a mapping function f(z) in terms
of a given curvilinear polygon is further complicated by the determination of
the constants in Eq. (5.8.11) in terms of the given geometrical configuration.
In Eq. (5.8.11) we know the angles {a,};_;. We require that the points a; on
the real z axis correspond to the vertices A, of the polygon. Characterizing
the remaining n — 3 constants, that is, the n values g, (the so-called accessory
parameters) minus three constraints, by geometrical conditions is in general
unknown. The cases of n = 2 (a crescent) and n = 3 (a curvilinear triangle; see
Figure 5.8.2) are the only cases in which the mapping is free of the determination
of accessory parameters. Mapping with more than 3 vertices generally requires
numerical computation (cf. Trefethan, 1986, Driscoll and Trefethan, 2002).

(3) The Schwarz-Christoffel transformation discussed in Section 5.6 (see
Eq. 5.6.1-2) can be deduced from Eq. (5.8.6—7) with suitable choices for S,.

(4) If one of the points a; say a; is taken to be oo then the sum in eq. (5.8.6),
(5.8.11) is taken from 2 to n. The conditions (5.8.7) must then be altered since
f(2) is not analytic at co (see Example 5.8.1 below).

Example 5.8.1 Consider a domain of the w plane bounded by three circular
arcs with interior angles w«, w8, and 7y. Find the transformation that maps
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4y
w-plane
4 ) %
z=00 2z=0 z=1
z- plane
4,
z plane w plane

Fig. 5.8.2. Mapping from three circular arcs

this domain to the upper half of the z plane. Specifically, map the vertices with
angles wa, B, and wy to the points oo, 0, and 1.

We associate with the vertices A, A,, and A3 the points a;(00), a,(0), and
az(1). Calling o, = B, a3 = y,a; = 0, and a3 = 1, Eq. (5.8.6) withc = 0
becomes

1—p? 1—y? B Bs

oz =5 +2(—1)2+ T

(5.8.12)

When one point, in this case w = Aj, is mapped to z = oo, then the terms
involving a; drop out of the right-hand side of Eq. (5.8.6), and from Eq.
(5.8.4), recalling the transformation z — a; — 1/z, we find that f(z) = yz7¢
[1+c1/z+- - -]for z near co. Similarly, owing to the identification a; = oo, one
must reconsider the derivation of the relations (5.8.7). These equations were de-
rived under the assumption that f(z) is analytic at co. However, in this example
the above behavior of f(z) implies that { f, z} = ((1 —az)/2z2)[1 +Dy/z4- -]
as z — oo. Expanding the right-hand side of Eq. (5.8.12) in powers of 1/z
and equating the coefficients of 1/z and 1/z? to 0 and (1 — &%) /2, respectively,
we find B, + B3 = 0 and B3 = (B + y> — a? — 1)/2. Using these values for
B> and B3 in Eq. (5.8.12), we deduce that w = f(z) = y;/y», where y; and y,
are two linearly independent solutions of Eq. (5.8.11):

1— B2 B2+ yr—a’—1
72 (z—l)2 z2(z—1)

y'(2) + y(z) =0 (5.8.13)

Equation (5.8.13) is related to an important differential equation known as the
hypergeometric equation, which is defined as in Eq. (3.7.35¢)

21=2)x"@) +[c—(@a+b+ Dzlx'(2) —abx(z) =0 (5.8.14)
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where a, b, and c are, in general, complex constants. It is easy to verify that if

a:%(1+a—ﬁ—y), b= %(1—a—ﬁ—y>, c=1-p (58.15)

(all real), then solutions of Egs. (5.8.13) and (5.8.14) are related by x =u(z) y(z),
whereu(z) = z*/(1 —2)% A = —¢/2,and B = 25t and therefore f(z) =
i/y2 = X1/ xa-

In summary, the transformation w = f(z) that maps the upper half of the z
plane onto a curvilinear triangle with angles r«, w8, and 7y, in such a way that
the associated vertices are mapped to 0o, 0, and 1, is given by f(z) = x,/X..
where x, and x, are two linearly independent solutions of the hypergeometric
equation (5.8.14) with a, b, and c given by Egs. (5.8.15).

The hypergeometric equation (5.8.14) has a series solution (see also Section
3.7 and Nehari(1952)) that can be written in the form

ab al@+Dbb+1) ,
ca, b =k{1+— _— 5.8.16
x,(z;a,b,c) < + Cz—i— et 2! 7“4+ ( a)

where k is constant as can be directly verified. This function can also be ex-
pressed as an integral:

1
x,(z;a,b,c) = / P =N — ) de (5.8.16b)
0

where the conditions ¥ > 0 and ¢ > b (a, b, ¢ assumed real) are necessary for
the existence of the integral.

We shall assume that « +8+y < 1, «, B, ¥ > 0; then we see that Eq.
(5.8.15) ensures that the conditions » > 0, ¢ > 0 hold. Moreover, expanding
(1—tz)~“inapowerseriesin z leads to Eq. (5.8.16a), apart from a multiplicative
constant. (To verify this, one can use fol 11 =)l dr =T (BT (c — b)/
I'(c) = k.) Toobtainw = f(z), weneed asecond linearly independent solution
of Eq. (5.8.14). We note that the transformation 7 = 1 — z transforms Egq.
(5.8.14) to

70 -x"+la+b—c+1—(a+b+ D1 —aby =0

and we see that the parameters of this hypergeometric equation are a’ = a,
b'=b,c =a+b—c+ 1, whereupon a second linearly independent solution
can be written in the form

XZ(Z;aabaC)=X1(1_Zaa5b7a+b_c+1)

1
= / A=) (1 = (1 = 2)1)“dr (5.8.16¢)
0
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Once again, the condition « 4+ 8 + ¥ < 1 ensures the existence of the integral
(5.8.16¢) because we find that b > Oand a > ¢ — 1.
Consequently, the mapping

X (z3a,b,c)

w=f(z)= L@ b o)

(5.8.16d)

taking the upper half z plane to the w plane is now fixed with x; and x, specified
as above. The real z axis maps to the circular triangle as depicted in Figure
5.8.2. So, for example, the straight line on the real axis fromz = 0toz = 1
maps to a circular arc between A, and A3 in the w plane.

We note that the case of « + 8 + ¥ = 1 can be transformed into a triangle
with straight sides (note that the sum of the angles is 7) and therefore can
be considered by the methods of Section 5.6. In the case of ¢ + 8 +y > 1,
one needs to employ different integral representations of the hypergeometric
function (cf. Whittaker and Watson (1927)).

In the next example we discuss the properties of f(z) and the analytic con-
tinuation of the inverse of w = f(z), or alternatively, the properties of the map
and its inverse as we continue from the upper half z plane to the lower half
z plane and repeat this process over and over again. This is analogous to the
discussion of the elliptic function in Example 5.6.8.

Example 5.8.2 (The Schwarzian Triangle Functions) In Example 5.8.1 we
derived the function w = f(z) that maps the upper half of the z plane onto a
curvilinear triangle in the w plane. Such functions are known as Schwarzian
s functions, w = s(z), or as Schwarzian triangle functions. Now we shall
further study this function and the inverse of this function, which is impor-
tant in applications such as the solution to certain differential equations (e.g.
Chazy’s Eq. (3.7.52) the Darboux-Halphen system (3.7.53)) which arise in
relativity and integrable systems. These inverse functions z = S(w) are also
frequently called Schwarzian S functions (capital S) or Schwarzian triangle
functions.

We recall from Example 5.6.8 that although the function w = f(z) = F(z, k),
which maps the upper half of the z plane onto a rectangle in the w plane, is
multivalued; nevertheless, its inverse z = sn(w, k) is single valued. Similarly,
the Schwarzian function f(z) = s(z), which maps the upper half of the z
plane onto a curvilinear triangle in the w plane, is also multivalued. While the
inverse of this function is not in general single valued, we shall show that in the
particular case that the angles of the curvilinear triangle satisfya + 8+ y < 1
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o
a, a, a, 7B xy
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z=00 z=0 z=1 2 A{;
z plane w plane
Fig. 5.8.3. Two straight segments, one circular arc
and
1 1 1
o=, B=—, y =-, I,mneZt, o, B,y #0
[ m n

(5.8.17)
(Z is the set of positive integers) the inverse function is single valued.

For convenience we shall assume that two of the sides of the triangle are
formed by straight line segments (a special case of a circle is a straight line)
meeting at the origin, and that one of these segments coincides with part of the
positive real axis.

This is without loss of generality. Indeed, let C; and C; be two circles that
meet at z = A, at an angle w8. Because 8 # 0, these circles intersect also at
another point, say, A. The transformation @ = (w — A;)/(w — A) maps all
the circles through A into straight lines. (Recall from Section 5.7 that bilinear
transformations map circles into either circles or lines, but because w = A maps
to W = oo, it must be the latter.) In particular, the transformation maps C; and
C, into two straight lines through A,. By an additional rotation, it is possible
to make one of these lines to coincide with the real axis (see Figure 5.8.3, w
plane).

It turns out that if

a+B+y<l1 (5.8.18)

then there exists a circle that intersects at right angles the three circles that make
up a curvilinear triangle. Indeed, as discussed above, we may without loss of
generality consider a triangle with two straight sides (see Figure 5.8.3). Any
circle centered at the origin, which we will call Cy, is obviously orthogonal to
the two straight sides of the triangle. Let C denote the circle whose part forms
the third side of the triangle (see Figure 5.8.4, and note specifically the arc
between A and A3 that extends to the circle C). Equation (5.8.18) implies that
the origin of Cy lies exterior to C because the arc (A, A3) is convex. Hence it
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Fig. 5.8.4. Orthogonal circle Cy

is possible to draw tangents from the origin of Cy to C. If P and Q denote the
points of contact of the tangents with C, then the circle Cy is orthogonal to C.
This circle, Cy, is called the orthogonal circle of the triangle. Given the angles
am, Br, and ym and the points A; and A3 (point A, is the origin) that are
determined by the properties of the equation (i.e., the hypergeometric equation;
we discuss this issue later in this example), the circle C and the orthogonal
circle Cy are then fixed.

If either of the angles « or y are zero, then the lines Ay A; or A, A3, respec-
tively, correspond to a tangent to the circle C, in which case the vertex A; or
Aj, respectively lies on the orthogonal circle Cy.

Let w = s(z; «, B, y) denote the transformation that maps the upper half
of the z plane onto the triangle depicted in Figure 5.8.3. If the angles of this
triangle satisfy the conditions (5.8.17) and (5.8.18), then it turns out that the
inverse of this transformation, denoted by S

w:s(z;a, ﬁs )’)7 Z:S(U);O{, ﬁ, 7/) (5819)

is single valued in the interior of the orthogonal circle associated with this
triangle. We next outline the main ideas needed to establish this result.

The derivation is based on two facts. First, the function S has no singularities
in the entire domain of its existence except poles of order «~'. Second, the
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domain of existence of § is simply connected. Using these facts (see the
Monodromy Theorem, Section 3.5), it follows that S is single valued. The
singularity structure of S follows from the fact that for the original triangle,
5(2) = 27981(2), s(z2) = z%g2(2), and s(z) = (z — 1)” g3(2) near z = oo,
z = 0, and z = 1, respectively, where the g;(z), i = 1, 2, 3 are analytic and
nonzero. This follows from the properties of the mapping of two line segments
meeting at an angle to the real z axis (see Section 5.6). Hence, S(w) behaves like
ci(w— A7V cow'P and 14 c3(w — A3)'/7, ¢y, ¢, c3 const. respectively,
which shows that if the reciprocals of «, B, y are positive integers then the only
singularity of S(w) is a pole of order 1/« at w = A, corresponding to z = 0o
(recall that vertex A corresponds to z = co). Because the transformation is
conformal, there can be no other singularities inside the triangle. All possible
analytic continuations of z = S(w; «, B, y) to points outside the original tri-
angle can be obtained by reflections about any of the sides of the triangles, by
using the Schwarz reflection principle (Theorem 5.7.2).

By the properties of bilinear transformations, we know that an inversion with
respect to a circular arc transforms circles into circles, preserves angles, and
maps the orthogonal circle onto itself. It follows that any number of inver-
sions of a circular triangle will again lead to a circular triangle situated in the
interior of the orthogonal circle. This shows that S cannot be continued to
points outside the orthogonal circle and that the vertices are the locations of
the only possible singularities. Any point within the orthogonal circle can be
reached by a sufficient number of inversions. Indeed, at the boundary of the
domain covered by these triangles, there can be no circular arcs of positive
radius, because otherwise it would be possible to extend this domain by an-
other inversion. Hence, the boundary of this domain, which is the orthogonal
circle, is made up of limit points of circular arcs whose radii tend to zero. This
discussion implies that the domain of existence of S(w) is the interior of the
orthogonal circle, which is a simply connected domain. The function S(w)
cannot be continued beyond the circumference of this circle, so the circum-
ference of the orthogonal circle is a natural boundary of S(w; «, 8, ). The
boundary is a dense set of singularities, in this case a dense set of poles of order
l/a.

Next let us find the analytic expression of the function w = s(z; «, B, ).
Recall thatbecause f(z) = s(z) satisfies Eq. (5.8.12) thens(z) = X1/ X2, where
X1 and %, are any two linearly independent solutions of the hypergeometric
Eq. (5.8.14) and the numbers a, b, ¢ are related to «, B, y by Eq. (5.8.15). A
solution j, of the hypergeometric equation that we will now use is given by
Egs. (5.8.16b): %> = xi(z;a,b,c). A second solution can be obtained by
the observation that if y is a solution of the hypergeometric Eq. (5.8.4), then
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7' =x(z:a’, b, ¢') is also a solution of the same equation, wherea’ = a —c+1,
b =b—c+1,and ¢’ =2 — c. Because the value of xi(z;a,b,c)atz =0
is a nonzero constant, while the value of z!=¢x;(z; @', b, ¢’) at z = 0 is zero
(for 0 < ¢ < 1), it follows that the Wronskian is nonzero and that these two
solutions are linearly independent. Hence

I=¢yi(z;a — 1,b— 1,2 —
we=sza,py) = XEazer ot ) (5.820)
xi1(z;a, b, c)

where a, b, and c are given by Eq. (5.8.15). (This is a different representation
than that discussed in Example 5.8.1. It is more convenient for this case, two
sides being straight lines.) The vertices of the triangle with angles 8, v, o corre-
spond to the points z = 0, 1, oo, respectively. Because c < 1,5(0; o, 8, y) = 0;
that is, the origin of the z plane corresponds to the origin (vertex A, in Figure
5.8.3) in the w plane. We choose the branch of z'~¢ is such a way that z' ¢ is
real for positive z. Thus s(z) is real if z varies along the real axis from z = 0
to z = 1; hence one side of the curvilinear triangle is part of the positive real

axis of the w plane. For negative z, we find (using c = 1 — )
Zlfc — (eiﬂlzl)lfc — |Z|ﬂeiﬂﬂ

which shows that —oo < z < 0 is mapped by the transformation (5.8.20) onto
another side of the triangle, the linear segment that makes the angle w8 with
the real axis at the origin.

The remaining portions of the circular triangle in the w plane are fixed by
knowledge of the hypergeometric equation and formula (5.8.20) (details of
which we do not go into here; the interested reader can consult one of the many
references to properties of the hypergeometric equation such as Whittaker and
Watson (1927) or Nehari (1952)). So, for example, the vertices S(1; «, 8, )
corresponding to point Az and S(oco; @, B, ) corresponding to point A;, may
be calculated from Eq. (5.8.20) and use of the properties of the hypergeometric
functions. This yields

re—-—orl(c—al(c—>b)

Slia,B,y) = T()I'(1 —a)L (1 —b)

which is real, and

eI B (c —a)['(2 —¢)
re)rtdb—c+Hra —a

S(o0sa, B,y) =
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Fig. 5.8.5. Tiling the orthogonal circle with circular triangles

where, given any positive «, §, y satisfying o + 8 + y < 1, we determine
a, b, ¢ from Eq. (5.8.15). The fundamental triangle obtained by the map
w = S(z; «, B, y) is the one depicted in Figures 5.8.3 and 5.8.4 (also see
Figure 5.8.5).

The single-valuedness of the inverse function z = S(w; «, B, y), @ = 1/,
B =1/m, y = 1/n, in the case when ¢, m, n are integers, makes their study
particularly important. Successive continuations of the fundamental triangle
in the w plane across their sides correspond to reflections from the upper to
lower half z plane, and this corresponds to analytically continuing the solution
in terms of the hypergeometric functions given by Eq. (5.8.20). Inverting an
infinite number of times allows us to eventually “tile” the orthogonal circle Cj.
A typical situation is illustrated in Figure 5.8.5, withm =3 and £ = n = 4,
thatis, 8 = w/3 and « = y = 7 /4. The shaded and white triangles correspond
to the upper and lower half planes, respectively.

Finally, we note that when § — 0 (A, remaining at the origin) and thus
¢ — 1, the triangle degenerates to a line segment. We note that when ¢ — 1,
the representation (5.8.20) breaks down because X; and X, are not linearly
independent. The important special case « = § = y = 0, corresponding to
three points lying on the orthogonal circle, is discussed below in Example 5.8.3.
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Remark An even number of reflections with respect to circular arcs is a bilinear
transformation (see Example 5.7.7). An inversion (reflection) with respect to
a circular arc maps circles into circles, preserves the magnitude of an angle,
and inverts its orientation. Hence an even number of inversions preserves the
magnitude of an angle and its orientation and is a conformal transformation
mapping circles into circles; that is, it is equivalent to a bilinear transformation
(see Example 5.7.7). Because, these inversions are symmetric with respect to
the real axis in the z plane, it follows that an even number of inversions in the
w plane will return us to the original position in the z plane. Hence z = S(w)
satisfies the functional equation

S(““”Lb)—S( ) (5.8.21)
cw+d) w o

Functions that satisfy this equation are usually referred to as automorphic
functions. Such functions can be viewed as generalizations of periodic func-
tions, for example, elliptic functions. Equation (5.8.21) can also be ascertained
by studying the Schwarzian equation (5.8.12) for w = s(z) and its inverse
7= S(w).

In order to determine the precise form of the bilinear transformation associ-
ated with the curvilinear triangles, we first note that these transformations must
leave the orthogonal circle invariant. Suppose we normalize this circle to have
radius 1. We recall that the most general bilinear transformation taking the unit
circle onto itself is (see Example 5.7.6)

z—A

w=B| = , |B| =1, |A] < 1 (5.8.22)
Az —1

This shows that under the conditions (5.8.17) and (5.8.18), S(w; o, B, ) is a

single-valued automorphic function in |w| < 1 satisfying the functional equa-
tion

S(B( w=A ); a, B, y> — S(w:a, B,y) (5.8.23)
Aw — 1

The bilinear transformations associated with an automorphic function form
a group. Indeed, if T and T denote two such bilinear transformations, that is,
if S is an automorphic function satisfying Eq. (5.8.21), S(Tw) = S(w) and
S(Tw) = S(w), then

S(TTw) = S[T(Tw)] = S[Tw] = S(w)



396 5 Conformal Mappings and Applications

Furthermore, if 7~! denotes the inverse of T, then

S(w)=S(TT 'w) = ST 'Tw)

Example 5.8.3 Find the transformation that maps a curvilinear triangle with
zero angles onto the upper half of the z plane.

In this case, « = 8 =y =0, sothata =b =
metric equation (5.8.14) reduces to

%, ¢ = 1, and the hypergeo-

1
z(1—2)x" (@) + [0 —2) —zlx'(2) — ZX(Z) =0

From this equation we see thatif x (z) is a solution, then x (1—z) is also a solution
(see also Example 5.8.1). We use w = %, where %1 and X, are two linearly
independent solutions of the above hypergeometric equation, specifically

=x10-2) X=x@

where y is given by Eq. (8.8.16b) witha = 8=y =0,a =b = %, c=1,
that is,

()_/1 dr
XK= ) S =D =z

Using the change of variables ¢t = 72, as well as z = k2, we find

(1-2)  K'(k)
x@ Kk

w=f =2 7=k

where the functions K’ and K are defined as in Example 5.6.8. The variable k
is usually referred to as the modulus of the elliptic function z = F~!(w, k) =
sn(w, k). Because of this connection, the inverse of the function w = K’(k)/
K (k) is often referred to as the elliptic modular function. This function is
usually denoted by J. It is actually customary to give this name to the inverse
of iK'/K (note the extra factor of i, which is a standard normalization):

iK' (k)

— 2 _ — .
10 =k"=J(w)=Sw;0,0,0)

(5.8.24)

It is useful to determine the location of the “zero angle triangle” in the w
plane consistent with Eq. (5.8.24), which we will see has degenerated into a

w=1s(z;0,0,0) =
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w = 5(z;0,0,0) = s(2)

W-plane

zero angle

Fig. 5.8.6. Fundamental domain of a zero angle triangle

strip. Note that when z = 0, K (0) = 7/2 and K’(0) = oo, and when z = 1,
K(1) = oo and K'(1) = 0. As z increases from z = 0 to z = 1, w decreases
along the imaginary axis fromioo to 0. We know that the angles of the “triangle”
are zero so at the vertex corresponding to z = 0 we have a half circle, cutting out
a piece of the upper half w plane, which begins at the origin and intersects the
real w axis somewhere to the right of the origin. The fundamental triangle must
lie in the first quadrant to be consistent with an orientation that has the upper
half z plane to the left as we proceed from z = 0 to z = 1 to z = co. Finally,
the last critical point has value w(z = oo0) = s(00;0,0,0) = 1 (see Figure
5.8.6). We could determine this from the properties of the hypergeometric
equation or from the following. From Eq. (5.8.24) we have the relation-
ship

5(z;0,0,0)s(1 —2;0,0,0) = —1 (5.8.25)

Calling s(z; 0, 0, 0) = s(z), for simplicity of notation, and letting z = % + iy,
the Schwarz reflection principle about y = 0 implies s(% +iy) = —5§ (% —1y)
because s(z) is pure imaginary for 0 < z < 1; hence Eq. (5.8.25) yields

1+,
s2 iy

2
=1
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and for y — oo, |s(00)| = 1. But s(co) must lie on the positive real axis,
whereupon s(0co0) = 1.

Successive inversions (i.e., reflections) about the z axis correspond to inver-
sions of the fundamental strip in the w plane. It turns out that after an infinite
number of inversions we fill the entire upper half w plane (see Nehari (1952)
for a more detailed discussion). In this formulation the real w axis is a natural
boundary; that is, the orthogonal circle described in the previous example is
now the real w axis.

Problems for Section 5.8

1. In this problem the equation

l—ﬂ2 1—]/2 ,32—1-7/2—012—1
wz}=—7—+ 5
2z 2(z—1) 2z(z—1)

(c.f. Eq. (5.8.12) where w = f(z)) is derived. Frequently, it is useful to
consider z = z(w) instead of w = w(z).

d d*w 7"

(a) Show that - = d here 2/ = 42
a owthat — = — —and — = ——, where 7/ = —
dz _Zdw " dZ T A T dw
(b) Use these results to establish {w, z} = —W{Z, w}, where {z, w} =
b4

N1\ . .

— | — =< | — | and hence derive the equation

4 2\ 7

"2 2 2 2 2 2
{z,w}+(Z) (1 B 11—y B +y —a 1):0

2 z2 (z—1)2 z(z—1)
2. In the previous problem, consider the special case « = 8 = y = 1 so that
{z, w} = 0. Show that the general solution of this equation (and hence of
the mapping) is given by

A
w — Wo
3. UsingEq. (5.8.16d), where x; and x, given by Eqgs. (5.8.16b) and (5.8.16c¢),

respectively, show that the vertices with the angles 7w« and 8 (correspond-
ing to z = 0 and z = 1) are mapped to

z= + B

sinTa cos [Z(a+ B —v)]
— and w; = -
cos [Z(a— B —y)] sinzy

woy =
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Hint: Use the identities

! INGI)N
/t”l(l—t)s’ldtzm, r>0 s>0
0 C(r+s)

and

re)rd—r) =

sinmr

If B = y, show that the function f(z) = x1/x2, Where x; and y, are given
by Egs. (5.8.16b) and (5.8.16c), respectively, satisfy the functional equation

f@fA-2)=1

Consider the crescent-shaped region shown in the figure below.

(a) Show that in this case Eq. (5.8.6) reduces to

(1 —ad)(a—by
k= 2(z — a)*(z — b)?

where a and b are the points on the real axis associated with the vertices.
(b) Show that the associated linear differential equation (see Eq. 5.8.13) is

., (1—a*)(a—Db)? _
4(z —a)2(z — b)zy o

Fig. 5.8.7. Crescent region—Problem 5.8.5
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(c) Show that the above equation is equivalent to the differential equation

ORI S N PR
z—a z—b

S Yoy S L

which admits (z — a)* and (z — b)“ as particular solutions.
(d) Deduce that

=) + oz —b)*
F@ = c3(z — a)® + c4(z — b)?

where ¢y, . .., ¢4 are constants, for which C1Cy # C,C3.

5.9 Other Considerations

5.9.1 Rational Functions of the Second Degree

The most general rational function of the second degree is of the form

az> +bz+c

= — 5.9.1
f@= o (5.9.1)

where a, b, c,a’, b’, ¢’ are complex numbers. This function remains invariant
if both the numerator and the denominator are multiplied by a nonzero constant;
therefore f(z) depends only on five arbitrary constants. The equation f(z) —
wo = 0 is of second degree in z, which shows that under the transformation
w = f(z), every value wy is taken twice. This means that this transformation
maps the complex z plane onto the doubly covered w plane, or equivalently
that it maps the z plane onto a two-sheeted Riemann surface whose two sheets
cover the entire w plane. The branch points of this Riemann surface are those
points w that are common to both sheets. These points correspond to points z
such that either f'(z) = 0 or f(z) has a double pole. From Eq. (5.9.1) we can
see that there exist precisely two such branch points. We distinguish two cases:
(a) f(z) has a double pole, that is, w = oo is one of the two branch points.
(b) f(z) has two finite branch points. It will turn out that in case (a), f(z) can
be decomposed into two successive transformations: a bilinear one, and one of
the type z2 + const. In case (b), f(z) can be decomposed into three successive
transformations: a linear one, a bilinear one, and one of the type z + 1/z.

We first consider case (a). Let w = co and w = A be the two branch points
of w = f(2), and let z = z; and z = z, be the corresponding points in the z
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plane. The expansions of f(z) near these points are of the form

= a_2 a_l —_— . e
f) = )2 (Z_Z1)+a0+0l1(2 )+ aa#0
and
f@Q—r=PpGE—2)"+BGz—22) +, B #0

respectively. The function +/(f (z) — A), takes no value more than once (because
f(z) takes no value more than twice), and its only singularity in the entire z
plane is a simple pole at z = z;. Hence from Liouville’s Theorem this function
must be of the bilinear form (5.7.1). Therefore

Az + B 2
=A 59.2
f(@) + (Cz n D) ( )
that is
Az+ B
=A 2 = 593
w +Z1 21 CZ+ D ( )

We now consider case (b). Call w = A and w = u the two finite branch
points. Using a change of variables from f(z) to g(z), these points can be
normalized to be at g(z) = =1, hence

iz A+l

)\_
f@)= 5 g(@)+ 5 (5.9.4)

Let z = z; and z = z; be the points in the z plane corresponding to the branch
points A and u, respectively. Series expansions of g(z) near these points are of
the form

g —l=mz—2)+asz—z21)+--,  a#0
and

g+ 1=z -2 +B(z 22 +---, B2 #0

respectively. The function f(z) has two simple poles: therefore the function
g(z) also has two simple poles, which we shall denote by z = ¢; and z = &.
Using a change of variables from g(z) to h(z), it is possible to construct a
function that has only one simple pole

1 1
gx) = 3 (h(z) + h(z)> (5.9.5)
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Indeed, the two poles of g(z) correspondto h(z) = y (z—¢)[1+c1(z—¢&1)+- - -]
and to h(z) = 8(z — &) '[1 + di(z — &) + - - -]; that is, they correspond to
one zero and one pole of & (z). Furthermore, the expansions of g(z) near +1
together with Eq. (5.9.5) imply that A(z) is regular at the points z = z; and
Z = z». The only singularity of /(z) in the entire z plane is a pole, hence i (z)
must be of the bilinear form (5.7.1). Renaming functions and constants, Eqs.
(5.9.4) and (5.9.5) imply

1 Az+ B
>, <t (5.9.6)

, , 1
w=A%+ B, §2_2(§1+§1 "= +D
The important consequence of the above discussion is that the study of the
transformation (5.9.1) reduces to the study of the bilinear transformation (which
was discussed in Section 5.7) of the transformation w = z* and of the transfor-
mation w = (z +z71)/2.
Let us consider the transformation

w =7z w=u-+iv, Z=x+1iy; u=x*—y% v =2xy

(5.9.7)

Example 5.9.1 Find the curves in the z plane that, under the transformation
w = z?, give rise to horizontal lines in the w plane.

Because horizontal lines in the w plane are v = const, it follows that the
relevant curves in the z plane are the hyperbolae xy = const. We note that
because the lines u = const are orthogonal to the lines v = const, it follows
that the family of the curves x> — y? = const is orthogonal to the family of the
curves xy = const. (Indeed, the vectors obtained by taking the gradient of the
functions F(x, y) = (x> — y*)/2 and F>(x, y) = xy, (x, —y), and (y, x) are
perpendicular to these curves, and clearly these two vectors are orthogonal).

Example 5.9.2 Find the curves in the z plane that, under the transformation
w = 72, give rise to circles in the w plane.

Let ¢ # 0 be the center and R be the radius of the circle. Then |w — ¢| = R,
or if we call ¢ = C?, then w = z? implies

z—Cllz+C|=R (5.9.8)

Hence, the images of circles are the loci of points whose distances from two
fixed points have a constant product. These curves are called Cassinians. The
cases of R > |C|*>, R = |C|?, and R < |C|? correspond to one closed curve,
to the lemniscate, and to two separate closed curves, respectively. These three
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NN Y
O+O oo ()

R <|C] R=|C] R>|CP

Fig. 5.9.1. Cassinians associated with Eq. (5.9.8)

cases are depicted in Figure 5.9.1, when C is real. Otherwise, we obtain a
rotation of angle & when C = |C|e'”.

We now consider the transformation

1 +1 1 +1 0 1 1 10
w_2z ) u_2r rcos, v_2r rsm
(5.9.9)
where z = r exp(i0).

Example 5.9.3 Find the image of a circle centered at the origin in the z plane
under the transformation (5.9.9).
Let r = p be a circle in the z plane. Equation (5.9.9) implies

u? v?

+
Lo+ D] [Leo-pD]

=1, p = const

This shows that the transformation (5.9.9) maps the circle r = p onto the ellipse
of semiaxes (p+p~')/2 and (p — p~')/2 as depicted in Figure 5.9.2. Because

1 —15\2 1 —152
_ — Z(p — =1
I(P-H? ) I(;O p)

all such ellipses have the same foci located on the u axis at +1.

The circles r = p and r = p~' yield the same ellipse; if p = 1, the ellipse
degenerates into the linear segment connecting w = 1 and w = —1. We note
that because the ray 6 = ¢ is orthogonal to the circle » = p, the above ellipses
are orthogonal to the family of hyperbolae

u? v?

= =1 ¢ = const
cos’¢  sin“ ¢

which are obtained from Eq. (5.9.9) by eliminating r.
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z plane w plane

Fig. 5.9.2. Transformation of a circle onto an ellipse

Example 5.9.4 (Joukowski Profiles) The transformation

(=)
w=—=|z+- (5.9.10)
2 z

arises in certain aerodynamic applications. This is because it maps the exterior
of circles onto the exterior of curves that have the general character of airfoils.

Consider, for example, a circle having its center on the real axis, passing
through z = 1, and having z = —1 as an interior point. Because the derivative
of w vanishes at z = 1, this point is a critical point of the transformation, and
the angles whose vertices are at z = 1 are doubled. (Note from Eq. (5.9.10) that
the series in the neighborhood of z = 1is 2(w—1) = (z = 1> = (z—=1)3+---)
In particular, because the exterior angle at point A on C is 7 (see Figure 5.9.3),
the exterior angle at point A" on C’ is 2. Hence C’ has a sharp tail at w = 1.
Note that the exterior of the circle maps to the exterior of the closed curve in
the w plane; |z| — oo implies |[w| — oco. Because we saw from Example 5.9.3
that the transformation (5.9.10) maps the circle |z| = 1 onto the slit jw| < 1,
and because C encloses the circle |z| = 1, the curve C’ encloses the slit |w| < 1.

Suppose that the circle C is translated vertically so that it still passes through
z = 1 and encloses z = —1, but its center is in the upper half plane. Using the
same argument as above, the curve C’ still has a sharp tail at A’ (see Figure 5.9.4).
But because C is not symmetric about the x axis, we can see from Eq. (5.9.10)
that C’ is not symmetric about the u axis. Furthermore, because C does not
entirely enclose the circle |z| = 1, the curve C’ does not entirely enclose the
slit [w| < 1. A typical shape of C’ is shown in Figure 5.9.4.

By changing C appropriately, other shapes similar to C’ can be obtained.
We note that C’ resembles the cross section of the wing of an airplane, usually
referred to as an airfoil.
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Fig.5.9.3. Image of circle centered on real axis under the transformation w = % (z+1/z)
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Fig. 5.9.4. Image of circle whose center is above the real axis

5.9.2 The Modulus of a Quadrilateral

Let I" be a positively oriented Jordan curve (i.e., a simple closed curve), with
four distinct points ay, a, as, and a4 being given on I', arranged in the direction
of increasing parameters. Let the interior of I' be called Q. The system
(Q; ay, az, az, ay) is called a quadrilateral (see Figure 5.9.5).

Two quadrilaterals (Q; ay, ..., as4) and (Q; diy, ..., dy) are called confor-
mally equivalent if there exists a conformal map, f, from Q to Q such that
f((l,‘)zgl,‘,i = 1,...,4.

If one considers trilaterals instead of quadrilaterals, that is, if one fixes three
instead of four points, then one finds that all trilaterals are conformally equiv-
alent. Indeed, it follows from the proof of the Riemann Mapping Theorem
that in a conformal mapping any three points on the boundary can be chosen
arbitrarily (this fact was used in Sections 5.6-5.8).

Not all quadrilaterals are conformally equivalent. It turns out that the equiv-
alence class of conformally equivalent quadrilaterals can be described in terms
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Fig. 5.9.5. Quadrilateral

of a single positive real number. This number, usually called the modulus, will
be denoted by ©. We shall now characterize this number.

Let i be a conformal map of (Q; a, b, c, d) onto the upper half plane. This
map can be fixed uniquely by the conditions that the three points a, b, d are
mapped to 0, 1, oo, that is,

ha)=0, h(b)=1,  hd) =oo

Then X (c) is some number, which we shall denote by £. Because of the ori-
entation of the boundary, 1 < £ < oo. By letting Z = (az + b)/(cz + d) for
ad — bc # 0, we can directly establish that there is a bilinear transformation,
that we will call g, that maps the upper half plane onto itself such that the
points z = {0, 1, &, oo} are mapped to Z = {1, n, —n, —1}. We find after some
calculations that 7 is uniquely determined from & by the equation

n+1
F:\/g’ n>1

Recall the Example 5.6.8. We can follow the same method to show that for
any given n > 1, there exists a unique real number p > 0 such that the
upper half z plane can be mapped onto a rectangular region R and the image
of the points z = {0, 1, &, oo}, which correspond to Z = {1, n, —n, —1}, can
be mapped to the rectangle with the corners {u, u + i, i, 0}. (The number p
can be expressed in terms of n by means of elliptic integrals.) Combining the
conformal maps % and g, it follows that (Q; a, b, ¢, d) is conformally equivalent
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Fig. 5.9.6. Electric current through sheet Q

to the rectangular quadrilateral (R; u, ;0 + i, i, 0). Thus two quadrilaterals are
said to be conformally equivalent if and only if they have the same value p,
which we call the modulus.

Example 5.9.5 (Physical Interpretation of 1) Let O denote a sheet of metal
of unit conductivity. Let the segments (a, b) and (c, d) of the boundary be kept
at the potentials V and 0, respectively, and let the segments (b, ¢) and (d, a) be
insulated. Establish a physical meaning for u.
From electromagnetics, the current / flowing between a, b is given by (see
also Example 5.4.3)
bo®
1= —ds
. on
where d/dn denotes differentiation in the direction of the exterior normal, and
® is the potential. ® is obtained from the solution of (see Figure 5.9.6)

V2® =0in O, ® =V on/(a,b), ® =0 on(cd),

0P
— =0on (b,c) and (d, a).
on

In the w plane we can verify the following solution for the complex potential:
Qw) = %w. From the definition of the potential (5.4.11), 2 = ® 4 i ¥, so
® =Re = %Rew = %u At the top and bottom we have % =0;onu =0,
® = 0; and foru = u, ® = V. Hence we have verified that the solution of this
problem in the w plane is given by @ = V u~'Re w. Furthermore, we know that
(see Eq. (5.4.14)) the integral [ is invariant under a conformal transformation.
Computing this integral in the w plane we find

I:/flV, or V=ul
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Therefore p has the physical meaning of the resistance of the sheet O
between (a, b) and (c,d) when the remaining parts of the boundary are
insulated.

5.9.3 Computational Issues

Even though Riemann’s Mapping Theorem guarantees that there exists an an-
alytic function that maps a simply connected domain onto a circle, the proof is
not constructive and does not give insight into the determination of the mapping
function. We have seen that conformal mappings have wide physical applica-
tion, and, in practice, the ability to map a complicated domain onto a circle,
the upper half plane, or indeed another simple region is desirable. Toward this
end, various computational methods have been proposed and this is a field of
current research interest. It is outside the scope of this book to survey the var-
ious methods or even all of the research directions. Many of the well-known
methods are discussed in the books of Henrici, and we also note the collection
of papers in Numerical Conformal Mapping edited by L. N. Trefethen (1986)
where other reviews can be found and specific methods, such as the numerical
evaluation of Schwarz—Christoffel transformations, are discussed.

Here we will only describe one of the well-known methods used in numer-
ical conformal mapping. Let us consider the mapping from a unit circle in
the z plane to a suitable (as described below) simply connected region in the
w plane. We wish to find the mapping function w = f(z) that will describe the
conformal mapping. In practice, we really are interested in the inverse func-
tion, z = f~'(w). Numerically, we determine a set of points for which the
correspondence between points on the circle in the z plane and points on the
boundary in the w plane is deduced.

We assume that the boundary C in the w plane is a Jordan curve that can be
represented in terms of polar coordinates, w = f(z) = pe'®, where p = p(8),
and we impose the conditions f(0) = 0 and f’(0) > 0 (Riemann’s Map-
ping Theorem allows us this freedom) on the unit circle z = ¢'¢. The map-
ping fixes, in principle, 8 = 6(¢) and p = p(8(¢)). The aim is to determine
the boundary correspondence points, that is, how points in the z domain,
¢ = {91, ¢2, . .., pn}, transform to points in the w domain that is parametrized
by 6 = {61, 0,, ...,0xy} (see Figure 5.9.7).

The method we describe involves the numerical solution of a nonlinear in-
tegral equation. This equation is a modification of a well-known formula (de-
rived in the homework exercises — see Section 2.6, Exercise 10, and Section
4.3, Exercise 15) that relates the boundary values (on |z| = 1) of the real and
imaginary parts of a function analytic inside the circle. Specifically, consider
F(z) = u(x,y) + iv(x, y), which is analytic inside the circle z = re'?, for
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w= f(2) z plane

Fig. 5.9.7. Boundary correspondence points

r < 1. Then on the circle r = 1 the following equation relating # and v holds:

1 [ ¢ —t
v(p) =v(r =0+ —][ u(t) cot (—)dt (5.9.11)
2 0 2

where the integral is taken as a Cauchy principal value (we reiterate that both
t and ¢ correspond to points on the unit circle). The integral equation we shall
consider is derived from Eq. (5.9.11) by considering F'(z) = log(f(z)/z), re-
calling that £(0) = 0, f’(0) > 0. Then, using the polar coordinate representa-
tion f(z) = pe'’, we see that F(z) = log p +i(f — ¢); hence in Eq. (5.9.11)
we take u = log p(0). We require that f'(0) be real, thus v(r = 0) = 0. On
the circle, v = 6 — ; this yields

1 2 @ —t
0(p) =9+ —][ log p(6(¢)) cot <—)dt (5.9.12)
2 0 2

Equation (5.9.12) is called Theodorsen’s integral equation. The goal is to
solve Eq. (5.9.12) for 8(¢). Unfortunately, it is nonlinear and cannot be solved
in closed form, though a unique solution can be proven to exist. Consequently
an approximation (i.e., numerical) procedure is used. The methods are effective
when p (@) is smooth and |p’(0)/p(0)] is sufficiently small.

Equation (5.9.12) is solved by functional iteration:

(n+1) L n) Q-1
0"t (@) =+ — log p (6"(1)) cot | —— |dt (5.9.13)
27'[ 0 2

where the function #© is a starting “guess.”
Numerically speaking, Eq. (5.9.13) is transformed to a matrix equation; the
integral is replaced by a sum, and log p(0) is approximated by a finite Fourier
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series, that is, a trigonometric polynomial, because p(6) is periodic. Then,
corresponding to 2N equally spaced points (roots of unity) on the unit circle
in the z plane (¢: {1, ..., by} and ¢: {¢1, ..., p2n}), One solves, by iteration,
the matrix equation associated with Eq. (5.9.13) to find the set 0@V (¢;),
j=1,2,...,2N, which corresponds to an an initial guess 6©(¢p;) = ¢;,
j=1,2,...,2N, which are equally spaced points on the unit circle. As
n is increased enough, the iteration converges to a solution that we call f:
0™ (¢ i) — O(p ;). These points are the boundary correspondence points.
Even though the governing matrix is 2N x 2N and ordinarily the “cost” of cal-
culation is O (N?) operations, it turns out that special properties of the functions
involved are such that fast Fourier algorithms are applicable, and the number
of operations can be reduced to O (N log N).

Further details on this and related methods can be found in Henrici (1977),
and articles by Gaier (1983), Fornberg (1980), and Wegmann (1988).
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Asymptotic Evaluation of Integrals

6.1 Introduction

The solution of a large class of physically important problems can be repre-
sented in terms of definite integrals. Frequently, the solution can be expressed
in terms of special functions (e.g. Bessel functions, hypergeometric functions,
etc.; such functions were briefly discussed in Section 3.7), and these func-
tions admit integral representations (see, e.g., Section 4.6). We have also seen
in Section 4.6 that by using integral transforms, such as Laplace transforms
or Fourier transforms, the solution of initial and/or boundary value problems
for linear PDEs reduces to definite integrals. For example, the solution by
Fourier transforms of the Cauchy problem for the Schrédinger equation of a
free particle

iv, +¥,, =0 (6.1.1a)
is given by
1 % ikx—ik?t
Y(x, t)=— Wy (k)e dk (6.1.1b)
27 J_so
where W (k) is the Fourier transform of the initial data ¥ (x, 0). Although such
integrals provide exact solutions, their true content is not obvious. In order to
decipher the main mathematical and physical features of these solutions, it is
useful to study their behavior for large x and ¢. Frequently, such as for wave

motion, the interesting limit is t — oo with ¢ = x/¢ held fixed. Accordingly,
for the particular case of Eq. (6.1.1b) one needs to study

o0
W(x, 1) = / ¥y (ke ® gk, t — 00 (6.1.2)
—00
where ¢ (k) = kc — k2.

411
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In this chapter we will develop appropriate mathematical techniques for eval-
uating the behavior of certain integrals, such as Eq. (6.1.2), containing a large
parameter (such as t — 00). Historically speaking, the development of these
techniques was motivated by concrete physical problems. However, once these
techniques were properly understood it became clear that they are applicable to
a wide class of mathematical problems dissociated from any physical meaning.
Hence, these techniques were recognized as independent entities and became
mathematical methods. The most well-known such methods for studying the
behavior of integrals containing a large parameter are: Laplace’s method, the
method of stationary phase, and the steepest descent method. These methods
will be considered in Sections 6.2, 6.3, and 6.4, respectively.

In recent years the solution of several physically important nonlinear PDEs
has also been expressed in terms of definite integrals. This enhances further
the applicability of the methods discussed in this chapter. Some interesting
examples are discussed in Section 6.5.

There are a number of books dedicated to asymptotic expansions to which
we refer the reader for futher details. For example: Bleistein and Handelsman,
Dingle, Erdelyi and Olver. Many of the methods are discussed in Bender and
Orszag, and in the context of an applied complex analysis text see Carrier ef al.

In order to develop the methods mentioned above, we need to introduce some
appropriate fundamental notions and results.

6.1.1 Fundamental Concepts

Suppose we want to find the value of the integral

o0 e—l
I(s)=/ dt, e>0
0 1+8t

for a sufficiently small real positive value of . We can develop an approximation
to /(&) using integrating by parts repeatedly. One integration by parts yields

—t

< e
1(8):1—8‘/0 mdi

Repeating this process N more times yields

I(e)=1—e+21e2 =313+ 4+ (=DV NV

o0 —t
NN 41 !N+1/ ¢ 6.1.3
HEDW e [ 6.1.3)
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Equation (6.1.3) motivates the introduction of several important notions. We
assume that ¢ is sufficiently small, and we use the following terminology:

(@) —e is of order of magnitude (or simply is of order) ¢, while 2!&? is of order
g2. We denote these statements by —e = O(¢) and 2162 = 0(&?);

(b) 21e2 is of smaller order than ¢, which we denote by 2162 « ¢; and

(c) if we approximate I (g) by 1 — & + 212, this is an approximation correct
to order &2

We now make these intuitive notions precise. First we discuss the situation
when the parameter, such as ¢ in Eq. (6.1.3), is real. The following definitions
will be satisfactory for our purposes.

Definition 6.1.1 (a) The notation

fk) = 0(g(k)), k — ko (6.1.4)

which is read “f (k) is of order g(k) as k — ko,” means that there is a finite
constant M and a neighborhood of ko where | f| < M|g|.
(b) The notation

fk) < g(k), k — ko (6.1.5)

which is read “ f (k) is much smaller than g(k) as k — kg,” means

Sk
g(k)

k—)ko
Alternatively, we write Eq. (6.1.5) as

f k) = o(g(k)), k — ko

(c) We shall say that f (k) is an approximation to / (k) valid to order 8 (k), as
k — ko, if

jim 0= S0 _, (6.1.6)
k—>ko 8(k)

For example, return to Eq. (6.1.3), where now k is € and ky = 0. Consider
the approximation f(¢) = 1 — ¢ + 21e2; then, in fact, lim,_, W =0.
Thus f(¢) is said to be an approximation of / (¢) valid to order g2

Equation (6.1.3) involves the ordered sequence 1, ¢, &2, &3 . This se-
quence is characterized by the property thatits (j+1)s¢ member is much smaller
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than its jzh member. This property is the defining property of an asymptotic
sequence. Equation (6.1.3) actually provides an asymptotic expansion of 7 (¢)
with respect to the asymptotic sequence {&/ 1320, thatis, 1, &, e, ...

Definition 6.1.2 (a) The ordered sequence of functions {§;(k)}, j = 1,2, ---
is called an asymptotic sequence as k — ko if

Sjp1(k) < 8;(k), k — ko

for each j.

(b) Let I (k) be continuous and let {3;(k)} be an asymptotic sequence as
k — ko. The formal series Z?]:, a;é;(k) is called an asymptotic expansion
of I(k), as k — ko, valid to order §y (k), if

m

1) =Y a;8;(k)+ O@ns1(k),  k—>ko, m=12... N
j=1
] (6.1.7)

then we write

N
I(k) ~ a;8;(k), k — ko (6.1.8)
j=1

The notation ~ will be used extensively in this chapter. The notation 7 (k) ~
n(k), k — ko, means
I(k)|
n(k)

1m
k—ko

With regard to Eq. (6.1.8), the notation ~ implies that each term can be
obtained successively via

. (I(k) — Zﬁ_éam(k))
a, = 1i
k—ko 8u (k)

When an arbitrarily large number of terms can be calculated, frequently
one uses Eq. (6.1.8) with N = oo, despite the fact (as we discuss below) that
asymptotic series are often not convergent.

Letus return to Eq. (6.1.3). The right-hand side of this equation is an asymp-
totic expansion of [ (k) provided that the (n + 1)s¢ term is much smaller than
the nth term. It is clear that this is true foralln =0,1,..., N — 1. Forn = N
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because ¢ > 0 we have 1 + ¢f > 1; thus

oo oo
/ e*f/(1+sz)N+2dt5/ e~ldr =1
0 0

hence
o0 —t
_1N+1N 1!N+1/ eidt
% WD ey

< DY+ DV <« [(=DV NN
Itis important to realize that the expansion Eq. (6.1.3) is not convergent. Indeed,
for ¢ fixed the term (—1)V N!e" tends to infinity as N — oco. But for fixed N

this term vanishes as ¢ — 0, and this is the reason that the above expansion
provides a good approximation to 7 (¢) as ¢ — 0.

00 e~k

Example 6.1.1 Find an asymptotic expansion for J(k) = |~ § +; dt as real
k — oo.
Calling t' = kt and ¢ = 1/k, we see that
00 eft’
J = 8/ dr’
o l+et
Thus from Eq. (6.1.3), with ¢ = 1/k, we have
1 12! LN =D
Jh)=-— =+ = — + (=D 4 Ry(k
()= =5+ 5 = DT Ry oo
Ry (k) = (—I)NN!/Oo e~ dt o
N = TN o (1L+1/kN+

and from the discussion above we find that

IRy(K)| < N1/ KN < 17k

Note that Eq. (6.1.9) is exact. As k — oo, %, k'—z, -+ form an asymptotic se-

quence; thus Eq. (6.1.9) provides an asymptotic expansion of [ (k) for large k.
Again we remark that the above expansion is not convergent: As N — 00, k
fixed, the series does not converge; but as k — oo, N fixed, Ry — 0 (in the
asymptotic expansion, |Ry (k)| < 1/k™).

Example 6.1.2 Find an asymptotic expansion for / (k) = koo E% dt as real
k — oo.
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Integrating by parts N times we find

1o =t b L2 + v D R
=e _ — —_— — .. — - -
ko k2T kN N
N o0 e—t
Ry(k) = (—1) N!/k py dt (6.1.10)
As k — o0, the terms ET_k, ek;;, -- - form an asymptotic sequence. We also see

that
N! *® —k j N+1 —k /N
|RN(k)|<W e 'dt=Nle " /k Ke "k
k

thus Eq. (6.1.10) is an asymptotic expansion as k — co. As N — oo for fixed
k, the series is divergent, and |Ry| — oo. As k — oo for fixed N, Ry — 0
(we have an asymptotic expansion).

Asymptotic series frequently give remarkably good approximations. For
example, when k = 10 and N = 2, the error between the exact answer and the
first two terms of the series, R»(10), satisfies |R»(10)| < 0.002¢~'°, which is
clearly very small. In fact, even when k = 3 and N = 2, we have |R,(3)| <
2/ (36)3 = 3.7 x 1073, However, we cannot take too many terms in the series,
because the remainder, which decreases for a while, eventually increases as N
increases. In principle, one can find the “optimal” value of N for fixed k for
which the remainder is smallest (best approximation); we will not go into this
in more detail at this point. In most applications, obtaining the first few terms
of the asymptotic expansion is sufficient.

The following property of an asymptotic expansion can be readily estab-
lished: Given an asymptotic sequence {3, (k)}Z,, then the asymptotic expan-
sion of a function f (k) is unique. Specifically, let f (k) ~ Zyzl ajdj(k)ask —
ko, where {6 ; (k)} is an asymptotic sequence. Then the coefficients a, are unique.
Indeed, if f (k) had another asymptotic expansion f (k) ~ Zyzl b;é;(k), then
calling c; = a; — b; we would find that 0 ~ ¢;8; (k) + c262(k) + c383(k) +- - -.
Dividing by §, (k) and taking the limit k — ko implies c; = 0. Repeating this ar-
gument with §; (k) replaced by 8, (k), etc., implies thatc; = Oforj =1, 2, ...,
and hencea; = b; for j =1,2,....

Until now we have discussed asymptotic expansions when the parameter k is
real. However, the previous definitions can be extended to complex values of the
parameter k, which we will now call z. Consider a function f(z) that is analytic
everywhere outside a circle |z| = R. Then we know that f(z) has a convergent
Taylor series at infinity of the form f(z) = ag+a;/z+ay/z>+- - -. Inthis case
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the convergent Taylor series is equivalent to a convergent asymptotic series with
an asymptotic sequence {1/z/ }520- If f(2) is not analytic at infinity, it cannot
possess an asymptotic expansion valid for all arg z as z — oo. Typically
asymptotic expansions are found to be valid only within some sector of the
complex plane; that is, the expansion is constrained by some bounds on arg z.
Often the asymptotic expansion of a given function f(z) has the form

f(z) ~ q)(Z)((lo+[11/Z+a2/Z2+...)

for z in a sector of the complex plane. The asymptotic sequence is either
{@(z)/zj};?‘;o when considering f(z), or more simply {1/z/ }j‘;o if we choose
to work with the asymptotic expansion of f(z)/®(z).

A function f is said to have an asymptotic power series in a sector of the z
plane as z — oo if

f(Z)~a0+al/Z+a2/zz+...

The series is generally not convergent. Let another function g(z) have an
asymptotic power series representation in the same sector of the form

g(2) ~by+bi/z+br/F + -

Then the arithmetic combinations f + g (sum) and fg (product) also have
asymptotic power series representations that are obtained by adding or multi-
plying the series termwise. An asymptotic power series can be integrated or
differentiated termwise to yield an asymptotic expansion:

f'@) ~—ai/z* = 2ay/2° + - -,

/ (f(§)—ao—al/;“)d§~—+ SE

2z
We note that more general asymptotic series (as opposed to asymptotic power
series) can be integrated termwise but it is, in general, not permissible to dif-
ferentiate termwise in order to obtain an asymptotic expansion. (The interested
reader may wish to consult Erdelyi (1956).)

A given asymptotic expansion can represent two entirely different functions.
Suppose as z — oo for Rez > 0 (i.e., =% < argz < %), the function f(z) is

2
given by the asymptotic power series expansion

o0
an

f@)~

n=0
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Then the same expansion also represents f(z) + e~ in this sector. The reason
is that the asymptotic power series representation of e~* for Rez > 0 is zero,
that is

n=0

has b, = 0 for n > 0 because lim,_,, 7"¢™* = 0 forn > 0 and Rez > 0.
The term e ™% is transcendentally small, or said to be “beyond all orders”, with
respect to the asymptotic power series » - 2’— An asymptotic power series
contains no information about terms beyond all orders.

When f(z) has an asymptotic representation (not necessarily an asymptotic
power series) in a sector of the complex plane, it can happen that an entirely
different asymptotic representation is valid in an adjacent sector. In fact, even
when f(z) is analytic for large but finite values of z, the asymptotic repre-
sentation can change discontinuously as the sector is crossed. This is usually
referred to as the Stokes phenomenon, which we discuss in detail in Section 6.7.
The Stokes phenomenon arises frequently in applications. Linear second-order
ODEs possess convergent series expansions around regular singular points (see
Section 3.7). In general they possess asymptotic series representations around
irregular singular points, i.e., singular points which are not regular.

Example 6.1.3 Discuss the asymptotic behavior of 1(z) = sinh(z™"), z = 0,
z complex.

Letz =re'?. Thenas z — 0 the dominant term is %ez_l or — %e’z_] depending
on whether cos 8 is > 0 or < 0, respectively. Thus

1 - . T
I(Z)Nie“] as z— 0 in |argz|<§

and I(z) ~ —lefz_] as 70 in =~ < argz < 27
2 2 2
We see that the asymptotic expansion of sinh(z ') changes discontinuously
across the ray 6 = /2.
In much of this chapter we concentrate on the situation when the large
parameter is real. The Stokes phenomenon is discussed in more detail in Sec-
tion 6.7.

6.1.2 Elementary Examples

It is sometimes possible to determine the behavior of an integral without using
any sophisticated asymptotic methods. Next we present two classes of such
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integrals. The first class involves the evaluation of the integral fab fk,t)dt
as k — kg, where f(k,t) ~ fo(t), as k — ko uniformly for ¢ in [a, b]. The
second class involves the evaluation of the integral |, kb f@)dtask — oo.

To determine the leading behavior of integrals of the first class, we use the
following fact. Assume that f (k, t) ~ fo(t) as k — ko uniformly for ¢ in [a, D],
and that f: fo(?) dt is finite and nonzero. Then the limit as k — kg and the
integral can be interchanged (this is a special case of the fact that asymptotic
sequences can be integrated termwise) hence

b b
/f(k,t)dt~/ fohdt, k- ko 6.1.11)

To determine the behavior of integrals of the second class we use integration
by parts.

Example 6.1.4 Find the first two nonzero terms of the asymptotic expansion
of 1(k) = [, 1% dr as k — 0.
Because sin z has a uniformly convergent Taylor series sinz = z—z3/3!+- -

sintk L t2k3+
t 3! ’
1 2k3 i3
I(k) ~ k——+ ... |dt =k —
SO (k) /0 ( 3 + ) 3.3!+

Sometimes it is possible to modify the above technique when Eq. (6.1.11) is
not directly applicable. This is illustrated in Examples 6.1.5 and 6.1.6.

Example 6.1.5 Evaluate I (k) = [,* e dtask — 0.
We would like to expand e, which has an expansion provided that ¢ is
finite. Also intuitively we expect that as k — 0, the main contribution to 7 (k)

comes from fooo e~ dt. For both of these reasons we write [ (k) as

o0 2 k 2
I(k):/ e ! dt—/ e dt (6.1.12)
0 0

The first integral of Eq. (6.1.12) can be evaluated exactly (see Example 4.2.8,
Eq. (4.2.13), and the definition of the gamma function, Eq. (4.5.31))

o0 1 [ 1 1
/ €7t2 dt = —/ efssf% ds=-T1[=-)] = ﬁ
0 2 Jo 2 2 2
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To evaluate the second integral of Eq. (6.1.12), we use the Taylor series e~ t=
1 —t>4+1*/2 — ... hence
T IS <

I =YY" —k4+——— 4...
(k) > +3 10~|—

Example 6.1.6 Evaluate E (k) = [ el;' dt,k — 0t.

As in Example 6.1.5, we write [~ = [[° — f(f But now the integrand has
a logarithmic singularity at + = 0. If we subtract (and add) 1/¢ in order to
cancel the singularity at # = 0, then we are left with an integral ( [, koo dt/t) that

does not converge. But if we subtract (and add) 1/[#(¢ + 1)], this difficulty is
avoided:

) = > dt 00(, 1 )dt k<, 1 >dt
! —/k m*/o E‘H—lT—/O © Ti)T
(6.1.13)

The first integral of Eq. (6.1.13) equals log Ikik = —logk + log(l + k) =
—logk + k — % + ’;—3 — -+, while the second integral is a constant that we
call —y. (It can be shown (Abramowitz and Stegun, 1965) that y is the so-
called Euler constant, which is approximately 0.577216.) To compute the third
integral of Eq. (6.1.13), we note that Taylor series expansions yield

-t ! 1 t+t2 1—t+172 tz
e —_— = p— _— — .. — p— —_— . [ — “e
t+1 2 2

thus the third integral equals —% + ---. Hence

k2
El(k)=—y—logk+k_z+..,

We now consider integrals of the type |, kb f(@)dt, k — oo. Such integrals
can often be evaluated using integration by parts. Sometimes the integral must
be appropriately rewritten before integration by parts is applied.

Example 6.1.7 Evaluate I (k) = [~ e™" dt, k — oc.
The largest value of e~ occurs at the boundary ¢ = k. Because integration

by parts computes the value of the integrand on the boundaries, we expect that
integration by parts will work:
o / o 2 dt
_ e
k k 21

T 2y dr = e~
o[ (-5)isewme ()
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or

P
W=t

Example 6.1.8 Evaluate I (k) = fok t~12e7t dt as k — oo.
As k — oo we expect that the main contribution to (k) will come from
Jo 172 " dt. Thus

o0 o0
1(k) = / 71 2e dt — / =127 dt
0 k

As before (see Example 6.1.5), the first integral above can be evaluated exactly;
it is F(%) = /7. The second integral can be evaluated using integration by
parts

ek ek
I(k)=ﬁ_ﬁ+0<m)

The rigorous justification that the formulae obtained in Examples 6.1.7 and
6.1.8 are actually the first terms in an asymptotic expansion requires one to find
a bound on the remainder. (See Example 6.1.4).

Problems for Section 6.1

1. (a) Consider the function
fle)=e
Find the asymptotic expansion of f(¢€) in powers of €, as € — 0

(b) Similarly for the function
1
fle)=e¢
find the asymptotic expansion in powers of 1/¢€,as € — 0

2. Show that both the functions (1 4+ x)~! and (1 4 e~*)(1 4+ x)~! possess the
same asymptotic expansion as x — 00.

3. Find the asymptotic expansions of the following integrals:

1 .: kt k
(a) / S”; dt. k=0 (b / Tie~'dr,  k— O
0 0
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(Hint: lets = t'/4)

o0 4
(c)/ e'dt, k—0
k

4. (a) Show the bound on the remainder for the asymptotic expansion of the
integral in Example 6.1.7 is
ez”‘2

43

£ dt, thus

I
2t2

(2t)e"
R —
[R>| = ‘ / v

then use the fact that r > k.

Hint: note that the remainder R, =

)

(b) Show thatabound on the remainder: R, = [, ;%}dt in the asymptotic

expansion of the integral in Example 6.1.8 is quiz

5. Find the asymptotic expansion of the integral

I(Z):/ ;(x) dx Imz#0

as z — oo. (Hint: Use xl ) Show that if all the integrals

(= z)(l

/ lu(x)|x" dx < o0

o0

then the analogous result holds when —a = b = oo

dt as k — oo.

6. Find the asymptotic expansion of fok 1“;;2

6.2 Laplace Type Integrals

In this section we shall study the asymptotic behavior as k — +oo of integrals
of the form

b
1(k) = / f()e k0 gy (6.2.1)

where f(t) and ¢ (¢) are real differentiable functions. A special case of such
integrals (when ¢ (t) = t, a = 0, b = 00) is the Laplace transform (Section
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4.5), which is why integrals such as Eq. (6.2.1) are referred to as Laplace type
integrals.

Our analysis of the above integrals will be developed at an intuitive, a heuris-
tic, and a rigorous level. At the intuitive level we identify the region in the ¢
domain that gives the most important contribution to the large k evaluation of
Eq. (6.2.1). At the heuristic level, by assuming that our intuition is correct,
we derive appropriate mathematical formulae expressing the large k behavior
of Eq. (6.2.1). At the rigorous level we establish the validity of our approach
by proving that these formulae indeed express the asymptotic behavior of
Eq. (6.2.1) as k — +o0.

In order to gain some intuition, suppose first that / (k) = fob fe ™ dt. As
k — oo, the integrand becomes exponentially small for all ¢ except for ¢ near
0, because as t — 0 and k — 00, kt could remain finite. Hence we expect that
the major asymptotic contribution comes from the immediate neighborhood
of t = 0. Thus the problem of analyzing this integral becomes a problem of
studying the neighborhood of = 0. In this way a global problem is replaced by
alocal one, which is precisely why the asymptotic evaluation of such integrals is
successful. To render further support to our intuition, let’s consider an integral
that can be evaluated exactly. Let J(k) = [;°(1+1)e " dt, then separating
the integrals and integration by parts yields the exact formula J (k) = % + ki
We expect that for large k, I (k) ~ fOR e dt, where R is arbitrarily small
but limy_, o kR = co. Hence we expect that [ (k) ~ %, which indeed agrees
with the large k behavior of the exact formula. The generalization of the above
argument to integrals such as Eq. (6.2.1) is not difficult. If # = c is the minimum
of the function ¢ (¢) in the interval a < ¢t < b and if f(c) # O, then it is the
neighborhood of ¢ = ¢ that gives the dominant contribution to the asymptotic
expansion of I (k) for large k. Furthermore, the minimum can occur either at
the boundaries or at an interior point, which in the latter case necessarily means
¢'(t) = 0. It follows that one only needs to carefully study such (critical)
points. We distinguish two cases depending on whether the minimum occurs at
the boundaries or at an interior point. The case that ¢ (¢) is monotonic (i.e., the
major contribution to the asymptotics of 7 (k) comes from the boundaries) is
considered in Sections 6.2.1 and 6.2.2. The case that ¢ () has a local minimum
in [a, b] is considered in Section 6.2.3.

6.2.1 Integration by Parts

Suppose that ¢ (¢) is monotonic in [a, b]; then one needs to analyze the behavior
of the integrand near the boundaries. Because integration by parts is based on
such an analysis, we expect that it is a useful technique for studying Laplace
type integrals when ¢ (¢) is monotonic.
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Example 6.2.1 Evaluate [;°(1 +1*)72e™ dt as k — +o0.
Using integration by parts we find

/ (I+H2ekgr =
0

o0

1 [2 -2 —kt 1 00
a+e)7e™ +7 / (=41 4+ Pe ™ dr
0 0

—k
1+O 1
k K3

Example 6.2.2 Evaluate I (k) = [;°(t + 1)~ le=*+2 gt as k — +o0.
Again we use integration by parts by first rewriting (k) as

1) = / ) <iek<f+2>2) el
y \dr (—200( +2)
* o

00 —1
1 7k(t+2)zi @+ 1 di
. +2k/0 ¢ dt( (42

T (R O
(=2k)(t +2)

o3k o4k
=— + 0 —
4k + ( k2 )

Example 6.2.3 Evaluate I (k) = f 12 exp(k cosht) dt as k — oo.
The function cosh ¢ increases monotonically in the interval [1, 2]; thus rewrit-
ing the integral in the form

2
d dt
(k) = — k cosht
@ /1 ar P keosh )
and integrating by parts yields
k cosh2
I(k) ~ , k
®) ™ sinn2 e

From the above examples it follows that the asymptotic evaluation of integrals
of the form f: f(t)e ™ dt depends on the behavior of f(¢) near t = a. In
particular, if f(z) is sufficiently smooth, the integration by parts approach
provides the full asymptotic expansion. The rigorous justification for the results
of Example 6.2.1 is obtained from:

o0 o0 1
/ t(14+ )P dr < / te Mdr = —
0 0 k

The rigorous justification of the integration by parts in general follows from the
following lemma.
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Lemma 6.2.1 (Integration by Parts) Consider the integral

b
I(k) = / fe ™ dt (6.2.2)

where the interval [a, b] is a finite segment of the real axis. Let £ (¢) denote
the mth derivative of f(¢), f@(t) = f(t). Suppose that f(z) has N + 1
continuous derivatives while f ™+ (¢) is piecewise continuous on a < t < b.
Then

N

efka
1) ~ Y g F7@), k= o0 (6.2.3)
n=0

Proof For m < N, integration by parts yields

m—1 e_k“ m—1 e_kb
I(k) = Z Wf(")(a) - Z Wf(")(b)
n=0 n=0

1 b
+ o e K Fm (1) dt, m=1,...,N

The contribution from the upper endpoint t = b is asymptotically negligible
(“beyond all orders”) compared to that from ¢ = a; indeed, lim;_, o, k"¢~ =
0,n=1,2,.... Also, another integration by parts yields

1 b
Rna (k) = o / e Mm@y de

[ b = e ) )

_km+1

+

1 b |
ka/ e K D (1) dy

a

Thus as k — 00, Ry_1 (k) = O(k~"*tDe~*@) Form = N we can decompose
[a, b] into subintervals in each of which f¥*+?)(¢) is continuous. Then a final
integration by parts for Ry completes the proof. n

We mention two generalizations of the above result. (a) If b = oo, then
the above result is also valid provided that as 1 — oo f(¢) = O(e*"), « real
constant, so that 7 (k) exists for k sufficiently large. In particular, if @ = 0 then
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I (k) becomes the Laplace transform of f and the asymptotic expansion follows
from Eq. (6.2.3) by setting a = 0.

(b) If ¢ (¢) is monotonic in [a, b], then the integral fab f()e *® dt can be
transformed to Eq. (6.2.2) by the change of variables t = ¢ (). Although in
practice, this is usually not the most convenient way to evaluate such integrals,
it does provide a rigorous justification for the integration by parts approach to
such integrals.

Example 6.2.4 Evaluate I (¢) = fooo(l +et) e "dtase — 0.
This integral can be transformed to a Laplace type integral by letting et = 7.
Then

1 [ ot 1
I(k) = - (14 1) e *dt, - = 00
€ Jo €

Hence, using f(r) = (1 +1)~!, f™(0) = (=1)"n!, Eq. (6.2.3) with k = 1/¢
yields

N
I(k) ~ ) (=1)"nle", €0
n=0

6.2.2 Watson’s Lemma

If f(¢) is not sufficiently smooth at ¢ = a, then the integration by parts approach
for the asymptotic evaluation of Eq. (6.2.2) may not work.

Example 6.2.5 Obtain the first two terms of the asymptotic expansion of / (k) =
fos (12 +26)"12e7* dt as k — oo.

The function f(¢) is of O(¢~'/?) ast — 0; thus a straightforward integration
by parts fails. Indeed

R e d
—kt 2 —1/2
- —(t 2t dt
o+k/o e (dt( + 21) )

and the first term above is singular at t = 0.

Intuitively, we expect that the main contribution to / (k) for large k will come
near ¢ = 0. Thus it would be desirable to expand (> + 2¢)~'/? in the neighbor-
hood of the origin. At first glance this seems prohibited because 0 < r < 5.
However, owing to the rapid decay of exp(—kt), I (k) should be asymptotically
equivalent to fOR (t? + 2t)Y2e7* dt, where R is sufficiently small but finite.

(t* 4+ 2071/ ki

1) = ~
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If R < 2, we can expand (1> +2¢)~'/? as t — 0. For example, keeping only
two terms in this expansion, that is, replacing (t> + 2¢)~!/2 by

(2t)l/2

—1/2
Qt+t2)712 = (2;)—'/2(1+5> ~ (2t)_'/2(1—%> =) - :

2

we find

R 1 R
I(k)~/ e_k’(2t)_'/2dt—§/ e M@n'?de
0 0

To evaluate the above integrals in terms of known functions, we replace R by
o0o. Again we expect, and below we will show, that this introduces only an
exponentially small error (i.e., terms beyond all orders) as k — oo. Thus

o0 1 o0
I(k)~/ e_k’(2t)_1/2dt—§/ e X 2n'? dr
0

0

1 R 1/2 1 - 1/2
= — T dt — ——— 't dt
k)12 /0 ¢ 202k)32 /o ¢

r'(1/2) T(3/2)
(k)12 2(2k)3/2

where I'(z) is the so-called gamma function (see Eq. (4.5.31)), which we
remind the reader is defined by

o0
F(z):/ e dt, Rez >0
0

In the above example, following our intuition that the main asymptotic con-
tribution comes from ¢t =0, we have used the following formal steps: (a) re-
placed 5 by R, where R <2; (b) expanded (¢> +2¢)~!/? in a series using the
binomial formula; (c) interchanged orders of integration and summation; and
(d) replaced R by oco.

Watson’s lemma provides a rigorous justification for the above heuristic
approach.

Lemma 6.2.2 (Watson’s Lemma) Consider the integral

b
I(k) = / f()e ™ dt, b>0 (6.2.4)
0
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Suppose that f(¢) is integrable in (0, b) and that it has the asymptotic series
expansion

o0
fF@) ~ 1Y ant, t— 0t a>—1, >0 (6.2.5)
n=0
Then
. T(+pn+1)
1(k) ~ ZaW k — oo (6.2.6)
n=0

If b is finite, we require that for ¢+ > 0, | f(#)| < A, where A is a constant; if
b = oo, we need only require that | f ()| < Me“, where ¢ and M are constants.

Proof We break the integral in two parts, I = I;(k) + I,(k), where

R b
Ii(k) = / fe™dt, Lk = / f(e ™ dt
0 R

and R is a positive constant, R < b. The integral I, (k) is exponentially small as
k — oo. For finite b, because f(¢) is bounded for ¢t > 0, there exists a positive
constant A such that | f| < A fort > R; thus

b
A
(k)| < A/ e Mgt = E(efkR _ efkb)
R

Thus from Definition 6.1.1

—kR

L(k) = 0(7) ask — o0
Equation (6.2.5) implies that for each positive integer N

R N
I (k) =/ [Z ant® P 4 0(:°‘+ﬁ‘<N+”)] eMdt,  k— o0
0

n=0

However,

R oo o)
/ toz-‘rﬂne—kt dr = / tot-‘rﬁne—kr dr — / ta+ﬁne—kt dt
0 0 R

_ FNa+pn+1) e kR
- Jet+Bn+1 0 k

>, k— oo
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where we have used the definition of the gamma function in the first integral
and integration by parts to establish the second. Moreover, using the definition
of big-O (Definition 6.1.1)

R R
/ 0 ([a+,B(N+1)) efkt dt < AN/ totJrﬁ(NJrl)efkt dt
0 0

Ca+B(N+1)+1)

=~ AN

JoetB(N+D+1
Thus
N Ta+pn+1) 1
I(k):Zoanw+0<k4a+ﬂ(N+l)+l>’ k—)OO

We note that the assumptions « > —1, 8 > 0 are necessary for convergence
att = 0. Also if b = oo, then it is only necessary that | f (t)| < Me“" for some
real constants M and c, in order to have convergence at t — +o¢. In this case,
the estimate of I, gives

o~ (k—0)R o kR
Iz(k)EMk :0( ) as k — oo

Example 6.2.6 Let us return to Example 6.2.5. Find the complete asymptotic
expansion of I (k) = [, (t* +21)""2e* dt as k — oo.
In this case the binomial formula gives

n=0

where ¢, are the coefficients in the Taylor expansion of (14 z)* for |z| <
1, where ¢ = —%; more generally, the binomial coefficients of the Taylor
expansion of (1 + z) are given by

dgla—D@—-2)---(x—n—+1) a!
cnl@) = n! - nl(a —n)!
_ F'a+1) w1

Fn+Dl(@—n+1) -
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co = 1,sothat¢, = cn(—%). Thus, Watson’s Lemma (e.g. Eq. (6.2.6) with
o =—1/2, 8 = 1) implies

[e.0]

en F(n—i—l)
I(k)wz_:ozm;) o ko 62.7)

It turns out that the integral I (k) is related to the modified Bessel function
of order zero, Ko(k). Modified Bessel functions satisfy the Bessel equation
of order p (Eq. (3.7.35a)) with the transformation (rotation) of coordinates
z = ik, and for k real, K ,(k) ~ e *//2k/7 (independent of p) as k — oo.
Indeed, it can be shown that Ko(k) = e %I (k). Thus Eq. (6.2.7) yields the large
k behavior of K (k).

This example is an illustration of the power of Watson’s Lemma. Equation
(6.2.6) indicates that the asymptotic behavior of / (k) to all orders comes from
the neighborhood of + = 0. Hence it is possible to find an infinite asymptotic
expansion just by analyzing the behavior of the integrand in the neighborhood
of a single point!

6.2.3 Laplace’s Method

In the previous two sections we considered integrals of the type (6.2.1) when
¢ (t) is monotonic in [a, b]. Now we consider the case that ¢ (¢) is not mono-
tonic. We suppose, for simplicity, that the local minimum occurs at an interior
pointc,a < ¢ < b, ¢'(c) =0, ¢"(c) > 0. Further, we assume that ¢'(¢) # 0
in [a, b] except att = c and that f, ¢ are sufficiently smooth for the operations
below to be justified.

We first proceed heuristically, following the intuitive argument that the main
asymptotic contribution comes from the neighborhood of the minimum of ¢ (7),
which is at t = c¢. A rigorous derivation of the relevant results will be given
later.

From Eq. (6.2.1), by expanding both f and ¢ in the neighborhood of ¢, we
expect that for large k, I is asymptotic to

c+R _ 2
/ £(c)exp { —k [¢ © + %qs”(c)} } dt
c—R

where R is small but finite. To evaluate this integral, welett = §¢” (c)(t—c);
thus

kO f(e) [RVEO©O

—_— e " dr
k _ ko (c
Vi r/ie@

c+R 2
c—R
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As k — oo the last integral becomes /7 ; hence

2
kg (c)’

b
/ F)e ™ O gt ~ e7*9© £(c) k — oo (6.2.8)

The approximation expressed by Eq. (6.2.8) is often referred to as Laplace’s
formula, and the application of this approach is called Laplace’s method. We
note that the use of the asymptotic symbol ~ in Eq. (6.2.8) is premature because
no error estimate has been obtained. Indeed, the best we can say at the moment
is that it seems plausible that the right-hand side of Eq. (6.2.8) represents the
leading term of an asymptotic expansion of Eq. (6.2.1) as k — oco. The rigor-
ous derivation of this result follows from Lemma 6.2.3. In the following, the
notation f(t) € C"[a, b] means that f(¢) has n derivatives and that f ™ (1) is
continuous in the interval [a, b].

Lemma 6.2.3 (Laplace’s Method) Consider the integral Eq. (6.2.1) and as-
sume that ¢’(¢) = 0, ¢”(c) > 0 for some point ¢ in the interval [a, b]. Further,
assume that ¢'(t) # Oin [a, b] exceptatt = ¢, ¢ € C*[a, b],and f € C?[a, b).
Then if ¢ is an interior point, Eq. (6.2.8) expresses the leading term of an asymp-
totic expansion of Eq. (6.2.1) as k — oo, with an error O (e **© /k3/2). If ¢
is an endpoint, then the leading term is half that obtained when c is an interior
point, and the error is O (e ¥ / k).

Proof The main idea of the proof is to split [a, b] into two half-open intervals
[a, ¢), (c, b], in each of which ¢ (¢) is monotonic so that, using a change of
variables, Watson’s Lemma can be applied. Let I (k) = I,(k) + I, (k), where
1, and I, are integrals to be evaluated inside [a, ¢) and (c, b], respectively. Let
us consider I,. Because ¢ is monotonic in [c, b], we let ¢ (t) — ¢ (c) = t; then
I, becomes

e X dr (6.2.9)

t=t(1)

1y = e /¢<h)—¢><c> J10)
0 ¢' (1)

and because ¢ (¢) is monotonic in this interval, we can invert the change of
variables, which we denote as ¢(t) = ¢~'(r + ¢(c)). To apply Watson’s
Lemma, we need to determine the behavior of % li=t(r) as T — 0. Toachieve
this, we use the inversion of ¢ (#) — ¢ (c) = t in the neighborhood of 7 =0 and
then expand % near ¢t = c¢. Even though the function t = (7) is multivalued
in the full neighborhood of T = 0, we bypassed this problem by considering the

half interval and noting that as ¢ increases from c to b, t increases from 0 to
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¢ (D) — ¢(c). Tofind r = ¢(7) near t = 0 we expand

@' ()t — ) + w(r —o)P+0@t—co)t=21 (6.2.10)
and solve Eq. (6.2.10) recursively. To the first order, t — ¢ = ¢/,2(c)rl/ 2.
substituting t — ¢ = ¢,,2(C)rl/2 + At* + .- with o > % in Eq. (6.2.10), we
_ _ ¢ (c)
finde = 1and A = — (W) Thus
2 n
t—c= r!/? [1 _4’7@1'%0(1)} (6.2.11)
¢'(©) 3V2(¢" (@)
Using
ft)=f©)+ @ —0o)f'c)+ 0t — )
, ¢" ()t —¢)?
¢ =¢" (Ot —0)+ ————+ 0~ ),
we find

£0) fO FO"©O . FE©
= _ o —
00 POt —0 2@0@r e T

Substituting Eq. (6.2.11) in this equation we obtain

f@ _ f©) —12 (f,(c) _ f(C)(ﬁ”/(C)) o(r\?
v - v’ \ee  3eer) o)

= ar ' +ay + 0(c?),

where
oo SO
V2¢7(0)
and

_ fl©  fe¢" ()
¢"(©)  3(¢"(c)?

Substituting this equation in Eq. (6.2.9) and then using Watson’s lemma
Egs. (6.2.5)—(6.2.6) with @« = —1/2 and 8 = 1/2 it follows that

B = a2 4 o T (1>

1

k12 k k3/2



6.2 Laplace Type Integrals 433

or
T _ fli©)  fg" () e k@
L.(k) = kg (c) + ( _ )
b8 =\ 2kgriey T ¢"c) 3@ )2 ) «k
ek ©
Similarly, for the interval [a, ¢) (note in this interval t —¢ = — ¢,,2(C) 2400,
7 e (F© F©O¢" () e
L(k) = kp(c) _ ( _ )
© =\ 2mpr 0 o) 3@ 2 ) k
e koo
) (—km ) L ko (6.2.13)

If c is an interior point, then the desired expansion for 7 (k) is given by the sum
of Egs. (6.2.12) and (6.2.13), which to leading order yields Eq. (6.2.8) with

error
P AG)
o(o)
If c = borc = a, then Egs. (6.2.12) or (6.2.13) provides the correct expansion.
n

We note that further terms in the expansion of I (k) can be obtained by
determining further terms in the asymptotic expansion of qf% |t=t(r)- This would
require, of course, additional smoothness assumptions about the behavior of f
and ¢ near t = c¢. However, because Laplace’s method is based on Watson’s
Lemma that can, in principle, give infinite asymptotic expansions, it follows
that Laplace’s method can, in principle, give the asymptotic expansion of an
integral to all orders. This fact, will be utilized further in connection with the
steepest descent method. In the examples presented below, for simplicity of
presentation, we give only the leading asymptotic behavior (which in many
applications is sufficient).

Example 6.2.7 Evaluate I (k) = fooo eksin’t gt ag k — oo,
The relevant minimum of ¢ (1) = sinh? ¢ occurs at the endpoint r = 0; hence

¢" (1) = 2cosh 21, ¢"(0) = 2, f(r) = 1, and Eq. (6.2.12) yields 1 (k) ~ 1 /.

Example 6.2.8 Evaluate I (k) = f: ft)e"*D dt, k — oo, when ¢(t) has a
unique maximum at an interior point 1 = c¢. We use the same ideas as those
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motivating Laplace’s method (beginning of Section 6.2.3).

c+R ‘ =02 n
o~ [ peelorecla
c—R

_ f(0er© / VO

= ,7_k¢//2(‘) 7,¢/ (c

~ 27” kp(c) _ 2 (o)
Mf(C)e - k|¢”(€)| f(c)e (6214)

__ke¢"(©) (C)

where we have used t = (f — ¢)
1S a maximum).

, noting that ¢” (¢) < 0 (because t = ¢

Example 6.2.9 Use Laplace’s method to show that for an appropriate class of
functions the L, norm converges to the “maximum” norm, as p — oo.

The L, norm of a function g is given by [Igll, = (I (p))"/?, where I (p) =
fab lg(t)|P dt. We assume that |g(¢)| € C* and that it has a unique maxi-
mum with g(c) # 0 att = c inside [a, b]. Using Laplace’s method, ¢ (t) =
log|g(®)], ¢'(c) =0, ¢"(c) = g"(c)/g'(c), and example 6.2.8,

)= [ el or{i+o(5)
p—>oo, A= \/%
Thus

1o 1 log p 1
lgll, ~ A% p 2v|g(c)|{1+0<>}=|g<c)|{1— +0<)}
p 2p p

where we have used

logp’ A,)_eloiA~1+10gA
2p p
Thus | g, tends to |g(c)| as p — oo, which is referred to as the maximum

norm.

1
72710gp ~1—

1
p7271 = e

The main ideas used in deriving Eq. (6.2.8) can also be used in dealing with
other similar integrals.
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Example 6.2.10 Evaluate I (k) = fab F (@)D dt k — oo, withg'(¢c) = ¢”(c)
=...¢P D(c) =0,and P (c) < 0, where ¢ is maximum at the interior point
t = c. Again we expand f(¢) and ¢ (¢) near t = c:

R kO )]
I(k) ~ f(c)e 2 dt
c—R

k 4p /p
Fle)eks© /+R(F¢f ©) .
= dt

- (71«2”!(0)) —R(—ﬁqﬁ”(c))]/l’
ko (c 1
St (20(;) (6.2.15)
(_ k(b(f”(c))[l, p
p!

1
where we have used 7 = (f — c)( — k@) roand P =5
p!
1
/°° e Vdt = /°° e’ss%’lﬁ - 72F(;)
0o —o0 p p

We point out that Laplace’s method can also work in some cases that are
not directly covered by Lemma 6.2.3. For example, it can be used when f(¢)
either vanishes algebraically or becomes infinite at an algebraic rate. This is
illustrated in the following examples.

First we discuss integrals where f (¢) behaves algebraically. We will see that
this has a significant effect on the asymptotic result.

Example 6.2.11 Evaluate [ = fos sin se~*sin"s gs Note that the minimum of
sinh* s is at s = 0, which is the location of the major contribution to the integral.

R 1 R'/? 1 oo
4 2 1
I ~/ se ¥ ds = —/ e M dr ~ —/ e 't 2dr
0 2 Jo 4k Jo

1 \F 1 1 [x
= — I — = — —
4V k 2 4\ k
using, in the latter three expressions, the substitutions s =1, 1 = kt?, and

r(l) = vr.
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00 e—klz
Example 6.2.12 Evaluate | = [, JonbT

tion to the integral is at # =0. Again, using T = k¢? and the definition of the
gamma function

12 1
I~ ooidt_ 1 ooefrfﬁfldr_ F(Z)
0 112 T okl/4 0 T kl/4

If f(¢) vanishes exponentially fast, the direct application of Laplace’s method
fails. However, an intuitive understanding of the basic ideas used in Laplace’s
method leads to the appropriate modifications needed for the evaluation of such
integrals. This is illustrated in the following examples.

dt. Note that the dominant contribu-

Example 6.2.13 Consider I (k) = fooo e ¥=1 dt. The maximum of e=* occurs
att = 0, but f(tr) = exp (— %) vanishes exponentially fast at t =0. The first
step in the evaluation of an integral of the type Eq. (6.2.1) is the determination of
the domain of 7 that yields the dominant contribution to the asymptotic value of
the given integral. For the integral I (k) this domain is not the neighborhood of
t = 0but the neighborhood of the minimum of k¢ 4 % that is, the neighborhood
oft = ﬁ This point depends on k; thus it is a movable maximum. The change
of variables t = Lk maps this maximum to a fixed one, and so it now allows a
direct application of Laplace’s method:

1 = —Vk(s+1) 1 > —Vke(s)
I(k) = ﬁ e )ds = ﬁ e ds
0 JOo

where ¢ (s) = s + 1/s. The function ¢ (s) has a minimum at s = 1 (an interior
point), so letting s = 1 + ¢, and expanding, yields

U ow [T ke A 12
I~ —e" VERdr = e d
ﬁe /_ooe =L /0 u"'"e " du

ﬁef%/;

k34

k — o0
where we used the substitution # = +/kt2, and F(%) = /7.

Example 6.2.14 (Asymptotic Expansion of the Gamma Function (Stirling’s
Formula) Consider I'(k+1) = fooo e~"t* dt. Because t* =¢k1°2! the maxi-
mum of logt occurs as t — o0, but f(t) = e’ vanishes exponentially as

t — oo. The true maximum of e~"#% occurs at %(k logt —t) =0,0rt = k.
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This suggests the change of variables t = sk, and we find

Tk 4 1) = k*! /OO e Kb—logs) g — kkH/ooe_k"’(‘Y) ds
0 0

where ¢ (s) = s —logs. The function ¢ (s) has a minimum ats = 1 (an interior
point), so letting s = 1 + ¢ with ¢’(1) = 0, ¢” (1) = 1, it follows from (6.2.8)
that

e

K\
Fk+1) ~ \/Zﬂk<—)
using the substitution u = kt*/2, and I‘(%) =.Jr.

Laplace’s method can also be used to find the asymptotic behavior of certain
sums. The basic idea is to rewrite the sum in terms of an appropriate integral,
as illustrated in the following example.

Example 6.2.15 Evaluate

I(n) = Z (Z)k!n_k

k=0

as n — oo where (") are the binomial coefficients: (") = (See also

k k) = k‘(n k)'
Example 6.2.6, where « and n are replaced by n and k, respectively.) We use
fo e xkdx =n k- lf e 't*dt =Ttk — Dn %! =kln=*, (nx = 1), to

obtain

n n 00 0 n n
I — —nx kd _/ —nx < ) k d
(n) kgzo (k>n/0 X ; e n( E k X > X

0

where we have exchanged the order of integration and summation (this is al-
lowed because the sum is finite). Because Y ;_, (Z)xk = (1 4+ x)"*, we find
that

o0 o0
1) =n / (14 x)" dx = / rllog(i40-41 4
0 0

We now use Laplace’s method to evaluate the large n asymptotics of the above
integral, noting that the function ¢ (x) = log(l + x) — x has its maximum at
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x = 0. We expand, substitute # = nx?, and use I' (1) = /7 to find

o0 o0 T
I1(n) ~ n/ e "2 gy = \/z/ e “u"du = —n, n— 0o
0 2 Jo 2

Problems for Section 6.2

1. Use Lemma 6.2.1 to obtain the first two terms of the asymptotic expansion

of
4 9
(a) / e Msinrdt, ask — oo (b) / e M= ldr, ask — oo
1 5
2. Use integration by parts to obtain the first two terms of the asymptotic

expansion of
° 2
/ e—k(t +1) dt
1

3. Use Watson’s Lemma to obtain an infinite asymptotic expansion of

1(k) = / e¥t73 cost dt
0

as k — oo.
Note that

o 2n
t
cost = E (—1)"(2n)! for —oco <t <0
n=0

4. Use Watson’s lemma to find an infinite asymptotic expansion of

9 e—kt
I(k):/ —dt
o 1414
as k — oo.

5. Use Laplace’s method to determine the leading behavior (first term) of

(S

I(k) — / e*ksin4t dt

(SIE

as k — oo.
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6. Show that

/ool u efku J 1 '
0 —du ~ —, — 00
0 g 1—e™* ) u " 2k

7. Show thatfor0 <« < 1

o) eka 1
/ —dx ~ -, k — oo
o 1+ kex k

8. Show that

/OO LA RO S SR
_ ~ — - — —
A k) ¢ M TR T 3w o

6.3 Fourier Type Integrals

In this section we study the asymptotic behavior as k — oo of integrals of the
form

b
(k) = / F()e*D dy (6.3.1)

where f(t) and ¢ (¢) are real continuous functions. The assumption that f ()
is real is actually without loss of generality because if it were complex, f(¢)
could be decomposed into the sum of its real and imaginary parts. The more
general case of ¢ (#) complex will be considered in Section 6.4. A special case
of I (k) when ¢(¢) = ¢ is the Fourier transform, which is why such integrals
are referred to as Fourier type integrals.

Our analysis of the above integrals will be similar to that of Laplace type
integrals: After identifying intuitively the region of the # domain that gives the
dominant contribution to the large k behavior of I (k), we will use a heuristic
analysis to develop the relevant formulas; subsequently, the formal approach
will be rigorously justified.

For a Laplace type integral it is clear that, because of the decay of the expo-
nential factor in the integrand, its value tends to zero as k — oo. It turns out
that the value of a Fourier type integral also tends to zero as k — oo. This is a
consequence of the fact that as k — oo, the exponential factor oscillates rapidly
and these oscillations are self-canceling. Indeed, there exists a rather gen-
eral result called the Riemann—Lebesgue lemma that guarantees that 7 (k) — 0
as k — oo, provided that fab | f(¢)|dt exists, that ¢ (¢) is continuously differ-
entiable, and that ¢ (¢) is not constant on any subinterval of [a, b] (see, e.g.,
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Titchmarsh (1948)). A special case of this lemma implies that the Fourier trans-
form (when ¢ (¢) = ¢) of a function f(¢) tends to zero as k — oo, provided
that [* | f(1)] dt exists, thatis, (1) € L.

Although the Riemann-Lebesgue lemma is very useful in proving certain
estimates, it does not provide an evaluation of how fast 7 (k) vanishes for large
k. Computing the leading term of the asymptotic expansion of I (k) demands
better understanding. This usually requires knowledge of the zeroes of ¢'(¢).
Suppose that t =c is a point in (a, b) for which ¢’(¢) does not vanish. If €2
is a small neighborhood of ¢, then we expect that I (k) can be approximated
by I.(k) = f(c) JQF e dt. As k — oo, the rapid oscillation of exp(ik¢)
produces cancelations that, in turn, tend to decrease the value of /.(k). But
if we assume that ¢’(¢) vanishes at r = ¢, then, even for large k&, there exists a
small neighborhood of ¢ throughout which k¢ does not change so rapidly. In
this region, exp(ik¢) oscillates less rapidly and less cancelation occurs. Thus
we expect that the value of I (k) for large k depends primarily on the behavior
of f and ¢ near points for which ¢'(z) = 0. Such points are called, in calculus,
stationary points. Furthermore, in many applications, ¢ has the physical inter-
pretation of a phase. Thus the asymptotic method based on the above arguments
is usually referred to as the method of stationary phase.

In analogy with Laplace type integrals we distinguish two cases. The case
that ¢ is monotonic in [a, b] is considered in Sections 6.3.1 and 6.3.2, while
the case that ¢(¢) vanishes in [a, b] is considered in Section 6.3.3.

6.3.1 Integration by Parts

If ¢ (¢) is monotonic and ¢ (¢) and f(¢) are sufficiently smooth, an asymptotic
expansion of Eq. (6.3.1) can be obtained by the integration by parts procedure.

Lemma 6.3.1 (Integration by Parts) Consider the integral

b
I1(k) = / f)e* dt (6.3.2)

where the interval [a, b] is a finite segment of the real axis. Let £ (¢) denote
the mth derivative of f (). Assume that f(¢) has N 4 1 continuous derivatives
and that fV+2 s piecewise continuous on [a, b]. Then

N

I(k) ~ Z (_1)" [f(n)(b)e[kh _ f(n)(a)eika} , k — 00 (633)

i lyn+1
n=0 (lk) "
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The proof of this result is essentially the same as that of Lemma 6.2.1 and it
is therefore omitted.
We note that in the case N = 0, Eq. (6.3.3) reduces to

I(k) ~ %[f(b)e”‘b — fla)e™], k — oo

This is a weak version of the Riemann—-Lebesgue lemma for Fourier transform
type integrals.

Equation Eq. (6.3.3) can be generalized for integrals of the type (6.3.1) by
transforming to a new coordinate T = ¢ (¢) provided that ¢ is monotonic and
differentiable (¢'(¢) # 0).

Example 6.3.1 Evaluate I (k) = 01 % dt as k — oo.
Using integration by parts we find
1(k) ~ € Ly e
“ 2a0 T 2ak)2 21(ik)"
1 1 (n—1)!
B s k
Lik) T T T T } o

6.3.2 Analog of Watson’s Lemma

We recall that in Section 6.2 we made use of Watson’s Lemma in two impor-
tant ways: (a) to prove the asymptotic nature of the Laplace’s method; and (b)
to compute Laplace type integrals when ¢ (¢) is monotonic in [a, b] but f(¢)
is not sufficiently smooth at t =a. In this section we shall use, in a similar
manner, a certain lemma that is an analog of Watson’s Lemma for Fourier type
integrals. Alternatively, it can be thought of as an extension of the Riemann—
Lebesgue Lemma. In deriving this lemma we will need to compute the integral
fooo ¥ exp(iut) dt, where y and pu are real, y > —1. This type of integral ap-
pears often in connection with the asymptotic analysis of Fourier type integrals,
so we first present a method for computing them.

Example 6.3.2 Show that

o0 .
I :/ 1" letdt = e T I'(y), yreal, 0<y <1 (6.3.4)
0

The technique of computing integrals like Eq. (6.3.4) is to rotate the contour
of integration so that the relevant integral can be related to a gamma function
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(see also Section 4.2). In Example 6.3.2 we rotate the path of integration from
the real axis to the imaginary axis in the upper half plane. Using Cauchy’s

Residue Theorem, noting that there are no singularities in the first quadrant, the
above integral becomes

200 00
I =/ el dz :/ ™ry~te i dr
0 0

o0 .
= (ei”/z)”/ e dr = e T T (y)
0
where we have used z = ¢™/2r.

Example 6.3.3 Show that

pasl +1
o fp 1 P F = in
I =/ e dr = <m) (p" )ew“”g"“ (6.3.5)
0

where y and v are real constants, y > —1, and p is a positive integer.

We first consider the case v > 0, and as in Example 6.3.2 we use Cauchy’s
Residue Theorem to rotate the contour of integration in the upper half plane
from the real ¢ axis to the ray along angle 2lp Then

i r+D
2p

. o0 1T =5 o0
() - e ot
I=e¢ % / rYe ™ dr = —— e tur " du
0

v+l

p) > Jo

where we have used the change of variables u = vr?. Using the definition of
the gamma function the integral above becomes that of Eq. (6.3.5) for v > 0.
Similarly, if v < 0 we rotate by an angle —m/2p.

Lemma 6.3.2 Consider the integral
b
I(k) = / f@oe*de, b>0, p==+1, k>0 (6.3.6)
0

Suppose that f(#) vanishes infinitely smoothly at t =5 (i.e., f(¢) and all its
derivatives vanish at r = b) and that f () and all its derivatives exist in (0, b].
Furthermore, assume that

f@) ~tY+o0@), ast—0", pyeR and y> -1
Then

1\
I(k) = (k> Ty + Dez D 4ok~ +D), k— oo (6.3.7)
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Proof We will not go into the details of the estimates leading to Eq. (6.3.7).
Here we make the (natural) assumption that the leading term of the asymptotic
expansion of 7 (k) comes from the neighborhood of # = 0; a rigorous justifica-
tion of this fact (which is based upon integration by parts where u = f(¢)/t"
and dv = t7e'** dt) is given in Erdelyi (1956). I (k) is approximated by

> i 1 y+1 in
I1(k) ~ / Y etknt gy — (;> 'y + ])e‘T(yH)u’ k — oo
0

where we have used Eq. (6.3.5) with p = 1, v = ku. L]

6.3.3 The Stationary Phase Method

A heuristic analysis of the leading term of the asymptotic expansion of Fourier
type integrals closely follows Laplace’s method. Indeed, suppose that f is
continuous, ¢ is twice differentiable, ¢’ vanishes in [a, b] only at the point
t = ¢, and ¢”(c) # 0. Then we expect that the large k behavior of Eq. (6.3.1)
is given by

c+R ) (I _ C)Z .
f(c)exp {lk [d)(C) t— ¢ (6)} }dt

c—R

where R is small but finite. To evaluate this integral, we let

G NN (T G]L
2 2

ut*=(t —c
where © = sgn ¢”(c). Then the above integral becomes
A 7 Ry/kl¢"(0)1/2
f(c)e**© — / explint?ldr
l¢”(c)lk —R.Jkl¢"(0)|/2

As k — oo the last integral reduces to f_oooo exp(ijut?) dt, which can be evalu-
ated exactly (see also Eq. (4.2.14) and above)

> int? OO ipt? i
et dr =2 et dt = /e 3
- 0

o0
where we have used Eq. (6.3.5) with y = 0, p = 2, and v = pu (recall that
['(1/2) = /7). Hence our formal analysis suggests that

2 inp
4

e ’
klg”(e)l

b
/ F @) D dr ~ k0 1(¢) w= sgng’(c) (6.3.8)
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The asymptotic nature of Eq. (6.3.8) is proven below using Lemma 6.3.2. Ac-
tually Eq. (6.3.8) can be generalized because Lemma 6.3.2 allows f(¢) to be
singular at t = c¢. On the other hand, in order to simplify the rigorous consider-
ations, we assume that f and ¢ are infinitely smooth (i.e., all their derivatives
exist) on the half-open interval not containing c.

Lemma 6.3.3 (Stationary Phase Method) Consider the integral Eq. (6.3.1)
and assume that t = c is the only point in [a, b] where ¢’(¢) vanishes. Also
assume that f () vanishes infinitely smoothly at the two end points = a and
t = b, and that both f and ¢ are infinitely differentiable on the half-open
intervals [a, ¢) and (c, b]. Furthermore assume that

P(t) — p(c) ~alt — )’ +o((t —)®), f(1) ~ Bt — ) +o((t —¢))
t—c; y > —1 (6.3.9)
Then

b y+l
/ f(t)eik‘p(t) dt ~ eik¢(c),31- y+1 em%ﬁu 1 2
a 2 klaf

to (k—@) .k — oo, (6.3.10)

where = sgno.

Proof As in the case of Laplace’s method we split [a, b] into two half intervals
[a, ¢) and (c, b]; let 1, and I, be the corresponding integrals. The purpose of
assuming that f(¢) vanishes infinitely smoothly at the end points is to localize
the main contribution of the integral to be at the stationary point. To analyze
I, we let

uu = @) —¢(c), U = sgno (6.3.11)

thus we can invert Eq. (6.3.11) to obtain r = #(u); hence

_nf@
')
To evaluate I, we need to determine F(u) as u — O%. To achieve this, we

use the inversion of Eq. (6.3.11) in the neighborhood of t = ¢ (any ambiguity
arising in this inversion is resolved by requiring that u increase as ¢ increases);

, ¢ (B)—¢ ()] ‘
I, (k) = &**© / Fw)e™™ du, F(u) (6.3.12)
0



6.3 Fourier Type Integrals 445

thatis, ast — ¢

1/2
pu = ¢(t) — ¢(c) ~ a(t —c)* or t—c~(”) (6.3.13)

||

Using Eq. (6.3.13), the definition of F(u), and Eq. (6.3.9), we find

Fay~ U= P et P

u— 0"  (6.3.14a)
20(t — ¢) 2| 2a| T

Hence for the integral 1, (k) we know that F'(u) vanishes infinitely smoothly as
u — |¢(b) — ¢(c)|, and that its asymptotic behavior as u — 0% is given by
Eq. (6.3.14a). Hence Lemma 6.3.2 implies that

v+l

1,(k) = ’k"’(c)ﬂl" (M)ei””f'” <1)T +o (k_(VTH)> (6.3.14b)

2 klo|

The leading term of the expansion of I, is obtained in a completely analogous
manner and is the same as (6.3.14b). Adding I, and I, we find Eq. (6.3.10).

We note that in the special case when y = 0, 8 = f(¢), and @ = ¢ (¢)/2,
Eq. (6.3.10) reduces to Eq. (6.3.8).

The result of Lemma 6.3.3 can be generalized substantially. It is possible
to allow ¢ (z) and f(¢) to have different asymptotic behaviors as t — ¢* and
t — ¢~. Using the same ideas as in the above lemma for the integral I, if

d) —p0) ~ar(t—0o), f@)~Bit—c), ast—c", y>-—1

(6.3.152)
then
N
Iy(k) ~ —e’k"’(‘)ﬁ o ) WAL . u= sgnay
y Ko
(6.3.15b)

The integral 1, follows analogously with o and B, replaced by «— and B_ in
the expansions of ¢ () — ¢(c) and f(¢) ast — c~.

There is an important difference between Fourier and Laplace type integrals.
For Fourier type integrals, although the stationary points give the dominant
contribution, we must also consider the endpoints if more than the leading
term is needed. The endpoint contribution is only algebraically smaller than the
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stationary point contribution. In contrast, we recall that for the Laplace type
integrals we have considered so far, the entire asymptotic expansion depends
only on the behavior of the integrand in a small neighborhood of the global
minimum of ¢; the points away from the minimum are exponentially small
in comparison. Generalizations of Laplace’s method to cases where the phase
¢ () is complex are discussed in Section 6.4.

Example 6.3.4 Evaluate I (k) = foﬂ/z ekoost dt as k — o0.
The function ¢'(¢) = —sin¢ vanishes at t = 0 and ¢”(0) = —1. Because

t = 01is an end point, / (k) is one-half of the value obtained from Eq. (6.3.8),
where u = —1, f(t) = 1 (in particular, f(0) = 1), $(0) = 1, and ¢"(0) = —1

1(k) ~ gei(k%)

Example 6.3.5 Show that if ¢'(a) = --- = ¢P V(@) = 0, P (@) # 0
if ¢'(t) # 0 for all ¢ in (a, b], and if f(¢) is sufficiently smooth, then, as
k — 400

b A A ! » T(1/p)
ikp(t) 5. ik (a) p P) iz
[ e a~ rae (k|¢<m(a>|> O

w = sgng'” (a) (6.3.16)

Equation (6.3.16) is a special case of Eq. (6.3.15b) where

¢(p)

oy = p|9 vV=p, J/:O, ﬂJr:f(a)v c=a

Equation (6.3.16) can also be derived formally from first principles; expanding
f(@)and ¢(¢) neart = a

ikp@ [ kD@ gy io@ [ kL@
I(k) ~ f(a)e et dt ~ f(a)e 5 d
0

a

where we have replaced the upper limit of integration by oo, because using
integration by parts, the error introduced is O (%) But Eq. (6.3.5) implies that

0w, ! PT(L) L
/ ¢n T s = Plent, = sgn ¢ (a)
0 K¢ (@) p

thus Eq. (6.3.16) follows.
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Example 6.3.6 Evaluate the leading behavior of J,(n) as n — oo, where the
Bessel function J,(x) is given by J,(x) = % fon cos(x sint — nt) dt.
We rewrite J,(n) in the form

1 T 1 o
J.(n) = — Re / M= gy~ Re/ e84y
vs 0 T 0

1 . 1\ /67
= cos— |IT'| = -, n— oo
3T 6 3 n

where we have used Eq. 6.3.5, withy =0,v = —n/6, and p = 3.

Problems for Section 6.3

Use integration by parts to obtain the asymptotic expansions as k — oo of

the following integrals up to order ki?

2 " 0,
int + t)e'™ dt b ——dt
(a) /0(s1n +1t)e (b) /0 e
2. Consider
1
/\/Ee”"dtask—>oo
0

(a) Show that
1\/— ik ik
te’™dt = ——e'* + —/
/0 «f

(b) Show the leading order term of

/ﬂ 7/7 =1

satisfies

m/4

(c) Deduce that

1 il 3imw/4
. ie Jre
re'kt di ~ +
0 Vi k 2k3/2

as k — oo.
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Use the method of stationary phase to find the leading behavior of the
following integrals as k — oo:

1 4 2 (2
(a) / tan(t)e'* dt (b) / 1+ t)e'k(T_’) dt
0 3

Show that the asymptotic expansion of

00 eiktz
](k):/_oomdt, ask —> o0

is given by

SN AL AWEI
I(k)~2<%> (—1)F<n+§>ez 2

n=0

Show that the integral

o) ikx
I(k):/ ¢ ax

oo 1+ x2

has a vanishing power series, i.e., I (k) = o (#;), forall n, as k — oc. Use
k

contour integration to establish that 7 (k) = we™.

(a) Show that the integral (k) = ffooo zgil’fi dx has a vanishing power
series, (k) =0 (ki), for all n, as k — oo. Use contour integration to
establish that 7 (k) = Zsech*Z ~ ge /2

(b) The methods of Section 6.4 can sometimes be used to find exponentially
small contributions located at poles of the integrand. The interested

reader should establish that

/°° cos xk J 4 o
—dx ~ —e
—oo coshx+/x2 4 72 V3

by reading ahead and using the methods of Section 6.4.

6.4 The Method of Steepest Descent

The method of steepest descent is a powerful approach for studying the large £
asymptotics of integrals of the form

1(k) = / f(2)e?*@ dz 6.4.1)
C
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where C is a contour in the complex z plane and f(z) and ¢ (z) are analytic
functions of z. The basic idea of the method is to utilize the analyticity of the
integrand to justify deforming the contour C to a new contour C’ on which
¢ (z) has a constant imaginary part. Thus if ¢(z) = u + iv, the integral 7 (k)
becomes (Im¢ = v = constant)

I(k)y =¢e* | f(z)ek dz (6.4.2)
o

Although z is complex, u is real and hence the ideas used in connection
with Laplace type integrals can be used to study Eq. (6.4.2). In this sense the
steepest descent method is an extension of Laplace’s method to integrals in the
complex plane. We note that, if f(z) and ¢ (z) have singularities such as poles,
important contributions can arise in the deformation process.

It turns out that paths on which v is constant are also paths for which either
the decrease of u is maximal (paths of steepest descent) or the increase of u is
maximal (paths of steepest ascent). In evaluating I (k) we will use the former
paths, which is why this method is called the method of steepest descent. Also,
usually the paths of steepest descent will go through a point zo for which
@' (z0) = 0. Such a point is called a saddle point (for reasons that will be made
clear below), and the method is alternatively referred to as the saddle point
method.

We note that we could consider deforming C into a path for which u rather
than v is constant (so that v varies rapidly) and then apply an extension of
the method of stationary phase. However, we expect intuitively that the self-
canceling of oscillations is a weaker decay mechanism than the exponential
decay of the exponential factor in the integrand. This is indeed true, which is
why the asymptotic expansion of a generalized Laplace integral can be found
locally. Namely, it depends only on a small neighborhood of certain points
which are called critical points. There are points where ¢’(z) = 0, singular
points of the integrand, and endpoints. By summing up contributions from all
the critical points it is possible to obtain an infinite asymptotic expansion of the
generalized Laplace integral. By contrast, in general, without deformations to
a Laplace type integral, only the leading term of the asymptotic expansion of a
generalized Fourier integral can be found from purely local considerations.

In order to develop the method of steepest descent, we need to better un-
derstand the relationship between steepest paths and v equal constant and to
investigate the direction of these paths around saddle points.

Steepest Paths. Let ¢(z) = u(x,y)+iv(x,y), z = x+iy. Consider a point
Zo in the complex z plane. A direction away from z( in which u is decreasing is



450 6 Asymptotic Evaluation of Integrals

called a direction of descent. The direction on which the decrease is maximal is
called direction of steepest descent. Similar considerations apply for directions
of ascent. We recall thatif f(x, y) is a differentiable function of two variables,
then the gradient of f is the vector V f = (df/dx, df/dy). This vector points
in the direction of the most rapid change of f at the point (x, y). Thus for any
point zg = xo + iy corresponding to u(zo) = u(xp, yo) at which Vu # 0, the
direction of steepest ascent coincides with that of Vu, with u increasing away
from u(zp), while the direction of steepest descent coincides with that of —Vu,
with u decreasing away from u(zg).

The curves of steepest descent and of steepest ascent associated with a point
Z0 = Xo + iy are given by v(x, y) = v(xg, yo). Indeed, to show that the curves
defined by v(x, y) = v(xo, yo) are curves of steepest descent or steepest ascent,
we note that the direction normal to such curves is Vv = (dv/dx, dv/dy),
which, using the Cauchy—Riemann equations, equals (—du/dy, du/dx); hence
the direction tangent to such curves is Vu = (du/dx, du/dy). Hence from the
vector argument above, v(x, y) = v(xg, yo) correspond to the directions of the
steepest curves. To show that the steepest curves are v(x, y) = v(xg, yo), we
define ¢ = ¢(z2) — ¢(z0) = Su + idv. Then |Su| < |§¢| and equality is
achieved; that is, du is maximal only if v = 0, or v(x, ¥) = v(xg, yo).

In practice, we need to establish that the contour can be deformed onto the
steepest descent curve, which passes through the saddle point. This requires
some global understanding of the geometry. Usually the contribution near the
saddle point gives the dominant contribution. However, sometimes the contour
cannot be deformed onto a curve passing through a saddle point. In this case,
endpoints or singularities of the integrand yield the dominant contribution.
Moreover, sometimes the deformation process introduces poles that can lead to
significant (and possibly dominant) contributions to the asymptotic expansion.

Saddle Points. We say that the point z( is a saddle point of order N if the first
N derivatives vanish, or alternatively, lettingn = N + 1

am dr .
—Z) =0, m=1,...,n—1, (f =ae'", a>0 (64.3)
dZ =20 dZ =20

When only the first derivative vanishes (N =1), we simply say that z; is a
saddle point, or a “simple” saddle point, and omit the phrase “of order one.”

If the first n — 1 derivatives vanish, then we will show that for such points
there exist n directions of steepest descent and n directions of steepest ascent.
If

z—z0 = pe' (6.4.4)
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these directions are given by

g
steepest descent directions: 0 = _¢ +Q2m+1)—, m=0,1,...,n—1
n n

. o T
steepest ascent directions: 0 = —— + 2m—, m=0,1,...,n—1

n n
(6.4.5)
where « is defined in Eq. (6.4.3). We note that in these equations we have
arbitrarily chosen the integers tobe 0, 1, ..., n — 1. However, negative values
of m (ie., m = —1,—-2,..., —(n — 1)) might be necessary in dealing with
problems where a branch cut is fixed (see Example 6.4.10, part (b)).
To derive Eqgs. (6.4.5) we note that

(z—=z0)" d"¢

¢(2) — ¢(20) ~ o e

=20

n ,inf n

= aet = p 'a[cos(a +nb) + i sin(a + nb)]
n! n!
(6.4.6)

Since the directions of steepest descent at z = z( are defined by Im(¢(z) —
¢ (z0)) = 0 it follows that sin(e + n8) = 0, and for u to decrease away from
20, cos(a + nf) < 0. Similarly, the directions of steepest ascent are given
by sin(e +n0) = 0, cos(a + n6) > 0. These relationships are equivalent to
Egs. (6.4.5). This local information is very important in applications, as we
will see below.

For n = 2, that is, for a simple saddle point, Egs. (6.4.5) imply

d 0 o n T P o n 3

escent: = —— + —, = ——+ —
22 22 (6.4.7)
o o

ascent: 0 = ——, 0=——+m
2 2

We shall use an arrow to point to the direction of descent. Equations (6.4.7)
are depicted in Figure 6.4.1a. The shaded regions represent valleys where the
function decreases from the saddle point.

Figure 6.4.1b depicts a typical surface u(x, y) about the point (xg, yy) for
the case n = 2. Locally, the surface is shaped like saddle, which is why a point
7o at which d¢/dz = 0 is called a (simple) saddle point. The steepest descent
path is distinguished by the fact that Im ¢ = const along this path. If we pick
an adjacent path, the real part of ¢ is larger, but the contribution to the integral
is smaller owing to the rapid oscillations in the imaginary part of ¢. Equations
(6.4.5) are further illustrated in Example 6.4.1.
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(a) directions of ascent and descent (b) saddle surface

example 6.4.1(a)

|

Fig. 6.4.1. Steepest descent

example 6.4.1(b)

7

example 6.4.1(c)

example 6.4.1(d)

Fig. 6.4.2. Steepest descent, Example (a)—(d)

Example 6.4.1 Find the directions of steepest descent at the saddle point for
the functions ¢ (z) given below and the points z indicated.

(@) ¢(z) = z — z°/3. Therefore ¢'(z) = 1 — 2%, ¢ = —2z. There exist two
simple saddle points at zp = 1 and zp = —1.
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For 7o = 1, ¢”(1) = —2 = 2¢'", that is, « = 7. Hence Eqs. (6.4.7) imply
60=0,r.
For zg = —1, ¢”(—1) = 2, that is, « = 0. Hence Egs. (6.4.7) imply 6
=m/2,37/2.

(b) ¢(z) = icoshz. Therefore ¢'(z) = isinhz, ¢”"(z) = i coshz. Consider
z0 = 0:
#"(0) =i = e7, that is, « = /2. Hence Eq. (6.4.7) imply 6 = n/4,
57 /4.

(¢) ¢(z) = sinhz — z. Therefore ¢’(z) = coshz — 1, ¢”(z) = sinh z, ¢"'(z) =
coshz.
Consider zop = 0: ¢'(0) = ¢”(0) = 0, ¢"'(0) = 1, thatis, « = 0,n =
3. This is a saddle point of order two; hence Egs. (6.4.5) imply 6 =
w/3,m, 57 /3.

(d) ¢(z) = coshz — (z%/2). Therefore ¢'(z) = sinhz — z, ¢"(z) = coshz — 1,
¢"(z) = sinh z, """ (z) = coshz.
Consider zo=0: ¢'(0)=¢"(0)=¢""(0) = 0, ¢"”(0) =1, that is, & =0,
n = 4. This is a saddle point of order 3. Hence Eqgs. (6.4.5) imply 6 =

n 3n St In

4> 740 40 4
6.4.1 Laplace’s Method for Complex Contours

We consider the integral (6.4.1) and we assume that the contour C can be
deformed into a contour C; through the saddle point of order n — 1. Let us
consider a portion of the dominant contribution; that is, consider a single path
of steepest descent originating from a saddle point zo of order n — 1. We also
will assume that f(z) is of order (z — zo)?~! near zo, that is, as z — 7

(z —z0)"
n!

¢(2) — ¢ (z0) ~ ———0" (20), ™ (20) = 1p"™ (z0) ™

f@~ folz—z0)’7',  Rep>0 (6.4.8)
Then we shall show that

£ g0 koo (B
fonl)se'? 0T (1)

I1(k) ~
© no (kg™ (zo))

(6.4.9)

To derive Eq. (6.4.9), we note that because C’ is a path of steepest descent,
we can make the change of variables, —t = ¢ (z) — ¢ (z0), where ¢ is real and
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positive. Recall that along the steepest descent path, Im(¢ (z) — ¢ (z0)) = 0. In
the neighborhood of the saddle point, using Eq. (6.4.5),

1

(z —z0)" (n) L( n! )5
——0¢"(z0)=—t, or |z—z|=t"|—— 6.4.10
0" (z0) 1z — 2l yroT~ (6.4.10)

Then Eq. (6.4.1) yields
o0
1 (k) ~ ek / (— /@) >e—k’ dt (6.4.11)
0 ¢'(2)

where we used ¢’'(z) dz = —dt and we replaced the upper limit of integration

by oo because from Watson’s lemma we expect that the dominant contribution
comes from the neighborhood of the origin. In order to evaluate Eq. (6.4.11),
we need to compute f(z)/¢’(z) near zo. Using Eq. (6.4.8)

q]:,((?) ~ ({C;f# ;?j)ﬁ(;;) =m—-D!f (Z¢—(n)zé)z):)‘" (6.4.12)
Also,
t—z=lz—zle’ and  ¢" () = 16" 0)le"
Using these equations and Eq. (6.4.10) we find
S ~ fO(n!)geiﬂe_i(enM)té" (6.4.13)

B
n

¢'(2) n|¢(")(Z0)

Recall that 6 is given by Eq. (6.4.5); thus 0n + o = (2m + 1)m, that is,
exp[—i(6n + )] = —1. Substituting Eq. (6.4.13) in Eq. (6.4.11) and using the
definition of the gamma function, we find Eq. (6.4.9).

In order to obtain the higher-order terms in the asymptotic expansion of
Eq. (6.4.12), one must solve for z — z in terms of a series in ¢ from

—t = ¢(2) — (20) = —(2 — 20)"(2)

where qg(z) is an analytic function of z in a neighborhood of zj: qg(z) = anozocj;m
(z—2z0)™. There are n roots of this equation. A series expressing z — zo in terms
oft,z—z0 = Z;’le cmt™ (t = 0 when z = z¢) can be obtained by recursively
solving z — zo = 1'/"[¢(z)]"/". This inversion can always be accomplished in
principle, by the Implicit Function Theorem. In practice, the necessary devices
to accomplish this are often direct and motivated by the particularities of the
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functions in question (see Example 6.4.8 below). We do not need to go into
further details for our purposes.

The asymptotic nature of Eq. (6.4.9) can be rigorously established by solving
for z in terms of ¢ as mentioned above, and then using Watson’s Lemma.
This shows the great advantage of the method of steepest descent: Because
it is based on Watson’s Lemma, it is possible both to justify it rigorously and
to obtain the asymptotic expansion to all orders. A difficulty encountered in
practice is the deformation of the original contour of integration onto one or
more of the paths of steepest descent. However, the local nature of the method
of steepest descent makes even this task relatively simple. This is because
quantitative information about the deformed contours is needed only near the
critical points; away from these points qualitative information is sufficient (by
critical points we mean saddle points, endpoints of integration, and singularities
of f(z) and ¢(z)). A contour C that coincides with a steepest descent contour
C, for some finite length near the critical point zy but that then continues
merely as a descent contour is said to be asymptotically equivalent to Cj.
It can be shown rigorously (Bleistein and Handelsman, 1986; Olver, 1974)
that asymptotic expansions derived from asymptotically equivalent contours
differ only by an exponentially small quantity. Therefore, it is really these
asymptotically equivalent contours and not the steepest descent curves that are
important. One must establish that a given contour can be deformed onto such
contours, in which case the problem then becomes local. It is not always easy to
see how to deform the contours. Besides the examples provided here, we refer
the reader to Bleistein and Handelsman (1986) for a more detailed discussion
and further examples.

Steepest descents is one of the most widely used methods of complex vari-
ables. The essential idea of deforming a path onto a saddle point dates back
to Riemann in his study of hypergeometric equations. Debye (1954) realized
that by transforming the entire contour onto a steepest descent path, one could
obtain an infinite asymptotic expansion.

Before going into examples let us review the basic steps.

(a) Identify all critical points of the integrand, that is, saddle points, endpoints,
and possible singular points.

(b) Determine the paths of steepest descent, C,. (We note that a detailed de-
termination of C; is usually not necessary, qualitative features usually are
sufficient.)

(c) Deform the original contour C (using Cauchy’s Theorem) onto one or more
paths of steepest descent Cs or paths that are asymptotically equivalent to
C;. (One needs some global information about the steepest descent paths
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in order to justify the replacement of C by C; or by those contours which
are asymptotically equivalent to C;. This step is very important and can be
difficult.)

(d) Evaluate the asymptotic expansion by using Eq. (6.4.9), Watson’s Lemma,
integration by parts, etc. The integrals are of Laplace type.

Having presented the basic elements of the steepest descent method, we now
consider several examples that illustrate the main features.

Example 6.4.2 Find the complete asymptotic expansion of / (k) = 101 log te*idt,
as k — oo.

A direct application of the method of stationary phase fails because there is
no stationary point. Also, integration by parts fails because log¢ diverges at
t =0. We solve this problem by the method of steepest descent, which also
shows how, by deforming the contour, a Fourier type integral can be mapped
onto a Laplace type integral. Let us replace the real variable ¢ by the complex
variable z. Note that

P =iz=i(x+iy)=—y+ix (6.4.14)

Clearly there does not exist any saddle point (¢'(z) = i); we will see that the
dominant contribution comes from the endpoints. The steepest paths Im ¢ =
const are given by x =constant; if y > 0, these paths are paths of steepest
descent. Thus x =0,y > 0Oand x = 1, y > 0 are the paths of steepest descent
going through the endpoints. We note that Im ¢ (0) # Im ¢ (1); hence there is
no continuous contour joining # =0 and f =1 on which Im ¢ is constant. We
connect the two steepest paths by the contour C, (see Figure 6.4.3) and use
Cauchy’s theorem to deform the contour [0, 1]. (Since r = 0 is an integrable
singularity we shall allow the contour to pass through the origin.) Note that

here, i = ¢'™/2.

I(k) = / log ze'** dz
C1+Cr+C5

R 1
=i / log(ir)e ™ dr + / log(x 4+ i R)e*™ R gx
0 0

R
- ie”‘/ log(1 +ir)e ™ dr
0

Letting R — 0o we obtain

o oo
(k) =i / log(ir)e ™ dr — ie'* / log(1 +ir)e ™ dr (6.4.15)
0 0
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y
iR 1+iR
C2
CZ C3
0 1 X

Fig. 6.4.3. Contour of integration for Example 6.4.2

Using s = kr, the first integral in Eq. (6.4.15) becomes

i [ ilogk (iy+Z
7 (e () e as = e - B

where we used the fact that —y is the well-known integral fooo log se~*ds (and
the Euler constant, y, equals 0.577216...). To compute the second integral
in Eq. (6.4.15), we use the Taylor expansion log(1 + ir) = — 220:1 (—=ir)*/n,
and Watson’s Lemma. Thus as k — oo, the complete asymptotic expansion
of the second integral is: ie’® Y 2 (—i)"(n — 1)!/k"*!. Adding these two
contributions we find

ilogk iy +JT/2 lkZ (=i)"(n — 1!

1(k) ~ k fn+1 ?

k — oo

Example 6.4.3 Find the asymptotic behavior of the Hankel function
1 1 ikcosz ,iv(z—%)
H7(k)y=— [ e e\ 1) dz, as k — oo,
T Jc

where the contour C is illustrated in Figure 6.4.4a. (The Hankel function of
the first kind, H" (z), satisfies Bessel’s equation (3.7.35a) with the asymptotic

behavior
(1) 2 i(x—oa)
H;”(x) ~ 4/ —e v as x —> 400
X
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é @

(a) contour C (b) deformed contour

M2 My

(c) steepest descent

Fig. 6.4.4. Hankel function

where a, = (2v + 1)7. The other linearly independent solution of Bessel’s
equation, H?(x), is the complex conjugate of H'V (x), x real.)

In this example ¢(z) =i cosz and ¢'(z) = — i sinz, thus z =0 is a simple
saddle point. In what follows we first obtain the leading-order approximation,
then we show how to find higher-order approximations. Calculation of fur-
ther approximations is usually algebraically tedious, hence in the remaining
examples (other than Example 6.4.8) we only find the first approximation.

Because ¢”(0) = —i = e, using Egs. (6.4.3)~(6.4.5), « = —7% hence
Eq. (6.4.7) implies
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are the directions of steepest descent. We first consider the local deformed
contour (depicted in Figure 6.4.4b) passing through the origin, which is as
mentioned earlier, asymptotic to C. We use Eq. (6.4.9) with

20 =0, n=2, ") =1, B=1,

ivZ

fo==.  60) =i

. Al AQ
Noting that [ ~ [s0 — [+, where the " contour has 6 = 77” andC? has

6 = 37”, we need to subtract the formulae obtained with 6 = 77” and 0 = 37”,

which gives the leading contribution as

HD (k) ~ ./ikel’(k—”%—%), k — oo
b

Next we outline the procedure to get higher-order asymptotic corrections to
this integral. The steepest descent curves are given by Im ¢ (z) = Im ¢ (0) or

cosxcoshy =1

near the saddle point. Recall that for real y

cosiy = coshy coshiy = cosy
. . and e
siniy =i sinhy sinhiy =isiny.
We have
2 2
(1——+~~~><1+y—~|— ):1
2
or
2 2
y__x_%()
2 2

with the steepest descent curve being y = —x as depicted in Figure 6.4.4b. For
ly| = oo it is clear that cosx ~ e~*1/2; hence x ~ +m/2 as y — —oo0, and
x ~ —m/2as y — +oo. This qualitative information implies that we can
deform our curve C onto a steepest descent curve C;, as depicted in Figure
6.4.4c. (Note that the integral converges when Re ¢ = sinh y sinx < 0; that
is,fory > 0o, —m <x <0,andfory -» —00,0 <x < 7m.)

Next we show how to work with the steepest descent transformation: ¢ (z) —
¢(z0) = —t,t > 0, t real. We have

i(cosz —1)=—t
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or for z near the saddle point, zo =0, =0

2 4
Z Z i
.= g ”r/zl‘

2! 41
We solve for z as a function of ¢ iteratively:
; 1
7= ﬁe—lﬂ/4tl/2<1 + ﬁzz 4. )

or

V2 —~3in/4,3/2

z=«/§e‘in/4t'/2+ae ..

Asymptotically the integral is given by

1 : ; : dz
Hu(l)(k) ~ / elkefktgll)z(t)gflwr/z = dt
7 Je, dt

e[ (iv? | (v2)? dz
~ [ e (1 i = dt
- /CY e < +ivz + 20 + 3 + - > ar

Using the expansion of z(¢) above and splitting the steepest descent contour
into two pieces, one each from the origin, after some algebra we have

Zeikefzun/Z o0
Hl}(l)(k) ~ - / efkt( —1/2 + ¢ +C2t1/2 + c3f + - ~-)dl
0

N 2etke—ivr/2 (COF (%) i ¢, ol (%) s )

T

e Tt Ter TeT

~

T > 2 Tk

Detke—iva/2 («/271 eim/A

+

V2 (% — v2) e iyt = 1)
4 K3/ W

where we have inserted the requisite values for the coefficients co, ci, ¢, c3,
., and used F(%) = /7 and F(%) = %F(%). The leading term agrees with
that obtained above.
In practice it is advisable to go through the above calculation even for the
first term, as opposed to using the formula (6.4.9). We use this formula in order
to condense the description.
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Fig. 6.4.5. Steepest descent contour C, for example 6.4.4

Example 6.4.4 Evaluate I (k) = [*_e™ (1 +t*)7*dt, k — oo.
We first rewrite this integral in the form Eq. (6.4.1): Using (1 + %)% =

2 . . P 2
e~K102(+1) jts integrand becomes e*li!~1os1+101,

6() =iz—log(l+2), @) =i-—_
7)) =iz g %), D=l

There exist two simple saddle points (see Figure 6.4.5) given by z>4+2iz+1 = 0,
orzg = i(:i:ﬁ — 1) We consider the saddle point zg = ic, ¢ = V2-1

(1+c% _ 1+c?H .
22 T 22 ¢

¢"(ic) =

that is, @ = 7, (note that 1 —¢? = 2¢ for ¢ = +/2— 1); hence Egs. (6.4.7) imply
0 = 0, m are the directions of steepest descent. Also, ¢ (ic) = —c — log(2c).
We deform the original contour C (—oo < x < 00) so that it passes through
the point i ¢, which can be done because the integral converges for Im¢ > 0. We
take the branch cut for log(1 + 72) to be from +i to +ioo; that is, not through
the real z axis. The exact form of the deformed contour with this choice of
branch for log(1 + z?) is given by Im¢(z) = Im¢(ic) = 0, or x — 6 =0,
where § = arg (1 + z%). The deformed contour C, approaches the original
contour as |x| — oo. To evaluate the leading order contribution of I (k) on the
deformed contour, we use Eq. (6.4.9) with

1+c?
2¢2
B=1,  ¢lic) = —c —log(2c)

o=ic,n=2,|¢"(ic)| =

Thus for the local steepest descent contribution we have, on the right half of
Cy, 0 = 0 and on the left half of Cy, 8 = . Using Eq. (6.4.9) with 6 = 0 and
6 = m and subtracting the two contributions (which is necessary in order for
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the steepest descent curve to be consistent with the original contour) we find

2c T kerm k.
1(k) =5 Q) *e=v2-1, k—>o0

In what follows we briefly discuss the derivation of the above formula from
first principles, rather than simply using Eq. (6.4.9). This should help the reader
to do the same in the following problems for which we only use Eq. (6.4.9).

Transforming to the deformed contour Cy and using ¢(z) — ¢(z9) = —t
where ¢ is real and ¢ > O (recall that Im(¢ (z) — ¢ (z0)) = 0), we have

I :/ D) gkt (ﬁ) di — ekq)(z())/ o ( —dt)
c, dt c, ¢'(2)
~ ek¢(zo)/ e’“< —dt )
: (z — 20)9"(20)

To find the leading order, we use

9" (20)

2
— —_— _t
) (Z 20)° =

and noting that ¢"(z9) < 0, we find

—k
I~ 2e’<¢<zo>/°° e 'dt
o t'22]¢" (o)l

which yields the previous result after substitution and integration. (The factor
of 2 corresponded to taking both descent contours, each one emanating from
the saddle, into account.)

It is also worth mentioning that with knowledge of the saddle point, the steep-
est descent contour, and the fact that these calculations are intrinsically local,
various modifications of the ideas presented above are possible. For example,
we can expand the phase ¢ (z) directly in the integrand after deforming the
contour, that is

" —20)%
]:/ e"d’(“dzw/ KO ko @) 5
c Cs

s

Through the saddle point on the steepest descent contour, we can transform
to a more convenient variable. Recall that in the neighborhood of the saddle,
in general, one needs the correct phase, z — zg = re'?, 9 determined by the
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£

(a) Sommerfeld contour (b) deformed local steepest descent contour

Fig. 6.4.6. Integrating ef*hsinth<=2 a5 & — o0

steepest descent contour; that is, calling ¢”(zo) = |¢”(20)|e’®, the steepest
descent contour has 20 + o = =, 37, so that

o0 9" (z0) | 2
I ~ zekq)(zo)/ e K=" gqp
0

Directly integrating or transforming to a new variable (e.g. t = | w |?) yields
the previous results.

Example 6.4.5 Evaluate I (k) = fc ek(sechvsinhz=2) g 'k 00, v # 0, where
C is the so-called Sommerfeld contour illustrated in Figure 6.4.6a and v is a
fixed real positive number.

In this example ¢ (z) = sech vsinhz—z,¢'(z) = sech vcoshz—1,andzg =
visasimple saddle point. Also, ¢”(v) = tanh v; hence « =0. From Eq. (6.4.5),
0 = /2, 37 /2 are directions of steepest descent. We consider a deformed
contour passing through the point v; this contour is given by Im¢(z) =
0 and is asymptotic to C as z — =*im + co. (Im¢(z) = 0 is given by
sechvcoshxsiny = y; hence y — +im as x — 00.) We use Eq. (6.4.9)
with

Zo=v,n=2,|¢"(v)| =tanhv B=1, fo=1, ¢$(v) =tanhv —v
(note that ¢ (v) < 0) and we subtract the formulae obtained with 8 = % and

0 =3

2
I(k) ~ i —k(v—tanhv) k
() ~1 ktanhve -
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B R

Fig. 6.4.7. Steepest descent contour Cj

It turns out that 7 (k) = Ji(ksechv)/2im, where J; is the Bessel function of
order k (see Eq. (3.7.35a)). This example has historical significance. It is the
consideration of such an integral that led Debye (1954) to the discovery of the
steepest descent technique. As mentioned earlier, Riemann also discovered this
technique independently in a problem involving the asymptotic behavior of a
hypergeometric function.

Example 6.4.6 Evaluate I (k) = [, ¢®"™<~9) dz, k — oo where C is the Som-
merfeld contour illustrated in Figure 6.4.6a.

This problem corresponds to the case v = 0 of Example 6.4.5. Here we have
¢ (z) = sinh z—z having a second-order saddle point zo = 0, which was analyzed
in Example 6.4.1(c). We consider the contour C; defined by Im¢(z) = 0 or
cosh x sin y = y; note that coshx = y/siny, thatis, x — oo as y — =£m and
C; is asymptotic to C (see Figure 6.4.7).

We use Eq. (6.4.9) with

20=0, n=3,  [¢"0)=1
fo=1, B=1, $0)=0

and subtract the formulae obtained with 0 = % and 0 = 57”

) ()
SRGROIORES

We remark that 7 (k) = Ji(k)/2mi, where J; denotes the Bessel function of
order k (see Eq. (3.7.35a)).

wl—
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(a) contour C (b) contour C;

Fig. 6.4.8. Integrating f©h:="/2 a5 k — 00

Example 6.4.7 Evaluate 1(k) = | ek‘COShZ_é), k — oo, where C is the
contour illustrated in Figure 6.4.8a.

Note that ¢ (z) = coshz — % and the saddle point zp = 0 was analyzed in
Example 6.4.1(d). We consider the contour C; defined by Im¢(z) = O (i.e.,
sinh x sin y — xy = 0), which goes through z¢p = 0 and is asymptotic to C (see
Figure 6.4.8b). We use Eq. (6.4.9) with

20=0, n =4,

¢(iv)(0)| =1, fo=1,8=1, ¢0)=1

and subtract the formula obtained with 6 = % and 0 = —

in in 1
T —e 7 1 41\ ¢
I(k)wur (=) & k-
4 4 k

In Examples 6.4.3-6.4.7 it was possible to replace the contour C by a single
contour Cy. However, as was already indicated by Example 6.4.2, sometimes we
have to replace the contour C by several contours. This will also be illustrated
in Examples 6.4.8 and 6.4.9. These examples differ from Example 6.4.2 in that
one of the deformed contours passes through a saddle point (recall that there
were no saddle points in Example 6.4.2).

ENE]

Example 6.4.8 Find the “full” asymptotic expansion of / (k) = fol ek’ dr, as
k — oo.

Because ¢ (z) = iz? and ¢'(z) = 2iz,zo = 0isa simple saddle point. The
steepest paths are given by Im ¢ (z) = constant, that is, x> — y> = constant.

Hence the steepest paths going through z = 0 and the endpoint z = 1 are given
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Yy
Yy . C2
Ri -
C] C3
o X x
1
(a) saddle point at 0 (b) steepest descent contours C; and C3

Fig. 6.4.9. Expanding [, ¢/ d1

by x = £y and x> — y? = 1, respectively. The corresponding paths of steepest
descent are x = y, y > 0, and x = /1 + y2. (Note that along the curve
x = —+/1 -+ y? the function ¢i¥" increases; this is the steepest ascent path.)
Because Im ¢ (0) £ Im ¢ (1) there is no continuous contour joining 0 and 1 on
which Im ¢ is constant. We connect the two steepest paths by the contour C,
(see Figure 6.4.9b) and use Cauchy’s theorem to find 7 (k) = fcl + fcz + fc3-
Along Cy, z = ey, along C3,z = (x +iy) = /1 + y? + iy, and along C,,
z=x+iR, x > 0; the function "’ = ¢! **~R)=24R
Hence letting R — oo, we find fcz — O and

o0 o0
I(k) = ei”/4/ e dr — eik/ e Ho/ 14y 2y +i|dy.
0 0 1+ y?

(6.4.16)
The first integral in Eq. (6.4.16) can be evaluated exactly
o0
: 2 1 ix
e’”/4/ g =~ | et (6.4.17)
0 2V k

To obtain the leading behavior of the second integral in Eq. (6.4.16) as k — oo,
we note that the dominant contribution is near y =0. In this location the
integrand can be approximated by e~>¥(y + i), hence

o0
—2kyA/1432 y .
e ——+i| dy
/0 (\/1 +y? )

/OO*Z’“’(JF')d i+ ! k — oo
~ e i ~— 4 —
A Y YUk T M2



6.4 The Method of Steepest Descent 467

(Alternatively we can use integration by parts.) Adding these two contributions

we find
1 T iz . I 1
1) ~ )= -+ — ), &k
©~ 2% e<2k+4k2) e

To obtain the “complete” asymptotic expansion of the second integral in
Eq. (6.4.16), we use the change of variables s =2y+/1 + y2 so that this integral
can be transformed to one for which Watson’s Lemma is applicable. Actually, if
we go back to the original coordinates, we find for the steepest descent contour

z=x+iy=1+y2+iy, or Z2=1+2iy\/1+y>2=1+is

or more simply z = (1 + is)%. Hence

/ gy = L ik / Ty, (6.4.18)
e = ——€ S 4.
C; 2 o ~14+is

Using the Taylor expansion (see also Example 6.2.6)

(I+is) 2= ()'c, (— %)s

n=0

where co(—%) =1,and forn > 1

a(a—l)(a—Z)-~-(a—n+1)_ MNa+1)
n! T Tn+Dl(@a—n+1

(o) =

and applying Watson’s Lemma to evaluate Eq. (6.4.18) and adding the contri-
bution from Eq. (6.4.17), we find

1 | & L. & = -ncﬂ(_%)n!
R L P e

In this problem we see that the “complete” asymptotic expansion could also
be found using the transformation z = /1 + y% + iy and the expansion of the
Taylor series (1 +is)~!/2. In fact, if one is only interested in the first few terms
of the expansion of

J = /we—zk}‘vlﬂz Y 4ilay
0 V14 y?
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we can let s = 2y+/1 + y2, expand for y small, that is, s = 2y + y> +- - -, and
successively invert to find y in terms of s: y = 5 — % + - --. Then the integral
for J is given by

00 3
ks Y N\ dy
J = ks 2. 2 d
/0 ¢ (y 2+ +l>ds ’

After replacing y by the first few terms of its expansion, this yields

oo : )
s (18 3is
S R N
/Oe (2+4 16+ ) s

i n 1 3i n
2k 4k* 8k?

J

This example provides yet another illustration of the power of the steepest
descent method. It gives the full asymptotic expansion of a Fourier type integral.
However, it would be false to think that the method of stationary phase is
a special case of the steepest descent method. Indeed, the stationary phase
formula does not require the strong analyticity assumptions made in the present
subsection. Obviously, the two methods are applicable to overlapping classes
of integrals, but neither is a special case of the other. If Fourier type integrals
involve analytic integrands, then the method of steepest descent is usually the
method of choice.

Example 6.4.9 Evaluate I(k) = [ e f(z)dz,k — o0, where 0 <
arga < 7 and f(z) is analytic and bounded for 0 < arg z < 7.

In this example, ¢ (z) = —z%, ¢'(z) = —2z; hence z¢ = 0 is a simple saddle
point. Also, ¢”(0) = —2 = 2¢'7, that is, « = and from Eq. (6.4.5) we see
that 6 = 0, r are the directions of steepest descent for the point zo = 0. The
steepest path (Im¢ (z) = Ime(zp)) going through a = x; + iy; is given by
xy = x1y; (see Figure 6.4.10).

We use Cauchy’s Theorem in order to deform the contour C onto steepest
descent paths, that is, I (k) = fcl + fC2 + fCS. Letting R — oo, we see that
Je, = 0and

1(k) = /oo e f(x) dx —/ e f(z)dz (6.4.19)
—o0 s

To evaluate the first integral in Eq. (6.4.19), we use Eq. (6.4.9) with
20 =0, n=2, 9" (0)] =2,
Jo= 1(0), =1, $0)=0
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y
y]/'
i C, xy=x
. s XY =%y

—C/ E . _’C/ ,

(a) contour C (b) deformed contour

Fig. 6.4.10. Deforming C onto steepest descent curves

and subtract the formulae obtained withd = 0and 6 =«

/Oo e frydr ~ f(O)\/z, k — oo

To evaluate the second integral in Eq. (6.4.19), we note that on C3, z = x +
ix1y1/x, that is

2.2 2
2 2 2 XN 2 2 2 2 2 2 %1
CTa=Er T — -y =x —X1+y1_}’1<;

isreal and positive (x > x; and y; < x). Thusitis convenienttoletz>—a® = ¢,
t > 0 and use Laplace’s method. Expanding f((a® + 1)'/?)/(a* + t)!/? near
t = 0, we find that as k — oo

1 00 e—k(02+t)f((a2 + l)1/2) e—ka2
—kz? dz ~ —— dt ~ ————
/c3e @z 2/0 (a*>+n'?2 2ak 7@

Thus the term due to f G is exponentially smaller than the steepest path through

z = 0; hence
i3
I(k)~f(0)\/;, k — oo
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‘z,= it, 0<t,<1

Fig. 6.4.11. steepest descent contour, saddle point, and pole

Example 6.4.10 Consider the integrals

00 eik(z+r3/3)
a) I1(k) = —dt, k>0
@ 5k /_Oo e

00 Lik(1+17/3)
b) I,(k) = ——— dt, k>0,0<a<1
(b) Iy (k) /—oo(t2+l)a o
where #j is a real constant, #y > 0. Find the leading term of the expansions of
these integrals, as k — oo. (The reader may wish to also see Example 6.5.3,
where similar integrals are considered.)

We begin with part (a). The phase is given by ¢(z) =i(z + z°/3). We
have ¢'(z) = i(1 + z%); hence there are saddle points at zo= = i. Because
¢"(z) =2iz, wehave ¢"(£i) = F2. When zg =i, Eq. (6.4.5) shows thata = 7;
hence the steepest descent directions are 6 = 0, 7. When z=—i, « =0 and

0=7, 37” The steepest descent curves are given by Im¢(z) = Im¢(zp):
—x(3y* — x> — 3) = 0. Thus, corresponding to zo = i, the steepest descent
curve is 3y> — x> — 3 = 0; for zo = —i itis x = 0. Because of the given

integrand, we can only deform onto the hyperbola 3y> — x> — 3 = 0. Indeed, at
infinity the exponential exp(ik(z + z°/3)) decays in the upper half plane when
z=re% 0 <6 < /3 and 27/3 <6 <7 and this contains the hyperbola
(see Figure 6.4.11). We cannot deform onto the steepest descent contour x = 0
(note the integral does not converge at y = 4i00). The fact that the value of the
integrand at the saddle point at z = —i is exponentially large, e = ¢2¢/3,
immediately indicates that we cannot deform the contour onto a steepest descent
curve through z = —i. (Since the integral is highly oscillatory, it must vanish
as k — 00). In completing the contour we note that if 0 < 7y < 1, by Cauchy’s
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Theorem we have to include the contribution from the pole at z, = ify. If
o > 1 there is no pole within the deformed contour.

We calculate the leading-order steepest descent contributions from Eq. (6.4.9)
withn =2,z0 =i, fo=1/(t3 = 1), B =1, ¢(i) = —2/3,¢" (i) = —2, and
60 = 0, w. Subtracting the contribution of & = m from the contribution with
0 = 0, and calculating the pole contribution we find,

T ,—2k
1,(k) ~ % 4 T oko9(1 — 1) (6.4.20)
Iy — 1 to
where H(x) is the Heaviside function; H(x) = 1 if x > 0 and H(x) = 0 if
x <0. Note that for 0 < fy < 1, the pole contribution dominates that from the
saddle point.
We also remark that if 7y = 1, Eq. (6.4.20) breaks down. The situation when
to = 1 is more subtle. When #; = 1 the steepest descent contour can take the
local form

ty=1=2

— e

which has the effect of halving the pole contribution and treating the saddle
point as a principle value integral. In this case, letting z = i + s in the
neighborhood of the saddle yields the following:

oo ,—2k/3 ,—ks? ,iks®/3 T
1, (k) N][ S PRIV
oo s(2i +5) 2t

Letting s = u/~/k reduces the principle value integral to the form

00 —u? iud 3k 0 ,—u’
][ L du~ ][ C du=0
—oo u(2i + u/Vk) oo 2iU
(noting that the second integral above is odd); hence when 7y = 1
T
I] (k) ~ Ee 2k/3

Next we consider part (b). Here the important point to note is that the branch
cuts are taken from z = i to z = iococ and z = —i to z = —ioo with local
coordinates (z2 + 1) = (z+i)(z —i) = r1e'¥' rne'*, and —1/2 < ¢, < 37/2,
and —37/2 < ¢, < m/2 so that there is no jump across the Im z axis when
z = 0. With these choices for ¢, and ¢, our saddle point directions at z = i
are 0 =0, —mw, not & = 0, . So after deforming the contour onto the steepest
descent path we can now either use formula (6.4.9) or work out the asymptotic
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contribution from first principles (always a better idea in practice). For brevity
weuse Eq. (6.4.9) where zo =i, fo = 1 Le=ima/2 (note that fo comes from

(2;)“ -
the contribution of the local coordinate z 4+ i =re'? whenz=i),8=1—a,
n =2, ¢@) = —2/3, and ¢”(i) = 2¢". Substituting the contributions
corresponding to 8 = 0,8 = —nx we find

6#2% e*TZ/\F(lT) _e—ié'razla 1(0( ])7‘[ 2/(1_‘(177&)

I (k) ~
20+l (k)" 2e+1(2k) 5"
=2 l—a
]" 1~
=2 (H ) cosn—a
20 k=

Problems for Section 6.4

1. Use the method of steepest descent to find the leading asymptotic behavior
as k — oo of

* et (5) dt (b
(a)/ 1+t4 ()/ 1+t2

2. Show thatfor0 < 6 < /2

0 7
/ e kseex gy ~ [ ek, k — oo
A 2%

3. Find the leading asymptotic behavior as k — oo of

/Oo #(5+5) o1 gy

4. In this problem we will find the “complete” asymptotic behavior of

T
1(k) = / e* tant dt ask — oo
0
(a) Show that the steepest descent paths are given by
¥ —y?=C; C = constant

(b) Show that the steepest descent/ascent paths that go through z = 0 are
given by

x ==y

and the steepest paths that go through z = 7 are given by
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Fig. 6.4.12. Contour for Problem 6.4.4

(c) Note that the steepest descent paths in the first quadrantare C; : x = y
andC3 : x =4/ (%)2 + y2. Construct a path C, as shown in the Figure
6.4.12, and therefore

I (k) can be written as | + I, 4 I3 where [; refers to the integral along
contour C;, fori = 1,2, 3. As k — 00: show that

oo 1
U2k 6k?
I, ~0,

—2i e
hwﬁek(/‘*)

Consider the integral

1
I(k):/ e dt ask — oo
0

Show that I (k) = I} + I, + Iz where as k — oc:

eirr/6 1
fi~ 3k1/3r<§>

L ~0,

ieik zeik
3k Ok?

13"’—

and the contour associated with I; is the steepest descent contour y = x /+/3
passing through z = 0; the contour I3 is the steepest descent contour
x3 — 3xy? = 1 passing through z = 1; and the contour associated with I,
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is parallel to the x-axis and is at a large distance from the origin (see also
Problem 6.4.4).

6. Consider

1 eik(t2+t)
I(k)=/ dt ask — o0
0o Wt

Show that I (k) ~ I} + I + I3 where

I ~ |70 yim/4 1_%_ 105
k 4k 32k2

12’\'0,

I I ik l+7i+111+

~ 2k _ B I

>3 kT18k T 324k

and the contour of I; passes through the origin (with steepest descent
contour: C; : x> — y? + x = 0), the contour of I3 passes through z = 1
(with steepest descent contour: C3 : x> — y?> 4+ x = 2) and the contour of

I, is parallel to the x axis and is at a large distance from the origin (see also
Problems 6.4.4 and 6.4.5).

6.5 Applications

We now illustrate how the methods developed in Sections 6.2—-6.4 can be used
to evaluate integrals that arise from solutions of physically interesting partial
differential equations (PDEs).

Example 6.5.1 Consider the “free”’Schrodinger equation

iV + Yo =0, —00 < X < 00, t >0, ¥ — 0 as|x| — oo
¥ (x,0) = Yo(x) with/ [¥ol*dx < oo
—00

This PDE is the time-dependent Schrodinger equation with a zero potential. It
arises in many physical problems, for example, quantum mechanics and also
in the study of linear wave communications in fiber optics.

Using a Fourier transform in x, that is

Yx, 1) = L /OO b(k, t)e'* dk
27 J_

]



6.5 Applications 475

and substituting this integral into the PDE (assuming the interchange of deriva-
tives and integrals is valid) yields the ordinary differential equation b, = —ikb
or b(k,t) = b(k, O)e‘ikzl. Thus we find that ¢ is given by Eq. (6.1.1b),
where b(k, 0) replaces ¥ (k). Let us consider the large ¢ behavior of v (x, 1),
where x/1 is fixed. Equation (6.1.1b) implies v/ (x, 1) = 5= [ bo(k)e'"*® dk,
where we write by(k) = b(k, 0) and

¢ (k) = k)tf — K2, ¢ (k) = ; — 2%k, ¢ (k) = -2 65.1)

Hence, using the method of stationary phase, (there exists a stationary point at
ko = x/2t), the leading order behavior of the integral as t — oo is (see Eq.

(6.3.8))
N it(é—‘/)z X T _iTrr
Y(x, 1) ~e b°<_2t> \/ 7€ (6.5.2)

From v (x, 1) = 5 [0 bo(k)e™*“~*) dk we see that the solution can be thought
of as a superposition of infinitely many wave trains each having a phase ve-
locity k. Different waves have different phase speeds; this leads to destructive
interference, which in turn implies that the solution disperses away as t — oo.
Indeed Eq. (6.5.2) shows that the amplitude decays as t~!/2, which is a typical
decay rate of such one-dimensional linear dispersive problems.

Equation (6.5.1) indicates that the important propagation velocity is not the
phase velocity k, but is really the velocity that yields the dominant asymptotic
result; that is for this problem ¢'(k) = 0 yields x = 2kt. This velocity is 2k. In
general the quantity c, = x /¢ is called the group velocity. The significance of
this velocity is that after a sufficiently long time, each wave number k dominates
the solution in aregion defined by x ~ ¢, (k)t, where c, is the group velocity (see
also Section 4.6). In other words, different wave numbers (after a sufficiently
long time) propagate with the group velocity.

It is straightforward to generalize the above notions to any dispersive linear
equation: Equation (6.1.2) is replaced by

Vx, 1) = / ” Vo (k)e! ¥ —w®D gp (6.5.3)

where w (k) is a real function of k, called the dispersion relationship. The phase
velocity is given by ¢, (k) = w/k. Note that if ¢, (k) is constant, call it ¢y, then
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the solution at any time ¢ > 0 is simply the initial function translated by cz:

Vix, 1) = / ” Vo (k)= gk = ro(x — cot)

A linear equation in one space, one time dimension, is called dispersive if
w(k) is real and d>w/dk? is not identically zero. The group velocity is given
by cg(k) = dw/dk, which corresponds to the stationary point

Y(x, 1) = /OO Yok ® dk,  ¢k) = k; —w,

x dw x
t

Ph)==——="—cok) =0

dk 1

Hence we expect the dominant contribution to the solution for large ¢ to be in
the neighborhood of 7 = w'(k) = c¢(k). In Example 6.5.1, w(k) = k?; thus
the phase and group velocities are given by ¢, = k, ¢, = 2k, respectively. On
the other hand in the case where w (k) = cok, constant, then the phase velocity
cp = w/k = ¢y also equals the group velocity ¢, = w'(k) = co. This is an
example of a nondispersive wave; note w” (k) = 0.

Example 6.5.2 (Burgers equation) The simplest model combining the effects
of weak nonlinearity and diffusion is the Burgers equation

U + Ully = Sy, (6.5.4)

This equation appears in various physical applications. For example, it models
weak shock waves in compressible fluid dynamics. It is distinguished among
other nonlinear equations in that it can be linearized via an explicit transforma-
tion. Indeed, Hopf and Cole noted that the Burgers equation can be mapped
to the heat equation via the transformation u = —2¢ev, /v = —2e(logv), (see,
e.g., Whitham (1974)):

1 &v gv; | ev}
u, = <£ux — u2> or (logv), = < = - 2x + x)
. v x

2 v v2

or after integrating (assuming for example that v — const as x — ©c0)
Uy = EVyy (6.5.5)
Let us consider an initial value problem for the Burgers equation, with

u(x, 0) = uo(x)
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Using a Laplace transform in ¢ to solve Eq. (6.5.5), we can obtain the explicit
transformation between u# and v. The method is illustrated in Example 4.6.2.
The solution of Eq. (6.5.5) is given by Eq. (4.6.13) with ¢ replaced by et (this
change of variables is needed to transform the heat Eq. (4.6.9) without ¢ to
Eq. (6.5.5)). Thus

v(x,t) = ———— e
2Jmet J_oo 7 "
where
h(x) = v(x, 0) = vo(x)
But from u(x) = —2evy, /vo we have
Yug') S
vo(x) = Aeifooz_*fd" = h(x)
and we see that u(x, 1) = —2ev,(x, t)/v(x, t) is given by
S 7 2
2 e™2% d 1 _
ux, 1) = % G(n;x, 1) E/ uo(?’/’)@#%
f_oo e 2 dn 0 t
(6.5.6)

In the physical application of shock waves in fluids, ¢ has the meaning of
viscosity. Here we are interested in the inviscid limit, that is, ¢ — 0, of the
Burgers equation (see also Whitham (1974)).

As ¢ — 0 we use Laplace’s method to evaluate the dominant contributions
to the integrals appearing in Eq. (6.5.6). To achieve this, we need to find the
points for which 0G/an = 0,

G X —
e (6.5.7)
an
Let n = &(x, t) be such a point; that is, £ (x, ¢) is a solution of
x =&+ ugé)t (6.5.8)

Then Laplace’s method implies, using 6.2.8 (or the sum of Egs. (6.2.12) and
(6.2.13)), with k = 1/2¢

/Oox—)’]e_%dnwx—é 4/7,'[8 e_%’
et t |G" (&)
* g dre _ce
e 2 dn ~ 7 e 2e
— 1G"(8)]
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Hence, if Eq. (6.5.8) for a given u( has only one solution for &, then

u(x, 1) ~ ? = up(€) (6.5.9)

where £ is defined by Eq. (6.5.8). Equation (6.5.9) has a simple interpretation:
Consider the problem

P+ ppx =0, p(x,0) =up(x) (6.5.10)

Equation (6.5.10) is a first-order hyperbolic equation and can be solved by the
method of characteristics

dp
o
dt

on the characteristic £(x, t):
dx _
a P

Integrating these relations, we see that the solution of Eq. (6.5.10) is given by

p(x, 1) =uo(§) (6.5.11)

where £(x, t) is defined by x = & + u((£)t, provided that “breaking” does
not occur, that is, the characteristics do not cross or, equivalently, provided
that Eq. (6.5.8) has a single solution. (The reader can verify that if uy(£) is a
“hump,” for example, uo(§) = e‘fz, then characteristics must cross because
parts on the “top” of the hump will “move faster” than parts on the lower part
of the hump.)

The above analysis shows that for appropriate u, the ¢ — 0 limit of the
solution of the Burgers equation is given by the solution of the limit Eq. (6.5.10).
However, the relationship between the Burgers equation and Eq. (6.5.10) must
be further clarified. Indeed, for some u((x), Eq. (6.5.10) gives multivalued
solutions (after the characteristics cross), while the solution (6.5.6) is always
single valued. This means that, out of all the possible (“weak’) solutions that
Eq. (6.5.10) can support, there exists a unique solution that is the correct limit of
the Burgers equation as ¢ — 0. Itis interesting that Laplace’s method provides
us with a way of picking this correct solution: When the characteristics of
Eq. (6.5.10) cross, Eq. (6.5.8) admits two solutions, which we denote by &;
and & with & > &, (both & and &, yield the same values of x and ¢ from
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Eq. (6.5.8)). Laplace’s method shows that for the sum of these contributions,
using Eq. (6.5.8)

G

uo(ENIG NI e” 5 + up(E)IG €| te

u(x,t) ~ — o (6.5.12)
IG"(ED|"2e” = +[G"(6)| 2 >
Hence, owing to the dominance of exponentials
u(x, 1) ~uo§r) for G(&1) < G(&);
u(x, 1) ~uoé) for G(@&) > G(&) (6.5.13)

The changeover will occur at those (x, ¢) for which G(§;) = G(&;), or using
the definition of G and the fact that both &;, &, satisfy Eq. (6.5.8), these values
of (x, t) satisfy (by integrating (6.5.8))

_ 2 _ 2 &1
L U /é rdn. o

&
1 — &) (—; + @) = —/52 uo(n) dn

Using Eq. (6.5.8) for &; and &, and summing, we find that

_{+§1+-’§2

1
; o = W) +uo(&))

hence

&
% (uo(§1) +uo(52)) (61 — &) = /E uo(n) dn (6.5.14)

2
Equations (6.5.13) with (6.5.8) show that at ¢ — 0 the changeover in the
behavior of u(x, t) leads to a discontinuity. In this way the solution of the
Burgers equation tends to a shock wave as ¢ — 0. This solution is that
particular solution of the limiting equation (6.5.10) that satisfies the shock
condition (6.5.14). This condition has a simple geometrical interpretation:
given uy(€), find &;, & using the requirement that the part between the chord
&1 —&; and the curve uo(£) be divided by two equal areas. (Eq. (6.5.14) indicates
that the area under u(£) equals the area enclosed by the trapezoid with base
&1 — &.) Then insert a shock (see Figure (6.5.1¢) in the multivalued solution p

(p = up(§)) of Eq. (6.5.10) at the position x = s(¢), where

s(t) = & +uo(§)t = & + uo(§2)t (6.5.15)
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45, = N 5w

uo(éz ) > u()(il)

shock

u (&) §=¢,
g, £, : a ¢ 4 )
(a) chord &,-&, (b) multivalued solution (c) characteristic diagram

atx = s(¢)

Fig. 6.5.1. Shock wave

Note that because Eq. (6.5.10) preserves the area (from Eq. (6.5.11) we see that
all points x = £ evolve linearly according to their amplitude), the equal area
property still holds under the curve describing p (x, ¢) (Whitham, 1974). This is
sometimes referred to as the “equal area” rule. The mathematical determination
of £1(¢), & (1), s(t) involves the simultaneous solution of Eqgs. (6.5.14) and both
of the equations in (6.5.15).

Example 6.5.3 The Korteweg—deVries (KdV) equation (1895) governs small,
but finite, waves in shallow water. The KdV equation, in nondimensional form,
is written as

Vi+6VVi+ Vi =0 (6.5.16)

In this example, we will consider the linearized KdV equation (see also
Eq. (4.6.35))

U + Uy, =0, —00 < X < 00, t >0,
. i (6.5.17)
u — 0 sufficiently rapidly as |x| — oo

with the initial values
u(x,0) = ug(x), ug real

This equation is the small amplitude limit of both the KdV Eq. (6.5.16) and
of the modified KAV (mKdV) equation, which arises in plasma physics and
lattice dynamics

Uy 4 Vger £ 6070, =0 (6.5.18)
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Indeed, letting V =¢u and v = ¢u, these equations reduce to Eq. (6.5.17) as
& — 0. Equations (6.5.16) and (6.5.18), although nonlinear, have the remark-
able property that they can be solved exactly. The solution of Eq. (6.6.18)
will be described at the end of this section. Using a Fourier transform in x in
Eq. (6.5.17), we find that

1 [ I
u(e ) = / fio (k) e ik e (6.5.19)

o0

where iig(k) is the Fourier transform of uy(x). Here we are interested in the
long-time behavior of u(x, t) for a fixed value of x/¢. Equation (6.6.19) can
be written as

u(x,r) = % /00 (k) ® dk, ok) =i <k3 + ktx> (6.5.20)

o0

(Also see Example 6.4.10, where a similar problem is discussed.) In this case,
the dispersion relationship is w (k) = k3 and the group velocity is cg=w'(k) =
3k2. We assume that #io(k) can be continued analytically off the real k axis so
that we can apply Cauchy’s Theorem when needed. We distinguish three cases:
7 <0, 7 > 0 (in these two cases we assume T = O(1)), and 7 — 0.

(a) In the case where T < 0

() =i <3z2 + ;) ¢"(2) = 6iz

there exist two simple real stationary points, z4 = *+|5-| :, and

mEas
! = +6i|—
¢ (z+) 3t‘
so that in the notation of Eq. (6.4.8)
b4 3
ap = —, o = —
T2 2
Hence using Eqgs. (6.4.7), it follows that z and z_ have the steepest descent
directions 6 given by 7, 57” and —7, 37”, respectively (see Figure 6.5.2a).

Calling z = zg + iz, the steepest contours are given by Im ¢(z) = Im ¢ (z4)
or Zg (z%e — 31% — |§|) = 0. The steepest descent contour is the hyperbola;
zg = 0 is a steepest ascent contour. Because the exponential decays rapidly in
the upper half plane at z = |z|e'%, ¢ = /4, 3w /4 for large |z|, we see that
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\z, z, / z z,
N s/

(a) Simple saddle points z_, z (b) deformed contour

Fig. 6.5.2. Linearized KdV equation

we can deform our original contour (—oo < z < 00) onto the steepest descent
contour going through both saddle points (see Figure 6.5.2b).

Using Eq. (6.4.9) we find that the contributions of z and z_ to the evaluation
of u are given (we use ¢ (z+) = :|:2i(%)3/2) by

1 w12 1 . 3.
~ 3\ —2ir|E|i4ix ~ 3 x5 _in
u0<|;_,|2>€ 2ir| 52+ 5 uo(—|;—t|2)e2”|3z| 1

1 an 1
2Vmi 5] 2w 5]

(6.5.21)

Also, because up(x) is real, we see by taking the complex conjugate of
the Fourier transform that fig(—k) = iio(k); thus if we write do(l512) =
(7 DelV (o), adding the contributions from Eq. (6.5.21) we find

I ox " X . X
———y(Z)), —> 00, - <
4 t t

(6.5.22)
(b) In the case where 7 > 0, the saddle points become complex, z+ =

L)ICOS (21“)6
gl

u(x,t) ~

:i:i(;‘—l)%, and ¢(z+) = F2(5)"/?. The steepest descent paths are found as
above. But we can only deform the original contour onto the steepest descent
contour through the saddle point z, because the exponential e'® decays in the
upper half plane, but grows in the lower half plane. At the saddle pointz = z
we have

%
¢"(z4) = _6<;t> , ie ay=m

thus, from Eq. (6.4.7), 8 = 0, w are the directions of steepest descent. Eq.
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(6.4.9) implies

[

iofi(3)!)e ) x

. t—0, ~>0 (6.5.23)
2w (2)! f

(We note again the assumption that iy (k) can be continued off the real axis onto
the upper half plane, so that i (i (;‘—t)l/ 2 is defined.)

(c) In the case where 7 — 0, both Egs. (6.5.22) and (6.5.23) clearly break
down. To find the asymptotics of u(x,t) in this region, we introduce new
“similarity” variables in Eq. (6.5.20):

u(x,t) ~

E=kGNY,  n=
(3t)3
thus
wGr.t) = — l/wao <i1>ef$"+$dg (6.5.24)
2730 Jno \(30)

To find the asymptotic expansion of Eq. (6.5.24) for large ¢, we can expand i1
in a Taylor series near & = 0. Then Eq. (6.5.24) becomes

e (ao(m e U ) dt

(31)3

u(x,t) ~ ;
2w (3t)3

or

u(x, 1) ~ (3 3ag(0)Ai(y) — i3 3 ay0)AI'(;)  ast — oo (6.5.25)

where Ai(n) is an integral representation of the Airy function (see Egs. (4.6.40b)
and (4.6.57) in Chapter 4)

1 R i&3
Ai(n) = — / T gk (6.5.26)
21 o
and prime denotes derivatives. The Airy function satisfies the differential equa-
tion Ai” — nAi = 0. By analyzing the asymptotic expansion of Ai(n) for large
n from Eq. (6.5.26) it can be shown that Eq. (6.5.25) in fact matches smoothly
with the asymptotic solutions: Eq. (6.5.23) as n — 400, and Eq. (6.5.22)
as n — —oo. (The relevant asymptotic formulae are given in Egs. (6.7.10),
(6.7.11)).
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Remark The modified Korteweg-deVries (mKdV) equation
Uy + Uyyy — 6UUy =0, —00 < X < 00, t>0 (6.5.27)

with initial conditions u(x, 0) = ug(x) decaying sufficiently rapidly as |x| —
oo can be solved by a new method of mathematical physics called the inverse
scattering transform (IST). IST shows that mKdV can be solved as follows
(see, for example, Ablowitz and Segur, 1981)

u(x, 1) = —2K (x, x; 1) (6.5.282)

where K (x, y; t) satisfies the linear integral equation

K(x,y;t)+F(x+y;t)—/ / Kx,z;1)

XF(z+s;t)F(s+y;t)dzds =0 (6.5.28b)
for y > x, where
1 e , ,
F(x:t) = — / ro(k)e! K8k g (6.5.28¢)
27 J_ o

The quantity ry(k) is called the reflection coefficient, and it can be determined
from ug(x). The integral equation (6.5.28b) is a Fredholm equation (in Section
7.4 we discuss integral equations in more detail), and it can be shown that it
has a unique solution. This solution can be obtained by iteration:

K(x,y,t)=—F(X+y;t)—/ / Fx+z:)F(z+s:1)

X F(z+y;t)dzds + --- (6.5.29)

This is called the Neumann series of the integral equation.

It is important to note that F(x; ) given by Eq. (6.5.28c) is the solution
of the linearized equation (6.5.17) where ¢ is replaced by 8¢ and where i1y (k)
is replaced by ro(k). As before, there are three cases to consider in the limit
t—o00: x/t>0,x/t <0,and x/t — 0. We only mention the case x/¢ > 0.
(The interested reader can consult Ablowitz and Segur (1981) and Deift and
Zhou (1993) for further details, especially with regard to 7 < 0.) As before,
we assume that ry(k) is analytically extendible in the upper half plane. Then
from Eq. (6.5.23), replacing + — 8¢, we have

L x\12 i
Flx. 1) ~ Me*“(ﬁ) f (6.5.30)
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Using the fact that the double integral (6.5.29) is exponentially small compared
to F(x + y;t), it follows that K (x, y;#) ~ —F(x + y;t). Therefore the
asymptotic expansion of the solution of the mKdV equation in this region,
from Eqgs. (6.5.28a) and (6.5.29), is

ro(i(x/120)"%) o

3/2
i) 6.5.31
V27t (x/126)1/4 ( )

u(x,t) ~

Problems for Section 6.5

1. Consider the following initial value problem for the heat equation

Y = Yaxs —00 < X < 00, t>0; Y — 0as |x| - oo

¥ (x,0) = Yo(x), Yo(x) real, / [Yo(x)|dx < o0

o0

(a) Use Fourier transforms to show that

1 [ ,
Y(x, 1) = 7 / bo(k)e k1 gk
T J_

o0

where

bo(k) = / h e o (x) dx

oo

(b) Show that the large time asymptotic behavior of v (x, t) is

bo(ko) _2
—e 4

X, 1)~
VD™
where
ix
ko = —
7

provided that by(k) has an analytic continuation onto the upper half
plane.
. o0 2 . .
(c) Establish that the energy L « |¥1°dx always decays, which is con-
sistent with (b) above.



486 6 Asymptotic Evaluation of Integrals

2. The so-called Klein—-Gordon equation arises in many areas of physics; for
example, relativistic quantum mechanics. This equation is given by

Uy —Uyx +u =0

Let —oo < x < 00, t > 0, and consider the following initial value prob-
lem: u(x,0), u,(x, 0) are both given, they are real, and we assume that
u — 0 sufficiently rapidly as |x| — oo.

(a) Establish conservation of energy:

oo
/ (u} +u? 4+ u*) dx = constant

o]

(b) Show that the dispersion relation satisfies w> = 1 + k2, where u =
e'kx=e1) g a special wave solution. Show that the phase speed c(k),
le(k)| =[] = 1 and the group velocity ¢, (k), |c, (k)| = |‘2—‘;| <1

(c) Establish that the Fourier transform solution is

1> , ‘
u(x, l‘) = E/ (A(k)et(kx+«/m)t + B(k)ez(kx—\/mn)dk

o0

Furthermore show that because u(x, 0) and u, (x, 0) are real
1 *° .
u(x, 1) = — / (A(k)e“kxw"””') dk + (%)
27 J_ o

where (x) denotes the complex conjugate of the first integral.
(d) Show that as t — oo for x /1 fixed, |x/¢t| < 1,

t ) .
M()C,l‘)N A(— X >e’ /lz_xz_Hz +(*)

1
«/E (t2 _ x2)3/4 12 — x2

3. (Semidiscrete free Schrodinger equation) Consider the following initial
value problem for the semidiscrete version of the free Schrédinger equation
discussed in Example 6.5.1

d n n n—1 — 2 n
il + Vi1 + Yot = 2Yn _ 0, h areal constant
dt h?

n € Z,t > 0, we assume that ¥, — 0 sufficiently rapidly as |[n| — oo,
and ¥,,(0) = v, o is given. Here v, (¢) is the nth function of time in a
denumberably infinite sequence of such functions.
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(a) The discrete analog of the Fourier transform is given by
1 N nel
Un() = 5= ¢ ¥(z, 0" dz ey
2mi fol

V=Y Yn®z" )

m=—00

where the contour integral is taken around the unit circle |z| = 1. Sub-
stitute (2) into (1) and show that you obtain an identity.

(b) Thedispersion relation of a semidiscrete problem is obtained by looking
for a particular solution in the form v, (f) = z"e~'*'. Show that for this
semidiscrete problem

(z—1)?
iw(z) = e
Note if z = ¢/ then
) (eikh _ 1)2
o) ==

Explain why this is consistent with the analogous result obtained in
Example 6.5.1 of the text.
(c) Use (a) and (b) to establish

1 ~ i<:71)2
Vn(t) = 5— % Vo) e dz
2mi C

where C is the unit circle or if z = ¢!?"

2 cosh—1

h R . .
'(pn(t) — 2_ wo(e)eznhﬂwLZtt 2 do
T Jo

(d) Show that there are stationary points when 7 = 2%0. If |%| < 1,
obtain the leading term in the asymptotic solution as ¢ — oo; and show
that the amplitude of the solution decays as 172 ast — o0o.

(Fully discrete heat equation) Consider the following explicit fully discrete
evolution equation.

Y — 20
At (Ax)?
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(a) The dispersion relation of a discrete equation is obtained by looking
for a solution of the form " = z"Q™ or /" = eknAxel@Aim (gee also
Problem 3 above). In this case, show that

1
Q:l+a<z+——2>
Z
or
At

iwAt __ -
e =1+ 20(coskAx — 1), U_W

(b) For stability we need |2| < 1. Show that this leads to the condition
o< %
(c) Use the results of Problem 3, part (a) above, to obtain the Fourier

transform solution in the form

v, = L/ @o(z)z"1<1+o<z+1—2)> dz
27 c Z

Ax [P, .
=0 Vo (k)e™ A% (1 + 20 (coskAx — 1))™ dk
T Jo

(d) When || < 1, |’2’ﬁft| <« 1, obtain the long-time solution as m — oo,

and show that the solution approaches zero as m — oo.

6.6 The Stokes Phenomenon

In Section 6.1 we discussed the fact that even if a function f(z) is analytic and
single valued in the neighborhood of infinity but not at infinity, its asymptotic
expansion can change discontinuously (see Example 6.1.3). If f(z) is ana-
lytic at infinity, its asymptotic expansion coincides with its power series, and
the series converges. In this case, the asymptotic expansion of f(z) changes
continuously at infinity. If the point at infinity is a branch point, the asymp-
totic expansion changes discontinuously across the branch cut. It is interesting
that, if the point at infinity is a local essential singular point, and even though
f (z) is single valued in the neighborhood of infinity, the asymptotic expansion
has lines (rays) across which it changes discontinuously. This manifestation is
usually referred to as the Stokes phenomenon, after George Stokes (Stokes,
1864), who first discovered this.

We use a concrete example to illustrate a nontrivial case of the Stokes phe-
nomenon. This example also shows how the methods developed in this chapter
can be employed when the large parameter is complex.
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—zt

Example 6.6.1 Evaluate f(z) = OOQ f+t4 dt, 7z — 00, z complex.

Let z = re'?, then exp(—zt) = exp[—rt(cos6 + i sin6)]. Thus ast — oo
the integral converges provided that cos & > 0, or |0 < 7. Then the asymptotic
analysis of f(z) can be treated as if z were real. The dominant contribution
comes from the neighborhood of ¢ near zero. For ¢ near zero, —— ~ 1 — 4

> 141
thus
o o 1 4
f(z)N/ e‘”dt—/ e_Z’t4dt=E—Z—5 6.6.1)
0 0

where we have used s =z¢ and the definition of gamma function (see Eq.
4.5.31-4.5.32) to compute the second integral in Eq. (6.6.1). Hence

1 4! . T
f@~-==, z— o0 inlargz| < = (6.6.2)
z z 2

Equation (6.6.2) gives the correct asymptotic expansion of f(z) for |arg z| < 7.
In order to find the behavior of f(z) outside this region, we must understand
the origin of the constraint on the argument of z.

This constraint comes from the requirement that Re(z¢) > 0. Therefore,
if ¢ is also complex, then arg z will satisfy a different constraint. Let us, for
example, use contour integration to change the path of integration from the
real axis to the negative imaginary axis, assuming the contribution owing to the
large contour at infinity vanishes. Taking into consideration the pole at e~ T we
find

i
2

e % i e %

= d ——— 6.6.3
f @) /0 T t+ g (6.6.3)

The integral in Eq. (6.6.3) converges provided that Re(z¢) > 0 or cos(6 — %)
> 0,0or 0 < 6 < . The original integral representing f(z) is well defined
for —7 < arg z < 7, while the integral in the right-hand side of Eq. (6.6.3) is
well defined for 0 < arg z < 7. Because there is an overlap between these two
domains, it follows that Eq. (6.6.3) provides the concrete analytic continuation
of f(z). Therefore, we now know how to compute f(z) for =5 < argz < 7.
To evaluate the asymptotic behavior of f(z) in this extended region, we note

that in the pole contribution in Eq. (6.6.3)

+7

_im
—ze 4

e _ e*lz\(cos(arng%)ﬂ' sin(argz—7%))
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hence exp(—ze_%r) is exponentially small in —7 < arg z < 37” but exponen-
tially large in 37” < arg z < m. Equations (6.6.1) and (6.6.3) imply that

4! N 4 37
f(Z)Ng_Z_S’ ¢—> 00 in—- <argz< -
f@) ~ %e'z%e’ze_%, 7—> 00 in%r <argz<Tm
and —2 < arg z < T

2 4

We see therefore that the asymptotic expansion of f(z) changes discontinu-
ously across the rays arg z = —7 and 37”. In fact the asymptotic form is entirely
different in the two regions. In the first region there is an asymptotic power
series representation of f(z). In the second region there is an exponentially
large contribution. On the rays arg z = —Z%, 3% one needs both contributions

404
in the asymptotic expansion.

The approach used in Example 6.6.1 provides an extension of Watson’s
Lemma for integrals where the large parameter is complex:

Lemma 6.6.1 (Watson’s Lemma in the complex plane.) Consider the integral

1(z) = /Oo f(e " dt, zeC (6.6.4)
0

Assume that f () has the asymptotic series expansion

oo

fO~Dan™, 150" > -1 (6.6.5)

n=0
@If f(r) = O(e?") ast — oo and f(¢) is continuous in (0, c0), then

oo

T(an + 1
1(2) ~ Zan (“ZH ) as7 = 00 forlarg(z—ﬂ)|<% (6.6.6)

() If f(1)=0(eP") ast — oo and f(¢) is analytic in ¢; < arg t < ¢, then
1(z) has the asymptotic behavior given by Eq. (6.6.6) but for z in

id il 6.6.7
—§—¢2<afg(2—,3)<5—¢1 (6.6.7)
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Proof The proof is similar to that of Lemma 6.2.2. We concentrate only on
the differences between the two proofs:

(a) For convergence of the integral 7 (z) ast — oo one needs Re(z — ) > 0,
which implies that |arg (z — B)| < m/2. Then the asymptotic expansion in
Eq. (6.6.6) follows from the approach used in Lemma 6.2.2.

(b) We use the analyticity of f(¢) and rotate the contour by an angle ¢ such
that ¢; < ¢ < ¢». Then from Cauchy’s Theorem, I (z) is given by

occe'®
Iy(z) = / f@®e #dt for — % —¢p<arg(z—p) < % —¢ (6.6.8)
0

the constraint on arg z follows from the fact that for convergence of the integral
one needs —75 <arg (z — B) + ¢ < 7. Since —¢» < ¢ < ¢y, adding these
constraints implies that for z in the sector given by Eq. (6.6.7) the large z
asymptotics follow as usual.

Therefore [(z) is valid for —7 <arg (z — B) <7 and I(z) is valid for
-5 — ¢ <arg (z — B) < 7 — ¢. Because there exists an overlap between the
two sectors

1(z) = Iy(z) for % < arg(z — ) < % — ¢ (6.6.9)

and I, (z) provides the analytic continuation of /(z). It is clear that the largest
possible sector in the z plane where the above procedure of analytic continuation
holds, is given by Eq. (6.6.7). [

Example 6.6.2 Find the sector in the complex z plane in which the large z
asymptotics of 1(z) = [;°(1 + 1)7"/?¢% dt can be computed via Watson’s
Lemma.

Taking a branch cut along the negative real axis in the complex ¢ plane, it
follows that (1 4 ¢)~'/? is analytic and single valued in —7 < arg ¢ < 7, that
is, ¢ = —m, ¢» = . Note that convergence of the integral is obtained for
—n/2 < arg z < /2 and B = 0. Therefore Eq. (6.6.7) implies that Watson’s
lemma holds in

3
T” <argz < 7” (6.6.10)

Example 6.6.3 Discuss the asymptotic expansion as z— oo of e(z)=

0o 42,
fz e~""dt', 7 complex.
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Using the change of variables ' = z(1 + #)!/? it follows that

 _p2 0 _2 ~1/2
e(z) = Ee : e “ (1 +1) dt (6.6.11)
0

Expanding (1 + 7)~'/? in a Taylor series for small ¢, Eqs. (6.6.6) and (6.6.10)
imply (note 8 = 0 and z is replaced by z?, therefore arg z is replaced by 2 arg z
in these equations)

o0

e(Z)Ne_zzz:(—1)”1-3---(2n—1) f o
e 32”“12"“ . 6.6.12)
in  — Tn <argz < Tﬂ

It is possible to extend even further the validity of e(z). Indeed writing
- (o9} oo . . o0 .
= = 2o — JZ, and computing the integral [ exactly, it follows that

e(z) = /7 —e(—2) (6.6.13)

where we note that [~ e dt' = I e~ dt’ by replacing ' — —t. Let
> denote the sum appearing in Eq. (6.6.12). Using the transformation ¢’ =
—z(1+41)'/2, we find that the asymptotic expansion for large z of —e(—z) is
also given by the right-hand side of Eq. (6.6.11). Thus the asymptotic expansion
of —e(—z) is also given by e % >, provided that —37 /4 < arg (—z) < 37 /4,
orm/4 < arg z < 7m /4 (where we have used —z = |z|e ™", so thatarg (—1) =
—m). Hence, using Eqs. (6.6.12) and (6.6.13), it follows that

3 3
ey for —° < arg z < dl
e(z) ~ 4 T 4 asz — 00

JT4+e Y for % <argz < -
(6.6.14)

From Eq. (6.6.14) we see that despite the fact that e(z) is analytic and
single valued for any finite z, its asymptotic expansion for large z suffers a
discontinuity as we vary 6§ = arg z through 37 /4. The function e(z) does
have an essential singular point at z = 0o, hence the Stokes phenomenon is
expected.

Furthermore, note that e~ is exponentially large in the region /4 < 6 <
3w /4. We say that ¢~%" is dominant and the other contribution /T is recessive
in this region. Indeed /7 is negligible in comparison with ¢~ in this re-
gion. When 6 = 37 /4, e is purely oscillatory, and /7 is no longer small by
comparison. Such rays are called antistokes lines (the rays 0 = /4, 7 /4, ...
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€% is maximal on
0=n/2

~2
-2

is oscillatory on 2.
0=3m/4 e” is /4
. exponentially large
in m/4<0<3n/4
o | 6 =argz
e is
exponentially small
in

3n/4 <0< 5m/4

s
Sn/4

(a) sectors of the z plane

2
e X

w4 w2 T Sw4 3m2 Tm/4 arg z

—3n/4 0 3n/4

2
Yz +e* X
(b) overlapping regions of arg z

Fig. 6.6.1. Large z behavior of e(z) as a function of 0 = arg z

are also called antistokes lines). When 6 = 7/2, Imz> = 0 and e~ is max-
imal. Such rays are called the stokes lines. So when we traverse in 6 = arg z
through 0 = 7w /4t06 = 3w /4 then we “pick up” an exponentially small term in
comparison with e~%" . This situation is graphically depicted in Figure 6.6.1.

The situation illustrated by Example 6.6.3 for e(z) is actually typical of
solutions to linear second-order differential equations such as those discussed
in Section 3.7. Calling the solution of such a differential equation y(z), its
asymptotic expansion for |z| — oo frequently takes the form

¥(@) ~ Ap(2)e? @ + A_()e?-@ (6.6.15)

where Re ¢, (z) > Re ¢_(z) in some sector ¢ < 6 < B, § = arg z; the terms
+ and — refer to the dominant and recessive parts of the solution, respectively,
and AL (z) are represented by asymptotic power series. In fact, the function
y = e(z) satisfies the simple second-order differential equation

d*y dy

— 4+ 27— =0 6.6.16
o + Zdz ( a)
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which can be readily solved via 4 (Z—ie*) =0 to find

y(x) = A / e dt+B (6.6.16b)
z

We can see that Eq. (6.6.16b) is consistent with the asymptotic representation
(6.6.14) (in the region, % <argz < 3%, ¢+ =0and ¢_ = —z?) and therefore
with Eq. (6.6.15).

The rays for which Re ¢, = Re ¢_, are called the antistokes lines, and in
this case both terms of Eq. (6.6.15) are of the same order. The rays for which
Im ¢+ = Im ¢_, are called the stokes lines, and in this case one exponential
dominates over the other.

The situation is complicated because we have two asymptotic series with
differing exponential factors. Apart from the regions near the antistokes lines
where both exponentials are of the same asymptotic order, the usual asymptotic
techniques do not work with both exponentials and their power series A4 (z)
present. This inadequacy manifests itself by the Stokes phenomenon, that is,
discontinuities in asymptotic expansions.

*6.6.1 Smoothing of Stokes Discontinuities

The Stokes phenomenon has been a topic that has interested mathematicians
for over a century. (A review can be found in Dingle (1973).) In this section
we present a simple example that shows how, within the framework of conven-
tional asymptotic analysis, one can analyze the fundamental issues involving
Stokes discontinuities and develop a mathematical formulation in which there
are no discontinuities, that is, the Stokes discontinuities are “smoothed.” This
point of view and analysis was recently developed by M. Berry (1989). In the
example that follows we use an asymptotic method which is somewhat different
from Berry’s. (We appreciate important conversations with M. Kruskal on this
issue.)
We consider the exponential integral

E(z) = /Z e%dt 6.6.17)

where a is an arbitrary constant to be fixed below. It is worth mentioning that
E(z) satisfies a simple second-order ODE:

" 1 !
y —l—(——l)y =0
z
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as can be verified directly. Consequently, Eq. (6.6.17) falls within the frame-
work of the linear ODEs mentioned at the end of the previous subsection, that
is, Egs. (6.6.15)—(6.6.16a,b). If we take a = —oo, then it is easily seen that the
value of E (z) depends sensitively on the contour from —oo to z. For example, if
weletz = x+ie,x > 0, thatis, take the indented contour above the singularity
att =0,

A W

= 420 z

we obtain a different answer than if we let z = x — i€, x > 0, and use an
indented contour below t = 0:

Clearly, as ¢ — 0 we have

lin(l)(E(x +i€) — E(x —ie€)) =2mi
€e—

Note that along a large circular contour fromz = —Rtoz =iR as R — oo,
the integral fil;; ‘37/ dt is small. Hence we can avoid any ambiguity by taking
a =1io0.

Let z = |z|e'?, and for now restrict 8: 0 < 8 < /2, |z| large. Repeated
integration by parts yields the following asymptotic series as |z| — o0

E()—/Zetdt et l+l+2!+3!+ (N—l)!+N!+
Z_, t z z ¢ 7 V-1 N

(6.6.18)

The series (6.6.18) is clearly asymptotic but not convergent. It is typical of
such expansions that their terms decrease and then increase. It turns out that
the approximate minimum term is obtained when z ~ N for large N. This
follows by using Stirling’s formula (see Example 6.2.14), that is,

N N
I'(N+1)=N!~ van(_)

e

and finding the value of z for which N!/z¥ ~ /27 N (g)N is smallest. We
find that z ~ N and the value of the smallest term in the asymptotic expansion
(6.6.18) is approximately f,v—l\ff ~ /2w /N.
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We argue that it is the difference between E(z) and the first N terms of the
asymptotic expansion that should have a smooth asymptotic structure for large
N. So we consider

7 N—-1

T ot e? k!
J(Z;N):/ —dt——» =

ico L Z k=OZ

Integrating by parts yields

Z et
100

z et—Nlogt
= N!/ dt (6.6.19)

Changing variables t = Nt and calling z = NZ in Eq. (6.6.19) yields

N! [i NG—logn)
J(z; N) = NV /ioo — dt (6.6.20)

At this point we can use the method of steepest descents to evaluate the
asymptotic contribution as N — oo. Call the phase ¢ () = 7 — log 7, that is,
eN(=loeT) = ¢Né(M) We have ¢'(t) = 1 — 1, hence there is a saddle point at
T = 1. The steepest descent curves are Im¢ (t) = 0. Calling T = u + iv, they
are given by v —tan(v/u) = 0, and near the saddle point u = 1, v = 0 we have
v =13+ ) =00rv(l—u) — %—i— = 0. It is clear that we can
deform our contour onto the steepest descent path (see Figure 6.6.2).

Because the endpoint z will play an important role in the asymptotic cal-
culation, we will derive the necessary approximation, rather than using stan-
dard formulae. In the neighborhood of the saddle point, t =1+ i¢, ¢(¢) =
14+ i¢ —log(l +i¢), hence using the Taylor series for log(1 + i¢)

s N2 2
¢(§)~1+i§—<i§—(lg) +--->~1_%

The deformation of the contour in the neighborhood of the saddle therefore
yields

NleN  [@—De ™
J(z,N) ~ ; / e N ae (6.6.21)
NY Jw
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Fig. 6.6.2. Steepest descent path

or calling { = +/2/Nn, and using Stirling’s approximation, from Example
(6.2.14) N! ~ 27N (X)", we have

G—1)e "2 JN/2
J(z, N) ~ 2/mi / e dy (6.6.22)

(o]

In fact, we now see explicitly how the smoothing of Stokes discontinuity
occurs. Recall that Z = z/N. The smoothed variable is

. N z . N
S De 72 L [ 2 1 )e 2, | 62
=0 e A/ 2 <N )e 1/ 2 (6.6.23)

(Note that the quantity (Z — 1) is purely imaginary on the steepest descent
path near the saddle.) So if (a) (£ — 1)e~"™/2 > 0, then J(z, N) ~ 0; if (b)
2 =1, then J(z, N) ~ im; and if (c) (; — 1)e™""/? < 0, then J(z, N) ~ 2ri.
The smoothing takes place on the scale (2 — 1)e~"/2 ~ C/+/N, where C is a
constant — that s, ina “layer of width” O (1/+/N) around the point 2 = 1, (along
the imaginary direction), or in terms of z, in a width of O (+/N) around the point
z = N. Hence the asymptotic expansion of E(z) can be expressed as follows:

et 1 2! (N —1)! .
E@Q~—(1+-+5+ -+ —F75 | +27iS@) (6.6.24)
< Z Z Z
where S(z) = ﬁ] (z, N). J(z, N) varies smoothly and is given asymptoti-

cally by Eq. (6.6.22). Note that in an appropriate scale, that is, z ~ O(N), or
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Z = O(1), S(0) is a rapidly changing function

0 if >0
S =<1 if 2=0 (6.6.25)
1 if <0

where 7 is defined in Eq. (6.6.23).

We see that the rapid variation is in the vicinity of the Stokes ray Imz = 0,
where the term %Z(l + 1/z + ---) is maximally dominant as compared to a
constant. When we cross the Stokes ray we see that the asymptotic expansion
of E(z), Eq. (6.6.24), is such that the term (e*/z) (1 +- - -) “picks up” a constant.

In fact, the same analysis can be developed for solutions of second-order
ODEs whose asymptotic form is given by Eq. (6.6.15). The coefficient A_(z)
in Eq. (6.6.15) changes rapidly in the neighborhood of the Stokes line Im ¢, =
Im ¢_, but in suitable coordinates the variation is smooth[6].

Problems for Section 6.6

1. Investigate Stokes phenomena for the integral
1
I(k)=/ & dt ask — oo; k =re
0

(a) Show that there are Stokes lines at |arg k| = 7/2.

(b) If 0 < 6 < 7, show that

/l e(rcos@+irsin9)t3 dt — 0o
0
(c) If & = 7, show that
1w~ ()
©~5m03

(See also Problem 5, Section 6.4)
(d) If Z <0 < 3Z, show that

ein/3 1
I1(k) ~ ETATE r <3)
2. Show thatas k — oo

00 kx -1
/0 mdx~7+exp(expk), Rek > 0, Imk| < 7
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Show that as k — oo

© 1
/ e (2 — 1) dx
1
_kl“(v+2)( )i (n+v+ )( 2y
«/ — FU‘I—E—}’[)
for larg k| < 3.

Show that as k — oo

z
/ ekseex gy ~ le’k, larg k| < T
) 2% 2

In this problem we investigate the asymptotic expansion of
1(k) / CL k0 g sk
= —e askKk — &0
0o V1

Note if we call ¢ (¢) = > +¢, then Im ¢ (¢) = y(1 +2x), where t = x +iy.

(a) Show that the path of integration can be deformed as indicated in Figure
6.6.3. Where the steepest descent contours C; and C; are given by

C :x2—y2—|—x=0
Cr:x*—y*+x=1

w\H‘HM “‘ “ y C

curves of ' ‘” e
H (A

constant Im 45(()\ o |

Fig. 6.6.3. Figure for Problem 6.6.5
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(b) Show that by changing variable si = > +¢ and 2 +in = t> + ¢ in
the integral associated with the contours C; and C,, respectively, one
obtains

o e % ds
1 (k) =/ T
0 (—1+1VT+4is) J/T+4is

/oo eZikefkr]idn
- I
o (—1+31V9+4in) O +id

(c) Show that by using Watson’s Lemma

[7 = 3i 105
ploaw(o Ly 7o
3 k' O18K2 T 324k3

*6.7 Related Techniques

*6.7.1 WKB Method

Frequently, differential equations arise in which a small or large parameter
appears. In this section we briefly introduce the reader to the most basic of
these problems. The equation we consider is

V' +22u(x)y =0 (6.7.1)

where A is a large parameter and we take x to be real. This equation is related to
the time-independent Schrodinger equation, where X is inversely proportional
to Planck’s constant. It was analyzed by Wentzel, Kramers, and Brillouin
(hence the name WKB) in the early part of this century; especially important
was their contribution regarding turning points, which is discussed later in this
section. Actually there is a much larger history owing to the work of Liouville,
Green, Jeffreys, etc. (see also the discussion in Carrier et al. 1966). The asymp-
totic solution of Eq. (6.7.1) can be obtained by looking for a solution of the
form

y(x) =MW <zO(x) + %m(x) +-. ) 6.7.2)
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Substituting Eq. (6.7.2) into Eq. (6.7.1), and factoring out e*?, one finds
2, 2 1 1
AP +ux))| zo(x) + le(x) + ﬁzz(x) +---

FAQP'z0 +¢"20) + Q'+ 21 +20")+ - =0 (6.7.3)

Solving Eq. (6.7.3) asymptotically yields the formal WKB solutions (for a
rigorous discussion see Olver (1974)). We obtain only the leading-order con-
tribution here. At O(A?) we have ¢’2 = —u(x), which has two solutions
denoted as ¢4 (x):

by (x) = :ti/u'/z(x)dx (6.7.4)

At O(X), 2¢'z¢' + ¢"z0 = 0; hence zy'/zo = —¢" /2¢’, so that zo,. = const/
V@ s or

Cy

= — 6.7.5
20+ WA (x) ( )
Egs. (6.7.4) and (6.7.5) yield the asymptotic solution for large A
1 o[y ; 2
) ~ — (C+e'}"f wids o gitfut dX) (6.7.6)
ul/4(x)

assuming u(x) # 0.

However, if u(x) vanishes, then Eq. (6.7.6) breaks down. In such a case,
we need a transition region. Suppose the only zero of u(x) has the form
u(x) = —kx™ + -, k > 0 (say m is a positive integer), then y(x) near x = 0
satisfies

V' —kA2x™y = 0. (6.7.7)

The point near x = 0, is referred to as a turning point (a change in the behavior
of the asymptotic expansion). We can rescale to eliminate the dependence on
A; that is, letting z = A9x. Eq. (6.7.7) yields

d’y

-y k)LZ—qm—2q my — ()

dz? ©
We take g =2/(m + 2) to find the “universal” differential equation in this
region:

d’y
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u(x) >0 u(x) ~ -kx ulx) <0
‘ x=0 ‘
x<0 ‘ (transition) ‘ x>0
L (left) C (center) R (right)

Fig. 6.7.1. Regions of solution to y” + A%u(x)y = 0 with a turning point u(x) =
—kx+---,asx —> 0

One can use power series to solve the linear equation (6.7.8). In fact Eq. (6.7.8)
is related to Bessel functions of an imaginary argument. Namely, y = x'/2Z »
(i«/E"s—l), where s = mTJ”z p = #ﬁ and w = Z,,(i«/%x) is either of the two
linearly independent solutions that satisfy x>w” + xw’ — (kx> + p>)w = 0;
see also Section 3.7.

Suppose m = 1. Then the solution of Eq. (6.7.8) is given by Airy

functions:
y = C1Ai(k'7z) + C3Bi(k'z) (6.7.9)

where Ai(x) and Bi(x) are the two standard solutions of Eq. (6.7.8) with
k=1 and m =1 (see, also Eqs. (4.6.40a,b)). Asymptotic expansions of Ai(x)
and Bi(x) for x = &£ oo are well known. They can be computed by the
methods of this chapter from the integral representations of these functions;
see Eq. (4.6.40b). We simply quote them here (see, e.g., Abramowitz and
Stegun, 1965). As x — 400

. 1 _ZXB/Z
A~ 5 Tt
6.7.10
Bi 1 2,32 ( )
i(x) —ﬁxl/“e
and as x — —00

1 2 4 T

; ~——— ginl Z1x32 4 2

Ai(x) NG s1n<3|x| +4>
(6.7.11)

Bi(x) ! 2 x4 T
1 ~ —— COS| — — .
SRV i 4

Recalling that z = A*/3x, the asymptotic solution of Eq. (6.7.1) for A > 1
through a transition region with m =1 takes the following form (see Figure
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6.7.1); we also transform Eq. (6.7.9) from z to x with z = A*/3x:

yL(x) ~ (Cieikﬁ:ul/zd,{ +CLe—iAj:ul/2dx>

Jua o) |1/

ye(x) ~ C1Ai (k'PA*Px) + C,Bi (k727 x)

Yr(x) ~ W (Cfe)h-ﬁ) (/2 dx +C1_e€_)hj;) Iul”zdx)
u(x

where u(x)!/? stands for the positive square root.

These solutions match smoothly from one region to the other provided
the constants are chosen properly. This can be achieved as follows. Tak-
ing the outer limits of the inner solution and the inner limits of the outer
solution,

— 1 e’ )
Ye(x) x>+oo W (Cl N + Che ) )

- 1 : piO+iT/A _ pib—in/d
Yel) xmme s (/s \ 2i

ei0+in/4 _ ei@—iﬂ/4
+ C2 ( 2 )) )

(Cfee + Cfefa) ,

yR(x) x/—T()/Jr W

1

—60 0
m (Cie + Cfe ) B

yL(x) x;\a_

where 0 = %kl/ 2x|x|*2. These formulae match smoothly so long as

1/6
CR=& E /
U\ '

K\ /6 ' ‘
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Higher-order turning points, thatis, m > 1, and problems where u(x) has zeroes
at more than one point can be studied in a similar fashion. The Airy functions
Ai(x) and Bi(x) are often called turning point functions or connection functions.
We see that they change character from exponential decay (x — +00) to
oscillation (x — —o00).

*6.7.2 The Mellin Transform Method

The methods discussed so far are most useful for evaluating integrals that involve
a large parameter appearing in the exponential. Now we mention a method that,
when applicable, can be rather versatile because the large parameter need not
appear exponentially. This method, although often quick and easy to apply, is
not widely known. (We appreciate L. Glasser for bringing this analysis to our
attention).

It turns out that given a function f(x), x€[0, co), there exists an integral
representation of f(x) that is quite convenient for discussing its behavior for
large x. This representation is

c+ioo

fx)= L/ x*F(s)ds, a<c<§ (6.7.13)
2ni J.

—ioco

where F'(s) is called the Mellin transform of f(x), and which is given by

F(s) = /OO 7 f(x) dx, o <Re(s) < B (6.7.14)
0

(A derivation is sketched in Exercise 6.7.5.) The real constants o and S are
determined by the behavior of f(x) as x — oo and x — 0% and are chosen
in such a way that the above integrals converge. Extensive tables of these
pairs are available. The derivation of Eqgs. (6.7.13) and (6.7.14) follows from
the Fourier transform formulae. From (6.7.13) we can formally obtain the
Fourier transform by using the substitutions log x = u, ik = s, and noting that
xS =¢' logx.

Because x ~* = e¢~*1°2* it follows that as x — oo the integrand in Eq. (6.7.14)
decays exponentially fast for s in the right half of the complex s plane. Thus
if F(s) is meromorphic in this part of the complex s plane, the asymptotic
expansion of f(x) can be found from Eq. (6.7.13) by closing the contour into
the right half plane and summing the residues of the integrand.
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Example 6.7.1 Find the asymptotic behavior of
o h
fx) = / sin(xt)e™* dr, h>0 (6.7.15)
0

for large x.
Our aim is to write f(x) in the form (6.7.13). To achieve this we find the
Mellin transform of f(x), that is, compute the integral

F(s) :/ </ x5! sin(xr)dx)e_’h dr, —1 <Re(s) <1
0 0

First, from contour integration, we find that

R . TS
/ x*sin(xt)dx = t°T'(s) sin <7> —1 <Re(s) <1 (6.7.16)
0

ixt —ixT
e —e

This integral can be computed by letting sinx7 = “—— and using equation
(6.3.5) withy =s —1,v = 7 and p = 1. Thus from Eq. (6.7.16) it follows

that
F(s) = I'(s) sin (E> / e " dt
2 /) Jo

By changing variables (1 = t”), this latter integral can also be evaluated in
terms of a Gamma function; thus we have

F(s) = %F(s)r(lhl> sin (g) (6.7.172)

Substituting F(s) from Eq. (6.7.17) into Eq. (6.7.13), we find

1 ctico - l—s\ . (7s d 6.7.17b
flx) = 2ih /C_ioo xT'(s) (h) sin (2) s (6.7.17b)

Because x™* decays exponentially fast as x — oo in the right half s plane
(the formula for f(x) was derived when —1 < Re(s) < 1, however it can
be established that the above integral converges for Re(s) > 0), we wish to
calculate any possible residues from pole singularities in the integrand. Neither
["(s) nor sin(;rs/2) have poles, but in fact F(%) has poles for s = 1 + mh,
m =0, 1,2, ....This follows from the fact that I"(z) has poles for any negative
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Fig. 6.7.2. Hankel’s contour for the Gamma function

integer z. To see this, we note that the integral used to define the Gamma
function (see Eq. (4.5.31))

I'z) = / e 't dr (6.7.18)
0

is useful to us only for Re z > 0 due to the singular behavior at# = 0. A suitable
definition of the gamma function for all z, owing to Hankel, is

1
M@ =5——" /e’tz_ldt (6.7.19)
2isinmz Jo

where C is the contour given in Figure 6.7.2.

If Re z > 0, then the integral in Eq. (6.7.19) agrees with that of Eq. (6.7.18).
This can be seen by carrying out the calculation with = ¢/™r on the top
part and ¢ = e~""r on the bottom part of the contour and using the definition
of sinmz. But for Re z < 0, only Eq. (6.7.19) converges. Equation (6.7.19)
implies that the only singularities of I'(z) are polesatz = —n,n =0, 1,2, .. ..
The residue of one of these poles is given by

—1)"
ResI'(z = —n) = % / et~ gy (6.7.20)
C

Expanding ¢’ in a Taylor series, the integral over C picks up a nontrivial con-
tribution due to the term %, hence

="

n!

ResI'(z = —n) = (6.7.21)

Thus the singularities of the integrand of the integral (6.7.17b) in the right half
s plane are the simple poles s = 1 +mh, m =0, 1,2, .... The corresponding

residues for f(x) as x — oo are found from Eq. (6.7.21); that is, the residue
of F(%) ats = 1 +mh is (—1)"/m!. Thus the full asymptotic expansion
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of f(x)is

1 <= (=)™ (1 + mh) amh
fx) ;Z cos( ) X — 00

m! xmh 2
m=0

Remark As x — 07, x™* decays exponentially fast for s in the left half of the
complex s plane. So by closing the contour to the left, we can find in a similar
way the behavior of f(x) for small x.

Problems for Section 6.7

1. Consider the boundary value problem
&' +y=0y0=0 y()=1, €—>0

The above equation is a particular case of Eq. (6.7.1): (u(x) = 1,
A= %E). Show that in this case the WKB approximation yields the
exact solution

sin (%)
yx) = —{
sin (ﬁ)
2. Consider the equation
d4y 4
et + A ulx)y=0

(a) Suppose u(x) > 0 on —o0o < x < oo. Find the leading term of the
solution of the above equation as A — o0.

(b) Suppose u(x) has a simple zero at x = x, that is, u(x) = up(x —
Xo) + - - -. Show that the equation governing the solution of the above
equation in the local neighborhood near x = xy is

4

dy 4 7
ﬁ-i-)» u' (xo)(x —x9)y ~0

3. Consider the equation

dy )
— +Aux)y+qgx)y-=0
dx

where u(x) > 0on —o00 < x < o0.
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(a) Show that the leading term of the asymptotic expansion of the solution
as A — oo is

y ~ Aexp (—A/ u(x) dx> , A constant
—o0

(b) Show that the above equation can be transformed to a linear equation
for W(x) using: y(x) = a(x)%/.
Derive the asymptotic expansion for W(x) and then obtain the result
in (a) for y(x, A).

4. Consider the differential equation
—e2y" + (e_% - 1)y =0, €e—0

This is a prototypical example of a second order turning point because
since near x = 0 this equation becomes

%2
62y”+zy=0, e—=0
(i.e., u(x) in Eq. (6.7.1) has a double zero) Let I and III denote the regions

for which x > 0 and x < 0, respectively; let II denote the neighborhood
of x =0.

(a) Show that in II

where D, () denotes the parabolic cylinder function that solves

and o and B are arbitrary constants.
(b) Using the well-known asymptotic formulae

2

Ve T t — oo, |argt|<?3Z
D, () ~ )

v,—= V2 imve—v—1 2 bid S5

r'e” T — fEse ™ e, 1> 00, T <argl < 7
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where I'(z) is the Gamma function, show that

y(x)

eix [ (ae +,3€_3%)e% +ﬂﬁe%ei%]’ 7

ix2

e%(—x)’% [(ae’% + ﬁe%)e% + aﬁe%e_x_e],

Sl

(c) Show that in region I

2 -1 i X 2
y['\«A(l—e’T) “exp{——/ \/1—efdt]
€.Jo

where A is a constant. Furthermore, show that

where

00 2
IE/ < l—eT—l>dt
0

(d) By matching yy; and y; show that

(e) Show that in III
2.1 i 0 2
ym~ (1—e )" {Bexp{ l—e 7 dt}
€ X
i [0/ 2
+Cexp{——/ l—ert}}
€ X

where B and C are constants. Furthurmore, show that

il ix

Be%e_%+Ce_?e?, X — —00
ymr ™~ 1 ix? ix?
(— %)Z(Be? +Ce_?), x — 0~
(f) By matching ypy and yyy, show that

in

Bﬁ:e%(ozej% —i—ﬂe%ﬂ), C =aeet

509

(0.¢]

— —00

Note that the steps (d) and (f) provide global matching across region

1L
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6 Asymptotic Evaluation of Integrals

In Chapter 4 we derived the direct and inverse Laplace transforms.
Namely, if g(7) is such that fot |g(§)|d& <oo forall t >0 and g(r) =
0(e*") as T — oo for some real constant «, then the right one-sided
Laplace transform pair is given by

00 1 c+ioo
G(s) =/ e *Tg(r)dr, g(t) = —/ e’"G(s)ds
0 270 Jemioo

forRe ¢ > a.

(a) Show that the following analogous formulae hold for the left one-
sided Laplace transform pair if (8 real), for |lg(—&)|dE < oo, and
g(r) = 0(eP") as T — —o0:

0 1 c+ioco
G(s) :/ e *Tg(1r)dr, g(t) = 2—7_”/ e’"G(s)ds

—00 —i00
for Re ¢ < B.

(b) Conclude that for ¢ < Re ¢ < B the two-sided Laplace transform
pair holds:

00 1 c+ioo
G(s) = / e *Tg(r)dr, g(r) = —/ e’T'G(s)ds
—00 2mi c—ioo
(c) Transform the pair in (b) using the variable T = —log¢, and define

f(t) = g(—logt) to find the Mellin transform:

00 c+ioo
M(s) = / £ (@) de, f@) = L/ 1 M(s)ds
0 27Tl ¢

—io0
fora < Rec < B.

Parseval’s formula for Mellin transforms (see Problem 5c¢): Consider the
integral

1 c+ioo
I =—
270 Jo—ioo

H()F(1 —s)ds

where H (s), F(s) are the Mellin transforms associated with A (z), f (1),
respectively, and assume H (s), F(1 — s) are analytic in some common
vertical strip: « < s < fanda <Re ¢ < B, «, § real.
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(a) Show that

1 c+ioo 00
F(l—y5) (/ ()" dt> ds
0

- 2—7” c—ioco
(b) Assuming the integrals can be interchanged, derive the Parseval re-

lation for Mellin transforms:

o) c+ioo
I =/ h(t) f(t)dt = L/ H(s)F(1 —s)ds
0 2mi c—ioco

(Note: if [*° |F(1—c—iy)|dy < oo, [*o t"!|h(t)|dt < oo, then
the integrals in part (a) can be interchanged.)

Establish the following Mellin transforms: (see Problem 5c)

@ f@)=e', F(@)=I() Res>0

b) f@t) =é", F(s):ei"TSF(s), 0O<Res <1

1
(© f(t)=1—+t, F(s)zsinns’ 0O<Res <1
(d f(t)Z;ef%, F()=T(-s), Res<l

These particular transforms are useful in applications.

Consider the integral

I=/ h(xt) f(t)dt, 1 >0
0

(a) Use the Parseval formula for Mellin transforms derived in Problem
6.7.6 to establish

1 c+ioo
—/ A SHG)F( —s)ds
2mi c—i00

Iz/ooh(kt)f(t)dzz
0

where c lies in a (common) strip of analyticity of G(s) = H(s)F (1 —
s).
(b) Assume that

o0
lim G(x +iy) =0, / |IG(R+iy)|dy < o0

Iyl—>oc0 o
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Show that
1 R+ioco
I =— Zres{)»_‘YG(s)} + Tl /R_ioo A°G(s)ds
and that as A — oo
1 R+ioco
— A °G(s)ds
2mi R—ioo
1 *° )
= — ARG R +iy)dy = OO7R).
27 J_ o

The above formulae are useful for asymptotic evaluation of certain
classes of integrals.

9. Consider

o0 g*zl
o t(1+xrr)

_1
(a) Show that Problem 6.7.8 applies where f(¢) = er' Lh(t) = 1+rr Use
the results of Problem 6.7.8 to establish that
1 c+ioo _SJTF(S)

I =-— AT =
270 Je—ioo sin 7T§

ds, 1 >Rec>0

(b) Show that fors =x +iy,y - 00

T

~ O(e—ﬂly\)
sinzms

T(s) = O(|y[~2e M)

(for I'(s) use Stirling’s formula of the gamma function derived in
Section 6.2.3)) and therefore the asymptotic expansion of / is obtained

from the poles of —*— for Re s > 0; that is,
SINTs

00
(=1)"m!
I~ Z Al
m=0

(c) Show that the result in part (b) can also be obtained from Watson’s
Lemma (Section 6.2.2).

10. Consider

1(,\)=/oo O by s
o 1+
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where

o 00
PO ~or Dot ay #integer, [ 17@)dr < 00
0
m=0

(a) Using the results of Problems 6.7.7 and 6.7.8, show that H(s) =
-~ and hence

sinzs’
1 c+ioco T
1<x>=—./ w(, >F(1—s)ds
270 Jorioo sin s

(b) Establish the asymptotic formula,

[o.¢] o0
—1-m —(1+a T
IO~ (=1 T F(=m) = a0 m><simwm>

m=0 m=0

that is, that the asymptotic form of /(}) is composed of the pole
contributions from H (s) and F (1 — s), respectively, and that the poles
of F(1 — s) are determined by the ¢t — 0T behavior of f(z).



_7_

Riemann—Hilbert Problems

7.1 Introduction

It is remarkable that a large number of diverse problems of physical and math-
ematical significance involve the solution of the so-called Riemann—Hilbert
(RH) problem. Let us mention a few such problems.

(1) Find a function w(z) = u(x, y) +iv(x,y), u, v real, analytic inside a
region enclosed by a contour C, such that

a(u(t) + B)v(t) =y (), tonC (7.1.1)

where «, B, and y are given, real functions. In the special caseofa = 1, 8 =0,
C a circle, this problem reduces to deriving the well-known Poisson formula
(see Problem 10 of Section 2.6 for the case of a circle, and the discussion in
Section 4.6 for when C is the real axis.)

(2) Solve the linear singular integral equation,

b /
£ +][ ) conyar = By (7.12)

' —t

where «(¢) and S(¢) are given functions and f denotes a principal value integral
(see Sections 4.3 and 7.2). Such equations arise in many applications. For
f@hdr

example, the equation foh = — = B, plays an important role in airfoil theory.

(3) Solve the linear integral equation

[+ /ooa(t — Y fdt = B(@), t>0 (7.1.3)
0

where o and § are given, integrable functions. (In Section 7.3 some of the basic
notions associated with integral equations will be introduced).

514
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(4) Solve the time independent wave equation (Helmholtz equation)

Qrx + Qyy + k2g0 =0, —oco<x<oo, y=>0, kconstant, real,
(7.1.4)

where ¢(x,0) = f(x) for —oco < x <0, (dp/dy)(x,0) = g(x) for 0 < x <
00, and ¢ satisfies an appropriate boundary (“radiation”) condition at infinity.

(5) Derive the inverse of the Radon transform. The Radon transform is a
generalized Fourier transform and plays a fundamental role in the mathematical
foundation of computerized tomography.

(6) Solve an inverse scattering problem associated with the time-independent
Schrodinger equation

Vex + (q(x) + KDy =0, —00 < X < 00 (7.1.5)

that is, reconstruct the potential ¢ (x) from appropriate inverse scattering data.
Inverse problems arise in many areas of application, for example, geophysics,
image reconstruction, quantum mechanics, etc. In many cases, they can be
solved using Riemann—Hilbert problems.

(7) Solve the following initial value problem for the Korteweg—deVries (KdV)
equation

Ui+ Uyyy +uu, =0, —0o<x<oo, t>0
(7.1.6)
u(x,0) = up(x); u— 0as|x| - oo

Many other nonlinear PDEs as well as many nonlinear ODESs can also be related
to RH problems.

The class of functions in which the above problems are solved will be stated
when these problems are considered in detail in this chapter.

The above list is by no means exhaustive. Several aspects of RH theory were
motivated and developed because of the relation of RH problems with prob-
lems arising in physical applications, for example, elasticity and hydrodynamics
(Freund, 1990; Gakhov, 1966; Muskhelishvili, 1977).

Problems 1-5 above are associated with scalar RH problems. The simplest
such problem involves finding two analytic functions @ (z) and @~ (z), defined
inside and outside a closed contour C of the complex z plane such that

(1) —g)® (t) = f(t), tonC (7.1.7)

for given functions g(¢) and f (). This problem can be solved in closed form;
its solution is intimately related to the Cauchy type integral

B(z) = L/ pl)di (7.1.8)
C

2mi z—1
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where ¢ is a certain function related to f and g. A generalization of the above
problem allows C to be an open contour; this problem can also be solved in
closed form. In this chapter we will not use the notation j;c; the specification
of the RH problem will suffice to denote whether the contour is closed or
open. Cauchy type integrals will be discussed in Section 7.2, and scalar RH
problems for both open and closed contours will be discussed in Section 7.3.
Several applications, including the solution of Problems 1-5 will be given in
Section 7.4.

Problem 1 above was first formulated by Riemann in 1851. In 1904, Hilbert
reduced this problem to a RH problem of the form (7.1.7), which he also
expressed in terms of a singular integral equation of the form (7.1.2). In 1908,
Plemelj gave the first closed form solution of a simple RH problem (an RH
problem of “zero index,” see Section 7.3). The closed form solution of a general
scalar RH problem was given by Gakhov (1938). Integral equations of the form
(7.1.3) were studied by Carleman, who solved such an equation in 1932 using a
method similar to the so-called Wiener—Hopf method. This method, introduced
originally in 1931, was also in connection with the solution of a particular
integral equation of the type (7.1.3). The Wiener—Hopf method, which also can
be used for the solution of Problem 4, actually reduces to solving a certain RH
problem. (The interested reader can find relevant references in the books of
Gakhov (1966) and Muskhelishvili (1977).) The derivation of transforms, such
as the Radon transform, via RH techniques appears to be rather recent (Fokas
and Novikov, 1991).

Problems 6 and 7 are associated with vector RH problems. The formulation
of such problems is similar to that for scalar ones, where ®* and &~ are now
vectors instead of scalars. Unfortunately, in general, vector RH problems cannot
be solved in closed form; their solution can be given in terms of linear integral
equations of Fredholm type. In most of this chapter we concentrate on scalar
RH problems. Vector RH problems will be introduced briefly in Section 7.5.

There exists a significant generalization of the RH problem that is called a d
(DBAR) problem. This problem involves solving the equation

IP(x, y) .
ng(x,y), ze€D, z=x-+iy (7.1.9)

for ®(x, y), where g is given, D is some domain in the complex z plane, and Z
is the complex conjugate of z. To appreciate the relationship between § and
RH problems, it is convenient to consider the particular RH problem

PT(x) — P (x) = f(x), —0 <X <0 (7.1.10)
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where @7 (z) and @ (z) are analytic in the upper and lower half complex
z plane. Let ®(z) = ®7(z) for y > 0 and ®(z) = & (z) for y < 0. Solving
the RH problem (7.1.10) means finding a function ®(z) that is analytic in the
entire z complex plane except on the real axis, where it has a prescribed “jump.”
The quantity 0®/0z measures the departure of ® from analyticity; if ®(z) is
analytic everywhere in D, then 0®/97 = 0 in D. But for Eq. (7.1.10), @ =

(%f + ’M’) (see also Section 2.6.3) vanishes everywhere in the z complex
plane except on the real axis, where it is given by 5 f(x)3(y) and where §(y)
denotes the Dirac delta function. Thus the RH problem (7.1.10) can be viewed
as a special case of a DBAR problem where g(x, y) = % F(x)8(y).

DBAR problems have recently appeared in applications in connection with
the solution of multidimensional inverse problems and with the solution of
certain nonlinear PDEs in x, y, t. A brief introduction to DBAR problems will
be given in Section 7.6. Applications of vector RH problems and of DBAR
problems will be discussed in Section 7.7.

7.2 Cauchy Type Integrals

Consider the integral

!
‘b(z)—%/ ¢ 4 7.2.1)
L

T—1Z

where L is a smooth curve (L may be an arc or a closed contour) and ¢(7) is a
function satisfying the Holder condition on L, that is for any two points t and
Ty on L

lp(t) — ()| < Alr — 1|, A>0,0<2r=<1 (712.2)

If & = 1, the Holder condition becomes the so-called Lipschitz condition. For
example, a differentiable function ¢(7) satisfies the Holder (Lipschitz) condi-
tion with A = 1. (This follows from the definition of a derivative.) If A > 1
on L, it follows, from the definition of the derivative, that d¢/dt = 0 and
hence ¢ = const on L, which is a trivial case. We have encountered inte-
grals similar to Eq. (7.2.1) before, for example, Cauchy’s Integral Theorem in
Section 2.6. The integral (7.2.1) is well defined and ®(z) is analytic provided
that z is not on L (see Section 3.2, Egs. (3.2.29) and (3.2.30)). We also note
that from the series expansion, as |z| — oo off L, we have ®(z) ~ c¢/z where
c=— 217 fL ¢(t)dt. However, if 7 is on L, this integral becomes ambiguous;
to give it a unique meaning we must know how z approaches L. We denote by
+ the region that is on the left of the positive direction of L and by — the region
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@

L )

Fig. 7.2.1. Regions on either side of L

Fig. 7.2.2. Definition of L,

on the right (see Figure 7.2.1). It turns out that ®(z) has a limit &7 (¢), r on L,
when z approaches L along a curve entirely in the + region. Similarly, ®(z)
has a limit " (¢), when z approaches L along a curve entirely in the — region.
These limits, which play a fundamental role in the theory of RH problems, are
given by the so-called Plemelj formulae.

Lemma 7.2.1 (Plemelj Formulae) Let L be a smooth contour (closed or open)
and let ¢(7) satisfy a Holder condition on L. Then the Cauchy type integral
®(7), defined in Eq. (7.2.1), has the limiting values ®*(¢) and ®(¢) as z
approaches L from the left and the right, respectively, and ¢ is not an endpoint
of L. These limits are given by

1 @(1)

— dt (7.2.3%)
2wifp T —t

iy 41
1) = £ 500) +

In Eq. (7.2.3%), ¥ denotes the principal value integral defined by

][‘p(f)df = lim/ v dr (7.2.4)
L L_Ls

T—t1 e—>0 T—t

where L, is the part of L that has length 2¢ and is centered around ¢, as depicted
in Figure 7.2.2.

Proof The derivation of Eq. (7.2.3) is straightforward if ¢(7) is analytic at .
In this case, we can use the Cauchy Theorem to deform the contour L to two
contours, L — L, and C,, where C, is a semicircle of radius & centered at ¢ (see
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Fig. 7.2.3. Contours L — L, and C,

Figure 7.2.3).

B+ (1) = lim —— / @ evtim—— [ 2D a5
e~02mi Jy_; T—1 e~02mi Jo, T —1

Using 7 = ¢ + e?, the second integral in Eq. (7.2.5) becomes 5. ji)” ()i do

= %q)(z‘), and Eq. (7.2.5) reduces to Eq. (7.2.3"); similarly for Eq. (7.2.37). If

¢(7) satisfies a Holder condition at ¢, then the proof is more complicated; we

give only the essential idea. In this case it is convenient to consider

T(7) = L/ @ =@ ;. (7.2.6)
2mi J; T—2z

and to assume that L is closed. (If L is open, we can supplement it by an
arbitrary curve so that it becomes a closed one, provided we set ¢(r) = 0 on
the additional curve.) Let DV, D~ denote the areas inside and outside L. Then
the Cauchy Theorem implies

1, ze DT
1 dt__ )o, ze D~
2mi — 1
Lt 5’ zeL
Thus, Eq. (7.2.6) yields
TH(r) = T (1) — 9(1), () =2 (1) (7.2.7)

It can be shown (Gakhov, 1966; Muskhelishvili, 1977) that if ¢(¢) satisfies a
Holder condition, then the function W(z) behaves as a continuous function as
z passes through ¢. Taking z on L in Eq. (7.2.6), we have

1 @(7) p@) [ dt

T =0 (1) = — dr —
® @) 2wi) T —t ‘ 2ni ) T —t

_ L [emdr ¢@) (7.2.8)
2mi T—t 2

Equations (7.2.7) and (7.2.8) imply Eq. (7.2.3%). [
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In the above formulation we have assumed that L is a finite contour, otherwise
¢(7) must satisfy an additional (uniformity) condition. Suppose, for example,
that L is the real axis; then we assume that ¢(7) satisfies a Holder condition
for all finite 7, and that as ¢t — o0, ¢(t) — ¢(00), where

M>0,u>0 (7.2.9)

(t) — p(o0)] < -
lo(z —<p00|<|rlﬂ,

Equations (7.2.3%) are equivalent to

@(7)
—1

- B (=), B LB ()= i.][
Tl T

dt (7.2.10)
Equations (7.2.10) will be extensively used hereafter. The function ®(z) is said
to be sectionally analytic; see Section 7.3. Functions that are the boundary
values of ®(z) as z — L from the left and the right will sometimes be referred
to as @ and © functions.

Example 7.2.1 Find ®*(r) corresponding to ®(z) = ﬁ fC(r + %) %, where
C is the unit circle (see Figure 7.2.4).
To compute &7 (z), we consider ®(z) with z inside the circle, thus using

contour integration ®*(z) = z + % — % = z. Similarly, to compute ® (z)
we consider ®(z) with z outside the circle and use contour integration to find
d(z) = —%. Therefore on the contour z = ¢

(1) =1, S (1) = —;

Also, using contour integration, it follows that ﬁf (t + %)% = (t — %);

therefore Eqgs. (7.2.10) are verified. We note that ®*(z) is indeed analytic

X

dy
NI

Fig. 7.2.4. Inside and outside unit circle C
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inside the unit circle, while @ (z) is analytic outside the unit circle. Taking
this into consideration, as well as that ®*(¢) — ®(t) = ¢(¢), it follows that
in this simple example, 7 (z) = z and @~ (z) = —1/z could have been found
by inspection.

. + . _ 1 (o 2 d
Example 7.2.2 Find &~ (¢) corresponding to ®(z) = %f—oo o T—fz
We split 2/(¢> 4 1) as follows:
2 i i

t2+1=t+i t—i

1
(z+i)

i

o is analytic in the lower half plane, while
the upper half plane. Hence this suggests that

Furthermore is analytic in

(1) = t’? (1) =

t—i
These formulae can be verified by contour integration. For example, computing
®(z) with z in the upper half plane (we can consider a large semicircular contour

in the lower half plane), we find 7 () = Bt

The above analysis is sufficient for studying RH problems on closed con-
tours. However, in order to study RH problems for open contours, we need to
analyze the behavior of ®(z) near the end points. Also, as is necessary in some
applications we allow ¢(¢) to have integrable singularities at the endpoints.

Lemma 7.2.2 Consider the Cauchy type integral

b
B() = L/ @ 4. (7.2.11)
27i J, T—2

where ¢ (t) satisfies a Holder condition on any closed interval a’b’ of the smooth
arc ab, except possibly at the ends where it satisfies

o)
(t—c)y

o) = , y=a+ip, 0<a<l (7.2.12)
where c is either a or b, o and 8 are real constants, and @(¢) satisfies a Holder
condition. Then the following limits are valid:

Dy =0.
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(a) As z — ¢, with z not on the contour

() = 1@1 LI (7.2.13)
2w Z —c
bt —c,
®(1) = + wl w0 (7.2.14)
2 t—c

In these formulae the upper sign is taken for ¢ = a and the lower for ¢ = b.
The function ®(z) is bounded and tends to a definite limit as z — ¢ along
any path. The function W (¢) satisfies a Holder condition near ¢. The function
log Z%C denotes any branch that is single valued near ¢ with the branch cut taken
to go through the contour.

@y #0.

(a) As z — ¢, with z not on the contour

+Tymi ~
_ @(c)
®(z) = :IZZi v — + Dy(2) (7.2.15)

(b)yast — ¢

cotym @(c)

W =+— (t—c)

+ Wy (1) (7.2.16)

In these formulae the signs are chosen as in part 1. If « = 0, then the behavior
of ®y(z) and Wy (¢) are as in part 1, while if ¢ > 0

Ao Wy (1)

P _ W(1) = ,
|®o(2)| < o 0(?) = el

oy < o

where Ag and o are real constants and W (7) satisfies a Holder condition near
c. The function (z — ¢)? is any branch that is single valued near ¢ with the
branch cut taken to go through the contour and with the value (r — ¢)” on the
left side of the contour.

Proof The proof is rather involved; it can be found in Muskhelishvili (1977) or
Gakhov (1966). However, the leading order asymptotic form of these formulae
can be intuitively understood by an application of Plemelj formulae. Let us
first consider the case of y # 0 with ¢ = a.
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Fig. 7.2.5. Contour around the branch cut from a to oo through b

We take the branch cut of (z — a)” from the endpoint a to co going through b,
and we select the branch that tends to (r — a)” on the left of the cut, that is

(t—a)Y =[t—a)]t (7.2.17a)

To find the value of (+ — a)” on the right of the cut, we follow the contour
indicated in Figure 7.2.5, thus

[(t —a)']” =™ [(t —a)]T (7.2.17b)
Equations (7.2.17a,b) can be written as
[ —a) 7] =t —a) 7] =(—e ™)t —a)”
or

eirry ei”)/
- - ——[ )] = —a)  (12.18)
2isinmwy 2isinwy
Equation (7.2.18) shows that the function (t — a)™" can be written as the
difference of @ and © functions. Furthermore, we expect that the largest
contribution to the integral will come from the locations where ¢(t) is singular,
that is, the endpoints. Hence as z — a

@) [P @ —a)
2wi J, T—2

®(2) dt

(The reader can find the basic definitions of asymptotic symbols “~”" and or-
der relations “big-O” and “small-O” in Section 6.1.) Thus using the Plemel;
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formulae and Eq. (7.2.18) we find, for z not on the contour

e gla)

P(7) ~
@ 2isinyrm (z —a)Y

Also, for z = t on the contour

ymi ~
a0 =@ 0+ e 0~ 25 P a7
isinymr 2
__cotyn @(a)
T2 (t—a)
where we have used [(f —a) V]T = (t—a) ", [t —a) V] = e 2™ (t—a)".

In the case y = 0 near z = a, we rewrite the integral (7.2.11) as

1/ - bd
@(Z)=__/ @ —9@ , @ [7 drv
27i J, T—2 27i J, T—2

Hence by integration

— b _
<I>(z)=&a.)log<Z b>+2i/ @) =@

2mi z—a i T—2

The second term is not singular, as z — a, thus the leading asymptotic contri-
bution is given by

1
®(z) ~ %bg( )

Z—a

As we approach the contour to leading order, we obtain the same dominant
contribution on either side of the branch cut, so that on the contour in the
neighborhood of r = a

t—a

1
B ~ 1Y log( )
2mi
The discussion for z — b is similar. =

Problems for Section 7.2

1. Consider the integral

1 dt
2@ = Z_m/c Tt —H( —2)
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where C denotes the unit circle.

(a) Use Cauchy’s Theorem to show that P(z) = 4(Z 5 = = & () for z
inside the unit circle, and ®(z) = -— = P~ (z) outside the unit circle.

(b) Use Cauchy’s Theorem to show that if ¢ is on the unit circle, then the
principal value integral is given by

L]l dt =2
2rife t(t —4) (T —1) 4t —4)

(c) Use the results of (a) and (b) to verify the Plemelj formulae for the
above integral.

Consider the integral

1 | dt
B(z) = ————
27i o TP t+4T—2
Show that <I>(z) = —m = ®7(z) if z is in the upper half plane and

®(2) = 41(Z 57 = ®7(2) if z is in the lower half plane.
Hint: Use

1 1 1
244 4i\t—2 T+2i
Consider the integral

1 o(T) J

P
@ = 27i LT—2

where L is a finite, smooth, closed contour. Assume that the mth derivative
of ¢(¢) satisfies the Holder condition.

(a) Show that

m!
(m) @(7)
3" ()= - /L O ar

where ®™ (z) denotes the m th derivative.
(b) Use integration by parts to obtain

1 (m)
<I’(m)(z)= _/ " (1) dt
L

2mi T—2z
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(c) Use the Plemelj formulae to establish

1 1 (m)
@Wm:¢%H—#¢@u’
2 2wif; T—t

m)— ] m 1 ¢(m)(f)
o (t):—E(p( )(z)+ﬁ][ —dr
T -

Show that the change of variables

z—1 T—1

§_2+i’ “ T+i

maps a Cauchy type integral over the real axis in the z plane to a Cauchy
type integral over the unit circle in the ¢ plane.

Consider the integral

el +z
el —z

do

1 2
U(z) = E/o u(®)

where u is a real function. This integral is usually referred to as a Schwarz
type integral. Establish the following relationship between Schwarz type
and Cauchy type integrals

1 2u(—il 1 [
Uw:f/luﬁﬁw——/u@w
2mwi Jc T—Z 21 Jo

where C denotes the unit circle.
Hint: Use the transformation T = ¢’ and note that

T4z 2T
=—1+
T—2z T—2z

Let u(x, y) + iv(x, y) be a function that is analytic inside the unit circle.
It can be shown (see also Section 7.4) that

e’ +z

eiG_Z

1 2
”(st)‘f‘iU(X,)’):g/ u(0) do + ivy
0

where u(0) is the limiting value of u(x, y) as x + iy approaches the unit
circle, and vy is a real constant.
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(a) Using the result of Problem 7.2.5, show that the limit of the above
expression as x + iy approaches the unit circle is

u®) +iv) = u®) + - l][ M

T—1
1 2

——/ u(0)do +ivg
2 0

(b) Combining the two integrals above, establish that

2w igﬂ i9
v(0) = —][ ——=dp+
(c) Show that this equation can also be written as
2 -9
v(0) = ——/ u(w)cot( 5 >d(p+v0

This equation, which expresses the boundary value of the imaginary
part of an analytic function in terms of the real part, is called the Hilbert
inversion formula.

(d) Consider the function —i(u + iv). For this function the real part is v
and the imaginary part is —u. Deduce that

1 [ -0
u@) = — / v(¢) cot <L)d¢ + ug
27 0 2

where ug is a real constant.

See Section 5.9.3 where an application of these inversion formulae is dis-
cussed.

7.3 Scalar Riemann-Hilbert Problems

The machinery introduced in Section 7.2, namely, the formulae that express the
behavior of a Cauchy integral as z approaches any point on the contour, will
now be used to solve scalar RH problems. We first introduce some definitions.

(1) Let C be a simple, smooth, closed contour dividing the complex z plane
into two regions D and D, where the positive direction of C will be taken as
that for which D is on the left (see Figure 7.3.1). Hereafter, unless otherwise
specified all contours will be assumed to be smooth. A scalar function ®(z)
defined in the entire plane, except for points on C, will be called sectionally
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D

C

Fig. 7.3.1. Simple closed contour C and the “4-”, “—" regions

analytic if (a) the function ®(z) is analytic in each of the regions Dt and D~
except, perhaps, at z = oo, and (b) as z approaches any point ¢ on C along
any path that lies wholly in either Dt or D, the function ®(z) approaches
a definite limiting value, ®* (1) or ®(7), respectively. The values ®*(r) are
called the boundary values of the function ®(z).

It then follows that ®(z) is continuous in the closed region DT + C if it
is assigned the value ®*(¢) on C. A similar statement applies for the region
D™ +C.

(2) The sectionally analytic function ®(z) has a finite degree at infinity if for
some finite integer m, lim,_, o, ®(z)/|z|" = 0. The function ®(z) is said to
have degree « at infinity if

®(2) ~ e+ 0E") asz— 0o, ¢, anonzero constant (7.3.1)

(3) The index of a function ¢(¢) with respect to C is the increment of its
argument in traversing a curve C in the positive direction, divided by 2, that
is

1 1 1
indg() = ~—[argp()]c = ~—[logp(D)lc = ~— / d(loge(t)) (7.3.2)
2 2mi 27wi Jc

Example 7.3.1 Show that if the function ¢(¢) is analytic inside a closed contour
C except at a finite number of points where it may have poles, then its index
equals to the difference between the number of zeroes and the number of poles
inside the contour.

If ¢(¢) is differentiable, then Eq. (7.3.2) yields

. _ Yo
md(p(t)_zm/c(p(t) dt=N-P (1.3.3)

where N and P are the number of zeroes and poles of ¢ (), respectively, and
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where a multiple zero or pole is counted according to its multiplicity. This
is really the argument principle (see Theorem 4.4.1) and can be derived from
contour integration.

To illustrate this result, let us compute the index of ¢(z) = " where C is an
arbitrary finite contour enclosing the origin. Because " has a zero of order n
inside the contour and no poles, it follows that ind(") = n.

7.3.1 Closed Contours

The scalar homogeneous RH problem for closed contours is formulated as
follows: Given a closed contour C and a function g(¢) that satisfies a Holder
condition on C with g(¢) # 0 on C, find a sectionally analytic function ®(z),
with finite degree at infinity, such that

() = g)® (1) onC (7.3.4)

where 'I’i(t) are the boundary values of ®(z) on C. We assume that the index
of g(¢) is k. Here we only consider RH problems in a simply connected region.
The extension to a multiply connected region can be dealt with by similar
methods, cf. Gakhov (1966).

The solution of this RH problem with degree m at infinity is given by

P(z) = X(Z)Pm+K(Z) (7.3.5)

where P, 1, (z) is an arbitrary polynomial of degree m + x > 0, and X (z), called
the fundamental solution of Eq. (7.3.4), is given by

el‘(z)’ zin Dt
X)) = 7.3.6a
@ 7%, zin D™ ( )
1 drl —
rG)=-— / dr log(r 7¢(r)) (7.3.6b)
27i Jc T—2z
withx = indg(¢) on C. We assume C encloses the origin so thatind(t ™) = —«.

Note that this definition of X (z) implies the normalization X~ (z) ~ z7 as
z — 00. One can modify this normalization as needed in a given problem; for
example, X (z) can be multiplied by a constant.

These results follow from an application of the Plemelj formulae. However,
care must be taken to ensure that the function appearing in the integrand of the
Cauchy integral used in the Plemelj formulae satisfies a Holder condition. The
index of g(¢) is «, and as such, log g(#) does not satisfy the Holder condition,
and the arguments leading to the Plemelj formulae fail. To remedy this, we
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note that the index of 1 g(¢) is zero, and hence log (¢~ g(¢)) satisfies a Holder
condition. This suggests rewriting Eq. (7.3.4) in the form

(1) = (TGN B (1)
or
log &7 (1) — log(“®~ (1)) = log(t g (1))

A special solution of this equation (the fundamental solution) ® = X (z) is ob-
tained by letting log X (¢) ="' (¢) and log(:* X~ (¢)) = '~ (¢), which implies

P71 =T (1) = log(t ™ g(1)

The representation (7.3.6b) for I'(z) follows from the Plemelj formulae. Equa-
tion (7.3.5) follows from the fact that X (z) ~ z7* asz — oo (recall that I"(z) ~
O(1/z) as z — 00). Note that X ™ (z) is nonvanishing in D™ and X~ (2) is non-
vanishing in D~ except perhaps as z — oo. Hence log(X ™ (2)), log(z* X~ (2))
are analytic in their respective regions.

Thus the solution of Eq. (7.3.4) that satisfies the requisite condition at infinity
is therefore given by ®(z) = X (z) P+« (2). Note that multiplying the funda-
mental solution X (z) by a polynomial that is analytic for all z has no effect on
Eq. (7.3.4).

RH problems are closely related to singular integral equations. For this and
other applications one is often interested in finding all solutions of Eq. (7.3.4)
that vanish at infinity. The solution (7.3.5) implies the following.

(a) if € > 0, then there exist « linearly independent solutions of Eq. (7.3.4)
vanishing at infinity; this follows from the fact that as z — 00, 27 P4+« (2),
and for decaying solutions we require m = —1. The polynomial P,_;(z) =
Ao+ A1z + Ayz® 4+ -+ + A_1z°"! has k arbitrary constants.

(b) If ¢ < 0, then there exists no nontrivial solution of Eq. (7.3.4) vanishing at
infinity. Stated differently, the fundamental solution X (z) grows algebraically
at infinity for ¥ < 0 or is bounded at infinity for x = 0. Consequently, to have
a vanishing solution we must take P,,1,(z) = 0 and we only have the trivial
solution.

The so-called inhomogeneous RH problem differs from the homogeneous
one in that Eq. (7.3.4) is replaced by

Pt =g () + f(@), tonC (7.3.7)

where f(¢) also satisfies a Holder condition on C. The solution of this problem
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(derived below) is given by

1 f(r)dr
D(z) = X@)[Pure U], ¥Y@=-—[ ———— (138
(2) (D[P (2) + ¥ (2)] (2) 2wt ) Xr (T —2) (7.3.8)
where X (z) is given by Eq. (7.3.6a).
To derive Eq. (7.3.8), we rewrite g(t) as X (¢)/ X (t) using Eq. (7.3.6a),
hence Eq. (7.3.7) becomes

' e _ f@
X+t X-@) X+

Then a special solution %(z) = W(z) is obtained from the Plemelj formulae,
and the equation for ®(z) given by Eq. (7.3.8) follows.

Again (thinking ahead to applications) it is useful to find solutions vanishing
at infinity. Because for large z, X (z) = O(z ™) and ¥(z) = O(z™"), it follows
that:

(a) Ifk > 0, then there exist « linearly independent solutions given by Eq. (7.3.8)
with m = —1 (This follows by the same argument as discussed in part (a)
of the homogeneous problem, above.)

(b) If &« = 0, then there exists a unique solution X (z) ¥ (z); here we need to
take P, (z) = 0.

(c) If k < 0, then there exists a unique solution X (z)¥(z) if and only if the
orthogonality conditions

f@!

dt =0, =1,2,...,— 7.3.9
X () T n K ( )

hold . Asin (b), we need to take P, (z) = 0. These orthogonality conditions
follow from the asymptotic expansion of ¥(z) for large z and the requirement
that ¥(z) ~ O(z7I=1) as z — oo, because X (z) ~ z/I.

Note that

1 f(o) 1

27t Jo XT ()T —2
_ 1 =D f(o) dr
T 2mi oz Jo Xt(o) (1 —1/2)

- [ SO 1+T+12+ +TH+ d
~ — — — — P .« .. ‘[
2wi Joe Xt(o)\z 2 2
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The behavior of ¥(z) and X (z) is such that all coefficients of z7", n =
1,2, ..., |«| must vanish in order for ®(z) — 0 as z — oo.

Example 7.3.2 Solve the RH problem (7.3.7) with g(t) = t/(t> — 1), f(t) =
(3 — 1> + 1)/(t* — t); C encloses the points 0, 1, —1, and ®(z) vanishes at

infinity.
Because g(¢) is analytic inside C and it has one zero and two poles, it follows
from Example 7.3.1 that « = ind g = —1. The fundamental solution X (z)

satisfies, XT(¢)/ X~ (t) = g(¢t) (recall X~ (z) — z7* as z — 00), hence

t
Xtt)= ——X (1), X () >z asz— o0 7.3.10
) C—DGTD (#) (2) ( )
The solution of Eq. (7.3.10) can be found by inspection: Becausez/(t—1)(¢+1)
is analytic outside C (C encloses both t = +1), it follows that the right-hand
side Eq. (7.3.10) is a © function; thus it follows that

t ~
XT)=——X ) =X"(t
0= —pepX 0=%0
and a solution follows: X' (¢) = )A(’(t) = ¢ = constant. To satisfy the
boundary condition X ~(z) — z as z — o0, we take ¢ = 1; thus X*(z) = 1,
X~(z) = (z>—1)/z, and

2

Xt =1, X @)=

To compute W(z) via Eq. (7.3.8), we need to evaluate the Cauchy integral
associated with £(t)/ X (t) = f(t) =t + 1/[t(t — 1)]. This can also be
done by inspection namely W(z) satisfies the RH problem: ¥t (t) — ¥~ (¢) =
t + 1/t(t — 1), which has the solution

B 1
z(z—1)

Tt(z) =z, U (z) =

where ¥~ (z) — 0as z — o0. Of course these formulae can be verified by
contour integration; for example, from Eq. (7.3.8), if z € D

. _L/ | dr
RS vl L e 1Y L T

Similarly, we have seen from general considerations that a solution of this
RH problem could exist only if the orthogonality condition (7.3.9) is satisfied
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for n = 1 (because x = —1). Let us verify this. Evaluating Eq. (7.3.9) with

n=1,X"=1,and f(1) =t + 7L, we find

1
/C(T+t(r—1)>df=0

Thus the above inhomogeneous RH problem has the unique solution

z+1
2

®t(7) =z, P () =—

7.3.2 Open Contours

Let a and b be the endpoints of L, as in Figure 7.3.2. The scalar homogeneous
RH problem for open contours is defined as in Eq. (7.3.4) but now the closed
contour C is replaced by an open smooth contour L. (Sometimes this is called
a discontinuous RH problem because in the RH problem (7.3.4), g(¢) could
be thought of as a discontinuous function taking the value zero on a portion
of a closed contour. Similarly, the closed contour problem, discussed in Sec-
tion 7.3.1, is sometimes referred to as a continuous RH problem.) We again
seek a sectionally analytic solution ®(z) with finite degree at infinity. In some
applications it is useful to find solutions that are not bounded at the endpoints
but which have integrable singularities at these points. Therefore we shall allow
®(z) to have such behavior at the endpoints of the contour.

In analogy with Section 7.3.1 we first look for a fundamental solution X (z)
to Eq. (7.3.4). We add the condition that as z approaches ¢, where c is either of
the two endpoints of L, that is, ¢ = a or ¢ = b, then

X(z) ~O0@Gz—c), z—e¢ [Rev| <l (7.3.11)

The condition that —1 < Re v follows from the requirement that X (z) be inte-
grable at c; requiring Re v < 1 is without loss of generality because the general
solution will be obtained from X (z) by multiplication with an arbitrary poly-
nomial.

® L
S

a
Fig. 7.3.2. Open contour L
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The function @, where

'z =-— 2 (7.3.12)

2mwi

1 / logg(r)dr
L

provides a particular solution of the RH problem under consideration. Because
L is open, the function log g(7) will satisfy the Holder condition so long as
g(7) does; hence we see that the notion of index is different from that where
L is closed. Later we will define the index on the basis of the properties of
the fundamental solution at infinity. Equation (7.2.13) implies that for g(t)
satisfying a Holder condition

1
—-—logg(a)log(z —a) + T'u(2), 7—>a
2mi

I'z) —» (7.3.13)

1
~— logg(b)log(z — b) + T'y(2), z—>b
2mi

where I',(z) and ', (z) are bounded functions tending to definite limits atz = a
and z = b, respectively. Thus

O(Z _a)aJriA’ 7 —a
JRACo A (7.3.14)
O(z — b)P+iB, z—>b
where
. 1 ) 1
a+iA=——Iloggl(a), B+iB=—1logg(b) (7.3.15)

2mi 2mi

and «, A, B, B are real numbers. The fundamental solution X (z) of the RH
problem (7.3.4) on an open contour is defined by

X(z) = (z—a)(z — b)e"@ (7.3.16)
where A and u are integers chosen to satisfy
—“l<i+ta<l, —“l<u+p<l1 (7.3.17)
Let us summarize the above result: Consider the RH problem
®tt) =g(O)P (1), tonlL (7.3.18)

where g(¢) satisfies a Holder condition and is nonzero on L and ®*, ® are
the limits of a sectionally analytic function ®(z) as z approaches L from the
left and right, respectively. The fundamental solution of this problem X (z) is
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given by Eq. (7.3.16) where the integers A and p are defined by Eq. (7.3.17)
and I'(z) is given by Eq. (7.3.12). This solution has the following properties:

(i) The boundary values of X (z) are given by

+py . X(@®
X7(1) = veg0X(), X (t)—fg(—t) (7.3.19)

where

X(@t) = (t —a)*(t — b)*er, I, =

L][ loggmdr ;350

27i ), T —t

and we have used

1 [1
og g(t) Jr

1
y+(t) =+-1 t —
+(1) 20gg()+2m.L —

The functions X* satisfy Eq. (7.3.18); the square root appearing in X*(¢) is

defined by /g (1) = e 02s®),
(ii) Because I'(z) - Oas z — oo

X)) =0@E""  asz— 00 (7.3.21)

(iii) From Egs. (7.3.13)—(7.3.15),
_ 0((2 _a))\.+d+iA)’ 7 —>a
X(2) = { O((z — byr+H+iB), s b (7.3.22)

We note that Eqgs. (7.3.17) uniquely determine A and w only if o and 8 are
integers; in this case A = —o«, © = —f. We call these ends special ends. In
fact, if @ and B are not special, then there are two solutions; for example, we
can write « = M + & where M is an integer and 0 < & < 1, in which case
Egs. (7.3.17) imply that A + M = Oor . + M = —1. Similar statements apply
for the case when g is not an integer. If the end b is nonspecial, then X (z)
will be bounded near b if © + 8 > 0, and X (z) will be unbounded near b if
©~+ B < 0; furthermore, if X (z) is bounded near b, it will necessarily be zero
there. Similar statements apply if the end a is nonspecial.

Obviously

P(z) = X(2)P(2) (7.3.23)

where P(z) is an arbitrary polynomial, is also a solution of the RH problem
(7.3.18). From Eq. (7.3.22) we see that ®(z) is bounded near any special end
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and if ®(z) is bounded near any nonspecial end, then it is zero at this end. If
the degree of P(z) is m, then beacuse X (z) = O(z***) as 7 — oo, we find
that ®(z) = O(z***") as 7 — oo.

Having obtained a fundamental solution for the homogeneous RH problem,
the solutions of the inhomogeneous RH problem can be constructed in the same
manner as in Section 7.3.1 (see Eqs. (7.3.7) and (7.3.8)), and is given by

1 d
3O =X@IPO+T@L Y@= L% (7.3.24)

where again we assume that f (¢) satisfies a Holder condition. Equation (7.2.15)
implies that if X (z) is bounded near a nonspecial end, then ®(z) is also bounded
near this end (but it is not, in general, zero at this end. Note thatif X (z) vanishes,
from Lemma 7.2.2, ¥(z) will have an integrable singularity that, in general, is
canceled when we multiply by X (z)). The function ®(z) is also bounded near
a special end ¢, unless g(c) = 1, thatis, A = 0 or u = 0, in which case beacuse
X (z) is bounded, ¥ (z) and therefore ®(z) have logarithmic singularities (see
Eq. (7.2.13)).

In some applications it is important to find those solutions of the inhomo-
geneous RH problem that vanish at infinity. Noting that X (z) = O(z**#) at
infinity, and comparing with the case of the closed contour RH problem where
X (z) = O(z7") at infinity, the index of the open contour problem is naturally
defined by

K =—(h+ ) (7.3.25)

The same arguments leading to « linearly independent solutions for x > 0, or
the necessity for the additional orthogonality conditions (7.3.9) follow in the
same way as in the case of a closed contour.

Example 7.3.3 Solve the RH problem
ST(t)+ @ (1) = f(1), tonL (7.3.26)

where L is an open contour such as that depicted in Figure 7.3.2. In this case,
g(t) = —1, so that (1/2wi)log g(t) = n + 1/2, where the integer n depends
on the choice of the branch of the logarithm. It does not matter which branch
we choose. (We will see that n = 0 is without loss of generality.) From
Eq. (7.3.12), ') = (n + ) log ;%Z; hence '@ = (;%Z)"H/z. Equations

(7.3.15)—(7.3.17) imply that « = —n — 1/2, B = n + 1/2, and consequently

A=norhA=n+1;u=—norpu=—n—1. Fore'® we take some definite
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branch of this function; a cut is chosen along the contour from a to b and we
define e"@ = (?%Z)”R(z), where

z—b\? _ +
R(z) = (Z a) ., R ()=-RT(t) = —R() (7.3.27)

The particular form of the fundamental solution X (z) depends on the require-
ment of boundedness:

(a) Solution unbounded at both ends: A + u = —1 = —«

X(2) = ; (7.3.28a)

[(z — a)(z — b)]?
(b) Solution bounded at a (or b), butunbounded atb (ora): A + u =0 = —«

X(z) = (Z_a)i (OrX(z) = (Z_b)z) (7.3.28b)
z—>b Z—a

(c) Solution bounded at bothends: A +u =1 = —«

X(z) = [(z — a)(z — b)]? (7.3.28¢)

It is clear that the choice of integer n is immaterial, so n = 0 without loss of
generality.

In what follows we consider solutions ®(z) to the inhomogeneous problem
(7.3.26) such that ®(z) — 0 as z — oo. For case (a) the index x = 1,
the solution ®(z) will depend on one arbitrary constant, and ®(z) is given
by Eq. (7.3.24) with P(z) = Ao = constant. Because X = % (note that
R(z) —> 1as z — 00), we have

_ R L T—>b f(r)dr
(I)(Z)_z—b{zm'/LR(r) T—z +A°]’ and

(7.3.29a)
P(z) > 0asz —> o0

For case (b) the index x = 0 and the solution of Eq. (7.3.26) is unique; here
X(z) = (R(2))™"

f )
() = 5=~ R(Z) / R(t)— (7.3.29b)

and #(z) - Oas z — o0.
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For case (c) the index k = —1, X = (z — a) R(2), the solution is given by
(z—a)R(z) / 1 S (@)
P(z) = d 7.3.29
@) i RO —ayr—z°" (7.3:29¢)

and ®(z) — 0 as z — oo if and only if the following orthogonality condition
is satisfied,

/ L dt =0 (7.3.294d)
L R(O)(t—a)

To compute ®*(1) we use Egs. (7.2.3), (7.3.29a—d), and (7.3.27). For ex-
ample, in case (a)

oty = + KO {:l:l(t_b
t—>b

) 1 T—b f(1)
2 RO f(t)+% f R(f)t_Terer (7.3.30)

7.3.3 Singular Integral Equations

In this section we discuss how solutions of certain “singular integral equations”
can be reduced to and solved via Riemann—Hilbert problems. First we introduce
some basic notions. It is outside the scope of this book to discuss, in any detail,
the general theory of integral equations. There are numerous texts on this
subject that the reader can consult.

An equation of the form

b
gD (1) = f(1) +k/ K(t, 0)¢(t)dt (7.3.31)

where ¢ lies on a given smooth contour from a to b (usually this is the real axis
from a to b) in which g(¢), f(¢), and K (¢, t) are given integrable functions, is
called a linear integral equation for the function ¢ (¢). The function K (¢, )
is called the kernel. If g(#) = 0 everywhere on the contour from a to b, the
integral equation is said to be of the first kind. If g(#) # 0 anywhere on the
contour, then we can divide by g(¢) and the equation is said to be of the second
kind.

If K(¢t,7) = 0 for t < 7, then the equation is called a Volterra integral
equation

g ()= f() + )»/ K@, v)e(r)dr (7.3.32)

Otherwise the equation is said to be a Fredholm integral equation. For
convenience in the rest of the discussion we assume that g(¢) = 1.
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A Volterra equation of the second kind can always be solved by iteration so
long as

b pt b
// K (t,7)|*dtdt <oo  and /|f(t)|2dt<oo

Namely, the following series, called the Neumann series, converges for all A:

o)=f()+ Zk" / K,(t, v)f(v)dt (7.3.33a)

n=1

where K, is defined iteratively:
t
K, (t, r):/ K,_1(t, HK (', ©)dt, n>?2 (7.3.33b)

and K (¢, ) = K(¢, 7).

Even in the case of a Fredholm integral equation of the second kind, the Neu-
mann series, that is Egs. (7.3.33a,b) with the upper integration limit 7 replaced
by b, converges for sufficiently small A, provided that

b rb b
// K (¢, 7)|>dt dt < oo, /If(t)|2dt<oo

In general, this Fredholm equation has a solution so long as A is not one of a
set of special values, called eigenvalues. This solution is of the form

b 7 .
o=+ [ 2LTN 4oy ar (7.3.34)
« D)

where D(z, t; A) and D()) are entire functions of the complex variable A.
The eigenvalues satisfy D(A) = 0. They are isolated and since D(}) is entire
only a finite number of them can lie in a bounded region. The function ¢ (¢)
that corresponds to an eigenvalue is called an eigenfunction. In the special
case when K (¢, 7) = K (1, t), the function K (¢, 7) is said to be symmetric.
There are many further results known when the kernel is symmetric; this is
called Hilbert—Schmidt Theory. When K (¢, 7) = Z?lej ®)N;(t), K(t, 1)
is called a degenerate kernel, and the integral equation can be reduced to a
matrix eigenvalue problem.
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An integral equation is usually said to be singular if (a) the contour extends
to infinity, for example, a = —oo or b = oo or both, and/or (b) the kernel is
unbounded. A “weakly singular” kernel is of the form

K, 1)

Kt 1)= o

(7.3.35)

where 0 < Rea < 1 and |k(t, 7)| < oo. The case when (¢ — 7)“ is replaced
by a logarithm, (e.g. log(t — 1), (log(t — 7))~', etc.) is also weakly singular.
A Cauchy singular kernel has « = 1, and in this case the contour integral is
usually taken to be a principal value integral. For weakly singular kernels,
standard methods will work; perhaps after redefining the kernel of the integral
equation by doing a finite number of iterations (recall in the standard case we
only need fab fab |K (¢, 7)|?dtdt < oo). However, in the case of a Cauchy
singular kernel, the situation is more complicated. Here we only discuss some
of the prototypical cases. An extensive discussion of Cauchy singular integral
equations can be found in Muskhelishvili (1977).

We will now show that the solution of scalar RH problems provides an effec-
tive way of solving certain singular integral equations. We note the following
equivalence: Solving the singular integral equation

a®)e(t) + @][ #@ dr = c(t) (7.3.36)
wL Jp T —1t

where a(t), b(t), c(t) satisfy the Holder condition on L witha £ b # Oon L,
is equivalent to finding the sectionally analytic function

B(z) = i/ ¢@ 4y (71.3.37)
2wl Jp T—2

associated with the RH problem

dH(1)=g()® () + f(t) fortonL; & (c0) =0,

_at) b PR (7.3.38)

8O = T by a() + b0)

To show that Eq. (7.3.36) reduces to the RH problem (7.3.38), we use the
Plemelj formula for ®(z), that is,

L p(t)dt

wiJ; T—t

@) =®1 (1) — B (1), =®T 1)+ D (1)
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Substituting these equations in Eq. (7.3.36), we immediately find Eq. (7.3.38).
The converse is also true: If ®(z) solves the RH problem (7.3.38) with the
boundary condition @~ (c0) = 0, then ¢ = & — &~ solves Eq. (7.3.36) (see
Muskhelishvili, 1977).

A singular integral equation of the form (7.3.36) is usually referred to as
a dominant singular equation. It plays an important role in studying the
solvability of the more general equation

at)p(t) + i][ (M> dt=c(). (7.3.39)
i)

T—1

Writing K (¢, t) = K(¢,t) + (K(t,7) — K(t,1)), and calling b(r) = K(¢, 1)
and F(t,7) = %(K(t, ) — K(t,1))/(t — T), we obtain

a()e(t) + @][ AS2e +/ Ft,Dp(t)dt = c(t)  (7.3.40)
Tl LT — t L

Under mild assumptions on K (¢, t) the kernel F (¢, 7) is a Fredholm kernel. The
study of such equations with F (¢, ) # 0is more complicated than Eq. (7.3.36)
and is outside the scope of this book. Here we only note that if F(z, 7) is
degenerate, that is, if F'(¢,7) = Z'{ M;(t)N;(t), then Eq. (7.3.40) can also be
solved in closed form. An example of this follows.

Example 7.3.4 Solve the singular integral equation

-
t+1t Do) + 1 ]["’(T) dr
Tl C

T—1

—i, / (t 4+t Y+ 1 He(r)dr = 21% (7.3.41)
27Tl c

where C is the unit circle.
The Fredholmkernel F (¢, T) = (t +t~!)(r 4+ ') isdegenerate. According
to the above remark we expect to be able to solve Eq. (7.3.41) in closed form. Let

A= L /(‘L’ + t He(r)dr
2mi C

Then Eq. (7.3.41) yields the dominant singular integral equation

_ 41
(t+t’1)<p(t)+t nt ][Mdr:2t2+A(t+fl)
C
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Using the Plemelj formula, this equation is equivalent to the scalar RH problem
C+r Y@ - )+t — )@+ D) = 2+ A+
or

®T () =12 (1) +1+ é(1 +17%) B (00) =0 (7.3.42)
- 5 , = 3.

The analytic function g(¢) = ¢~ has a second-order pole inside C; thus from
Eq. (7.3.3) the index k =ind g = — 2. From Eq. (7.3.6a,b) the fundamental
solution X (z) of the homogeneous RH problem satisfies X~ (z) = O(z?) as
z — 00; it turns out that X (z) can be found by inspection:

22X ) = X" @)
that is
Xt =1, X (t) =+

Because the index is —2, the solution of Eq. (7.3.42) exists (see Eq. (7.3.9),
where in this case f(t) =t + (A/2)(1 + t~2)) if and only if

|: A 2:| A B
/ T+ —=(0+7t79|dr =0, / T4+ —=—(1+779|tdt =0
C 2 ol 2

The first of these functions is automatically satisfied, and the second equation
above implies that A = 0. Thus from Eq. (7.3.8), using f(t) =t, X" (z) =1,
and X~ (z) = z°

B(z) = X(@) rdt {Z, z inside the circle

2ni Jer—z |0, z outside the circle

Therefore ®1(t) = ¢, ®7 (1) = 0, and p(t) = ®*(r) — () = t. Hence
Eq. (7.3.41) has the unique solution ¢(¢#) = ¢t provided that A = 0, which is
indeed the case because from the definition of A
1 1 1 -1
— [T+t )e(m)dtr==— [ (t+71 )tdTr =0
2mi C 2mi C

Problems for Section 7.3

1. Consider the RH problem that satisfies the same jump condition as that of
Example 7.3.2 discussed in the text, that is

t B —12+1

+ _ —
PN = 5P O+
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but now for the case that the contour C encloses the point 0 and does not
enclose the points 1 and —1.

(a) Show that the index is 1.
(b) Establish that the solution of the homogeneous problem for which
X(z) >z 'asz > oois

X*(2) =

1
) X~ = -
o— (2) e
(c) Show that the general solution of the inhomogeneous problem vanish-
ing at oo is

z+1 «
-t
Z Z

) =z+ 5\ B () =-—
2 -1

where « is an arbitrary constant.

Consider the RH problem that satisfies the same jump condition, as in
Problem 7.3.1 above, but now for the case that the contour C encloses the
points 0, 1, but not -1.

(a) Show that the index is 0.
(b) Establish that the solution of the homogeneous problem for which
X(z) > lasz — o0, is

1 z—1
X+ = —, X_ —_
(2) " (@) z

(c) Show that the solvability condition is satisfied and that the unique
solution of the inhomogeneous problem vanishing at co is

2

() = —
Z

-1
d~ = —
yE (2) ;

Consider the following scalar inhomogeneous RH problem defined on a
finite closed contour C

& (1) = %é—m +r@)
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where p(¢) and ¢(¢) are polynomials, which do not vanish on C. The
polynomials p(¢) and ¢ (¢) can always be written in the form

p(2) = pyr (D) p-_(2), q(z) = q+(2)q9-(2)

where p.(z) and g4 (z) are polynomials with zeroes enclosed by C, while

p—(z) and g_(z) are polynomials with zeroes in the region outside C.

(a) Let my and n be the number of zeroes of p and g, respectively.
Show that the associated index of the RH problem is my — n.

(b) Show that the canonical solution X (z) of the homogeneous RH problem
satisfies

9-(0) v+ _ ) v
X )= gmX )

X ()= %™, z—> 00

Note that this RH problem can be solved by inspection because the
left-hand side above is a @ function, while the right hand side above
is a © function.

4. Consider the singular integral equation

t—1t7!
(t+1t () + - ][ 40 dr =20 +a(t +17")
Tl cT —t

where « is a constant and C is the unit circle.

(a) Show that the associated RH problem is given by
+ 24— o -2
T =1t""P +1t+ 5(1 +t79)

(b) Establish that the canonical solution X (z) of the corresponding homo-
geneous problem is

Xt =1, X =7

(c) Show that the solvability conditions imply

/[r+g(1+t_2)} dt =0, /[Iz—i-g(l-i-t_l)] dt =0
c 2 c 2

and deduce that the above integral equation is solvable if and only if
a = 0. Its unique solution is ¢(¢) = 1.
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Consider the singular integral equation

?—tr—1 1
2+t —Do@) + : f‘wﬁ)drzz(ﬁ—t+4—+—)
Tl CT—Z t

where C is a finite, closed contour that encloses the point 0 but does not

enclose the points 1 and —1.

(a) Show that the associated RH problem is the one considered in Problem
7.3.1.

(b) Deduce that the general solution of this integral equation is

B+t+1 al+t—1%)
p0)=—17—+—3

where « is an arbitrary constant.

Consider the singular integral equation of Problem 7.3.5, but now in the
case where C encloses 0, 1, and —1. Use the result of Problem 7.3.2 to
deduce that its unique solution is given by

14+¢t+13
(ﬂ(t) = T

Show that the singular integral equation

3 @dr — 20t — 2i)(1 +ar)

t* = 2)pt) + —
g C T

where « is a constant, and C is a finite closed contour that encloses —i but
does not enclose i, 2i, —2i, is solvable if and only if « = —i. In this case
show that its unique solution is

Consider the following scalar RH problem on the real axis:

P =" for |x| > 1
& =(1+a)®"  forlx| < 1
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with @ — 1 as z — oo, where « is a real constant. Show that its solution
is given by

o) = (! ' — ol +a?)
Y=\i¥1) 0 VT o U T

7.4 Applications of Scalar Riemann—Hilbert Problems

We shall see that the methods and techniques developed in Sections 7.2 and 7.3
provide effective ways to solve several problems of mathematical and physical
interest.

Example 7.4.1 (The Hilbert Problem) Let D' denote the interior of the unit
circle C. Solving Laplace’s equation with Dirichlet boundary conditions is
equivalent to solving what is sometimes called the Riemann problem of Dirich-
let form. This consists of finding a function harmonic in D", continuous in
D' + C, and satisfying the boundary condition

u(t) = f(t), tonC (7.4.1)

where f(¢) is a real, continuous function on C.

We shall map this problem to an appropriate RH problem. In order to apply
the RH theory developed earlier, we assume that f(r) satisfies the Holder
condition; however, it is clear that the final formula is valid even if f(¢) is just
continuous. Let

Bt () =ulx,y) +iv(x,y)

be a function analytic in D" such that u(x, y) — u(¢) as z — ¢t from D"
(u and v are real functions). The basic idea needed in this problem is to construct
a suitable function analytic in D™, that is, analytic outside the circle. By the
Schwarz reflection principle (Sections 5.6, 5.7), because the function @*(%) is
analytic outside the unit circle, we can write '

P () = dT(1/2) (7.4.2)

where the bar denotes the complex conjugate. The function @7 (z) is indeed
analyticin D™, andon C, @~ (¢) = ®"(¢) = u(t) — iv(¢), that is

®T() =u@) +iv@), S () =u(lt) —iv()
Using these equations, the boundary condition (7.4.1) becomes

() +® (1) =2f(), tonC (7.4.3)
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Thus the Dirichlet problem on the circle formulated above is mapped onto
the RH problem of finding a sectionally analytic function ®(z) satisfying the
boundary condition (7.4.3). The function ®(z) must also satisfy the constraint
(7.4.2); in particular, applying Eq. (7.4.2) at infinity, it follows that &~ (co) is
bounded, because ®*(0) is bounded.

The method to find the solution of the RH problem (Eq. (7.4.3)) was given in
Section 7.3. There exist several approaches to satisfying the constraint (7.4.2).
Our approach is direct; that is, we first find the most general solution of
Eq. (7.4.3) that is bounded at infinity, and then we choose the relevant arbi-
trary constants by imposing Eq. (7.4.2).

The fundamental solution of Eq. (7.4.3) satisfies

Xt(2) =-X (2), X (z) > lasz — o©

We have used the fact that « = ind(—1) = 0 and the Egs. (7.3.6a,b). Hence
g(t) = —1 = ™27 5o that

in +2nmi dt
I'(z) = - /
2mi cT—2

im +2nmi ze DT
o ze€ D™

Computing "D we find Xt (z) = —X () = —1. The most general solu-
tion of Eq. (7.4.3) bounded at infinity is ®(z) = X (z)(Ayp + ¥(z)), where
Ao = constant (a “zeroth-order” polynomial) and from Eq. (7.3.8), ¥(z) =

2f(mdr 1 f(r)dt
2m Je Xt - ix Jo 525 Thus

f(r)dr

i c T—2

‘I>+()—

— Ao (7.4.4)

Next we use Eq. (7.4.2). If we call

F(2) = S de = F(l> =z 7f(r)dr = F(z)—/ f(;)d
c

c T—2 Z ct(t—2)

Z
where we have used the fact that f(t) isreal, T = 1/t (recall that T = ¢'¢
C)and dt = —dt /7> Thus

(= [

on
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On the other hand, the solution of the RH problem implies that
_ 1
27 (z) = Ao— - F ()
in

Thus ®(1/z) = @ (2) yields

- 1 d
Ao+ Ao = — @) T, or
LT T

Ag+ A 1 1 [
Aotd e L (IO g L7 0y an
2 2wl Jo T 27 Jo

and Ag; = — B for arbitrary B constant. By combining terms

B+ (z) = i f(o)dr _ i f(r)dr
T c T—2 27 C T

+iB (7.4.5)

where B is an arbitrary real constant, we have obtained the solution of the
Dirichlet problem, u(x, y) = Re 1 (2).

This example can be generalized in several ways.
(a) The boundary condition (7.4.1) can be replaced by the more general
“mixed” boundary condition

a(Du(r) — p(Ov(r) =y (1), tonC

In this case, using ®E@) = u@) £iv(@), Eq. (7.4.3) is replaced by

<I>+(t)<w) ¥ @‘(r)(@) —y(), tonC

or

IO IC P10

PH(1) = ————— T —
a(r) +ip(r) a(r) +ip(r)

tonC

Solving this RH problem (via the method described in Section 7.3) for the
sectionally analytic function ®(z), which is bounded at infinity and which
satisfies the constraint (7.4.2), yields the solution to the mixed problem on the
circle C.

(b) In principle, the circle C can be replaced by a more general contour.
However, one must first use a conformal mapping to reduce the problem to one
on a circle, whereupon the Schwarz reflection principle can be used, and then
proceed as above.
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(c) The Hilbert problem on a half plane (C is now the real axis) could be
solved by mapping the real axis onto a circle. Alternatively, it can be solved
directly (see also Section 7.4.1 where RH problems on the real axis are discussed
in more detail) by using the fact that if ®7(z) is analytic in the upper half
z plane, then by the Schwarz reflection principle (Sections 5.6, 5.7)

(1) =B () (7.4.6)

is analytic in the lower half complex plane. For example, the solution of the
Dirichlet problem (see Eqs. (7.4.1) and (7.4.3)) on the real axis follows the
same route as that for the circle. As before, the functions X (z) and ®(z) satisfy
Xt(@2)=—-X"(2) = -1, ®(z) = X(2)(Ap + ¥(2)), where

- [ 2

(note that [. is replaced by [ ). Thus

20 =-n+ [ L4
®T(2Z) = —Ag— ; Tf(t)z (f (7) is real for real 1)
B (2) = Ag — — f(T)

im OO‘L'—Z

Using Eq. (7.4.6) we have Ag + Ag = 0 so that Agg = 0 and A, is arbitrary:
Aoy = —i B for arbitrary B. Hence ®7(z) is given by

® f(r)dr

i) oo T—2

B (0) = - +iB (7.4.7)

where B is an arbitrary real constant. We can rewrite this, letting z = x + iy,
as

N L/“’f(r)((f—x)Jriy)
® (Z)_ZB+i7T (t—x)2+y? de

Therefore the solution of the Dirichlet problem u(x, y) = Re ®*(z) yields the
Poisson formula for the half plane

ux.y) = 1 / *  f(oydr
Y (T —x)2+y?
(see also Eq. (4.6.5)).



550 7 Riemann—Hilbert Problems

mean camper line

c

Fig. 7.4.1. Airfoil

Fig. 7.4.2. Vortex sheet ds

Example 7.4.2 (Planar Wing Theory) The mathematical construction of an
airfoil assumes that a thin envelope of material is wrapped around a mean
camper line (see Figure 7.4.1). The mean line lies halfway between the upper
and lower surfaces of the airfoil and intersects the chord line at the leading and
trailing edges.

Experiments performed by NACA as early as 1929 established that the lifting
characteristics of an airfoil are negligibly influenced by either viscosity or the
thickness function, provided that the ratio of the maximum thickness, #,x, to
the chord length c, that is, #;,,x/c, is small, and the airfoil is operating at a small
angle of attack (i.e., the angle between the incident flow and the mean camper
line is assumed to be small). This motivated the development of what is known
as thin airfoil theory. In this approximate theory, viscosity is neglected and the
airfoil is replaced by its mean camper line. The flow pattern past the airfoil is
found by placing a vortex sheet (an idealized surface in a fluid in which there is
a discontinuity in velocity across the surface) on the mean line and by requiring
that the mean line be a streamline of this flow.

It can be shown that, according to the law of Biot and Savart, the circum-
ferential velocity induced at a point P by an element of a vortex sheet ds (see
Figure 7.4.2) is given by dV = yds/2nr, where y (s) is the strength of the
sheet per unit length. (It was shown in Section 5.4 that the velocity potential
associated with a point vortex located at z = ¢ is Q2(z) = ﬁ log(z — ¢),
where y /27 is the strength of the vortex. The incremental velocity potential
associated with a varying sheet strength y (s) ds is d2/dz = %)ld? /(z — ).
The incremental circumferential velocity, dV = yds/2nr, follows from this
relationship.) This velocity field is consistent with the assumption of zero vis-
cosity because it is continuous and irrotational everywhere except on the sheet
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‘1
dx
-—x—=1 P
‘ y
xO
\%4

oo

Fig. 7.4.3. Planar wing

where there is a jump in velocity and the vorticity is infinity. Let Vi, be the
velocity at infinity and let o be the angle of attack. Then it can be shown that
the above flow is uniquely determined provided that the circulation around the
airfoil satisfies the so-called Kutta condition, which implies that y must be
zero at the trailing edge.

For simplicity we make a further approximation and assume that the wing is
planar, that is, the mean line is a straight line (see Figure 7.4.3).

The velocity due to an element dx of the vortex sheet dx on a point P of the
planar airfoil is dV = y (x) dx /27 (xy — x); hence

v 1 ]l” y(x)dx
0

2 Xp— X

The condition for the mean line to be a streamline is that it must line up with
the impinging flow: V + Vo = 0 (sina ~ o because « is small). Thus the
problem of determining the unknown vortex strength reduces to

1 [ d
_][ M =—aVy (7.4.8)
2w Jo x — Xo

subject to the Kutta condition y (¢) = 0.
We will see that this equation can be solved by the formulae given in Example
7.3.3 of Section 7.3. Let ®(z) = 2%” I Y@ gx; then by the Plemelj formula

y(x) =@ (x) - P (x) (7.4.92)
It (x) + & (x) = 2iaVy (7.4.9b)

Equation (7.4.9b) is the same RH problem as that of Eq. (7.3.26), where we
identify b = ¢, a = 0. Following Example 7.3.3, the fundamental solution
bounded at ¢ but not at 0 is X (z) = ( %)1/ 2 where we have multiplied X (z)
by (—=1)'/? for convenience. The index k = 0, so we have a unique solution to
the forced problem ®(z) — 0 as |z| — oco. From Eq. (7.3.24) we find that the
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solution of the RH problem (7.4.9b) bounded at x = ¢ but unbounded at x = 0
is given by

X)) [ 2iaVudx b Je—x
P =0 /O X ou-2 WY

where the branch cut is taken along the real axis. Thus, taking the limits to the
real axis, we have

dF(x) =+~ i,][c—zmv‘” dx + 12V
X 27i Jo XT(x)(x' — x) c—x

X

hence using Eq. (7.4.9a)

20 Voo | S pe ’ 7
PH(x) — B (x) = y(x) = * ][ dx J——— (7.4.10)
T 0o X =x)Vec—x

We can transform the integral appearing in Eq. (7.4.10) by letting x = 5(1 —
cosf) and x" = §(1 — cos6’), that is

J[e—=x  [I+cos®  [(1+cosf)? 1+cos6
x  V1l—cos® 1 —cos20  sinf
and Eq. (7.4.10) becomes

20V (14 cosf 4 sin” 6’ d’
y(x) = . 1, I =
T sin 6 o (14 cosb@’)(cosf —cosb’)

It can be shown that the integral / = 7; hence

Y (x) = 2V, L1080 (7.4.11)
sin @
The solution y (x) satisfies y(c) =0 (0 = =), but y (and hence the veloc-
ity) becomes infinity at the leading edge (¢ = 0). This is a consequence of
neglecting viscosity.
The lift per unit span is given by L= [; pVwy dx, and carrying out the
integral yields

, ["(14cosb c . )
L = 2apV} ————— || =sinf |d0 = mapVic
0 sin 0 2
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Example 7.4.3 (A Generalized Abel Integral Equation) We shall show that
the integral equation

()/ (w(t)df P )/ ‘P(’)‘” —y@), O<pu<l (14.12)

can be reduced to the classical Abel equation

Y W(r)dt
a (_x—t)M

= g(x), O<u<l (7.4.13)

which can be solved directly. We assume that the real functions «(x), B(x) de-
fined on [a, b] do not vanish simultaneously and that they satisfy a Holder
condition. Furthermore, it is convenient to assume that y(x) = (x — a)
(b — x)T'(x), I'(x) real, and ¢ > 0, where %(x) satisfies the Holder con-
dition. We seek a solution in the class

n(x)
[(x —a)(b—x)]'—r—e’

p(x) = n(x) Holder (7.4.14)

(Knowledge of the function classes for y (x) and n(x) are not essential in order
to understand what follows.)

The form of the integrals appearing in Eq. (7.4.12) suggests the introduction
of the analytic function [} b (v;(ﬂz ‘;f ; however, this function is O (z™*) at infinity.
It is convenient to have a function of order O(z~!) at infinity and to define

®(z) = R(2) / wmdta R@) =[Gz —a)b—)?"Y  (74.15)

We introduce a branch cut from a to b and we choose the argument of t — z to be
—m as z — x above the cut witha < t < x; then t — z will have argument 7 as
7z — x below the cut witha < t < x,and t —z has 0 argument whenz = x < t.
(A choice of local angles, see Section 2.3, is as follows: t —z = (z — t)e ',
z—t=re? 0 <6 < 2m,so that on top of the cut r — x = (x — 1)e”'", and
on the bottom of the cut t — x = (x — t)e'™.) If we choose RT(x) = R(x),
then R~ (x) = €%":W-DR(x) = —e™R(x). (Similarly, a choice of local
angles for f(z) = (z —a)(b — 2) = (z — a)(z — b)e™™ = rire! @ +0—m
with 0 < 6,6, < 27, so on top of the cut R*(x) = [(x — a)(b — x)]»~D/2,
and on the bottom R~ (x) = e~ D7[(x — a)(b — x)]*“~V/2)) Taking the limit
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77— x*xie

&*(x) = R(x) [ew te@dr | bw(ti)dt}

o (=D Jp (t—x)"

Y o) dt boo(r)dt
« =0 Jo @ —x)"

B (x) = —'"R(x) [e_"‘“’

These equations are the analog of the Plemelj formula for the integral (7.4.15).
They can also be written in the form

Toydt MR (x) + P (x)
o (x—0F  R(x)(eXnm —1)

(7.4.162)

bop(t) dt _ TP (x) + DT (x)
y C—x)%  R@)(1 — e¥nr)

(7.4.16b)

Using Egs. (7.4.16), the integral Equation (7.4.12) reduces to the RH problem

ipmw 2ipw
Bty = PO me@ e (e .1)y(x>R(x)
a(x)eir ™ — B(x) a(x)em — B(x)

(7.4.17)

This RH problem is also supplemented with the boundary conditions (from
Eq. (7.4.15))

B =0c"), o0  B@=0(G-0T). 1-a
» (7.4.18)
P(z)=0b—-2)7, z—>b

Conversely, as in the case of singular integral equations with Cauchy kernels,
it can be shown (Carleman, 1922 a,b) that the RH problem satisfying Eqs.
(7.4.17) and (7.4.18) is equivalent to the integral equation (7.4.12).

The above RH problem can be solved for @1, &~ by the method presented
in Section 7.3; after finding ®*(¢) and ®~(¢), ¢(¢) is found by solving the
classical Abel equation (7.4.16a) (or (7.4.16b), which is really the same as
(7.4.16a) apart from a negative sign) described below.

We briefly sketch the method of solution to Abel’s equation. Write Abel’s
equation in the form

rw
K = [ FOar—g. g =0
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where the operator K, (acting on a function f) is defined as

* d
Ku(f) = / )

(x — )+

Consider

o dx! W) dt o dx
K- (K (1)) = /a G- ), - /a x )m
(7.4.19)

We interchange integrals to find on the left-hand side

X X dx/
Kl‘“(K"‘I')z/a (/ (x—x’)lﬂ(x/—t)ﬂ)'l'(t)d’

The inside integral can be evaluated exactly, by the change of variables, x’ =
t + (x — t)u, whereupon

/X dx’ _/1 du .
o= xD)Ir =k Jo (I—w)!"rur sinpr

the latter being a well-known integral. Therefore Eq. (7.4.19) yields

/xp(r)dx:sm“”/ LCRR
a s a (x_x,)lil4

By taking the derivative of this equation, the solution of Abel’s equation (7.4.13)
is given by

sinur d [* gx")dx’'

) = T dx J, (x—x)l-#

(7.4.20)
As an illustration of the above approach we consider an equation solved by
Carleman (1922 a):
b X b
t)dt t)dt t)dt
/ e dt " o) +/ oOdt e
a |x_t|” a (x_t)M X (t_x)lb
(7.4.21)
This equationis a special case of Eq. (7.4.12) wherea = = 1;thusEq.(7.4.17)
becomes

®T(x) = @7 (1) + (1 + )Ry (x)
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The unique solution of this RH problem, satisfying Eqgs. (7.4.18) is found by the

method of Section 7.3.2: see Egs. (7.3.18) where we note that g(#) = 1 = e2min
for integer n, and therefore

1 hl 2min —b
'@ =-= / log(e™) dt = nlog (Z )
27i J, t—z z—a

X@) =@Gz—atz-b'e"? =z —a) "z —bHr"

Thus

and hence, A = n, u = —n,and A+ ¢ = 0 = « (index). The decaying solution
is given by Eq. (7.3.24) with P(z) = 0, X(z) = 1, f(x) = (1 + e*™)R(x)
y (x):

P(z) =

L+ e /b ROy® , (7.4.22)

2mi t—z

Using Eq. (7.4.22) to determine @' (x) and &~ (x) (from Eq. (7.2.3%)), and
substituting these values in Eq. (7.4.16a) we find

Y edt y(x) cot(F) 1 ][b ROy ®
R(x)

. (x—pr 2 2 t—x

Solving this Abel equation (by using Eqgs. (7.4.13) and (7.4.20)), it follows that
the solution of the singular integral equation (7.4.20) is given by

sinpur d [P y@)dt
2 dx J, (x —t)lK

cos (45) R(f))/(f) J
71'2 dx/, ()c—t)1 ”R(t)(][ ) !

Example 7.4.4 (Integral Equations With Logarithmic Kernels) We shall
show that the weakly singular integral equation

(x) =

b X
a(x)/ log|t — x|p(t) dt — m’ﬂ(x)/ p)dt = y(x) (7.4.23)

where «(x), B(x), and y (x) satisfy the Holder condition, can also be reduced
to a RH problem (we also assume that > — 82 # 0).
Associated with Eq. (7.4.23), we consider the function

b a—t
P(2) = / 10g<1 - a_Z)(p(t)dt (7.4.242)
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or equivalently

b b
<I>(z)=/ log(t — 2)p(t) dt — Alog(a — 2); AE/ o) dt (7.4.24b)

We introduce a branch cut from a to b, and (as in Example 7.4.3) we choose as
—m the argument of a — z, as z — x above the cut. (The choice of local angles
isa—z=@GC—a)e ", z—a=re?,0<0 <2mx,andt —z = (z — )",
7—1t=pe? 0 < ¢ < 2m,sothat arg(t — z) = 0 when z = x < t.) Then as
7 — x % ie, splitting the integral fab to [*+ fxb and noting that

log(t — x) = log|x — t]e*'™ asz —> x tie forx >t
log(t — x) = log|x — ] asz —> xtie forx <t

we have

b X
'I>i(x) = / loglx — t|e(t) dt F i / o)dt — Alog(x —a) £ miA

a a
(7.4.25%)
These equations are the analog of the Plemelj formulae for the integrals
(7.4.24a,b). Subtracting and adding, they are equivalent to

—27'[1'/ p(t)dt = ®T(x) — ® (x) — 27iA (7.4.26a)

b
2/ log|t — x|p(t) dt = ®*(x) + & (x) + 24 log(x — a) (7.4.26b)

Substituting these equations into Eq. (7.4.23), this integral reduces to the RH
problem

B+ (1) = B(x) —a(x) B (1) + 2y (x) +2miAB(x) — 2Ax(x) log(x — a)
C B +ax) a(x) + B(x) '
(7.4.27)

Equations (7.4.24a,b) also imply that ®(z) is of order O(z™!) as z — oo and
it has a certain behavior as z approaches the endpoints. (We usually assume
that ¢(x) has an integrable singularity at the endpoints and that ®(z) will be
bounded at x = a and x = b.) After finding ®(z) satisfying these boundary
conditions using the method of Section 7.3, we obtain ¢(x), which is given by
(see Eq. (7.4.26a)

—27ig(x) = %(qﬁ(x) — & (x)) (7.4.28)

The solution ¢(x) depends linearly on the constant A; this constant can be
found by integrating the expression (7.4.28), because A = ﬁ lb p(t)dt.
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7.4.1 Riemann—Hilbert Problems on the Real Axis

In many applications one encounters RH problems formulated on the real axis.
For such problems it turns out that the space of integrable functions is more
convenient to work with than the space of Holder functions. We shall consider,
in more detail, the set (which is, in fact, a ring) A of functions of the form

o0
c +/ F(x)e * dx, ceC, keR (7.4.29)
—00

where f(x) is continuous and
f(x) e Ly (7.4.30)

thatis, [ | f(x)|dx exists

Let A;~ denote the subset of A; consisting of functions of the form ¢ +
fooo f(x)e‘”‘x dx. Letting k = kg + ik;, it is clear that functions in A~ are
analytically continuable in the lower half k-complex plane (note that x > 0),
which we denote by 7. Similarly, A" denotes the subset of A consisting of
functions of the form ¢ + fi)oo f(x)e"™** dx, which are analytic in the upper
half k-complex plane (note that x < 0), denoted by 7.

Example 7.4.5 (Integral equations with displacement kernels — also see the
Wiener-Hopf method discussed in Example 7.4.7) We shall show that the in-
tegral equation

px) — /Oog(x —He@)dt = f(x), x>0 (7.4.31)
0

where f(x) and g(x) are continuous and belong to the space of integrable
functions L;, can be reduced to a RH problem. We assume that the Fourier
transform of g (see Section 4.5 for the definition of the Fourier transform), which
we denote by é(k) = f_oooog(x)e’ik" dx, satisfies the following conditions:
(@) 1 — G(k) # 0 for k € R, and (b) the index of (1 —G) = ind(1 —=G) = 0,
where

R 1
ind(1 -G) = 5

~ 1 N
—[log(1 —G)1=,, = —[arg(1 —G)1>, fork e R
i 2

We seek a solution ¢(x) whose Fourier transform belongs to A.

In order to take the Fourier transform of Eq. (7.4.31), we extend this equation
so that it is valid for all x. Let @(x) = ¢(x) forx > 0 and @(x) = 0 forx < 0.
Then Eq. (7.4.31) can be rewritten as

o(x) — /Oog(x —pt)dt = f(x), x>0 (7.4.32a)

o0
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Forx <0

() —/ G — () di = —/ g — Do) di = h(x),  x <0
0

—00

(7.4.32b)
where /(x) is some unknown function. Let
. = - {0,0, h(x)} x <0
(x), f(x), h(x)} = {
o 1 P= e, 70,00 x>0
Equations (7.4.32a,b) can be written as the single equation
o ~ ~
b0~ [ st -npwdt =0 +hw. oo <x <o
—00

Denoting by <i’, F ,I:I , G, the Fourier transforms of @, f b, g, respectively, and
taking the Fourier transform of the above equation (using the Fourier transform
of a convolution product) we find

(1 =Gk)®k) =F k) +H k) (7.4.33a)

But because ¢ = 0 when x < 0, we have
k) = / P(x)e ™ dx, ie. ®k) e A~
0

Similarly, £(k) € A;~ and H(k) € A,*. Thus Eq. (7.4.33a) defines the RH
problem

A ) =10 -GU)d® —F (), —00 < k < 00. (7.4.33b)

This is an RH problem where £ is known (because f (x) is given) and the un-
knowns are B * and . To connect with the previous notation, we will denote
the unknown A as . Because we have so far assumed that ind(1-G) =0,
the solution of this RH problem vanishing at infinity is unique. Equation (7.4.34)
can be solved by the formulae developed in Section 7.3 with the “closed” con-
tour now being L = (—oo, 00). We also assume thaté(k) and F (k) satisfy the
Holder condition (which is not guaranteed in the space A). In particular, the
fundamental solution satisfies

Xt =10 -Ghk)HX (k), X*(o0) =1, —00 < k < 00,

and it is given (see Eq. (7.3.6a,b)) by

1 [®log(l —G(1))d
/og( (r))r’ ke C.

)A((k):exp[zm, p—
—0o0
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The solution to the nonhomogeneous problem is given by Eq. (7.3.8) where
P(z) =0and f(t) = —F (1), that is,

d() = _X(Z)/oo F e keC
o2 oo X (D) (T —k)’ ’

Thus the solution ¢(x) to Eq. (7.4.31) is obtained by finding @i(k) and then
taking the inverse Fourier transform of d (k).

We also note that an extensive theory for equations of the form (7.4.31)
has been developed in Gohberg and Krein (1958), including important results
involving systems of equations of the form (7.4.31) where ¢ and f are vectors
and g a matrix. (We discuss the matrix case in Section 7.7.) In connection with
such scalar equations these authors have considered the following factorization
problem: Given 1 — Gk) e Ayand 1 -G # 0, find Gi € A, such that
(the analysis of Gohberg and Krein does not require G to satisfy a Holder
condition!)

(1 =G (k) = 7t k) 7~ (k), 7 (00) = 0, —00 < k < 00.
(7.4.34)
A factorization is called proper if either #* (k) # Oin 7t orif (k) # 0 in
7~. A factorization is called canonical if both 7% (k) # 0 in 7*. They show
that (1 —G) admits a canonical factorization if and only if

(1-Gk)#0 and  ind (1 —-G) =0, —00 < k < 0.

Furthermore, the canonical factorization is the only proper one. These results
are consistent with the RH theory presented here. Indeed, because 7~ # 0 in
7~ it follows that (7~)~! is analytic in 7~ and Eq. (7.4.34) can be written as

XtTk)y=1-6)""k)X (k) on —oo <k <oo, and XF(too)=1
where
X*(k)y= (k)" and X" (k) =n" (k)

Furthermore, because ind(1 —G) = 0, the solutions (found by taking the log-
arithm and using the Plemelj formulae) X (k) and X ~ (k) are unique.

Actually, one can go further. Suppose ind(1 —G (k)) = «; then the unique
factorization into nonvanishing functions n* (k) analytic for Im k # 0 is given
by

k+1i
k—i

n*(k)=m(k)< ) n~(k) on —oo <k <00
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where we define m (k) = (1 — G (k)). We will show below that the index of the
function m (k) (%)K is zero, and therefore the solution to this RH problem can
be readily found by taking the logarithm and using the Plemelj formulae.

Itis significant that the case of nonzero index has a nice interpretation in terms
of the original integral equation. It can be shown that if x > O there exists
a k-dimensional family (« linearly independent solutions) of homogeneous

solutions to Eq. (7.4.31):

w(x)—/o g§x —n¢t)dt =0

If k < 0, there exists a |k|-dimensional family of solutions to the adjoint prob-
lem

W(x) — /00 gt —x)¥@)dt =0
0

where, in addition, there needs to be supplemented |« | conditions of the form

oo
/ fOP@)dt =0
0
corresponding to each of the || linearly independent solutions W (¢).

At this point it is convenient to discuss a more general RH problem on the
real axis that arises frequently in applications which is not only associated with
integral equations such as Eq. (7.4.31). Consider

®t k) =mk)® (k) + f(k) on —oo <k < 00

where we wish to find the sectionally analytic function ®(k) analytic for
Imk > 0 and Im k& < 0, satisfying the above boundary condition on the real k
axis. We look for solutions ® that are bounded at infinity, usually we specify
m(£oo) = 1, f(£o0) bounded (usually f(£o0) = 1), assume that m (k) and
f (k) satisfy Holder conditions, m (k) # 0 on the real axis, and that the index

1 1
ind(m(k)) = %[logm(k)]iooo = g[argfn(k)]‘i"Do =K

First we find the fundamental solution of the homogeneous problem
Xtk =mk) X (k) on —o0o<k<oo

where X*(co) = 1. The process is similar to those used for the closed contour,
except that the factor multiplying m (k) must be modified to achieve a zero
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index. (Previously, we used £, which is not acceptable in this case because
k = 0, oo now lie on the contour.) We note that ind(%) = 1. This follows
from the argument principle (Thm. 4.4.1) or

. k—i 1 k—il®
ind - | = — |log -
k+i 27i k+i]_o
1 { rle"elro
= 5 |log—
27 re' | _

1
=57 (04(00) — 04(—00))
Tl

=1

where 0; = 0; — 0,. It is useful to take local angles to be —7/2 < 6, < 37w /2
and —m/2 < 6, < 3w /2 (or any angles for which log(i—jr;) does not have a
branch cut on the real axis). Thus ind((i—g)_'() = — k and we rewrite the
homogeneous problem as

n k—i\ ¢ k—i\“__
X" (k) = m m(k) P X (k) on —o0<k<o0

so that the first factor in the right-hand side of this equation has zero index.
Taking the logarithm of this equation

log X* (k) — log(<i—:> X_(k))

k—i\""
=log<<k—+;) m(k)) on —o0<k<oo

Using the Plemelj formulae yields the fundamental homogeneous solution

Xt (k) =e"®
X~ (k) = (k +’:>Ke”">
k—i

where

rk)=-—
*) 270 ) _ o l—k

1 /°° log((i75) " m®)

We see that if k < 0, then X~ (k) has a pole of order |«| at k = —i; hence
X~ (k) is not analytic for Imk < 0, and there is no solution to the homogeneous
problem satisfying the analyticity requirements.
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Next we solve the forced problem, @ = m®~ + f by usingm = X /X",
which leads to

k) () _ [

X0 — X0 = X0 on —o0 < k < o0.

The forced solution follows from the Plemelj formulae. For « > 0

o0

S0 = X (k) [L/ 1O, 2O
270 J oo XT(O)(€ — k) (k + i)«

where P, (k) is a polynomial of degree «; P, (k) = ayp + ajk + ak® + -+
ack*. Note that because X+ (k) = e/ ® and X~ (k) = (%)K em ® we see
that for k > 0 the above expression for ®(k) is analytic for Imk > 0 and
Imk < 0 and bounded at infinity for large k. Thus when ¥ > 0 we have a
solution with x + 1 arbitrary constants.

On the other hand, when « < 0 there is in general no solution. With suitable
extra conditions added, the most general solution to the forced problem is given
by

- )
20 = X () [E/mmdﬁch

where c is an appropriate constant (determined below), and X* (k) are those
obtained above. This formula leads to @ (k) having a pole of order |k| at
k = —i, which can be removed by choosing c to be

oL o f)
S 2mi oo XH(k) (k4 0)

and requiring the supplementary conditions

[ Q)

L O T ) =2.3,..., 1
27 ) X+ D) " el =+

These conditions follow from the Taylor expansion of 1/(£ — k) for k near —i,
that is with k = k + i

b d 1+]2+®2+
O4+i—k €+i C4+i  (L+1i)?
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and requiring boundedness of the solution. Note also that if we require ® (k) —
0 as k — oo, with f(0c0) = 0, then: for k <0, ¢c =0, P, (k) = 0 and we need
to have the supplementary conditions satisfied form = 1,2,3, ..., |k| + 1; for
k =0, P.(k) =0 and for « > 0 we take a, = 0in P (k).

Example 7.4.6 (The Fourier and Radon transforms) The Radon transform is
defined by

gk, p) =/q(xl,Xz)dt
1

where the integral is taken along a line / with direction determined by the unit
vectork = (ﬁ, ﬁ), atadistance p from the origin, and 7 is a parameter
on this line (see Figure 7.4.4).

This transform plays a fundamental role in the mathematical formulation of
computerized tomography. By computerized tomography (CT), we mean the
reconstruction of a function from knowledge of its line integrals, irrespective
of the particular field of application. However, the most prominent application
of CT is in diagnostic radiology. Here a cross section of the human body is
scanned by a thin X-ray beam whose intensity loss is recorded by a detector
and processed by a computer to produce a two-dimensional image that in turn
is displayed on a screen.

A simple physical model is as follows (see Figure 7.4.5). Let f(x;, x») be
the X-ray attenuation coefficient of the tissue at the point x = (xy, x»). This
means that X-rays traversing a small distance At along the line / suffer the
relative intensity loss

Al
T = —f(x1, x2) AT

X
l

T

Fig. 7.4.4. Line [, distance p
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Source

N

>

‘ Detecto

\_/

Fig. 7.4.5. Simple physical model of CT

Let Iy and I; be the initial and final intensity of the beam, before and after
leaving the body, respectively. In the limit At — 0 it follows from the above
equation that

ﬁ — e—flf(xlyxz)df
Iy

that is, the scanning process determines an integral of the function f(x;, x;)
along each line /. Given all these integrals, one wishes to reconstruct the
function f.

Let k be a unit vector along / and let k™ be the unit vector orthogonal to k,
that is, k* = (—ﬁ ﬁ) Then any point x = (x;, x;) can be written
as x = pkt + tk, or x; = (v — pk)//1+k? and x, = (tk + p)//1 + k2.
Note that for fixed p, as T varies, x moves along the line / as depicted in Figure
7.4.4. Therefore the Radon transform can also be written as

Ak p) /°° (r—pk rk—l—p)d
,p) = , T
7P mq V1+E 14k

Next we show how the reconstruction of functions via the classical Fourier
transform and the Radon transform can be viewed as RH problems. More
generally, we mention that in recent years a new method has been discovered
(see, e.g., Ablowitz and Clarkson, 1991; Ablowitz and Segur, 1981; Fokas and
Zakharov, 1993) for solving certain nonlinear PDEs. This method, which is
called the inverse scattering transform (IST), can be thought as a nonlinear
version of the transform methods discussed in Chapter 4. For example, the
Fourier transform has a certain nonlinear version that can be used to solve
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several equations of physical interest such as the Korteweg—deVries equation,
the nonlinear Schrédinger equation, and others. We will discuss this further
in Section 7.7. Similarly, the Radon transform has a nonlinear version that
can be used to solve a special case (a 2 + 1 dimensional reduction) of the
so-called self-dual Yang—Mills equation. Both of these nonlinear transforms
can be derived by using the analytic properties of solutions of certain linear
eigenvalue problems and then formulating appropriate RH problems. These
eigenvalue problems, appropriately simplified, can also be used to derive the
corresponding linear transforms. This is interesting for both conceptual and
practical considerations. Conceptually, it unifies the RH theory and the theory
of linear transforms by establishing that in some sense the latter is a special case
of the former. Practically, it also provides constructive approaches to deriving
linear transforms.

First we illustrate the approach for the classical Fourier transform. Then we
derive the Radon transform.

7.4.2 The Fourier Transform
Consider the linear differential equation
Wy — ik = qg(x), g >0 as|x|] > 00, —w<x<oo, keC
(7.4.35)

where u, = du/dx, and assume that ¢ and g, are integrable: ffooolq| dx < o0
and ffooo|qx| dx < oo, that is, ¢ and g, belong to L;. We define a solution
w(x, k) of Eq. (7.4.35), which is bounded for all k € C. Let u be defined by

T(x, k), k; >0,
k)= 0 ! k = kg + ik;
w(x, k), kr <0,

where u* and ™ are the following particular solutions of Eq. (7.4.35)

w(x, k) = / ) q(€)e™* =% qg (7.4.362)

w(x, k) = — / ~ q(€)e* =5 g (7.4.36b)

which are obtained by direct integration of Eq. (7.4.35). We see that u* is
analytic in the upper half plane (x — & > 0; k; > 0), while p~ is analytic in
the lower half plane (x — & < 0; k; < 0). Furthermore, the large x behavior of
both it and p™ is uniquely determined by § (k), which is defined by

G(k) = / Ooq(x)e*”‘x dx, keR (7.4.37)

—00
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Indeed,

lim (e ™) = -4k, lim (e7*u*) = g(k) (7.4.38)

X—>—00 X—>00

Equation (7.4.37) defines ¢ in terms of g. We now want to invert this relation-
ship. This problem can be solved in an elementary way because g (k) is the
Fourier transform of ¢(x). However, we shall use instead a method that can
also be used in other more complicated cases. Namely, we shall formulate a
(RH) problem. Subtracting Eq. (7.4.36a,b), we find

wrok) — (k) =gy, keR (7.4.39a)

Equations (7.4.36a,b), using integration by parts, imply
1
uw=0 (k> , ask — oo (7.4.39b)

Equations (7.4.39), with u — 0 as k — 00, define an elementary RH problem
for the sectionally holomorphic function w (x, k). Its unique solution is given by

1 oo ilx A E
M(x,k):—,/ 40 1 kec (7.4.40)
27i J_oo £—k

Given §(¢), Eq. (7.4.40) yields u(x, k), which then implies g(x) through
Eq. (7.4.35). An elegant formula for g can be obtained by comparing the
large k asymptotics of Egs. (7.4.35) and (7.4.40). Equation (7.4.35) implies
q = —ilim_ o (ku), while Eq. (7.4.40) yields
1 .
lim (kp) = ——— / e** 4 (k) dk
k—o00 27i ) o

Hence

g0) = - / " e k) dk (7.4.41)
27 J_so

Equations (7.4.37) and (7.4.41) are the usual formulae for the direct and inverse

Fourier transform.

7.4.3 The Radon Transform

In this subsection we consider the linear differential equation

Wy, + kpx, = q(x1, x2), —00 < X} <00, —00 <Xy < 00, keC

(7.4.42)
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where ju, = 3,y = #4 and | (xr x)| < (1 + [x)~3+), where [x| =
\/x? + x3, c is a constant, and € > 0. As before, we will define a suitable
solution p(xy, x2, k) of Eq. (7.4.42). Let u* and ™~ be the following particular
solutions of Eq. (7.4.42)

1 q(y1, y2)dyrdy,
27i Jre (x2 — y2) — k(x1 — y1)’

keC* Imk#0

(7.4.43)
where the integral fR2 is taken over the entire plane. To derive Egs. (7.4.43), it
is convenient to define the associated Green’s function

mt(xi, X2, k) =%

Gu +hGy, = oy [ SN g ey = 530 mk £ 0
]RZ

(2m)?
(7.4.44)
where we have used §(x1) = 5= [, €15 d&;. Thus
1 PUCSISRRe15))
G(x1,x0, k) = - d& d 7.4.45
(x1, x2, k) 20y /Rz s §1d& ( )

Using contour integration to evaluate the above integral, it follows that for
Im(k) #0

sgn Im(k)

= 7.4.46
2mi(xy) — kxp) ( )

Using the Plemelj formulae and contour integration to evaluate the limit of the
integrals (7.4.43) as k — kg £ 0, it follows that

1 [*® o gy, y2)
u(x,x,k)::l:—,/d][ d
A2 27i o I oo 2 (x2 = y2) — k(x1 — y1)

1 X1 o0
+2</ —/ )Q(ylvxz_k(xl_yl))dyh keR
—0Q X1

where a principal value integral is assumed for one of the integrals. Subtracting
the above equations, we obtain

q(y1, y2)
(2 — y2) —k(x; — y1)’
keR (7447

1 o0 (o]
(,LL+_/J._) (xlvxZ’k) = _/ dylf dy2
IT J )
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The right-hand side of this equation can be written in terms of the Radon
transform of the function g (x;, x,) defined by

. o Tt—pk tk+p
k, p) = , dt 7.4.48
ap /mq(m m> (7449
Indeed, changing variables from (y;, y;) to (p/, t’) where
I __ /k /k /
t-p _IEktp (7.4.49)

N re T ATk

and using Eq. (7.4.47) and the Jacobian of the transformation

dy1 dy2
at’ at’
dy1 dy2
ap’ dp’

J = |det

it follows that

o0 5 ’ ’
(k,p)d
my(xp, X2, k) — p—(x1, x2, k) = — gk, p)ap

i) oo Xy —kxy — p’m7
keR (7.4.50a)

Equation (7.4.43) implies that

1
L=0 (k> . k> o (7.4.50b)

hence Egs. (7.4.50a,b) define an elementary RH problem for the sectionally
analytic function w(xy, x7, k). Its unique solution is

1 o dk’ 1 00 ~k/, Ndp'
wixy, x2, k) = — ( ][ g(k', p")dp )

2mi —ook/_k E 00 x2_k/xl_p/ l_k/Z

Imk#0  (7.451)

Comparing the large-k asymptotics of Eqgs. (7.4.42), (7.4.43), and (7.4.51), it
follows that

d
= lim —(k
q kggoaxz(u)
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or

R Gk, p)
(x,x):——/ dk][ dp, keR
951, %2 27T23.X'2 —00 —ooxz_k.X]_p\/1+k2 P
(7.4.52)
Equations (7.4.48) and (7.4.52) are the usual direct and inverse Radon trans-

forms.

Example 7.4.7 (The Wiener—-Hopf Method) In this example we consider the
so-called Sommerfeld half-plane diffraction problem; that is, we are interested
in obtaining the reflected and diffracted acoustic wave fields generated by a
plane wave incident on a semiinfinite plane. This problem is prototypical and
appears in several physical applications.

The incident wave is given by @; = ¢;e'* = exp[—iA(x cos@+y sin6)]e™,
—% % The total field, ¢,., can be thought to be the sum of the potential
@; due to the incident wave (in the absence of the plane), and the potential ¢ due
to the disturbance produced by the presence of the plane, thatis, @, = @ + @;.
Both @, and @, satisfy the linear wave equation, so it follows that § = ge'*’ and
@r = gre™ also satisfy this equation, which leads to the so-called reduced
wave equation or Helmholtz equation for ¢; namely, 0’¢r = o’@; = 0,

2 a2 2
;xz + ;yz — 337, and therefore

iAt

<0 <

where 0? =

V20 4+ 120 = @ux + @y + Ao =0 (7.4.53)

Next, we formulate the boundary conditions satisfied by ¢.

(a) In this physical problem, @ represents the velocity potential of an acoustic
wave field and /0y represents the vertical velocity. The normal velocity on
the plate must vanish; hence %(x, 0) = 0 for x < 0, thus on the plate

de 7
9y |0 9y |y=o
Yy

N @
I 111
semi-infinite P N 0
plate 7 X
)

Fig. 7.4.6. Sommerfeld half-plane diffraction problem
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hence,

—iix cosf

@y(x,0) =iAsinfe for —co<x <0 (7.4.54)

(b) We look for a solution in which the normal velocity a(%’ (x, 0) is conti-
nuous for all x, but ¢, (x, 0) is continuous only for positive x, that is,

@y(x,0) is continuous for — 00 < x < 00

7.4.55
¢(x,0) is continuous for 0 < x < o0 ( )

(c) At infinity, ¢ satisfies a radiation condition, which means that
@~ ce asr — 0o (7.4.56)

so that ¢ ~ ce "= consists of outgoing waves (> = x% + y?).

(d) At the edge of the plate, ¢7 and @ are allowed to have integrable singu-
larities, which allows energy in the wave field to remain finite.

We shall show that the solution of the reduced wave equation (7.4.53) satis-
fying these boundary conditions can be obtained by solving a RH problem. The
method of solving this type of problem is usually referred to as the Wiener—Hopf
method. Itis similar to the method used in Example 7.4.5. Equation (7.4.53) is
solved by a Fourier transform (see also Sections 4.5-4.6) and then the bound-
ary conditions (7.4.54)—(7.4.56) are used to determine the relevant regions of
analyticity. This leads to a RH problem, which can be solved uniquely after
taking into consideration the edge conditions.

Taking the x-Fourier transform of Eq. (7.4.53)

o

&k, y) = / o(x, y)e'* dx (7.4.57)
J —00

we find (note that we have replaced k by —k in the definition of the Fourier

transform)

d*® .
d—yz—;ﬂq):o, y =02 =27 =k -k +1)?  (74.58)

We define the multivalued function y in such a way that y — |k| as k — oo.
In particular, we shall take the branch cut associated with (k + 272 to be from
—00 to —A, and define (k+A)'/? for real « to be the limit of the analytic function
(k 4+ X)'/? as k approaches the negative real axis from above. Similarly, the
branch cut of (k—1)'/? is from A to 0o, and (k — 1) /2 for real k is the limit of the
analytic function (k — A)'/? as k approaches the positive real axis from below.
In this sense, the functions (k + A)'/? and (k — 1)!/? are @ and © functions,
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respectively. (Note: Convenient local angles are given by (k — 1) = r;e'®" for
2 <6y <0, and (k + 1) = re? for—m <0, <)
The potential ¢ is discontinuous at y = 0; hence & changes formaty =0

Ai(k)e Y + By (k)e?”, y>0

Dk, y) = {Az(k)e” + By(k)e??, y <0

The requirements of boundedness as |y| — oo and of the radiation condition
can be used to show that A, = B; = 0. Indeed, for |k| > |A|, y is real and
positive, thus boundedness as |y| — oo implies A, = B; = 0. For |k| < ||,
y is imaginary and although both exponentials are bounded, only one of them
is consistent with the radiation condition (7.4.47). Thus

Ai(k)e ™, y=>0

Pk, y) = { By(k)e?, y <0

The continuity of ¢, (i.e., Eq. (7.4.55a)) implies A;(k) = —By(k) = A(k).
Hence
A(k)e™7?, y>0

Chtoer. =0 (7.4.59)

Dk, y) = {

As in Example 7.4.5, we see that the definitions

2+ > ikx 5 0 ikx
@' (k,y) =/ o(x, y)edx, @ (k) =/ o(x, y)e'dx
0 —00
(7.4.60)
imply that $* (k,y) and & (k, y) are analytically extendible into the upper
and lower half k planes, respectively. Continuity of ¢(x, 0) for positive x, and
continuity of ¢, (x, 0) for all x (i.e., Egs. (7.4.55)) imply

& (k,04) =& (k,0-) = & (k,0)
"k 04)=d (k.o—) =" (0)
& ko =& ko—)=d (0

where prime denotes the derivative with respect to y. Since ¢(x, y) can be dis-
continuous across y = 0 for —0o < x < 0, we have & (k, 0+) # & (k, 0—).
Note that

o0 0
&'k, 0)+ &k, 04) = lim [ [Coetan [ wethdx}
0

y—>0t —0

— lim bk, y) = A(k) (7.4.61a)
y—>0t
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and similarly, we find

& (k,0)+ & (k,0-) = lim &k, y) = —A®Kk)  (74.61b)

A

. L ad
& (k,00+d (k,0) = lim == (r.y) = ~yA®K)  (74.610)
y—0 dy

The functions <i>£ (k, 0) are analytic in the upper/lower half planes; the deriva-
tive in y does not affect the analyticity in k.

We now show that Eq. (7.4.61c) actually defines a RH problem. Indeed, sub-
tracting Eqs. (7.4.61a,b) it follows that 2A (k) = & (k, 0+) — & (k, 0—), that
is, A(k) is analytic in the lower half k-complex plane. Also from Eq. (7.4.54)
<I>_/(k, 0) can be computed

0 .

&~ i ) cos Asinf

P (k,0)= / e*insin@e 0 gy = — 7~
—00 k —ie —Xicosf

Note for convergence of the integral we assume k is slightly extended into the
lower half plane: k — k — i€ for ¢ > 0. Therefore, calling ¥~ (k) = A(k)

and ¥t (k) = <i>+, (k,0), Eq. (7.4.61c¢) defines the RH problem on the “closed
contour” L : —o0 < k < 00:

T (k) = —y T (k) ».sin0 (7.4.62)
=77 k—ie —Xlcos6 o

Writing y as (k + 1)'/?(k — 1)'/2, and dividing by (k + A)!/2, it follows that

LGN Xsin@
(k+ 2172 (k+2)2(k — i€ — hcos)

(7.4.63)

The function as mentioned earlier, is analytic in the upper half plane

1
(a @ function), and the function (k — A)!/? is analytic in the lower half plane

(a © function). Calling

Tt (k)

G =#® and k=P EE) = w )

we see that Eq. (7.4.63) is now a standard RH problem for which the
method of Section 7.3 applies. In fact it can be solved “directly.” Note that
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[(k4+2)"?(k —ie — A cos0)]~! can be written as the sum of

1
— ; and
(A + 2ie + Acosh)?
1
(k—ie —AcosO)(A+ 2ie +)\c059)%

1 1
(k—ie —ArcosO) | (k4 A)?

which are @ (the apparent singularity at k = ie + A cos® cancels) and ©

functions of k, respectively. Therefore

Tt (k) Asinf
(k +A)% ~ (k—ie—Acosf)
1 1
- — ; (7.4.64a)
(k+21)2  (A42ie+ Acosh):
Asiné
(7.4.64b)

k=22~ (k) = —
(k—ie —AcosO)(A+ 2ie + AcosB):2

Having obtained ¥~ (k), that is, A(k) in Eq. (7.4.59), then the definition of the

Fourier transform implies

o0
o(x,y) = sg;(y)/ A(k)e "Ml gk
e

and hence from the definition A (k) = W™ (k)

sgn(y)Asinf
(p(x’ )’) = - )
s
00 —ikx=ylyl
¢ dk

x lim T
=07 J_oo(k — 1) (k —ie — AcosO)(A + 2ie + AcosO)2
o0 e—ikx=ylyl
sgn(y) (A — Xcos 0)2 hm dk
2n oo (k= A)2(k — i€ — Acosf)

e—ikx—vlyl
dk  (7.4.65)

sgn(y) ———(A — Acos 0) ;
2n ¢, (k—2)2(k — Acosb)

where C, represents the contour from —oo to oo indented underneath the pole
k =X cos 0. (Note that we have used A sin6 /(A + A cos 9)% =(A—Acos 6)% to
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simplify the form of A(k).) It can be verified that this solution satisfies the
edge conditions, that is, it has an integrable singularity. We also note that the
integral (7.4.65) can actually be evaluated in closed form, but because we do
not need to go further, we leave the result as an integral.

Traditionally, the splitting process involved in Wiener—Hopf problems uses
strips where the analytic functions have overlapping regions of analyticity. This
can be achieved by introducing a small amount of damping: the Helmholtz
equation is replaced by

V2 + 120 —ierp =0

Alternatively, in the above analysis we can modify A, thatis, A — A} + iAp
where A, > 0. It can then be shown that mﬁi—(ﬁl)l/z is actually analytic for
Imk > —Ay, and W™ (k)(k — A; — iAy)!/? is analytic for Imk < As.

From the above discussion it follows that the RH method is actually more
general than the Wiener—Hopf method: (a) The RH problem is formulated on
a contour and not in a strip. Hence it can be used to solve problems where the
overlapping region of analyticity is just a curve. (b) The function g(¢) appearing
in the RH problem need be defined only on a contour. Therefore there is no
need for g(¢) to be derived from a function of a complex variable that is analytic
in a strip of the complex plane.

Problems for Section 7.4

1. Let C be a finite, closed contour and f(¢) a given function satisfying the
Holder condition.

(a) Show that the solution of the singular integral equation

1
L1294 pa
Tl CT—[
is given by
1
oy =4 1D 4
Tl C'L'—t

Hint: Note that the associated RH problem is
P +D (1) =)
and thus for z ¢ C

+ o L f(o)
@ =t ) T2

dt
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(b) Use (a) to establish the so-called Poincaré-Bertrand formula:

Fy=— L4 ([ S@) d{)

m2jct—t \JeT —7T

2. Define the Hilbert transform of a suitably decaying function f(x) by

wnw =4 L€ g

(a) Use the results of Problem 7.4.1 to show that, in the space of suitably
decaying functions, H(H f(x)) = —1 (or in shorthand notation we
often write H> = —1).

(b) Note that the functions

Pt (x) = f(x) —i(Hf)(x) and ™ (x) = f(x) +i(Hf)(x)

are analytic in the upper and lower half complex planes, respectively.
Use this fact to establish the following property of the Hilbert transform

H(fHg+gHf]l=—fg+ (Hf)(Hg)

Hint: the product of the two @ functions f —iHf and g — i Hg is
also a @ function.

3. Verify the following identity

][ dt f(ta T/) d_L_/ :][ d‘K f('l,', T/) - f(rv T) d /
C C

T—t)c T'—1 T—t Jc -1

T—1 T -1

f(z, t)—f(t,t) ][ dt’
c

+ f(t, t)][ By e

where C is a closed, finite contour.

Note that the first two terms in the right-hand side involve only single sin-
gular integrals. By reversing the order of integration in these two integrals
and by using the formulae

]it—t C‘L’/—‘L'
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(See also Problem 7.4.1b), establish the so-called Poincaré—Bertrand trans-
position formula:

dt f(r, 1) f(r, 1) )
][cr—t A / ][(r—t)a SRR

Consider the following integral

1 _ ya—lI
I(t)=][ L (PR
o (T+o0)*(r —1)
where 0 < a < 1.

(a) Let

1 1 ( _.L.)a—l
0= 5 | T

Show that I(¢) = i (®*(t) + ® (¢)) and that ®(z) satisfies the RH

problem
®t(t) - P (1) = %
(I+1)>
(b) Verity that the function,
1 (z— 1!

B(2) = —
@ = =3 snar Gt Do

solves the above RH problem.
(c) Deduce that

1(t) = m(cotam)(1 —)* (1 +1)°
Consider the following boundary value problem:

@xx""pyy"‘)‘z(p:o, —00 <X <00, O<y<oo
@y(x,0) = g(x) for —co<x <0
o(x,0) = f(x) for0 < x < oo

where ¢ satisfies a radiation condition at infinity, A is a real constant, and
f(x) and g(x) are given, suitably decaying functions.
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(a) If ®(k, y) is defined by

o0
@@yr=/ b (x. y)etdx
—0Q
show that

Bk, y) = A(K)e?, y =@ =1
where the function y (k) is defined in Example 7.4.7 of the text.
(b) Show that

0
®_(k,0) = / #(x,0)e**dx, and
—0oQ

[o.¢]
' (k,0) = / ¢y (x, 0)e* dx
0
satisfy the following RH problem
P’ (k,0) + ®L(k,0) = —y [P (k, 0) + B_(k, 0)]

where ®, (k, 0) and ®’_(k, 0) are given by

0

QAkm=/wﬂmﬂwm @Jhm=/ g(n)e*dx
0

—0Q

Consider the following linear differential equation for u(x, k) with
g = 3—3 (x) as a forcing function:

1
(x—k)ux+§u=qx a<x<oo, g¢a)=0, keC (1)

(a) Show that a solution of this equation, bounded for all complex k, is

given by
1, k) = /M
e k=) -

(b) Define the function (kK — S)%(k - x)% in such a way that there is a
branch cut between £ and x. By splitting the integral f; in the form

fj + /, kx, show that for k real,

24 (k)

w*—uvuwa={wﬂﬁ

, k>x

, a<k<ux
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where g (k) is the following Abel transform of g (x):

k
. q:(§)
k) = ———d 2
q k) B/ = & 2)
(c) Deduce that
weby =2 A0 Ay 3

), Vx—kKk -k

(d) Comparing the large k behavior of equations (1) and (3) show that

X gk
400 = = lim (k) = | \/‘i(T)k

dk 4)

Equations (2) and (4) are the usual direct and inverse Abel transforms.
(An appropriate nonlinearization of this transform can be used to solve
a certain two-dimensional reduction of Einstein’s equation).

*7.5 Matrix Riemann—-Hilbert Problems

Matrix or vector RH problems are, in general, far more complicated than scalar
RH problems. The solution cannot, in general, be found in closed form (i.e.,
not in terms of explicit integrals); it is characterized through a system of linear
integral equations. We do not intend to present a complete theory of such RH
problems here; our aim is simply to introduce important aspects. Emphasis
will be given to those results that are constructive. For simplicity, we consider
only the case of closed contours.

The vector homogeneous RH problem for a closed contour C is defined as
follows. Given a contour C and an N x N matrix G (¢) that satisfies a Holder
condition and is nonsingular on C (i.e., all the matrix elements {G};; satisfy
a Holder condition and det G(¢) # 0 on C), find a sectionally analytic vector
function ®(z),' with finite degree at infinity? such that

(1) =G@H)® (t), tonC (7.5.1)

The meaning of + and — is the same as in Section 7.3 (meant for each
component of ®(z)).

' ®(z) is a column vector: ®(z) = (¢1(2), $2(2), - .., ¢n(2))T, where T represents the transpose.

2 If all components of the vector ®(z) have finite degree at infinity, we say that ®(z) has finite
degree at infinity. We say that ®(z) has degree k at infinity if k is the highest degree of any of
its components.
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In contrast to the scalar case, where the existence or nonexistence of solutions
is a priori determined in terms of the index, the existence and uniqueness
of solutions of Eq. (7.5.1) must be investigated by analyzing certain integral
equations. This difficulty arises from the fact that the solutions of Eq. (7.5.1)
depend on a set of integers, often called partial indices or the individual
indices «1, ..., ky, which cannot a priori be calculated from G(¢). We will
see that only their sum

K=Ky +---+xy =inddet G(¢) (7.5.2)

can be explicitly calculated in terms of G ().

Solving Eq. (7.5.1) means finding a fundamental solution matrix X (z) com-
posed of solution vectors X (z), - - -, Xn(z). The individual indices are defined
by the behavior of the functions X, ..., X at infinity, so that the individual
index k| is related to the behavior of X;(z) as z — o0, etc. Suppose we are
looking for solutions of Eq. (7.5.1) with a sufficiently large degree at infin-
ity. Among these solutions there exist some with the lowest possible degree
(—«k1). Let X; denote a solution with degree (—x), that is, X| = f(l(z)/z'“,
where X (2) is analytic in D. From the remaining solutions, consider all those
that cannot be obtained from X; by ¢(z) = Pi(z)X:1(z), where P;(z) is an
arbitrary polynomial. Among these solutions, pick the one with the lowest
possible degree. Call X, and (—«k;) the solution and degree, respectively,
of one of these solutions. Denote as (—k3) the lowest degree of those solu-
tions that are not related to X;(z) and X,(z) by any relationship of the form
¢ (z2) = P1(2)X(z) + P2(z) X2(z), where P;(z) and P (z) are arbitrary polyno-
mials. The vector X3 is one of these solutions. We repeat the process to obtain
the matrix X(z2) = (X1(2), X2(2), ..., Xy(2)T. It can be shown (Vekua,
1967) that the solution matrix X (z) constructed this way has the following two
properties:

detX(z) #0 for all finite z, and

7.5.3
det(z X!, -+, ZvXN) #£0 at infinity ( )

Furthermore, any solution of the homogeneous RH problem is given by
P(z) = X(2)P(2) (7.5.4)

where P (z) is an arbitrary polynomial vector, that is, each component of P (z)
is an arbitrary polynomial. In this way we think of Eq. (7.5.1) as an RH problem
for the matrix-valued function @ (or X).

The relationship (7.5.2) can now be derived from X+ = G X~ and the prop-
erties (7.5.3). We take ﬁ of the logarithm of the determinant around the
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contour C:
1 N 1 1 _
——[logdet X"]¢ = —[logdet G]¢c + ——[logdet X ]¢
2mi 2mi 2mi

where [ f]¢ denotes the change of f over the closed curve C taken in the +
direction. The function det X% is analytic and nonvanishing in D*; hence
5--[log det X *]c = 0, and from

—(1) —(2) ~—(n)
X X
X = ( Zm( 2) Zm@’ . ZK”@)

we find that # [logdet X~ ]¢ = — (k1 + k2 + - - -+ ky) because X~ is analytic
and nonvanishing in D~. Thus

1
k= —[logdetGlec = k1 + K2+ -+ Ky
2mi

The above nonconstructive approach for determining X (z) can be turned
into a constructive one provided that the individual indices «;, [ = 1,..., N
are known. For example, suppose that k; = k, = -+ = ky = 0 (a necessary
but not sufficient condition, for this is ind det G(¢) = 0). Then we show below
that X~ (¢) solves the matrix Fredholm integral equation

—1 _ —
Xf(t)—%/ [GT()G(r) — In]1X (7)dT — Iy (7.5.5)

T—1

where Iy denotes the N x N identity matrix, and the integral is over the closed
contour C. (In this and following sections, it will be clear from the context
whether C is closed or open). Equation (7.5.5) is a matrix Fredholm integral
equation of the second kind. The method of solution described in Section 7.3
for scalar Fredholm equations (see Eqgs. (7.3.32)—(7.3.34) also applies to matrix
Fredholm equations. We also note that if Eq. (7.5.5) has a unique solution
X (1), then all the individual indices are zero because it can be shown that the
behavior of X~ (z) at infinity is /.

Before deriving Eq. (7.5.5) we first show that a necessary and sufficient
condition for the function @ (¢) to be the boundary value of a function analytic
in D~ and tending to Iy at 0o is

_q) ) + — P @dr =1y (7.5.6)
2mife T —t
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Let us call ®(z) the sectionally analytic function ®(z) = {®1(z) for z €
DT, ®7(z) for z € D~}. First assume that ®~ is analytic in D~ and that it
tends to Iy at co. Then using Cauchy’s theorem, we have

1 d (1)

2mi c-cy T—2X%

dt = —P (2),

where Cg denotes a large circular contour at infinity, and z € D~. This implies

1 [ & ()
2 i c T—2

—P () = T—1Iy for zin D™

On the other hand, if z € D™, there is no singularity enclosed in C — Cg, and
we have

1 (i
0=— (©) dt — Iy for zin D
2mi c T—2

We next take the limit to the boundary (i.e., the Plemelj formulae),

1 [ & &
: (t)dr—>i<1>()+— © 4
2ni Jo T—2 2rife T —2

asz — C from D or D™

Using this limit, we find that both of these equations yield Eq. (7.5.6). Con-
versely, assume that @~ (¢) satisfies Eq. (7.5.6) and that it satisfies a Holder
condition. Define a function ®(z) in D~ by

o ® (1)
PO = e T

dt + Iy, zin D™ (7.5.7)

Clearly, ®(z) — Iy as z — 00, and by its definition ®(z) is analytic in D~.
Its limit on the boundary is given by

lim ®(z) = f<1> - L L2®

dt+1
2ni)e T —t N

zeD™

which, using Eq. (7.5.6), equals & (¢). Thus @ (¢) is the boundary value of
the analytic function defined by Eq. (7.5.7).
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Similar ideas show that ®*(z) = 5 [ 2 g7 is analytic for z € D*

T—2

and that @7 (¢) is the boundary value of a function analytic in D* if and only if

1 3
_Sdt() + —][ © 4r =0 (158)
2 2wifc T —t

The derivation of Eq. (7.5.5) is a consequence of Egs. (7.5.6) and (7.5.8).
Using the RH problem, ®* (1) = G(t)® (1), Eq. (7.5.8) becomes

1 _ 1 [GO)® (v) ,
5GP (1) + %]i — 7 ¢4r=0

Multiplying this equation by G(¢)~! and subtracting it from Eq. (7.5.6) we
find Eq. (7.5.5), where we have denoted @ (¢) to be X~ (¢) as a fundamental
solution.

To investigate the case when not all individual indices are zero, one needs to
analyze several RH problems related to Eq. (7.5.1) (the so-called adjoint and
accompanying RH problems). This leads to the study of integral equations of
the type (7.5.5) where Iy is replaced by suitable forcing functions, (cf. Vekua,
1967). One then needs to use the results of Fredholm theory and, in particular,
the Fredholm alternative theorem.

Asmentioned earlier, Eq. (7.5.5) is a Fredholm integral equation of the second
kind; because G satisfies a Holder condition, its kernel satisfies

G 'OG)— Iy At 1)
T—1 Tl =1’

0O<a<l1, AHolder (7.5.9)

where A satisfies a Holder condition. The theory of such Fredholm integral
equations is outside the scope of this book. (For 0 < o < 1, Eq. (7.5.9)is a
weakly singular Fredholm equation.) Here we concentrate on those cases when
the direct investigation of Fredholm equations can be bypassed. In particular,
(a) if G is rational, then the RH problem can be solved in closed form; (b) if G
is a triangular matrix, then the RH problem can also be solved in closed form:;
(c) if G satisfies certain symmetry conditions, then it can be shown directly
that all the individual indices are zero (this also means that the homogeneous
version of Eq. (7.5.5), that is, Eq. (7.5.5) with Iy replaced by 0, has only the
zero solution).
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7.5.1 The Riemann—Hilbert Problem for Rational Matrices
We assume that all the elements of the matrix G (¢) are rational functions, that
is, {G(M)}i; = Z/f((;)), where p;;(t), gi;(t) are polynomials. This G(¢) can be
where r(¢) is a scalar polynomial and Q(¢) is a matrix

written as G(¢) = %’;,

whose elements are polynomials. Insight into the general case can be obtained
by studying two particular cases.

Example 7.5.1 Solve Eq. (7.5.1) with G(t) = % where det Q(¢) has no
zeroes in DV,

We write r(t) as r(t) = ry(t)r_(t), where r, (¢) and r_(¢) are polynomials
that have no zeroes in Dt and D™, respectively. Then Eq. (7.5.1) becomes

(1)
r (0~ (T (1) =
r—(r)
Because —— isanalyticin D~ and Q! (¢)r (¢) is analyticin D*, it follows that

0
the above equation defines an analytic function in the entire complex z plane.

Taking this function to be Iy, we obtain the fundamental solution X (z):

0()
ri(z)

We can verify that the solutions (7.5.10) satisfy Eqgs. (7.5.3).

As a concrete illustration, take r () = 7(¢t — 2) and let C be the unit circle.
Then ry(t) =t —2, r_ (t) =rtand X (z) = zly, XT(2) = Q(z)/(z -2).
We note that det G = W’ thus the total index k = k] + k2 + - + Ky
is k = —N, by using the argument theorem (there are no zeroes and N poles
inside C). On the other hand, X~ (z) = z/y implies thatx; = —1,1 < j < N,
so Eq. (7.5.2) is verified as well.

X () =r-(2)ly, Xtz =

(7.5.10)

Example 7.5.2 Solve Eq. (7.5.1) with G(¢) = %tg)*(’), where det QO (¢) and
det Q_(¢) are polynomials that have no zeroes in D" and D™, respectively.
As in Example 7.5.1, we split r(¢) = r (¢)r_(t) where r.(¢) have no zeroes

in D*. Equation (7.5.1) now becomes

0-O® (1

re0 P () = "0

and similar arguments as in Example 7.5.1 yield

0+(2)

r(z)

X () =r-(2)0-'(2), Xt (2) =

(7.5.11)
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As a concrete illustration, consider C to be the unit circle and let

-1 -2 2,
Q(t)—( 1 ) ) r(t) =t — 3t

2

‘We note that

-2 1
0 = (f 1) (’_ 1) = 04(N0-(), r()=1(=3) =r-(r (1)

N —

Thus

- _
X~(2) = Z1< 1 ) Xt = (Z 2) (75.12)
2

Z—3 Z z—3\1 1

From the behavior at infinity, Eq. (7.5.12) implies that x; = 0, k; = —1, and

(-1
Kk = k1 + k, = —1. On the other hand det %’; = %; therefore from
the argument theorem we see (there are two poles and one zero inside C) that
k = —1, and Eq. (7.5.2) is again verified in two ways.

Using the ideas of the above example, one can solve the general case where,
as before, G(t) = Q(t)/r(t). We note that Q(¢) can always be written as
Q0. (t)D()Q_(t), where D(¢) is a diagonal polynomial matrix and det O,
det O~ are polynomials that have no zeroes in Dt and D™, respectively
(Gohberg and Krein (1958)). Letting " (1) =r () Q' ()@ (1) and ¥~ (1) =
2-0) &~ (r), where as before r(r) = r4(t)r—(t) for polynomials r (¢) with no

r_(t)
zeroes in D, Eq. (7.5.1) becomes the following diagonal RH problem

Ut(t) = D()¥ (1), D =diag(Dy, ..., Dy) (7.5.13)

The matrix RH problem (7.5.13) can be solved as follows. Let D;(t) =
D; (t)D;_(t), where D;, (t) and D; () are polynomials that have no zeroes in
D™ and D™, respectively. Then

0 C
(P~ (2))i; = { 1 i fj (7.5.14)

Dj_(2) -

0 i 7]

+ -
(v (Z))lj = {D_j+(Z) i=j

Having obtained ¥; the solution for ® follows from

1

Pt () =
® ry(t)

0+(NTF (1), and @ (1) =r (O (¥ ()

As an illustration of how to solve the diagonal RH problem (7.5.13), consider
D(t) = diag(t, t —2) with contour C as the unitcircle. Then D (z) = (1, z—2),
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D_(z) = (z, 1), and Egs. (7.5.14) yield

. (1 0 (Lo
tIl(z)—(O z—2>’ lIl(z)—(o 1)

We note that k1 = 1, k, = 0, and ¥ = ind[z(¢ — 2)] = 1 for the RH problem
defining W.

7.5.2 Inhomogeneous Riemann—Hilbert Problems and Singular Equations

The method used in Section 7.3 for solving scalar inhomogeneous RH problems
is also applicable to matrix RH problems. The solution of

T =GP () + f(1), tonC

where G is a N x N matrix that satisfies a Holder condition and is nonsingular
on C and f(¢) is an N-dimensional vector that satisfies a Holder condition
on C, is derived in an analogous manner once the fundamental homogeneous
solution X (z) is obtained. Namely, X+ (#)(X~(t))~! = G(¢), which used in
the above equation yields

X)) - X)) 'l () = Xt f@)

and from the Plemelj formulae we obtain the solution

=+ 1
/[X 210 f(r)df +PQ) (7.5.15)

®(2) = X(2) {

In Eq. (7.5.15), P(z) is an N-dimensional vector with arbitrary polynomial
components.

The equivalence established in Section 7.3.3 between RH problems and cer-
tain singular integral equations can also be extended to the matrix case. The
singular integral equation

B(t) w(r)t dt = (o), tonC (7.5.16)

A()e (f)+7
Tl Jc T —

where A(t) and B(t) are N x N Holder matrices such that A + B are nonsin-
gular on C and f(¢) is an N-dimensional Holder vector, is equivalent to the
matrix RH problem

AW (@T () — B (1) + BO(®T (1) + @ (1) = f(t), tonC (7.5.17a)
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or
D (1) = (A(1) + B@®) ' (A) — B(1)) @~ (1)

+(A@®) + B) ™ f(), tonC (7.5.17b)

d(z) >0 as z—> ©

where we have used the Plemelj formulae

s 1 L][ @(7)
P (t)_:tz(p(t)+2nicr_tdr

in Eq. (7.5.16) to obtain Eq. (7.5.17a).

7.5.3 The Riemann—Hilbert Problem for Triangular Matrices

The RH problem the (7.5.1) where G(¢) is either an upper or lower triangular
matrix can be solved in closed form. For this discussion it is more convenient
to multiply G from the right. So we consider the matrix RH problem ®*(¢) =
& (1)G(t), where <I>i(t) are N x N matrices, and G(t) is upper triangular;
that is, we consider

Gy G - Gy
0 Gp -+ G

T =D (1) . . (7.5.18)
0 GyN

Writing the matrix ®(z) in terms of the vectors ®;, 1 < j < N, that is,
®(t) = (P, Py, -+, Py), and decomposing G into the sum of its diagonal
and “upper diagonal” parts, we can verify that Eq. (7.5.18) reduces to

()= @)D+ F

where D is a diagonal matrix and F is the matrix F = (0, F3, ..., Fy), with
D =diag(G1, G, ..., Gnn), F; = G;j®, (1), 2<j<N

The above RH problem can be solved step by step: The equation

®F =G ®] (7.5.19a)
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yields @1, then the equation
& = Gnu®;, + Gp®; (7.5.19b)
yields &,
D7 =GP + G3P;] + G ®; (7.5.19¢c)

yields @3, etc.
We now give relevant formulae for N = 2; the generalization to arbitrary N
follows analogously. Let us call a;(z) the solution of the scalar RH problem

aj (t) = Gy1(t)a; (¢); then
() = (‘”é”)

is a solution of Eq. (7.5.19a). Using this expression for ®; in Eq. (7.5.19b) we
find

(®3), = Gn(®3), + Gnay
(®3), = G2(®;),

where (‘I>§L ); is the ith component of the vector i’; .
Let a,(z) be a solution of the scalar RH problem a;’ (t) = Gn(t)a, (1); then
we have

50 B0 _ [ HGC
ay (1) ay (1) 0

Thus

P:(2) 1 [ Gp(na (r)dr (1> 4 (0>
ax(z) 2mi Je ai(r)(r—2z) \O 1
Therefore a solution of the RH problem for ®,(z) is given by

0 >+a2(z) Gia(1)ay (r) dt <1>

ax(2) 2ni Je  af(r) t—2z\0

P,(2) = <

Thus a general solution to Egs. (7.5.19a—c) in the case N = 2 is

0 a(2) GIZ(?a () dt_
B(2) = P<)<“1(Z) az(zz)>+<0 i Je ST )50

where P(z) is a scalar polynomial.
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Example 7.5.3 Find the fundamental solution of the triangular RH problem
(7.5.18) where N =2 and G(¢t) = ¢, Gn(t) = (t+%) Gpp(t) = g(t) (g(t)
satisfies a Holder condition), and C is the unit circle.

Using the above results and solving (by inspection) a,*(t) = ta, (1), we
find a (t) = 1 and ay (t) = 1/¢. Similarly, a3 (t) = a; (1)/(t — 1) yields
a;r(t) =landa, (t) =1t — % Substituting these expressions in Eq. (7.5.20)

and letting
1 0
P)=5L= (O 1)

we find

1 1
_ 10 1 0 1Y) 8(mz—73)
P =Lz — —=d
@ 2(0 z—%>+2m’/C<0 0) T—2z ’
From the behavior of X~ (z) as z — oo we see thatx; = 1 and x, = —1, which

is consistent with the fact that « = kx| + k, = inddet G(¢) = ind(;fa/z) =0.

7.5.4 Some Results on Zero Indices

In their investigation of certain matrix integral equations (of the form (7.4.31),
see also Section 7.7), Gohberg and Krein(1958) were led to study the factor-
ization problem

Gk) =G (k)G (k), k on the real axis; GT(co)=1Iy (7.5.21)

where G is an N x N nonsingular matrix whose components belong to the set
A defined in Eq. (7.4.29), and Gt and G~ are analytic in the upper and lower
complex k plane (more precisely the components of G* belong to A%, see
the discussion in Section 7.4.1). The factorization problem (7.5.21) is clearly
closely related with the homogeneous RH problem (7.5.1). The following
remarkable result was proven in Gohberg and Krein (1958).

If the real or imaginary part of G(k) is definite, where {G(k)};; € A and
det G(k) # 0, then all its individual indices are zero. The real and imaginary
parts of a matrix G are defined by

1 1
Gr=3(G+G),  G=5(G-G). G'=G (7.5.22)
l

where the superscript 7 denotes transpose and the over bar denotes complex
conjugate. We recall that a matrix G is positive (negative) definite if £*G¢ is
real and positive (negative) for all N x 1 vectors & # 0.
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The above result, in one or another form, has appeared in the literature many
times and it provides a useful approach to establish the uniqueness and existence
of solutions of certain RH problems. It has been considered for functions in a
space other than A | and it has also been extended to more complicated contours.
Such extensions are discussed below.

We consider the RH problem

®F (k) = ® (k)G k), —00 <k < 00 (7.5.23a)
where <I>i(k) are N x N matrices with the boundary condition
B+ (00) = Iy (7.5.23b)

We assume that G is nonsingular, that is, det G # 0, and that g(k) = G (k) —
Iy satisfies g(k), g’'(k) € L, N L. (Recall that a function f € L, satisfies
ffooo|f(x)|2dx <oo,and f € Ly if |f(x)] < M < oo for all x; g and g’
must satisfy both conditions.)

Letting G = Iy + g, Eq. (7.5.23a) reduces to

O (k) — & (k) = ® (k)g(k) (7.5.24a)
or
(@ (k) — Iy) — (B~ (k) — Iy) = &~ (h)g(k),  —oo <k <oo
(7.5.24b)

Using the Plemelj formulae and the boundary condition (7.5.23b), this equation
yields

e ©)e®) ,

ik ©

1 1 ©
B ) = Iy~ & (gl + - ][

L 230
=In+ 5 i di—io dE (7.5.25)

or

- * - 1 8(&)
(k) =1Iy + K (k, &)@ (§)dE, Kk, §) = ="
oo 2mi & — (k —ie)
(7.5.26)
It has recently been shown in Zhou (1989) that in the space where g(k), g’ (k) €
Ly N Ly (i.e., g(k) and g’(k) are both square integrable and bounded), Eq.
(7.5.26) is actually a Fredholm integral equation of the second kind. For such
Fredholm equations it is known that a solution exists so long as the only solution

to the homogeneous problem (i.e., replace Iy by Oin the integral equation above)
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is the zero solution. This is equivalent to establishing uniqueness because the
difference of any two solutions satisfies the homogeneous problem. Therefore
the question of solvability reduces to the question of existence of nontrivial
homogeneous solutions. We shall prove that if g &= g* is definite, then there
exists no nontrivial homogeneous solution.

Lemma 7.5.1 (Vanishing Lemma) Let G(x) = I + g(x) where I denotes the
identity matrix. Assume that g and its derivative belong to L N Lo, and that
either % or % is definite, where G* denotes the adjoint of G: G* = GT.

Then the RH problem
®(x) = ® ()G (x), —00 < X < 00, ®F(00) =0 (7.5.27)

has only the zero solution: 'I>i(x) =0.

Proof Recall from the symmetry principle (Section 5) that if ®(z) is analytic
in the lower z plane, then ®(Z) is analytic in the upper half complex plane. Let
®(z) be the solution of Eq. (7.5.27). Then H = ®*(2)(®~(2))* is analytic in
the upper half complex plane, and H — 0as z — oo. Multiplying Eq. (7.5.27)
by (@ (x))* and integrating we find

oo oo
/ ST (x)(P(x))*dx = / P (X)GX)( P (x)"dx =0 (7.5.28)
—00 —00

where we have used Cauchy’s Theorem to evaluate the first integral by closing
the contour in the upper half complex plane where H is analytic. Adding or
subtracting the adjoint of Eq. (7.5.28), that is,

/ 2 (x) (G(x)* (™ (x)*dx =0

o0

to Eq. (7.5.28), we find that

[e9]
/ &~ (x)(G(x) £ G(X)")(® (x))*dx = 0. (7.5.29)
—00
Thus if either “£& or S5 is definite, then $ (x) = 0. .

The theory presented above can be extended to more complicated contours.
In particular, Lemma 7.5.3 can be generalized to cover any set of contours that
remain invariant under the map z — z. Rather than quoting the general result
we give a concrete example.
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&

Fig. 7.5.1. RH problem defined in six sectors

Example 7.5.4 Consider the matrix RH problem defined on the rays {—”, 0<
Jj <5 (see Figure 7.5.1).

P, =P;g;, 1<j=<5; P = Pggs (7.5.30)
P, -0 as z — 0o, 1<j<6 (7.5.31)
We assume that g; € Ly N Ly, and that

(i) &(2) =g, 81(z) = g5(2) (7.5.32)

* _ * * _ *
(i) g342rg3 <or £ ,g3> and 50186 (or g6 ,gﬁ)(7.5.33)

21 2 21

are both positive or both negative definite.
(i) T9_,g; = Iy (7.5.34)

Show that the only solution of this RH problem is zero.
We first note that Eq. (7.5.34) is a consistency condition. Indeed

6
B = Bogs = Psgsgo == D1 [ [ ¢
j=1

and hence Eq. (7.5.34) follows.
We define H = X (z)X*(Z), and choose the gs and X (z), X*(z) in such a
way that H is analytic in the upper half plane. This is achieved by ensuring
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that H has no jumps across the contours: On the contour argz = %” (note the
notations “+” and “—” in Figure 7.5.1):

H"(2) = ®,(2)Pi(2) = 2(2)g5 (D) P (D)
H™(2) = ®3(0)®;(2) = 82(2)8:(2)®;(2)

From Eq. (7.5.32) we see that H(z) = H (z) on argz = 27 /3. Similarly,
continuity across the contour arg z = 7%, and using g;(z) = g5(2), implies
that

H(2) = 22(2)@5(2) = ®1(2)81 () P5(2)
H™(2) = 21(0)P5(2) = 1(2)85D)P5(2)

Because we have constructed a function H that is analytic in the upper half plane
and H — 0 as z — oo, Cauchy’s Theorem implies that ffoooH (x)dx =0or

0 00
/ P53 (x)P;(x)dx + / P, ()Pi(x)dx =0
—00 0

or

0 00
/ D3 (x) g3 (x)P3(x) dx +/0 P (x) g6 (x)Pg(x) dx =0

—0Q0

Adding or subtracting to this equation its adjoint, we deduce the equation

0
/ D3(x)(g5 () £ g3(x) P (x) dx

+ / Do (x)(ge(x) £ ge(x))Pi(x)dx =0 (7.5.35)
0

From Eq. (7.5.33) we deduce that ®3(x) = ®¢(x) = 0, and therefore ®;(x) =
0 for all .

Problems for Section 7.5

1. Consider the following matrix RH problem:

O (k) = BTV (k)
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with

. 1 b(k)
Vk) = (_)\% 1—A|b(k)|2>’ k real

k) > 1 ask — o0

and where A is either 1 or —1 and b(k) and b’(k) are square integrable.
Assume that if A = 1 then |b|? < 1.

(a) Show that

- - 2 (I=1)b
Gky=Vk) +Vk)' = ((1 —Mb 2-— 2A|b|2)

(b) Establish that both the eigenvalues of G are positive, and hence deduce
that the above RH problem is always solvable.
Hint: If A = —1, thendet G = 4;if A = 1, thendet G = 4(1 — |b|?) >
0. Also note that one of the diagonal elements of G is 2.

A natural generalization of a matrix RH problem is to replace the jump
matrix by an operator. This yields a so-called nonlocal RH problem. A
scalar nonlocal RH problem on the infinite line is defined as
follows:

et k) — 9 (k) = /°° fk, Do~ () dl, k real
pk) — 1 ask — 00

where f (k, 1) is a given function that has the property that f and its deriva-
tives are square integrable. Show that

(k)—l—i——/ / f(k/ l)‘p JEDe™ Dy gy
—i0)

A particular case of a nonlocal RH problem is the so-called RH problem
with a shift. This problem arises when f(k,!) = §(I — «(k))g(k), where
8(x) is a Dirac delta function and f (k, /) is defined in Problem 7.5.2 above.
We now study such a RH problem: Let C be a finite, closed contour, let ¢ (¢)
be differentiable, and h(¢), o’ (¢) satisfy a Holder condition, continuous on
C. Assume that «(¢) maps C onto itself and that «’(¢) does not vanish
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anywhere on C. Consider the RH problem
®T ()] — @ (1) = h(1) on C (1)
P () > 1 asz — 00

(a) Using a similar argument to that which led to Eq. 7.5.6 of the text

show that
1. <I>+(t) .
_E(I) @+ 27n]€ T—t r=0 @
1 [ (‘L’) _
5‘“”%61_; r=1 ®

(b) Replace ¢ with «(#) in equation (2), and use (1) and (3) to establish that

o (t)_i/[ o(m 1 ]@‘(r)dr
C

2mi a(t)—a(t) t©-—t

1 h(t)a'(t)
=1 __h()Jr% a(t) — a(t)

It can be shown that the kernal of this equation has at the point
T = t a singularity of order lower than one (see Gakhov, 1966).
Furthermore, it can be shown that this equation is solvable for any
Holder continuous A (7).

Consider the matrix RH problem with the jumps indicated in Figure 7.5.2.

efiz3 0 eiz3 0 B
‘P.f+| = (I,j < 0 eiz3> Gj ( 0 e—iZ3> = @/DG]D l

and a, b, and ¢ are constants.
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(a)

(b)

(c)
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D, @,
G, G6
+ +
¥
D, — @
T
G, o= —_
G4 @ 5 3

5
Fig. 7.5.2. RH problem for problem 7.5.4

Show that by analytic continuation, a consistency condition in the
neighborhood of z = 0 implies

® =&, =PD 'G¢D=®D'GsDD'G¢D = - --
=® D 'G,G,---G¢D

Hence GG, --- G¢ = I, and therefore,
a+b+c+abc=0

Show that the above RH problem is equivalent to the one depicted in
Figure 7.5.3.

Hint: Note that ¢2<" is analytic and decreasing in regions I, III, and V
and e %7 is analytic and decreasing in regions II, IV, and VI where
region I is the sector 0 < argz < /3, etc. Because ®; and %7’
are analytic in region I, the equation ®, = ®; DG D 'provides the
analytic continuation of ®, into region I. From ®, = ®;DG¢D ! we
have ®, = ®;DG¢D ™! etc.

Show that the conditions for the vanishing lemma are satisfied pro-
vided that G, = G; and, G3G4+ (G3G4)*, and GsG1 + (G¢G1)*
are positive definite.

Establish that these conditions are fulfilled if

b=b, la—c|<2
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G,

GS
Fig. 7.5.3. Reduced RH problem

Note: It turns out that this result can be used to establish the solvability
of the second Painlevé equation (PII):

Yir =2y i ty
for y purely imaginary.

Consider the matrix RH problem
H &+ 1 —be™’ 0 i(kx+kt) 1
= b 1—bP ) e’ =e , krea
b1 ask — oo )

where b(k) is a given complex valued function of k, which decays rapidly
for large k.
Note that because

1 —be? _ 1 0 1 —be?
be? 1—1b?)  \be? 1 0 1

it follows that
_ (1 be? " 1 0
w (5 " )= (e 1)

Let I, II, III, IV denote the first, second, third, and fourth quadrant of the
k-complex plane. Show thatif x and ¢ are real and positive, and b is analytic
for k € IV, then the left-hand side of the above equation is analytic for k €
IV, while the right-hand side is analytic for k € 1.



598 7 Riemann—Hilbert Problems

7.6 The DBAR Problem

We now consider the scalar equation

0P(z,2)

— = f(z,2), zeD (7.6.1)
07

(see also Section 2.6) where D is some simply connected domain of the complex
z plane. We shall refer to this equation as a scalar DBAR (or d) problem.
Equation (7.6.1) is the complex form of the nonhomogeneous Cauchy-Riemann
equations. Indeed, letting

g+ih

b =u-+iv, f= T z=x+1iy

where u, v, g, and & are real functions of the real variables x and y, and using

0 LD +1i 0 (7.6.2)
—==|=—4+i— .6.
az 2\ 0x ay
Eq. (7.6.1) yields
du Jv ou Jv
- = ,Y), — 4+ — = h(x, 7.6.3
ox By g(x,y) oy +o, =) (7.6.3)

If @ is analytic for z € D, then the Cauchy—Riemann equations must be
satisfied. In fact, we see that if g(x, y) = h(x, y) = 0, then % = 0, and one
recovers the Cauchy—Riemann equations. It was pointed out in Section 7.1 that
a d problem can be considered to be a generalization of an RH problem. We
recall that the solution of a scalar RH problem was obtained in closed form
using a Cauchy type integral. The solution of a 0 problem can also be obtained
in closed form.
In the following we introduce the so-called wedge product

dE NdE =dyndn=0,  —dnAdE=dEAdn=dEdny

Lemma 7.6.1 Assume that ®(z, 7) is continuous and has continuous partial
derivatives in a finite region D and on a simple closed contour C enclosing D.
Then the solution of the d problem (7.6.1) is given by

de AdE (7.64)

-z 2mi

B Z)_L/‘I’@’f)dﬂ 1 / @0
T 2w e p §—2

where d¢ Adt = (d€ +idn) A (dE —idn) = —2i d§ dn.
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complex { -plane

Fig. 7.6.1. Boundary C of finite region D in the complex ¢ plane
Actually, we proved this theorem in Section 2.6 with Theorem 2.6.7. For
the convenience of the reader we reproduce the proof using slightly different

notation (see Figure 7.6.1).

Proof We first derive the complex form of Green’s theorem (Theorem 2.5.1)

9
/w(Z,Z) dz = —/ 0 dz A dz (7.6.5)
C D 3Z

where dz AdzZ = —2i dx dy. Indeed, letting w = u(x, y) +iv(x, y) and using
Green’s theorem, we find

/w(z,Z)dz:/(u—i—iv)(dx—i—idy)
c c

/(udx—vdy)+i/(vdx+udy)
c c

( +a—u)dxdy+t// (a—u——>dxdy
dv  du
G- 5)+iGev ) Jaser
au av av
// (Grrigy) #1515, ) Jars
a ad d
:i//D (a—l-i@)(u—i-iv)dxdy:%/Da—?dxdy

Let z be a fixed point in the complex ¢ plane. Then the function (C )
analytic function of ¢ for |¢ — z| > &. Because the 9 derivative of an analytic

is an
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function is zero, it follows that

0 (<I’(§,E)> ( 1 )8@(5,5) .
- = ~ in D,
0\ ¢—z {—z ¢

where D, is the domain D punctured by a disc of radius ¢ at the point { = z.

Applying Eq. (7.6.5) in D, with w = %, we find

LL1t9)

/@(;,E)d; _/ <I>(c ;)d¢ // i I
c ¢—z lt—z|=¢

But

9P(¢.) AP0

li % d Ad
ty [ s nat = [ S asnat

because ffong — 0as & — 0 (see Eq. (2.6.25)).
Similarly, as & — 0, the second term in the above equation becomes —2wi ®
(z, 2), and Eq. (7.6.4) follows. [

In many applications ® — 1 as z — oo and D is the entire complex plane.
In this case, Eq. (7.6.4) reduces to

| _
P(z,7) =1+ — ALY

i e de nd (7.6.6)

where R? denotes integration over the entire complex plane. Actually Eq. (7.6.6)
provides a solution of Eq. (7.6.1) provided that the integral in Eq. (7.6.6) makes
sense. Assuming f (¢, ) is continuous, the only possible values of ¢ for which
this integral may have singularities are ¢ = z and { = oo. It turns out that if
f € Lo (e, [[|f***dxdy < 00), where ¢ is arbitrarily small, the integral
is well behaved as ¢ — z, and if f € L,_,, then the integral is well behaved
as { — oo. In fact, a convenient class of functions for which Eq. (7.6.6)
provides a solution to Eq. (7.6.1) is f € L} N L. (The function f € L, if
JJ1f(x,y)ldxdy < oo, and f € Lo if | f(x, y)| < M; f € L N Ly means
that both f € L, and f € Loo.) In this case, ® — 1 as z — oo and ® is
continuous Also @ satisﬁes <= = f, but in general only in a weak sense. In
order for 9% to exist in a strong sense, one needs some smoothness conditions
on f (for example df/0z,0f/0Z € L1 N Lo).
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7.6.1 Generalized Analytic Functions

An analytic function ®(z) in a region R satisfies ")a—? = 0in R. A simple
generalization of analytic functions, so-called generalized analytic functions,
have been studied extensively by Vekua (1962). The equation 38—? = 0 is now
replaced by a special form of a d equation, namely

P

Frie = Az, )® + Bz, )P (7.6.7)
in a region R, where @ is the complex conjugate of ® and A, B are given
functions of z and z. Generalized analytic functions have had applications
in differential geometry, in elasticity, and more recently in the solution of a
certain class of multidimensional nonlinear PDEs, and in multidimensional
inverse scattering.

If B =0, Eq. (7.6.7) can be solved in closed form. A derivation of this

solution can be obtained using the following formal argument. The first term
in the right-hand side of Eq. (7.6.4) is analytic and therefore its d derivative is

zero. Applying 9/0% in Eq. (7.6.4), we find (note that f = 0®/0%)

r@d
reo =g o [ 292 nat (7.68)

Using Eq. (7.6.8), it follows that the general solution of % = A(z,2)®Pis

B(2.7) = wg)e™ JJp ¥ dendt (7.6.9)

where w(z) is an arbitrary analytic function; (take d/9Z of Eq. (7.6.9) and use
Eq. (7.6.8)). Similarly, the same procedure shows that the general solution of
Eq. (7.6.7) can be expressed (Vekua, 1962) as

&, f)] dg /\df)
q)(;-’ E) g —Z
(7.6.10)

1 - _
D

Note that Eq. (7.6.7) is really a first-order PDE. Its general solution depends on
an arbitrary function, which in this case is w(z).

We now make some further comments about Eq. (7.6.7). We assume that D
is the entire complex plane, A, B € L N L, and seek a solution ® that tends
to 1 asz — oo. i

If B =0, we know that [ [o, % d¢ Adt — 0as z — oo. Therefore,
from Eq. (7.6.9), w(z) — 1 as z — oo. Because w(z) is analytic and bounded,
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by Liouville’s Theorem, w(z) = 1. Thus we expect that

; 1 A0 -
D(z,7) = exp| — dc Ande (7.6.11)
2mi R —z
is the unique solution of equation % =A®P, P& - lasz — oo.

In the general case, equation Eq. (7.6.6) implies

2=1+ - [ weDe6D+Be. DB DD G612
wi JJre =z

It can be shown (Vekua, 1962) that this equation is a Fredholm integral equation,
and therefore the question of its solvability reduces to the question of existence
of nontrivial homogeneous solutions. We claim that Eq. (7.6.12) has no such so-
lutions. Indeed, suppose that ¢ (¢, £) is a homogeneous solution of Eq. (7.6.12);
that is, ¢ solves the same equation as Eq. (7.6.12) except 1 is replaced by O.
Then ¢ — 0 as z — oo. But from Eq. (7.6.10), ¢ can be written as

! : _ @, D)) de Adi
g"(Z@=w(z)exp<2m. //R [A(g“, c)+B(:,§)Z$ gﬂ gf;)

and because ¢ — 0Qasz — oo, itfollows thatw — 0as |z] — oo. But because
w(z) is analytic and bounded, by Liouville’s Theorem we find that w = 0 ev-
erywhere. (This is provided that the integral in the exponential is well behaved,
which is indeed the case since for well-behaved functions A and B, |p/¢| = 1.)

Problems for Section 7.6

1. Note that the function (z — «)~! is analytic everywhere except at 7 = «.
Thus its derivative with respect to 7 is zero everywhere except at z = «.
Indeed, it can be shown that the following identity is valid

] ) .
—(z—a) " = 2mid(z — )
0z

where § denotes the dirac delta function. (See also Problem 2.6.11 in
Section 2.6). This function has the property that if f(z, 7) is a sufficiently
smooth function, and D contains the origin, then

/ f(z,2)8(z)dz ndz = f(0,0)

D
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Use the above result to verify that the function

P®(z,2) = w(2) expl //A@ o dc A d{]

where w(z) is an arbitrary analytic function, satisfies

P
— =A(z,2)® inD
0z
Consider the following PDE:
2®
P, +iP,=—5—, P — 1 24y > 00
iP, R asx” +y

Show that

L dc Andg
‘I)(Z’Z)_”p[ //(m 1)(;-@]

Hint: Note that the above PDE can be written as

L

0z |z +1
Consider the following linear differential equation for the scalar function
u(x, y, k), with the scalar function ¢ (x, y) as a forcing function:

My +ipy —2kp =2q, —00<x <00, —00o<y<oo (1)

where ¢ (x, y) and its derivatives decay sufficiently fast as |x| 4+ |y| — oo.
Show that the unique solution of this equation, which decays as x> + y> —
oo and which is bounded for all complex k, is given by

1 kK@= —k(z=¢)
B, v, ks kr) = —//7«5, ndedy @
T z2—¢
RZ

where z =x+iy, L =& +1in, k_kR+ik1

Hint: Note that @9) can be written as 22 —ku =gq. The Green’s function of
the operator 3z is —, thus the Green S funct10n of the left-hand side of (1)
is ﬂ—ze Where cis 1ndependent of z. Choose c so that this Green function
is bounded for all complex k.
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4. In Section 7.4 the equation i, — ik = g (x) was used to derive the direct
and inverse Fourier transforms. Now we use equation (1) of Problem 7.6.3,
that is

ou .
?—ku—q(x y), z=x+1iy

to derive the direct and inverse two-dimensional Fourier transform. A

certain nonlinearization of these results is discussed in the exercises of
Section 7.7

(a) Let u be defined by equation (2) of Problem 7.6.3. Show that
lim (2 p1) = Gk, k)
z—>00

where

A~ 1 —2i(kjx—kgy /
q(kz,kR)z;//e Ak=ken g (x, y) dx dy (1)
2

(b) Show that equation (2) of Problem 7.6.3 implies

a_'u“ — e—kE—qu’

1
Y3 M:O(%)as k — oo

(c) Establish that the unique solution of the 3 problem formulated in (b) is

Zl(l,x IRY) A 1.1
// (” ®) digdl;,  1=Ig+il;

(d) By comparing the large k assumptions of equation (1) of Problem 7.6.3
and those of the above equation, show that

. 1 i(kix—kry) ~ /
g == Jim (k) = / / P0Gk, k) dkgdh; (2
2

Equations (1") and (2') are the usual formulae for the two-dimensional
direct and inverse Fourier transforms.

*7.7 Applications of Matrix Riemann—Hilbert Problems and & Problems

It was shown in Section 7.4 (Example 7.4.6) that the inversion formulae for the
Fourier transform can be obtained by relating the linear ODE with a parameter k,
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Uy —iku = q(x), to the solution of a certain scalar RH problem. Similarly, the
inversion formulae associated with more general transforms can be obtained
by connecting more general linear eigenvalue problems with the solution of
certain vector RH and 9 problems. It is well known that the Fourier transform
can be used to solve linear PDEs. It is interesting and significant that these
more general transforms (called the inverse scattering transform: IST) can be
used to solve certain nonlinear PDEs.

In Examples 7.7.2-7.7.5 below we study the RH and 9 problems that arise
from the analysis of certain linear (scattering) equations associated with the so-
called Korteweg—deVries, Kadomtsev—Petviashvili, and Painlevé IV equations.
In these examples we concentrate on the relevant RH and 9 problems without
addressing in detail (though we do give the interested reader some background
concepts behind the derivations for Examples 7.7.2-7.7.3) the more difficult
questions of how they are derived from the underlying linear equations.

Throughout this section we assume that the jump functions appearing in
the RH and 9 problems we study are in the proper spaces so that the theory
mentioned in Sections 7.5 and 7.6 applies, and then the associated linear integral
equations are of the Fredholm type. We recall that, if the jump functions are
in the spaces L, N Ly, and in L; N L, for RH and 3 problems, respectively,
then it can be shown that the linear integral equations are indeed Fredholm
integral equations. It is known that to establish the solvability of Fredholm
integral equations of the second kind, it is sufficient to establish uniqueness,
that is, to prove that the associated homogeneous equations have only the zero
solution.

We begin this section by discussing an important extension of the example
we considered in Section 7.4, namely, integral equations with displacement
kernels. In this example we will consider systems of such equations. As
mentioned earlier, Gohberg and Krein considered this problem in their seminal
work (Gohberg and Krein, (1958)), and in this example we mention some of
their main results.

Example 7.7.1 We consider the following system of N coupled integral equa-
tions

o0
W(X)—/ 8em(x — D)@y (1) dt = fo(x),
Jo
O<x<oo, ¢m=1,2,...,N

where f;(x) and g, (x) are continuous and belong to the space L of abso-
lutely integrable functions, fooo | fe] dx < o0 and fooo |gem| dx < oo. It is more
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convenient to work with vector-matrix notation:

Pp(x) —/0 gx — @) dt = f(x),

where @ (x) and f(x) represent the column vectors (¢1, ..., ¢,)" and (fi, ...,
f)T, and g(x) is the matrix whose coefficients are {g,,(x)}. The vectors ¢,
f, and matrix g all belong to the space L; because their components do so.
We assume that the Fourier transform of the matrix g(x) (i.e., the transform of
each coefficient), which we denote as G(k), satisfies det(/ — G) # 0; that is,
the matrix I — G(k) is not singular. The matrix G(k) is in the dual space of
suitably bounded functions denoted by A;.

In the same way as shown in Example 7.4.5 we can reduce the above integral
equation to a RH problem — in this case a vector RH problem. Let us define ¢
as @(x) = p(x) forx > 0 and @(x) = 0 for x < 0, and obtain the system

P(x) - / g — NP di =f(x), x>0

[ee]

—/ glx —t)p(t)dt = h(x), x <0
—0Q
where h(x) is an unknown vector function to be found.

Calling

ex),f(x),0 x>0

¢(x),f(x),il(x) = {0 0, h(x) x <0

the two vector-matrix equations above for x > 0 and x < 0 can be written as
the single matrix equation

o0
@(x) —/ gx —n)@t)dt = f(x) + h(x)
for —oo < x < oo. Let us denote by <i>(k), G(k), I:“(k), and I:I(k), the Fourier
transforms of &, g, — f, and — h, respectively, using the convention

N 00 . 00 .
k) = / px)e *dx = / P(x)e " dx
—00 0

Because all components of @ and f have support only for x > 0, and similarly h
has support only for x < 0, their Fourier transforms are analytically extendible
to the lower half plane (& (k), F~ (k) and the upper half plane #H * (k)),
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respectively. For convenience we call the unknown A +(k) to be <i>+(k), hence
the Fourier transform of the above integral equation for ¢ (x) yields

ST =U - Ghk)D (k) —F (k) on —oo <k <00, G(doo)=0

which is the vector RH analog of Eq. (7.4.33b).

If we assume that G(k) and F ~ (k) satisfy a Holder condition in addition to
being in the space A, then we connect with the study of vector and matrix RH
problems that was discussed in Section 7.5, suitably extended to the real line,
—00 < k < oo (see also Section 7.4.1). The critical issue involves solving the
homogeneous matrix RH problem

X ()= -GN’ (), [ —G(+o00) =1, X (do00) = 1,
-0 <k <o

because with this in hand we can readily solve the inhomogeneous equation;
that is

()= X)X (k)1 (k) —F (k) on —oo <k < o0
or
X H) 'S (k) — (X (k) D (k) = —(XFT (k) 'E (k)

and therefore

1 /°° X OF (k)

—— dk + DV ()P
i) k—z TPTEPE

®(2) =X(2) {
where P(z) is a vector of polynomials and DV (z) is an appropriate diagonal
matrix that depends on the partial index associated with I — G (k) discussed
below. Below is a brief summary of the results of Gohberg and Krein (1958);
some readers may wish to skip the summary because the connection between
systems of integral equations with displacement kernels and with RH problems
has been established.
Call M(k) = (I — G(k)) and write the homogeneous RH problem in the
form

XTth) = Mk X (k), —00 <k <00

where X*(+00) = I, M(d00) = I. Gohberg and Krein show that the matrix
M (k) can always be factorized into the following product:

M(k) =" (k) Dk)n~ (k)
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(called the “left” standard form), where ni (k) are matrices that are analytically
extendible into the upper (4) and lower (—) half planes where (a) ni (o0) =1,
(b) det n* (k) do not vanish anywhere in their analytically extended half planes,
and (c) D(k) is the diagonal matrix

k—i\“ [k—i\® k—i\~
D(k) = di :
) 1ag<(k+i> (k—H) (k+i> )

the integers «1, k2, . . ., k, are the partial indices associated with the RH prob-
lem, analogous to those discussed in Section 7.5. While the partial indices can
be characterized, other than for special cases (M (k) triangular, M (k) polyno-
mial, M (k) satisfies M + M* definite, in which case x| =k, = --- =k, = 0),
in general it is not known how to calculate the indices constructively. However,
the total index can be calculated from M (k) = n* (k) D(k)n~ (k) by taking the
logarithm of the determinant of this equation:

ind(M (k)) log det M (k)]

o0
2 | "

1
== [log(detn™ (k)) + log (det D(k)) + log(det ™ (k))]~
Because log(det n* (k)) never vanish in their respective half planes, their index
is zero. Moreover, from Section 7.4.1 we know that the index of (%)K’ is
kj. Let us denote the index of M (k) as «. Thus the sum of the partial indices,

referred to as the total index, is known a priori:
Ki+Kkr+ ...+ Kk, =indM (k) = «

Calling X~ (k) = (n~(k)D(k))~" and X* (k) = n*(k), we see that X~ (k) has
a zero at k = —i of order «; (k; > 0) in its jth column, and det(X ™ (k)) does
not vanish anywhere else in the LHP. If «; < 0, then there is no solution to the
homogeneous problem because X~ (k) has a pole of order |«;| at k = —i.

We also note that Gohberg and Krein(1958) show that corresponding to each
partialindex «; > O there corresponds a « j-dimensional family of homogeneous
solutions to the original integral equation; thatis, ¢(x) — fooo gx—t)p)dt =
0, and for each k, < 0 there corresponds a |«,|-dimensional family of solutions
to the homogeneous adjoint equation

W(x) — /OogT(t —x0)¥@)dt =0
0

On the other hand, if M (k) satisfies M = M* definite, then it can be shown
that k, = k» = --- = k, = 0, and then X*(k) satisfy Fredholm integral
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equations, similar in form to Eq. (7.5.5). (Via a similar derivation one finds
that in Eq. (7.5.5) the contour C is replaced by an integral along the real axis
(—o00, 00), and the right-hand side of that equation must be modified to be
(M~ (k)4+1y)Iy/2.) Inthe forced solution of ®(z) above, P(z) = Pyaconstant
vector and DV (z) = Iy. Other cases where the indices are positive or negative
can be discussed, but the zero indices case is sufficiently representative of the
essential ideas.

Example 7.7.2 (The Time Independent Schrodinger Equation) We now con-
sider Problem 6 of the introduction to this section; given appropriate scatter-
ing data, reconstruct the potential g(x) of the time independent Schrodinger
equation

Ver + (q(x) + )y =0, —00 < X < 00 (7.7.1)

The results we quote assume that g (x) is real, and ffooo dx(14+x?)|gx)| < co.

This problem has a natural quantum mechanical interpretation. If a “poten-
tial” is bombarded by quantum particles, then its shape can be reconstructed
from knowledge of how these particles scatter. To be more precise, if a wave
e~*** impinges on the potential g (x) from the right, this wave creates a trans-
mitted wave to the left with amplitude 7 (k) and a reflected wave to the right
with amplitude R(k), that is

Y(x, k) = T(k)e as x — —o0,
‘ . (172)
Y(x, k) = e % 4 R(k)e' ™ asx — 400

The potential g(x) can also support “bound states,” that is, there may exist a
finite number of discrete eigenvalues, k,,, such that there exist square integrable
solutions of Eq. (7.7.1):

o0
/ V2 (x)dx < 0o, n=12,...,N (7.7.3)

It is significant that the reconstruction of ¢ (x) from scattering data can be
turned into a matrix RH problem. In what follows we will only sketch the
main ideas. The “inverse scattering” analysis requires us to study solutions of
Eq. (7.7.1) with suitable boundary conditions imposed as x — =£00; that is

oL (x, k) ~ e 'k as x — —oo
Ur(x, k) ~ e~k as x — 400

Yr(x, k) ~ e** as x — 400
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The solutions vz and Y are linearly independent because the Wronskian
W = W@, ¥r) = Ve, — e Vg = 2ik # 0 (k # 0). Thus ¢ is linearly
dependent upon Vg and g:

oL (x, k) = a()yr(x, k) + b)Y (x, k) (1.7.4)

The transmission and reflection coefficients, T (k) and R (k) in Eq. (7.7.2), are
defined by T (k) = 1/a(k), R(k) = b(k)/a(k), and we see that the func-
tion ¢y (x, k)/a(k) = T (k)gr(x, k) is identified with the function ¥ (x, k) in
Eq. (7.7.2). Multiplying Eq. (7.7.4) by ¢'** and defining

®(x, k) = gr(x, k)e™

W (x, k) = Yr(x, k)e't

W(x, k) = Yrlx, k)e **
we obtain the equation

d(x, k)
a(k)

= W(x, —k) + R(k)*** W (x, k) (7.7.5)

where we have used the fact that ¥ r(x, —k) = Wr(x, k) (note that ¥ r(x, k)
and W (x, k) satisfy the same ODE, and the boundary conditions for ¥ r(x, —k)
and Wy (x, k) are the same). When ¢ (x) is such that ffooo(l +x2)|q(x)| dx <
oo, the following analytic properties can be established: ®(x, k), ¥(x, k),
a(k) are extendible to analytic functions in the upper half k& plane, and by
the symmetry principle, ¥ (x, —k) is extendible to a function analytic in the
lower half k plane. The functions ®(x, k), W(x, k), and a(k) all tend to unity
as |k| — oo.

The method usually employed to establish these analytic conditions is to
study the integral equations (cf. Ablowitz and Clarkson, 1991) that govern
®(x, k) and W (x, k); the function a(k) is given by an integral over g (x) and
®(x, k). So for example, ®(x, k) satisfies the ODE

&, —2ik®, = —q(x)®

and has the following representation as an integral equation:

B(x. k) =1 +/ Glx — £, b)q&)B(E, k) de

—0Q

where G (x, k) is defined below.
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The kernel G(x, k) is often called the Green’s function associated with
®(x, k), and G satisfies the same ODE as ® except the right-hand side of
the ODE is replaced by a Dirac delta function, that is, q(x)@(x, k) — 8(x), so
that G, — 2ikG, = —8(x). The kernel G (x, k) is given by

G(x. k) 1/ ey
x, k) = — _—
27 Je, p(p —2k) P

1 2ikx
= ﬁ(l —e? ) o(x)

where C. is the contour from —oo to oo indented below p =0, p = 2k;
6(x) = {lifx > 0,0ifx < 0}. The above integral equation for ®(x, k)
is a Volterra integral equation; note that the kernel (Green’s function) is ana-
lytic in the upper half k plane (i.e., for Imk > 0). When ¢ (x) satisfies the
condition ffooo(l +x2)|g(x)|dx < oo, one can establish that the Volterra in-
tegral equation has a unique solution (i.e., its Neumann series converges; cf.
Ablowitz and Clarkson (1991)).

In fact, with these analyticity results Eq. (7.7.5) is a generalized RH problem
— the generalization being due to the fact that ®(x, k) /a(k) is a meromorphic
function in the upper half £ plane, owing to the zeroes of a (k). (The analyticity
of a(k) for Imk > O follows from the analyticity of ®(x, k) for Imk > 0; in
fact, it can be shown that a(k) = 1 + 5 [~ g(x)®(x, k) dx, or alternatively
from Eq. (7.7.4)

1 1
a(k) = ﬂ@“//“ — QL YR) = EW(W, Yr)

where W(¢_, ¥r) is the Wronskian.) Because a(k) is analytic for Imk > 0,
a(k) — 1 as |[k|] — oo, and is continuous for Imk > 0, its zeroes must
be isolated and finite in number. One can also show that all the zeroes of
a(k) are simple and lie on the imaginary axis: a(k,) = 0, k, = ip,, n =
1,2, ..., N. Amore standard form for this generalized RH problem is obtained
by subtracting the poles of ®(x, k) /a(k) from both sides of Eq. (7.7.5). Ata
zero of a(k), a(k,) = 0, the bound states of ¢; (x, k,,) and v (x, k,,) are related:
or(x, k,) = cp,¥r(x, k,), and the so-called normalization constants are given
by ¢, = b, /ad’(k,). Calling

&(x, k) icneZik""‘-IlJr(x,k,,)

+ —
2Tk == k—k,

n=1
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Eq. (7.7.5) is given by

®F(x, k) = O (x, —k) + R(k)e*** W (x, k)

_ic e2zkx\I,+(x k)

s —o0o <k <oo (7.7.6)

where & (x, k) and ¥ (x, —k) tend to 1 as k — oo (note that G (x, k) — 0
as k — 00). We show below that Eq. (7.7.6) can be viewed as a vector RH
problem.

It turns out that the above physical picture can be turned into a rigorous
mathematical theory. Given a reflection coefficient R(k), N discrete eigenval-
ues {k,} and N normalization constants {c,}Y, there exists a unique way to
reconstruct the potential g (x) (as mentioned above, the discrete eigenvalues are
pure imaginary: k, = ip,, p, > 0):

a[ 1™
g = — [__ / dkR(k)e* ™ Wt (x, k) + 2i ch 2kt (x, k)
ox | mJ_

n=1

(7.7.7)

where W' is a solution of the generalized RH problem (7.7.6). (Eq. (7.7.7)
can be established by equating the O(1/k) term in the large k expansion of
W using the Greens function with the O(1/k) term from the + projection of
Eq. (7.7.6).)

This inverse scattering analysis can be thought of as a generalized Fourier
transform. On the “direct” side we give g (x) and find R(k), T (k), {c,, kx },Z 15
®t(x, k), ¥ (x, —k), etc. On the “inverse” side we “recover” g(x) via
Egs. (7.7.6)—(7.7.7) by giving R(k), {c,, k» } . However, a significant com-
plication is that even if R(k), {c,,}N , and {kn}n | are given, one first needs to
solve the generalized RH problem (7.7.6) for ®* (x, k) and ¥ (x, —k) before
evaluating ¢ (x). In fact, Eq. (7.7.6) together with the equation obtained from
it by letting k — —k defines a vector RH problem for the @ and © func-
tions (@1 (x, k), €1 (x, k)T and (®T (x, —k), ¥T(x, —k))”, respectively. We
show this concretely in the simpler case where there are no discrete eigenvalues.
(We make this assumption in order to simplify the algebra.) Equation (7.7.6)
for arguments k and —k yields

& (x, k) — O (x, —k) = R(k)** T+ (x, k)
®(x, —k) — O (x, k) = R(=k)e 2 Wt (x, —k)
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Substitution of ¥ (x, k) in the first of these equations by using the second
equation yields, in place of the first

& (x,k) = (1 — RR(—=k)) ¥F (x, —k) + R(k)e* ™ ®* (x, —k)

This equation and the second of the above pair yields
®t(x,k)\ _ [(1—=RMKR(—k) R(k)e*™ Ut (x, —k)
Ut(x,k) )\ —R(—k)e 2k 1 " (x, —k)

Ut (x, —k) >

= G(k) (<I>+(x, o

Actually, if g(x) is real, then R(—k) = R(k), and it is possible to establish
solvability for this RH problem provided that |R(k)| < 1. Indeed

2(1—=|RK)?) 0)

*
G+G—< 0 |

thus if |[R(k)| < 1, G + G* is positive definite and Lemma 7.5.3 implies solv-
ability. An alternative approach for solving this RH problem is to transform the
RH problem to a certain Fredholm linear integral equation called the Gel’fand—
Levitan—-Marchenko equation (see, e.g., Ablowitz and Segur, 1981; Ablowitz
and Clarkson, 1991) whose solution can be proven to exist.

Example 7.7.3 (The KdV equation.) In this example we consider the solution
of the Korteweg-deVries (KdV) equation

Gt + Grxx +6qq; =0 —co<x<oo, >0 (7.7.8)

where we assume that g(x, 0) is sufficiently differentiable and it satisfies
ffooo(l + x2)|q(x)|dx < oo. This equation was first derived in 1895 as an
approximation to the equations of water waves. The KdV equation has subse-
quently appeared in many physical applications. In the context of water waves,
it describes the amplitude of long waves of small amplitude propagating in shal-
low water (it is assumed that viscosity is negligible and that waves propagate
only in one direction).

It turns out that there is an intimate relationship between the KdV equation and
the time independent Schrodinger equation, which was discussed in Example
7.7.2. Assume that the potential g appearing in Eq. (7.7.1) evolves in time
according to the KdV equation. Then, the remarkable fact is that the evolution
of the scattering data: R(k), ¢,, and k, is very simple; namely (Ablowitz and
Segur, 1981)

d d d
—k, = R = 8ik>R - = 8ik3 .
dtk” 0, T (k,t) =8ik"R(k, 1), dtcn(t) 8ik,c,(t) (7.7.9)
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This means that Eqgs. (7.7.6) and (7.7.7), with R(k) and ¢, replaced by R(k, 0)
e8Pt and ¢, (0)e8%! | respectively, can be used to integrate the KdV equation!

In particular, given initial data g (x, 0), one first computes R (k, 0), ¢, (0), and
k,. Then Eq. (7.7.7), where ¥ is found by solving the RH problem (7.7.6),
describes the evolution of ¢ (x, 7).

Before computing some explicit solutions we give an interpretation of the
above construction. Suppose that the amplitude g(x, t) of the water wave
described by the KdV is frozen at a given instant of time. Knowing the scat-
tering data, we can reconstruct g (x, t) from knowledge of how particles would
scatter off ¢(x, r). In other words, the scattering data provides an alternative
description of the wave at a fixed time. The time evolution of the water wave
satisfies the KdV equation, which is a nonlinear equation. The above alterna-
tive description of the shape of the wave is useful because the evolution of the
scattering data is linear, that is, Eq. (7.7.9). This highly nontrivial change of
variables, from the physical to scattering space, provides a linearization of the
KdV equation.

‘We now consider the special case when R = 0. Then the RH problem (7.7.6)
reduces to

N
S (x,t, k) — U (x,t, —k) = — Z

n=1

Cn (O)e2ik”x+8ikit\11+(x’ t, kn)
k — ky, ’

—00 <k <00 (7.7.10)

where we have integrated the equation for ¢, (¢) in Eq. (7.7.9). The function
Wt (x,t,k)is a @ function (with respect to k), thus by the symmetry prin-
ciple, Wt (x,t,—k) is a © function. The function on the right-hand side of
Eq. (7.7.10) is also a © function because k, = ip,, p, > 0, and the poles lie
on the upper half plane. Thus the solution of Eq. (7.7.10) is immediately found
to be

Cj (O)ezikfx+8ik;f‘:[l+(x’ t, kj)
k—k;

N
Ut(x,t,—k) =1 +Z

J=1

and &7 (x, 1, k)=1. (Recall the boundary conditions that ®(x, k) and ¥ (x, k)
go to 1 as |k| — o0.) Evaluating the above equation at k = —k,,, we find the
following linear system of algebraic equations for the vector ¥ (k,,, x, t) for
n=1,...,N:

N

Ut (x,t, k) =1 — Z

j=1

¢; (O)EZik,-x+8ik;t‘I,+(x’ ‘ kj)
ky + K

(7.7.11)
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The N x N linear algebraic system (7.7.11) can be shown to be solvable because
the relevant matrix is positive definite. Having obtained {¥™'(x, ¢, k,l)}flv:l,
q(x, t) follows from Eq. (7.7.7) with R(k) = O:

N
.9 8kt \qy+
q(x,t) =2i T E c, (0)e® " BT (x,t, k) (7.7.12)

n=1

This solution is known as an N-soliton solution. As t — 00, it describes
the interaction of N exponentially localized traveling waves. These localized
waves have the remarkable property that they regain their initial amplitude and
velocity upon interaction (i.e., they behave like particles).

The simplest situation occurs when N = 1, which is called the one-soliton
solution. From Eq. (7.7.11) we have

1
‘I’+(-xa kl) =

3
a@e"™ " ikx
1+ e

Calling k; =ip;, p; >0, the one-soliton solution is found from Eq. (7.7.12)
to be

qglx,t) = Zp% sechz(pl(x - 4p%t) — Ol()) (7.7.13)

where « is defined by €2 = ¢1(0)/(2k;).

Example 7.7.4 (A 3 problem for a 2-spatial-dimensional generalization of the
KdV equation — the so-called Kadomtsev—Petviashvili (KP) equation.)
We consider the KP equation

(qr +69Gx + Guxx)x + 3qyy =0, -0 <x,y<oo, t>0 (7714)

and we assume that g is real, g(x, y, 0) is sufficiently smooth and bounded,
and g(x, y,0) € Lr(R?) N Loo(R?). This equation governs weakly dispersive
nonlinear waves with slow transverse variations. It is a natural generalization
of the one-dimensional KdV equation and arises in many physical applications
such as water waves, stratified fluids, plasma physics, etc. We also note that the
qgyy term can have a minus sign (formally, y + iy) but in that case the inverse
scattering is quite different. Equation (7.7.14) is sometimes referred to as the
KPII equation.

The KP equation is associated with the following linear “scattering” problem:

—Vy 4+ VYux + 2k, +q(x, Y)Y =0, —00 <X <00, —00<Yy <00
(7.7.15)
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In what follows we sketch the essential ideas in the method of solution of the
KP equation. (The main results are Eqgs. (7.7.18) and (7.7.20) below.)

By considering the integral equation that governs a solution ¥ (x, y, k)
(¥ (x,y, k) = 1 as |k| — 00), one can derive a 9 equation that 1 satisfies.

Namely, by taking
0 1/ 9 L 0
I A S
ok 2 \ dkg ak;

of the integral equation (k = kg + iky)

o0 o0
vix,y,k)=1 —I—/ / Gix—x',y—y., kv, y, k)dx' dy (7.7.16)

where the Green’s function is given by

ei&xtiny
G,y k)= (o )2/ /oo§2+2€k+l77 d& dn (7.7.17)

one can establish (cf. Ablowitz and Clarkson, 1991) the following d equation
for :

k ) _
-w(x v k) = Sg“nR e HC Tk T (e k)P (x,y k) (17.18)

where T (kg, k;) plays the role of scattering data and where v — 1 as k — oo.
(Note that ¥ (x, v, k) = ¥(x,y, —kg, k;).) Equation (7.7.18) is exactly in the
form studied in Section 7.6. It is therefore a generalized analytic function and
Eq. (7.7.18) is uniquely solvable given appropriate (decaying) scattering data
T (kg, kp).

A reconstruction formula for ¢ (x, y) is obtained by considering asymptotic
formulae for ¥ (x, y, k) as |k| — oo in an analogous way as done for one-
dimensional problems. As |k| — oo, ¥ (x, y, k) has the expansion

(€8]
Y (x, y) n

v,y k)~ 14—

From Eq. (7.7.15) we find that g(x, y) = —Ziwf). On the other hand, Eq.
(7.7.18) is equivalent to the integral equation (see, e.g., Eq. (7.6.6))

00 d‘/f
Yx,y. k) =1— —/ / G y YD (17.19)
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where 0¥ /0Z(x, y, z) satisfies Eq. (7.7.18). As |k| — oo this integral equation
simplifies:

1 [ ™oy
Yvx,y, k) ~1+— —(x,y,2)dzrdz;
Tk J_so)—oo 02

hence g (x, y) is given by

2i 9 [ [ oy
q(-x3 y):___ ddekl_—(x3 yskRvkl) (7720)
T OX J_ood—oo ok

As with the KdV equation, if g satisfies the KP equation, it can be shown that
the evolution of the scattering data, T (kg, k;) which we now call: T (kg, k;, 1),
evolves simply:

dT (kg, ky,t _
% = —4i(k> + k)T (kg, k;, 1) (7.7.21)

Hence Eqs. (7.7.18) and (7.7.20), with T replaced by T (kg, k;, 0)e =4 ®*+&)1
provide the solution of the KP equation.

Example 7.7.5 (A Special Solution for the Painlevé IV Equation: PIV) The
mathematical and physical significance of the Painlevé equations was briefly
discussed in Section 3.7. These equations were studied extensively by math-
ematicians at the turn of the century, and in recent years considerable interest
in Painlevé equations has developed because of the deep connection with inte-
grable equations and physical phenomena, for example, spin systems, relativ-
ity, field theory, and quantum gravity theory where special solutions of the PIV
equation have appeared. In this example we discuss how these special solutions
can be obtained via RH theory.

We consider the following special case of the PIV equation (see PIV in

Section 3.7 where the parameters a and b are given by a= — 26 + 1 and
b = —860?)
2 2
3 86 1
Gn =3 4 2P b 4?42 +20— 1)g — ——, 0 <Ref <=
2g 2 q 2
(7.7.22)

It turns out that the Painlevé equations can be solved via RH problems. The
conceptual framework is similar to that discussed for the KdV equation; that is,
one can relate the PIV equation to a linear problem that is intimately connected
to a RH problem. (In this case, the linear problem is an ODE, in an auxiliary
variable, say k, whose coefficients depend on the variable ¢ in PIV. Such ODEs



618 7 Riemann—Hilbert Problems

N kR
\\ algk=—n/4
\\\/
AN
argk =7w4 "~
\\l]

Fig. 7.7.1. RH problem defined on contour / =1, 4 [,

are often called Monodromy problems, and the reconstruction procedure is
referred to as the Inverse Monodromy Transform, IMT.) For a special choice
of initial data, one can establish that a solution of PIV is expressible as

9 AR
g = =20 — - 1og[klggo <%) (kyrio(t, k))] (7.7.23)

where 11, is the 12 component of a matrix ¥ (¢, k), which is found from a
RH problem defined on the contour £ = ¢; + £, where £, is a line along the
ray argk = 3w /4 and along line £; we will have a branch cut with the rays
argk = —m /4, 7T /4 on either side of the cut as depicted in Figure 7.7.1.

This RH problem is given by

(7.7.24)

‘]:’+(t, k) = \Il_(t, k) (a(tv k) b(t, k))

0 c(t, k)

where

" o >
W, k) — k _ ask — oo
( o (5"
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and where

el (20 (20-2in0  ,=2in6) on I, 0 k2 kit (7725)
a, b, cy = "2 -
(1,¢22, 1) on [, 2

The jump matrix of the above RH problem is upper triangular; hence we
can solve this matrix RH problem in closed form. Even though the coefficients
a, b, ¢ are discontinuous at k = 0 (and do not satisfy the Holder condition),
we can solve this problem in a manner analogous to the way we solved RH
problems with open contours. In fact, discontinuous problems such as these
can be thought of as the sum of two RH problems with open contours ¢,
and ¢5.

Letting ¥ = (¥, ¥,), where ¥| and ¥, are each two-component vectors,
Eq. (7.7.24) reduces to the vector equations

T =aWy (7.7.262)
U =W + W] (7.7.26b)

Let us consider the equation for ¥, in Eq. (7.7.26a). We note that the
boundary condition

in fact satisfies the homogeneous RH problem exactly. Namely, across ¢, there
is no jump; hence 'IIT = ¥, and across {1,

1\ .. 1\
‘Ill_ — <> 677”‘[0/4’ ‘I,—1|— — (> 67”10/4
k| k|

\I,-lk— — 6217[9\1’1—

1\’ /1
U, =|-
=) (o)
Next we consider the equation for ¥, in Eq. (7.7.26b). The same arguments
we just used for ¥, hold for the homogeneous solution of Eq. (7.7.26b), that

is, 3 ; = c¥; 4, so that
N /0
v=(z) (V)

hence

thus
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Because ¥, has a nontrivial contribution only in its first component, we have
a scalar equation to solve:

Y = cw; V4 pw” along =, + 0,

where the superscript (1) stands for the first component of ¥, = (®{", @)+,
Using ¢ = lIlIH(Z)/lIle(Z), we obtain

1 —(1 —(1
Fy 0 - o "3+ @
lI’2.H ‘IIZ,H ‘IIZ,H

along £ =4, + £,

and by the Plemelj formulae (note that b depends explicitly on ¢)

@ (k) A TR :
O, k) = 2 oy dk
27Tl =0+ l:[’2![.1 (k/)(k, - k)

Substituting \I';Z)H (k) = ()% and ¥V (k) = (3)?, where we understand that
k = |k|e”i/* along £, in 7" (k), we find

1 /1\ 0 [erouk) (1)

P k)= —| - / e ()" dK’ (7.27)
2mi \ k ¢ k' —k

and therefore the matrix W(z, k) = (¥, ¥,)(, k) is given by

20

1
1\ 6 1 1\ —0 ezg(z.k’)(P)
W(t, k) = (E) E(E) J} o dk' (7.28)
1\—0
0 (x)
Equation (7.7.23) therefore yields the special solution of PIV:
q(t) = =2t — iilog / 200 ! B dk (7.29)
2mi ot ¢ k '

. . 20 . o
We note that the integral representation, fz 20k (%) dk, is expressible in
terms of a classical special function, the Weber—Hermite function, and hence
this special solution of PIV is also related to this function.

Problems for Section 7.7

1. Consider the linear matrix eigenvalue equation

My +iklos, ul = Qu (D
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where [A, B] = AB — BA,

(10 (0 ¢
2= ) 2=(3 )

and where the function ¢(x) and all its derivatives are absolutely inte-
grable. Let ® and ¥ be defined by

@ _ + /’X e—ik(x—f)o':; Q@eik(x—g)0'3 dé:

—00

o0
W=7 — / e*ik(xfé)tfz Q\I,eik(xfé)% dg
X

(a) Show that ® and W satisfy (1)

Hint: Note that the transformation & = We**° transforms equation
(D to

W, +ikosW = QW (2)
(b) Show that

+ —
‘P:((I)+,‘f'7)= (Ql Ql )

;@

U o
‘I’=(‘I’,‘I’+)=< L '>,

v, v

where 4 and — denote analyticity in the upper and lower half k plane,
respectively.
Hint: Note that e*” = diag(e*, e™®)

(c) Show that

det® =det¥ =1
and
®; (x, k) = &7 (x, k), D7 (x,k) = DT (x, k)
I k) =0 (LK), W@ k) = ;5 (k)

2. (a) Show that the eigenfunctions ® and W introduced in Problem 7.7.1
satisfy

P — U =P TR keR
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where

o0
T (k) = / " ()W (x, k)e % dx, keR
—00

Hint: If W, and W, satisfy equation (2) of Problem 7.7.1, then W, =
W, C, where C is an x-independent matrix.
(b) Establish that

det(l —T(k) =1, keR

and

Ty (k) = Tia(k), keR, Tnk)=Tik), Imk>0

where Ty, T12, T>1, T»» denote the 11, 12, 21, 22 entries of the ma-
trix T.
Hint: Use (c) of problem 7.7.1.

(c) Leta = Tya, B = T». Use (b) to show that

(1= B = Bk)) = 1+ |a (O], keR

(d) This equation, together with B(k) = 0(%) as |k| — oo, define a
scalar RH problem for (k). Show that if 8(k) has no zeroes in the
upper half plane, then

o0 2
1 —pk) = exp{l/ W

; dl|, Imk >0
2im

Hint: Note that (k) is analytic in the upper half plane, while B (k) is
analytic in the lower half plane.

3. (a) Rearrange the equation obtained in part (a) of Problem 7.7.2 to show
that

_ + a_ —2ikx
(\II_ o _) =< s \Iﬁ) < _1 . —l_ﬁe‘ ‘2 )
El _ ] @ ikx _ o )
1=# 1=5 ¢ 1=

keR

(b) This equation, together with ® — I+ O (1), ¥ — I + O(3}) as
|k| — oo defines a matrix RH problem. Show that this RH problem
is equivalent to

O (x. k) <1> 1 e () (\yl*(x,l))
I — = + 7./ + dl,
Oh(x, k) 0 2ri J ol —k1—=B0) \¥, (x,])

Imk <O
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(c) Use the result of Problem 7.5.1 to show that the above RH problem
is always solvable.

4. Combine the results of Problems 1-3 above to show that

_i e k) =
g =+ [ b a

Hint: Equation (1) of Problem 7.7.1 implies Q = i limy_,  k[o3, ] or
g = 2ilim;_, o k¥. Compute this limit by using (b) of Problem 7.7.3.

5. 1In Section 7.4 a scalar RH problem was used to derive the Fourier trans-
form. Use the results of Problems 7.7.1-7.7.4 to derive the following
nonlinear Fourier transform.

Let g(x) € S(R), where S(IR) denotes the space where g and all its deri-
vatives are absolutely integrable. Given g, obtain ¥, (x, k) and W, (x, k)
as the solution of

Uy (x, k) = — / N PHEN G (&YW, (E, k) dE

\Ilz(x,k)z1—/OO§($)\III(§,k)d§, Imk >0

A nonlinear Fourier transform of ¢ denoted by « (k) is defined by

a(k) = /Oo 2 g (X)W (x, k) dx (1)

Conversely, given (k) € S(R) obtain g(k), ¥ (x, k) and ¥, (x, k) by

o) 2
l—ﬁ(k)zexp[i,/ dlw}, Imk >0
271 o l—k
and
W) (x, k) _(1>+1/°° 1 ()) (\I’l(x,l)>dl
U, ) \O) " 2mi ) o l—k1—=B0 \¥ax,1))
Imk <O

A nonlinear inverse Fourier transform of « (k) is defined by

L[ i 0‘( )
= — k) dk 2
q(x) n/_ooe “5® W, (x, k) ()
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6.

7 Riemann—Hilbert Problems

Show that the defocusing nonlinear Schrodinger equation (NLS)

iCIt+qxx_2|q|2q:O, -0 <X <00,
0<t<oo, qx,0)=qox)

is the compatibility condition (1) of Problem 7.7.1 and of

e+ 2ik*[o3, ul = (irlglPos — 2kQ +i Q. 03)p (1
Hint: use
9% _ %u
9x0t  9tdx

(a) Show that if pu satisfies equation (1) of Problem 7.7.1 and equation
(1) of Problem 7.7.6 and if T (k), «(k), and B(k) are defined as in
Problem 7.7.2, then

T, + 2ik*[05, T]1 =0
that is
B =0, a +4ik’a =0

Hint: Use [ — T = lim,_, _o €W (x, k)e~ k¥,

(b) Deduce that the nonlinear Fourier transform defined in Problem 7.7.5
can be used to solve the initial-value problem of the NLS equation as
follows: Leta(k, 0) be defined by equation (1) of Problem 7.7.5 where
q(x) isreplaced by go(x). Define g (x, t) equation (2) of Problem 7.7.5
where « (k) is replaced by « (k, 0)6’4“{2’. Then g (x, t) solves the NLS
equation with g (x, 0) = go(x).

Consider the following linear eigenvalue system of equations:

LI Mpae®) | —

-V =3 s e—— erz),

9z 29k P 7q(1€5%)
z=x+1iy, —00<X,y<O00

where g (x, y) and all its derivatives are absolutely integrable. Show that
the unique solution of these equations that is bounded for all complex k
and that satisfies the boundary condition

(w1, )" = (1,0)"as x|+ |yl = o0
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is given by

wi(x, y; kg, kr)
3k ’k .
S //q(é n)uz(én R kr) dt dn, f=t+in

T

wa(x, y; kg, ki)

_ 1 // HEDHEDg (& (. n. ke ki)
z=¢

d& dn

Hint: see Problem 7.6.4.

9. (a) Show that the eigenvectors (i1, 2)” defined in Problem 7.7.8 satisfy
the 9 equation

0 Fimki (L
ﬁ(ﬂl +po) = e (e £ ()
where

1 .
alky, kg) = -~ / / e H KRN g (x y)IT(x, v, kg, kp) dx dy
2

(b) The above equations, together with the limit (i1, u2)” — (1, 0) as
k — oo, define a 8 problem. Show that the unique solution of this
problem is

(1 £ ) (x, ;s kg, kp)

1 elz Iz
:1_";//k_la(llalR)(/LZi#l)(xayalR7ll)ledll
2

where l =[x +il;.
Hint: use the fact that ;| £ u, is a generalized analytic function.

10. Combine the results of Problems 7.7.8 and 7.7.9 to show that

2 I :
q(x,y) = — / / TR o (K kp)pr (x, y, kg, k) dkg dig

Hint: Use ¢ = 21limg_, o k2.
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11.

7 Riemann—Hilbert Problems

Note: The expressions for «(k;, kg) in part (a) of Problem 7.7.9 and
q(x,y) above define a nonlinear two-dimensional Fourier transform.
These equations can be used to solve a certain two-dimensional gen-
eralization of the nonlinear Schrodinger equation.

Let ut(k) and u~ (k) be analytic in the upper and lower half planes,
respectively, and let u* = 1+ O (+) as |k| — co. Suppose that u* and
wu~ are related to a function (k) by

[ee]

WK = k) + / a(k, () dl

p (k) = (k) +/ Bk, Hu(l)dl

where o and 8 are given functions with suitable decay properties. Show
that u satisfies the following linear integral equation:

~ ok, BK.D ,
“(k)_H// (k—(k/—iO) k—(k’+i0)>“(l)dk dl
R2

Hint: Note that because ™ — 1 is a @ function, P~ (™ — 1) = 0, where

O B ()
P b =5 [

similarly, P*(u~ — 1) = 0.
Note: this result is useful for the linearization of the so-called
Kadomtsev—Petviashvili I equation.
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Answers to Odd-Numbered Exercises

Chapter 1

Section 1.1
1. (a) e, k=0,+1,+2,...
(b) eF 42k k=0, +£1,42, ...
(©) V2e(D)+2ni =0, £1,42, ...
(d) % k=0, £1,£2, ...
(e) &(F)t%r  k=0,41,42,...
3. (a) g =4S =0,1,2

(b) z, = TTHDA e =0,1,2,3

A/3p2mik/3 _ p,

c'Pe

© ze=———— k=012
a

(d) 7, = 21/4ei37/8 7y = QUAQINIA/S o D1/4,SIn/S,
24 = 2141/

Section 1.2

1. (a) compact;

(b) open, bounded;

627
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11.

Appendix A

(c) closed, unbounded;

(d) closed, unbounded; x

-1/2

¥
(e) bounded, not open or closed; ‘p‘ .

(a) ; (b) ;—(21 T

circle passing through the north pole

(-1
@j+ D!

Section 1.3

(@ 0 (b) (i) (c) isin(1)
2o
(e) doesn’t exist ®) é (2 0
Chapter 2
Section 2.1

(a) C-R not satisfied
(c) C-R not satisfied

(a) analytic except at singular points z = (7/2 +nmw),n € Z

(b) entire; singularity at co

(c) analytic except at singular point z = 1

oo .
1
Tt

i ]
s G+2)!

@1

(b) C-R satisfied; f(z) = i(z> +2)
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Answers to Odd-Numbered Exercises 629

(d) analytic nowhere
(e) analytic except atz =exp (i(w/4+nn/2)),n=0,1,2,3

(f) entire; singularity at oo

Section 2.2

(a) Branch points at z = 1, co. Possible branch cuts: (i){z : Rez > 1,Imz = 0}
obtained by letting z — 1 = re’e, 0<60 <2m; (ii){z:Rez < 1,Imz = 0}
obtained by letting z — 1 = re’®, - <6 < 7.

(b) Branch points at z = —1 + 2i,00. Possible branch cut: {z:Rez > —1,
Im z =2} obtained by letting z + 1 — 2i =re'®,0 <0 < 27.

(c) Branch points at z = 0, 0. Possible branch cut: {z : Rez > 0,Imz = 0}
obtained by letting z = re?, 0 < 6 < 2.

(d) Branch points at z = 0, 0. Possible branch cut: {z : Rez > 0,Imz = 0}
obtained by letting z = re?,0 < 6 < 2.

(@) z=e"5 3n=0,1,2,3,4 (b) z=i(1+ 2n + 1)7), n=integer
(¢) z=mn/4+nmw, n=integer
OTENED here 2z, = pe

Section 2.3

(a) Branch points at z = =+i. Branch cut: {z : Rez = 0, —1 <Imz < 1} obtained
by letting z — i = rie'” and z + i = rye'® for =X < 6,60, < Z.

(b) Branch points at z = —1, 2, 0. Branch cut: {; :Rez > —1,Imz = 0}
obtained by letting z + 1 = r1e'” and z — 2 = rye'® for 0 < 0,, 6, < 2.

Branch points at z = +i, co. Branch cut: {z : Rez = 0,Imz < 1} obtained by

letting z +i = r1e'® and z — i = rpe'® for == < 6,,6, < .

Section 2.4
(@ 0 () 0 (c) 2mi
(@) 0 (b) mi (c) 8i d) 4i
(@ I'=0, F=2n«k
Section 2.5
(a) 0 () 0 (c) 2mi d 0 ) 0 ® 0

(a) 0 (b) —2i (c) —4i (d) —2i
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Section 2.6
1. @0 ) 0 © 0 (d) 27i (e) —2ri
3. 0

Chapter 3

Section 3.1

“UC” means uniformly convergent

o

1. (a) limnﬁwﬁzo;UC (b) lim,_, o - =0forl <« < |z| < B; UC
: : z\ — (- . 1 —_0-
() hm,,_)oosm( ) =0; UC (d) lim,_ FEvmm =0; UC

n

. I 1. _ .
3. hm,Hoofo nz" l'dz=1; fo lim, _, o 77" 'dz=0; not a counterexample since
convergence is not uniform.

Section 3.2
1. (a R=1 (b) R=o0 (c) R=0 (d) R=oc0 (e) R=e
3. (@ R=mn/)2
(b) Ey=1, E =0, E,= -1, E;=0, E,=5, Es;=0, E¢= —61

o (_l)kzk-H

7. log(l =
og(l+7z) [
k=0
N k(k—1) - (k — (m — 2))zk=m=D
9.
Z (m —1)!
k=m—1
11. |Imz| <a
Section 3.3
- n_2n S —(—1)"
1. (a) Z(—l) 22 (b) Z2nt2
n=0 n=0

2 i\ Qi)-1,
. @ <§‘§)ZOTZ

—2—|—l 0o z n . i n+1
(b) — (ZG) — (=D (E) )




1.

()

(a)
(b)
©

(d)
©)]

®

(€9)
(h)
6
@G

=

(a

=

(b)
(©

d
(e

~ =

(a)
©)

()

Answers to Odd-Numbered Exercises 631

Section 3.4

yes (b) yes (c) no (d) Cauchy sequence for Re z > 0.

Section 3.5

z = 0 is a removable singularity; z = oo is an essential singularity.
z = 0 is a simple pole; z = oo is an essential singularity.

z = 5 + nm are essential singularities for n € Z; z = oo is a nonisolated
singularity; it is a cluster point.

Simple poles at z = —% + i%g, 0.

Branch points at z = 0, co. Depending on which branch of 23 is chosen, may
have simple pole at z = 1. Letting z = re’® for0 < 0 < 2m,z =1lisa
removable singularity; letting z = re’® for 2m < 6 < 4m, z = 1 is a simple
pole; letting z = re’’ for 4w < 0 < 61, z = 1is a simple pole.

z = 0, oo are branch points. If we let z = re’® for 27 < 6 < 47, then z = 1
is an additional branch point.

|z] = 1 is a boundary jump discontinuity.
|z| = 1 is a natural boundary.
Simple poles at z = i(n/2 + nr) forn € Z, and z = oo is a cluster point.

Simple poles at z = i /(nm) for n € Z, and z = 0 is a cluster point.

. _ ot imQ42nmya o, : e A B
Simple poles at z = 23e ,n=0,1,2,3, with strength N LW LWL

#, respectively.
Simple poles atz =7 /2 + nw, C_; = —1.
Poles of order two at z = nw; C_, = nmw,n # 0, £1, £2, ...; pole order one

atz=0,C_; =1.

Pole of order two at z = 0; C_, = 3.

Simple pole at z = \/Z C_,=1/2; simple pole at z = — «/5, C_=1/2.

Section 3.6
Converges for |z]| < 1. (b) Converges for all z.
Diverges. (d) Converges for all z.
Section 3.7

z = 0 fixed singularity, no movable singularities; w(z) = —z + cz>.
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(b) z = 0 fixed singularity, z = e a movable singularity, where w(z) = (1)/(c —
log z).

(c) No fixed singular points; movable singular pointatz : ¢ —2 f:) a(z)dz =0,

¢ = 1/w} where w(z9) = wp, and

1

w(z) = T
1 2z ’ / 2
| & =2 [ az)dz
(d) z = 0 fixed singularity, no movable singularities; w(z) = [c; sin(logz) +
c; cos(log z)].

3. (b) Movable zeroes of ¢ yield movable poles of w. Fixed singular points are lo-
cated at p(z) = 0.

Chapter 4
Section 4.1
L (@ -5 () 1 © 0 (d) 3log(3) © 5
3. (a) Pole of order m (b) branch point (c) simple pole
(d) branch point (e) branch point (f) essential singularity
(g) simple pole (h) analytic (i) branch point
(j) branch point
Section 4.2
T b4 T b4
1. — b) — T — d —
@ ® 3 © 2abt+a) @ 3
Section 4.4
1. I=n (b) I=0
(c) The theorem can’t be applied; singularity on contour. dI=N-M

(e) The theorem can’t be applied; essential singularity.

3. (a) 3 times (b) 3 times (¢) 2n N

Section 4.5

L (a) Fk)= e

) Fk) = %e"k‘“
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Answers to Odd-Numbered Exercises

. we K /]
(©) F(k) = a (; + |k|)

Tz (e(—ih—c)(—k-m) _ e(—ih—c)(—k—a)) for k < —a
1c

d) Fk) =4 & (eCihochta _ pibto-k=a))  for —qg <k <a
L(e(—[b+c)(—k+a) _e(—ib+c)(—l<—a)) for a < k

ic

@ F = {”’ =

&)

&)

0, k| > w
A k
(a) Fy(k) = mﬁ
® Bk = =e*
V2
1
—me "sinhk k< w
s ) V2
(¢) Fi(k) = L
Eﬂe sinhw w <k
(@) f(x)=coswx

(b) f(x) =xe™
n—1

© f(x)= —— ¢

e
(n—1)!
— 1 _ n=2 —wx __ n—1_—wx
@ fx) = (n—l)![(n Dx"""e wx" e
© f)=———+ -
wy — Wy w; — Wy
X sin wx
() f(x) = T T3
w w
@ fa)= L Ginwex)
wr
h ( ) _ ewx l + e—wx + 1)
() ()= pstew =D+ T
Section 4.6
SN i(x—8)2/4
u(x, ) = Wer _ooe f(&)dé

0o oo 1 _(_/)2+(_/)2
CD(x,y,t):/ / f(X’,y/)Hexp< [X pY - y—-y :I

633
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Chapter 5

Section 5.2
1. The function w = u +iv = (1)/(x + iy) gives the relation
x -y
= -7, V= ——
X2 + y2 x2 _|_y2
and noticing that u?> + v> = (1)/(x? + y?), we obtain
u —v
=2 2’ Y=
us+v u-+v
Thus when x = ¢; and y = ¢;, we have

u —v

— = — =0
M2+U2 ’ M2+1)2

Upon completing the square in the above equation, we obtain

1 2+ s 1\’ S : 1\’
u—— v=|(—], u v+ — | = —
261 261 26‘2 2(,‘2

which are the desired image circles of the lines x =¢; #0and y = ¢, # 0

3. w=2-2+3

Section 5.3

2 2
1. x*—y " =c,xy=c

3. @ w=(04+i)E*+7)+Q—2i)z7 +8iz b) w=2z
Only (b) can define a conformal mapping.

Section 5.6
1. (@ w=7"* (b) w=1logz
5. qZ — M%
14+ (27”)264% + %”eZHTX cos %

w=z —l—e%, z=x41iy,w =u-+1iv, q is the speed of the flow (an explicit
formula for z in terms of w, i.e., x = x(u, v) and y = y(u, v), does not exist).

h h
7. Fw) = ?qf—l(w) - 7qz

where

w=f()= g((z2 —1)'? +cosh™' z).
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2sinz +1\ "
9. w = r——
2sinz — 1

15, f@=J; 7 (=2 dz £ =0, f(1)=(

sin a3

)Fmormﬁrmg=e

Section 5.7

@B =3z +i
T 3ozt
Radius of the inner circle
5 — p
c+\/c?—p?
et —i

Py =2 (T
AR (7R  SHNY S

Chapter 6

Section 6.1

@ fO~Y =
n=0 '

() f(e) ~0, € > 0doesnotexistife <O0.

k2n—l
by ey
@ k=g ot O G T e sy
4 3 4 4 2 u 2 s
b) ki — ki 4+ —kT — —kF 4.
®) 3 7 + 11 45 +
© e (N ke KK
o) = 2 = SN T
4 4 5 9
f u(x)x"dx
I(Z) Z n+l

Section 6.2

1 1
(@ e*|=sinl+ —cosl+-
k k2

1
b) e F | — — — ...
() [Sk 5k T }
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Appendix A

R 1\ 2
1(k)~z( ' (2 4 2n)

n=0

1
o~ T

1
1

i 2ik 1 2wk 2
(a) —E(sm2+2)e + p(COSZ-‘r e — —

ﬁein/4

@ Y7

(2n) 1k 3+

Section 6.3

k2
®) 2, /%e*¥e"”/4

Section 6.4

_ 4k 4k 3
) /e Vicos | —= — 22
k 502 8

i
(b) %

)
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airfoil, 404, 550
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Airy’s equation, 296
algebraic equation, 14, 27
analytic, 24
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function, 24, 37, 38
zero’s of, 123
in a region, 37
annulus, 8, 79
antiderivative, 76, 84
antistokes lines, 492
arc, 71, 313
Jordan, 71
simple, 71
smooth, 72
argument, 4
Argument principle, 259
associative law, 6
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behavior, 423
expansion, 414

asymptotic power series, 417

sequence, 414
zero’s of, 123

automorphic function, 190, 395

barrier, 43

circular, 43
Bernoulli equation, 331
Berry, 494

Bessel function, 136, 216, 283

Bessel’s equation, 183
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bilinear transformation, 328, 366

binomial coefficients, 25
Biot, 550

Bleistein, 455
BMO (bounded mean oscillations), 268
boundary, 8
conditions, 38, 326
correspondence points, 408
jump discontinuity, 152
natural, 155
point, 8
boundary value problems, 326
bounded mean oscillations, 268
bounded region, 8
branch, 47
cut, 47
movable point, 180
point, 46
principal, 48
Bromwich contour, 274
Burgers equation, 476

camper line, 550

canonical factorization, 560

capacitance, 407

Carleman, 516, 555

Cassinians, 402

Cauchy—Euler type equation, 192

Cauchy—Goursat Theorem, 70, 105

Cauchy Integral Formula, 91

Cauchy (Type) Integrals, 517ff

Cauchy Principal Value at Infinity, 218

Cauchy Principal Value Integrals, 237ff

Cauchy Residue Theorem, 207

Cauchy—Riemann conditions, 33, 34
in polar form, 34

Cauchy sequence, 137

Cauchy’s Theorem, 70

cavitation, 337

chain rule, 57, 73, 98

Chazy, 188

Chazy’s equation, 188

circular barrier, 43
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circulation, 77, 81, 324
Clarkson, 610, 611
closed contour, 72
simple, 72
closed region, 8
cluster point, 151
Cole, 476
commutative law, 6
compact, 9
compactified, 16
compact region, 23
comparison test, 120
complementary domains (circle), 372
complementary error function, 293
complex, 3
conjugate, 5, 22
conjugate pairs, 27
electrostatic potential, 326
integration, 70ff
logarithm, 49
number, 1
number exponential form, 4
number, real part, 1
imaginary part, 1
number, properties, 5, 6
plane, 3
plane compactified (closed), 16
plane extended, 15, 16
complex logorithm, 48
exponential, 11
complex temperature, 325
complex electrostatic potential, 326
velocity potential, 40
computerized tomography (CT), 564
conduction, 39
steady state heat, 39
conductivity, 325
conformal mapping, 57, 311 ff
conformal transformation, 312, 314
conjugate (complex), 5, 22
conjugate, harmonic, 39
conjugate mapping, 15
connected, 9
at infinity, 22
connection functions, 504
continuous, 22
everywhere, 24
function, 22, 72
in a region, 23
contour, 72
Bromwich, 274
deformed, 86, 87
dogbone, 257
contour integral, 72
Jordan, 72
keyhole, 246
two-keyhole, 257

Index

convergence, 217, 222
absolute, 159
radius of, 117
uniform, 110, 222
convolution product — Fourier, 271

convolution product — Laplace, 277-278

coordinates, 3

polar, 3
cos (cosine), 12
cosine transform, 273
critical point, 317, 449
crosscut, 76, 85
cross ratio, 369

CT (see computerized tomography), 564

curl, 40
curve, 71

Jordan, 71

simple, 71

simple closed, 71
curvilinear polygon, 382
cylinder, 42

damped and stable, 14
Darboux, 184, 188, 190, 195
Darboux-Halphen system, 188—189,

190, 195
DBAR (3) problem, 516, 598
Debye, 455, 464
deformation of contours, 213
deformed contour, 86, 87
degenerate kernel, 539
delta function, 270
derivative

definition, 23

Schwarzian, 190, 194, 383
differentiable function, 34
dielectric constant, 325
difference quotient, 24
differentiable, 23, 24

nowhere, 24
difference equation, 277
differential equations, 174ff
diffusion equation, 288
Dingle, 494
Dirac delta function, 270
Dirichlet problem, 40, 326, 546
dispersion relation, 295, 475
dispersive, 476
dispersive solution, 475
displacement kernal, 558
distributive law, 6
divergence, 40
divergence theorem, 82
dogbone contour, 257
domain, 9
domain multiply connected, 79
domain of definition of a function, 10
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dominant (part of an asymptotic expansion),

492
doublet, 45, 69
doubly periodic function, 185
doughnut, 79
dual space, 267

eigenfunction, 539
eigenvalues, 539

electrodes, 407

electrostatics, 39, 325

elliptic function, 185, 186, 359
elliptic integral, 358

elliptic modular function, 382, 396

entire function, 38, 95, 149, 185
equation
Abel, 553
Airy’s, 296
Bernoulli, 331
Bessel’s, 183, 192
Cauchy—Euler type, 192
Chazy, 188

Darboux-Halphen, 188-189, 190, 195

diffusion, 288
Fredholm, 484
Fredholm integral, 538

Gel’fand-Levitan—-Marchenko, 613

heat, 303

Helmbholtz, 570
hypergeometric, 189, 305
indicial, 182

integral, 538
Kadomtsev—Petviashvili, 615
Korteweg—deVries (KdV), 480
Laplace’s, 39

Legendre’s, 183, 192

linear homogeneous differential, 26,

180
linear integral, 538
modified KdV, 480, 484
Painlevé, 174, 184, 617
polynomial, 5
reduced wave, 570
Riccati, 184
Schrodinger, 411, 474, 609
self-dual Yang—Mills, 566
Theodorsen’s integral, 409
Volterra integral, 538
wave, 293
equilibrium states, 14
equipotential lines, 326
Erdelyi, 417, 443
erf (error function), 283
error function, 283
essential singular point, 148, 149
essential singularity, 149
Euclidean geometry, 18

Index

Euler
constant, 420
formula, 18
method, 198
notation, 3
numbers, 125
expansion
asymptotic, 414
Laurent, 206
Mittag—Leffler, 165
Taylor (series), 114ff
Weierstrass expansion, 169
exponential
exponential function, 4, 11
order, 274
exponential integral, 494
polar, 4
extended complex plane, 15

factorial function, 276
factorization
canonical, 560
problem, 560
proper, 560
FFT (fast fourier transform), 197
field, flow and velocity, 41
flow field, uniform, 41
fluid ideal flow, 39, 40, 323
flux, 77
flux lines, 326
forcing, 293
Fornberg, 410
four dimensions, 14
Fourier coefficients, 269
Fourier sine transform, 291
Fourier transform, 267
cosine, 273
discrete, 197
fast (FFT), 197
inverse, 267
pair, 267
sine, 273
Fourier type integrals, 439ff
Fredholm equation, 484
Fredholm integral equation, 538
friction zero, 40
Frobenius, 182
Fuchs, 182, 184
function, 10
absolutely integrable, 268
Airy, 297
analytic, 24, 37, 38
automorphic, 190, 395
Bessel, 136, 216, 283
branch of, 47
complementary error, 293
complex logarithm, 49



Index

continuous, 22, 72
continuous in a region, 23
cos (cosine), 12
differentiable, 34
differentiable nowhere, 24
Dirac delta, 270

domain, 10

doubly periodic, 185
elliptic modular, 382, 396
entire, 38, 95

error, 283

exponential, 4, 11
exponential integral, 494
factorial, 276

gamma (I"(z)), 436
gamma (I"(g)), 276, 427
generalized analytic, 601
Green’s, 286

Hankel, 457

harmonic, 39

Heaviside, 471
hyperbolic, 12

inverse trigonometric and hyperbolic, 53, 55

Jacobian elliptic, 359

Kronecker delta, 203, 208

meromorphic, 217

multivalued, 46

of exponential order, 274

periodic, 4

piecewise continuous, 72

principal branch, 48

power, 10, 52

range, 10

rational, 11, 150

residue, 206

Schwarzian S, 389

Schwarzian triangle, 190, 382, 389

sin (sine), 12

square integrable, 267

stream, 40, 324

symmetric, 539

trigometric, 12

uniformly continuous, 23

univalent, 319

zeros of, 123, 259
Fundamental Theorem of Algebra, 96, 264

Gaier, 410
Gakhov, 516
gamma function (I'(z)), 171, 276, 427,
436
Gaussian, 279
Gel’fand-Levitan-Marchenko equation, 613
generalized analytic function, 601
geometric interpretation, 3, 6
Glasser, 504
Gohberg, 560, 605, 607

643

Goursat, 83, 105

gradient, 34, 43

Green, 500

Green'’s function, 286, 288
Green’s Theorem, 81
group velocity, 295, 475

Halphen’s (Darbaux-Halphen) system,
188-189, 190, 195
Handelsmac, 455
Hankel, 506
Hankel function, 457
harmonic, 39
conjugate, 39
function, 39
motion, 28
heat equation, 303
heat flow, 325
steady state conduction, 39
Heaviside function, 471
Helmbholtz equation, 570
Hilbert problem, 546
Hilbert transform, 255
Hille, 174, 180
Holder condition, 517
holomorphic, 38
homogeneous differential equations, 26, 180
Hopf, 476
hyperbolae, 39, 57, 366, 402
hyperbolic function, 12
hypergeometric equation, 183, 305

ideal fluid flow, 40, 323, 329ff
identities
hyperbolic function, 12
trigonometric, 5, 12
image, 14
images on the sphere, 17
imaginary part, 3, 11
IMT (inverse Monodromy transform),
618
Ince, 174, 180
incompressible, 40
indicial equation, 182
individual indices, 580
inequality, triangle, 6
inequality derivatives, 95
inequality integral, 78
infinite products, 158ff
integrable, 70
integral equation, 538
with displacement kernel, 558
with logarithmic kernel, 556
with Abel, 553
integral representation, 298, 299
integral, independence of path, 73
integration (complex), 70ff
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integration by parts, 423

interior point, 8

invariance of the cross-ratio, 369
inverse Fourier transform, 267

inverse function, 53, 55

inverse hyperbolic function, 53, 55
inverse Laplace transform, 274

inverse mapping, 317ff

inverse Monodromy transform (IMT), 618
inverse points (circle), 372-373, 374
inverse scattering, 515, 609

Inverse Scattering Transform, 484, 565
inverse tangent function, 52

inverse transformation, 57

inverse trigonometric functions, 53, 55
inviscid, 40

irrotational, 40, 324

isolated singular point, 144

isolated zero’s, 123

isothermal lines, 325

IST (inverse scattering transform), 484

Jacobi/Jacobian elliptic function, 186, 359
Jeffreys, 300, 500

Jordan arc, 71

Jordan contour, 72

Jordan curve, 71

Jordan’s Lemma, 222

Joukowski profiles, 404

Kadomtsev—Petviashvili equation,
615
KdV (Kortewg—deVries), 480, 613
kernel, 538
degenerate, 539
kernel displacement, 558
kernel logarithmic, 556
keyhole contour, 246
Korteweg—deVries (KdV) equation, 480, 613
KP (Kadomtsev—Petviashvili), 615
Krein, 560, 605, 607
Kronecker delta function, 203, 208
Kruskal, 494
Kurta condition, 551

Laplace’s equation, 39
Laplace transform and inverse, 274, 510
Laplace’s formula, 431
Laplace’s method, 430ft, 431
Laplace type integrals, 422ff, 423
Laplacian operator, 288
Laurent

expansion, 206

series, 121, 127, 196
least upper bound (l.u.b.), 117
Legendre’s equation, 183
lemulscate, 367, 402
level curves, 41

Index

I’Hopital’s rule, 29, 242

lift, 335, 337

Lighthill, 270

limits, 20ff

limit at infinity, 21

linear fractional transformation, 366

linear homogeneous differential equations,
26, 180

line integral, 72, 74

linear integral equation, 538

Linearize, 192

Liouville, 500

Liouville’s Theorem, 95

Lipschitz condition, 517

lower half plane, 224

logarithm, 48, 49

logarithmic kernel, 556

L R circuit, 301

maximum-modulus theorem, 97
maximum principles, 97

M test, 112, 139

majorants, 175

mapping, 14

mapping, conformal, 311ff
mapping: one-to-one, 319
mapping: inverse, 317ff
marginally stable, 14

matching solution, 296

Mean value formula, 96

Mellin transform, 504, 510
meromorphic function, 150, 217
Mittag—Leffler expansion, 165, 228
Mittag—Leffler Theorem, 166, 167
modified Bessel function, 298
mKdV (modified KdV), 480
Mobius transformation, 366
modified KdV, 480, 484
modulus, 4, 406

monodromy problem, 618
Monodromy Theorem, 155
Morera’s Theorem, 95

movable branch point, 180
multiple solutions, 5, 27
multiplication of series, 120
multiply connected, 79
multivalued function, 4, 46
multivaluedness, 10
Muskhelishvili, 516, 522, 540

NACA, 550

natural barrier (boundary), 155, 392
necessary condition, 33

Nehari, 344, 348, 359, 393, 398
neighborhood, 8, 15

Neumann problem, 40, 326
nonisolated singularity, 155
nonlinear differential equation, 174
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nonlinear wave propagation, 98
nonviscous, 40

normal (unit vector), 77
normalization constants, 611
north pole, 15, 18

N-soliton, 615

o notation, 413

one-to-one, mapping, 319

open set, 8

open sets map to open sets, 341
orientation of contour, standard, 254
orthogonality of level curves, 39
Osgood—Carathéodory theorem, 344

Painlevé equation, 193, 174
Painlevé transcendents, 187
Painlevé type ODE, 184
parallelogram law, 6
Parseval formula, 272
Parseval formula for Mellin transforms, 510
Parseval identity, 272
partial differential equations, 37, 39, 285
partial indices, 580
PDE (partial differential equation), 37
periodic function, 4
periodicity, 5
phase, 47
phase diagram, 63
phase velocity, 475
Picard’s Theorem, 149
piecewise continuous function, 72
piecewise smooth, 268
PIV (Painlevé IV equation), 617
Plemelj, 516
Plemelj formula, 518, 540
Poincare-Bertrand transposition formula,
577
point at infinity, 15, 18
cluster, 151
Point Vortex, 58
Poisson formula (half plane), 287
(circle), 104
polar
coordinates, 3
exponential, 4
form, 4
representation, 14
pole, 146
at infinity, 150
double, 146
movable, 180
N’th-order, 145
simple, 145
strength of, 145
triple, 145
potential, complex velocity, 40
electrostatic, 326
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polygon, curvilinear, 382
polygon, mapping, 348ff
polynomial, 10, 11, 25, 30
polynomial equation, 5

zeros (roots) of, 5, 96, 264
power function, 10, 52
power series, 13, 114
power spectrum, 272
principal branch, 49
principal part, 130, 164, 206
principal value at infinity, 218
principal value integral, 237ff
principle of the argument, 259
product, infinite, 158ff
projection

operators, 255

stereographic, 15
proper factorization, 560
punctured z-plane, 37

radiation condition, 571
radius of convergence, 13, 117, 202
Radon transform, 515, 564-566
range of a function, 10
rational function, 150
ratio test, 120
rays of maximum dominance, 493
real part, 3, 11
reduced wave equation, 570
recessive (part of asymptotic expansion), 492
recursion relation (differential equation),
183
reflection principle (Schwarz), 346, 379
region
bounded, 8
closed, 8
compact, 23
regular singular point, 182
removable singularity, 144
residue, 130, 206
at infinity, 211
residue theorem, 206, 207
RH (Riemann-Hilbert), 514
Riccati equation, 184
Riemann—Hilbert (RH) problem, 514
Riemann-Lebesgue lemma, 439
Riemann Mapping Theorem, 344
Riemann surface, 65
infinitely sheeted, 66
n-sheeted, 66
two-sheeted, 65
Riemann zeta function, 142
RK4 (Runge—Kutta method), 199
roots of unity, 5, 410
root test, 117
Rouché’s Theorem, 263
Rudin, 268
Runge—Kutta methods, 199
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saddle point, 449
Savart, 550
scattering theory, 98, 515, 609
Schrodinger equation, 411, 474, 609
Schwarz—Christoffel theorem (formula),
348
Schwarz-Christoffel transformation, 312,
346
Schwarzian derivative, 190, 383
Schwarzian S-function, 389
Schwarzian triangle function, 190, 382,
389
Schwarz reflection principle, 346, 379
Schwarz symmetry principle, 346, 379
sectionally analytic, 520, 528
sector, 10
Segur, 484, 613
self-dual Yang—Mills equation, 161
sequence, 109
Cauchy, 137
asymptotic, 484
series
Taylor, 70, 114ff
Laurent, 121, 127, 146
power, 164
series asymptotic power, 417
series expansions, 18
series methods (numerical), 201
sheet (Riemann surface), 65
SHM (simple harmonic motion),
28
shock condition, 479
shock wave, 479
simple
arc, 71
closed curve, 71
closed contour, 72
curve, 71
harmonic motion, 28
pole, 145
simply connected, 79
sin (sine), 12
sine transform, 273, 291
singularity
fixed, 179
movable, 179
nonisolated, 155
removable, 144
singular integral equations, 538ff
singular point, 38, 98
essential, 179
fixed, 179
isolated, 145
regular, 182
sink, 60, 69
smooth arc, 72
square root, 46

Index

Sommerfeld contour, 463

Sommerfeld diffraction problem,
570

Sommerfeld radiation condition,
294

source, 60, 69

south pole, 15

special ends, 535

sphere, 15

SP (singular point), 179

square integrable function, 267

stable, 14
marginally, 14

stagnation point, 43

standard orientation of contour,
254

stationary phase method, 443ff

steepest descent method, 448ff

stereographic projection, 15, 50,
62

Stirling’s formula, 436, 495

stokes lines, 493

Stokes phenomenon, 418, 488

stream lines, 41, 324

stream function, 40, 324

strength of a pole, 145

sufficient condition, 33

supremum (sup), 117, 202

symmetric function, 539

tangent (unit vector), 77
Taylor series, 30, 114ff
temperature distribution, 56
steady state, 67
test
comparison, 120
ratio, 120
Theodorsen’s integral equation, 409
thermal conductivity, 325
thin airfoil theory, 550
time independent Schrodinger equation,
609
time-stepping methods, 198
Titchmarsh, 440
to all orders, 430
tomography, 564
total index, 608
transcendental, 14
transformation, 14
bilinear, 328, 366
conformal, 314
critical point, 317
linear fractional, 366
Mobius, 366
Schwarz—Christoffel, 312, 346
inverse Monodromy, 618
inverse scattering, 484



Laplace, 274

Mellin, 504

Radon, 515, 564
transform space, 267
transform

Fourier, 267

Laplace, 274

Mallin, 504

Hilbert, 255
triangle inequality, 6
triangular region, 315, 319
trigonometric functions, 12
trigonometric identifies, 5
trilaterals, 405
turning point, 501
turning solution (function), 296, 504
two-keyhole contour, 257

unbounded region, 15
uniform convergence, 222
uniform flow, 41
uniformly continuous, 23
uniqueness

of Taylor series, 118

of Laurent series, 132

of analytic inverse, 320, 342
univalent, 319
unstable system, 14
upper half plane, 14, 224

values at infinity, 15
vector, 3
vector gradients, 34

Index

Vekua, 583, 601

velocity, fluid, 40, 324
velocity field, 41

velocity potential, 40
vibrations of beams, 28
Volterra integral equation, 538
vortex, point, 60

Watson, 389, 393
Watson’s Lemma 426ff, 427
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Watson’s Lemma in the complex plane, 490

wave, 98
equation, 293
nonlinear propagation, 98
wedge product, 598
Wegmann, 410
Weierstrass, 149
Weierstrass elliptic function, 185
Weierstrass M test, 112, 139
Weierstrass Factor Theorem, 169, 228
Whitham, 476, 477
Whittaker, 389, 393
Wiener—Hopf method, 516, 570
winding number, 213, 260
WKB (Wentzel-Kramner-Brillouin),
500
Wronskian, 189

zeroes of a function, 123, 259
zero friction, 40
zeta function, 142
z plane, 4, 11
punctured, 37



