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Preface

This text is intended for undergraduates in mathematics, the physical sciences,
and engineering who are taking complex analysis for the first time. Two years of
calculus, up through calculus of several variables and Green's theorem, are adequate
preparation for the course. The text contains some references to linear algebra and
basic facts about e-8 analysis, but the extent to which they are emphasized can be
adjusted by the instructor depending on the background and needs of the class.

The book has a generous number of examples, exercises, and applications. We
have made a special effort to motivate students by making the book readable for
self-study and have provided plenty of material to help students gain an intu-
itive understanding of the subject. Our arrangement enables application-oriented
students to skip the more technical parts without sacrificing an understanding of
the main theoretical points. Applications include electric potentials, heat conduc-
tion, hydrodynamics (studied with the aid of harmonic functions and conformal
mappings), Laplace transforms, asymptotic expansions, the Gamma function, and
Bessel functions.

The core of Chapters 1 to 6 can be taught in a one-semester course for math-
ematics majors. In applied mathematics courses, if some of the technical parts of
Chapter 2 and parts of Chapter 6 are omitted, then parts of Chapters 7 and 8 can
be covered in one semester. It is healthy for mathematics majors to see as many
of the applications as possible, for they are an integral part of the cultural and
historical heritage of mathematics.

Symbols The symbols used in this text are, for the most part, standard. The set
of real numbers is denoted R, while C denotes the set of complex numbers. “Iff”
stands for “if and only if” (except in definitions, where we write only “if”). The
end of a proof is marked M, the end of the proof of a lemma in the middle of a
proof of a theorem is marked ¥ and occasionally, the end of an example in the text
is marked 4. The notation ]a, b| represents the open interval consisting of all real
numbers z satisfying @ < x < b. This is to avoid confusion with the ordered pair
notation (a,b). The notation f : A C C — C means that the mapping f maps the
domain A, which is a subset of C, into C, and we write z +— f (z) for the effect of f
on the point z € A. Occasionally, = is used to mean “implies”. The set theoretic
difference of the sets A and B is denoted by A\ B, while their union and intersection
are denoted by AU B and AN B. The definitions, theorems, propositions, lemmas,
and examples are numbered consecutively for easy cross reference; for example,
Definition 6.2.3 refers to the third item in Section 6.2.

vil



viii Preface
Classic texts Despite the large numbers of texts written in recent years, some of
the older classics remain the best. A few that are worth looking at are A, Hurwitz
and R. Courant, Vorlesungen tber allgemeine Funktionentheorie und elliptische
Funktionen (Berlin: Julins Springer, 1925); E. T. Whittaker and G. N. Watson, A
Course of Modern Analysis, Fourth Edition (London: Cambridge University Press,
1927); E. T. Titchmarch, The Theory of Functions, 2d ed. (NewYork: Oxford
University Press. 1939, reprinted 1985); and K. Knopp, Theory of Functions (New
York: Dover, 1947). The reader who wishes further information on various of the
more advaneed topics can profitably consult E. Hille, Analytic Function Theory,
9 volumes, (Boston: Ginn, 1959); L. V. Ahlfors, Complex Analysis (New York:
McGraw-Hill, 1966); W. Rudin, Real and Complez Analysis (New York: McGraw-
Hill, 1969); and P. M. Morse and H. Feshbach. Methods of Theoretical Physics
(New York: McGraw-Hill, 1953). Some additional references are given throughout
the text.

The modern treatment of complex analysis did not evolve rapidly or smoothly.
The numerous creators of this area of mathematics traveled over many rough roads
and encountered many blind alleys before the superior routes were found. An ap-
preciation of the history of mathematics and its intimate connection to the physical
sciences is important to every student’s education. We recommend looking at M.
Klein's Mathematical Thought from Ancient to Modern Times (London: Oxford
University Press, 1972).

Third edition The third edition features an Instructor’s Supplement as well as
0 Student Guide. Answers to the odd numbered problems are in the back of the
book and exercises with solutions in the Student Guide are marked with a bullet
(*) in the text.

We have streamlined a number of features in the text, such as the treatment of
Cauchy’s Theorem. We have substantially rewritten Chapter 4 on the evaluation
of integrals, making the treatment less encyclopedic. An Internet Supplement is
available free from http://www.whfreeman.com/ (look in the mathematics section)
or from http://cds.caltech.edu/ marsden/ (look under “books™). It contains ad-
ditional information for those who want to delve into some topics in a little more
depth.

Acknowledgments We are grateful to the many readers who supplied correc-
tions and comments for this edition. There are too many to be thanked individ-
ually, but we would like especially to mention (more or less chronologically) M.
Buchner (who helped significantly with the First Edition), C. Risk, P. Roeder, W.
Sorker. G. Hill, J. Seitz, J. Brudowski, H. O. Cordes, M. Choi, W. T. Stallings, E.
Green. R Itis, N. Starr, D. Fowler, L. L. Campbell, D. Goldschmidt, T. Kato, J.
\iesirow, P. Kenshaft, K. L. Teo, G. Bergmann, J. Harrison and C. Daniels. Finally,
. ++ark Barbara Marsden for her accurate typsetting of this new edition.



Chapter 1

Analytic Functions

In this chapter the basic ideas about complex nmmnbers and analytic functions are
introduced. The organization of the text is analogous to that of an clementary
caleulus textbook., which begins by introducing R, the sct of real numbers, and
functions f(z) of a real variable 2. One then studies the theory and practice of
differentiation and integration of functions of a real variable. Similarly, in complex
analysis we begin by introducing C, the set of complex numbers 2. We then study
functions f(z) of a complex variable z, which are differentiable in a complex sense;
these are called analytic functions.

The analogy between real and complex variables is, however, a little deceptive,
because complex analysis is a surprisingly richer theory; a lot more can be said
about an analytic function than about a differentiable function of a real variable,
as will be fully developed in subsequent chapters.

In addition to becoming familiar with the theory. the student should strive to
gain facility with the standard (or “elementary”) functions such as polynomials,
¢*, log z. sin z—as in calculus. These functions are studied in §1.3 and appear

i

frequently throughout the text.

1.1 Introduction to Complex Numbers

The following discussion will assume some familiarity with the main properties of
real numbers. The real number system resulted from the search for a system (an
abstract set together with certain rules) that included the rationals but that also

provided solutions to such polynomial equations as 7 —-2=0.

Historical Perspective Historically, a similar consideration gave rise Lo an ex-
tension of the real numbers. As early as the sixteenth century, Geronimo Cardano
considered quadratic (and cubic) equations such as % 4 25 + 2 = 0, which is sat-
isfied by no real number #. The quadratic formula (—b+ V¥ — dac) /2a yields
“formal” expressions for the two solutions of the equation ax? +br+c= 0. But this
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formmla may involve square roots of negative numbers; for example, —1 4+ /—1 for
the equation x? + 2z + 2 = 0. Cardano noticed that if these “complex numbers”
were treated as ordinary numbers with the added rule that /—1-4/=1 = —1, they
did indeed solve the equations,

The important expression v/—1 is now given the widely accepted designation
i = v/—1. (An alternative convention is followed by many electrical engineers,
who prefer the symbol j = /—1 since they wish to reserve the symbol i for electric
current.) However, in the past it was felt that no meaning could actually be assigned
to such expressions, which were therefore termed “imaginary.” Gradunally, especially
as a result of the work of Leonhard Euler in the eighteenth century, these imaginary
quantities came to play an important role. For example, Euler's formula ¢ =
cosf + isinf revealed the existence of a profound relationship between complex
numbers and the trigonometric functions. The rule e'#1+82) — itz wag found
to summarize the rules for expanding sine and cosine of a sum of two angles in a
neat way, and this result alone indicated that some meaning should be attached to
these “imaginary” numbers.

However, it took nearly three hundred years until the work of Casper Wessel
(ca. 1797), Jean Robert Argand (1806), Karl Friedrich Gauss (1831), Sir William R.
Hamilton (1837), and others, when “imaginary” numbers were recognized as legit-
imate mathematical objects, and it was realized that there is nothing “imaginary”
about them at all (although this term is still used).

The complex analysis that is the subject of this book was developed in the
nineteenth century, mainly by Augustin Cauchy (1789 1857). Later his theory
was made more rigorous and extended by such mathematicians as Peter Dirichlet
(1805-1859), Karl Weierstrass (1815 1897), and Georg Friedrich Bernhard Riemann
(1826—-1866).

The search [or a method to describe heat conduction influenced the development
of the theory, which has found many uses outside mathematics. Subsequent chap-
ters will disenss some of these applications to problems in physics and engineering,
such as hydrodynamics and electrostatics. The theory also has mathematical ap-
plications to problems that at first do not seem to involve complex numbers. For

example. the proof that
[ > gin® & ; i
dr = —,
X5 a® 2

T g
o =,
Jo 14z sin{ )

/‘” dd 2r
Jo a+sin®  aZ -1

may be difficult or, in some cases, impossible using elementary caleulus, but these
identities can be readily proved using the techniques of complex variables.

or that

(where 0 < e < 1), or that
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The Complex Number System Complex analysis has become an indispensable
and standard tool of the working mathematician, physicist, and engineer. Neglect
of it can prove to be a severe handicap in most areas of research and application
involving mathematical ideas and techniques. The first objective of this section will
be to define complex numbers and to show that the usual algebraic manipulations
hold. To begin, recall that the zy plane, denoted by RZ, consists of all ordered
pairs (z.y) of real numbers.

Definition 1.1.1 The system of complex numbers, denoted C, is the sel R
together with the usual rules of vector addition and scalar multiplication by a
real number a, namely,

(xr.91) + (22, 42) = (@1 + 22,5 +¥2)
alz,y) = (az, ay)

and with the operation of complex multiplication, defined by
(x1, .711]'[31‘2« yo) = (xywe — Y2, T1Y2 + Yy12).

We will need to explain where this strange rule of multiplication comes from!
Rather thau using (z.y) to represent a complex number, we will find it more conve-
nient to return to more standard notation as follows. Let us identify real numbers
@ with points on the x axis; thus z and (z,0) stand for the same point (z,0) in
R2. The y axis will be called the imaginary awxis, and the unit point (0, 1) will
be denoted i. Thus, by definition, 7 = (0,1). Then

(z,y) =2+
because the right side of the equation stands for
(z,0) + y(0,1) = (2,0) + (0.4) = (@.y).
Using y = (,0) and Definition 1.1.1 of complex multiplication. we get
iy =(0,1)(.0)=(0-y—1-0,y-1+0-0) = (0,y) = y(0,1) = yi,
so we can also write (z,y) = &+ iy. A single symbol such as z = a + ib is generally
used to indicate a complex number. The notation z € C means that z belongs to

the set of complex numbers.
Note that

2=i-i=(0,1)-(0.1)=(0-0-1-1,(1:0+0-1)) = (~-1,0) = =1,
so we do have the property we want:

P2 = —1.
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If we remember this equation, then the rule for multiplication of complex numbers
is also easy to remember and motivate:

(a+ib)(c+id) = ac+ iad+ ibe+ibd
= (ac—bd) +i(ad + be).

For example, 2 + 3¢ is the complex number (2, 3), and
(24 3i)(1 —4i) =2 — 124* + 31 — 8 = 14 — 5i
is another way of saying that
(2,3)(L, —4) = (2-1—3(—4),3-1+2(—4)) = (14, =5).

The reason for using the expression a + b7 is twofold. First, it is conventional.
Second, the rule i¥ = —1 is easier to use than the rule (a, b)(e, d) = (ac—bd, be+ad),
although both rules produce the same result.

Because multiplication of real numbers is associative, commutative, and dis-
tributive, it is reasonable to expect that multiplication of complex nmumbers is also;
that is, for all complex numbers z, w, and s we have

(2w)s = z(ws), 2w=wz, and 2z(w+s)=z2w+2zs

Let us verify the first of these properties; the others can be similarly verified.
Let z = a+ib,w=c+id, and s = ¢ +if. Then zw = (ac — bd) +i(bc + ad), so

(zw)s = e(ac — bd) — f(be + ad) + ile(be + ad) + f(ac —bd)].
Similarly.

z(ws) = (a+ bi)l(ce —df) + ilef + de)]
= alee —df) — blef + de) + ilalef + de) + blce — df)].

Comparing these expressions and accepting the usual properties of real nuibers, we
conclude that (zw)s = z(ws). Thus we can write, without ambiguity, an expression
like 2" = 2 -...+2 (n times).

Note that @ + ih = ¢ + id means a = ¢ and b = d (since this is what equality
means in ®2) and that 0 stands for 0+ 40 = (0,0). Thus a 4 ib = 0 means that both
a=0and b= 0.

In what sense are these complex mumbers an extension of the reals” We have
already said that if o is real we also write a to stand for a + 0i = (a,0). In other
words, the reals R are identified with the & axis in C = R?; we are thus regarding
the real munbers as those complex numbers a + B for which b = 0. If, in the
cvmression a -+ bi, the term a = 0, we call bi = 0+ bi a pure imaginary number.
It +5e expression a + bi we say that a is the real part and b is the tmaginary
part This is sometimes written Rez = a, Imz = b, where z = a + bi. Note that
Re z and I = are always real numbers (see Figure 1.1.1).
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Figure 1.1.1: The geometry of complex numbers.

Algebraic Properties The complex munbers obey all the algebraic rules that
ordinary real numbers do. For example, it will be shown in the following discussion
that multiplicative inverses exist for nonzero elements, This means that if z £ 0,
then there is a (complex) number ' such that z2" = 1, and we write 2 =2, We
can write this expression unambiguously (in other words, 2’ is uniquely determined),
because if 2z = 1 as well, then 2/ = 2/ 1 = 2/(22") = (2/2)2" = 12" =2", and
50 =" = 2'. To show that 2z’ exists, suppose that z = a+ b # 0. Then at least
one of @ # 0,b # 0 holds, and so a® +* # 0. To find 2/, we set 2’ = a' + i
The condition zz' = 1 imposes conditions that will enable us to compute a’ and b’
Computing the product gives 22’ = (aa’ — bb') + (ab’ + a’b)i. The lincar equations
aa’ — bb = 1 and ab’ + a'b = 0 can be solved for o' and H giving ' = a/(a® + b?)
and ¥ = —b/(a® + b%), since a? + b* # 0. Thus for z = a +ib # 0, we may write

=" i ih
] a2 + b2 a2+ b

Having found this candidate for z~' it is now a straightforward, albeit tedious,
computation to check that it works.

If » and w are complex numbers with w # 0, then the symbol z/w means
zuw~; we call z/w the quotient of z by w. Thus 27! = 1/z. To compute =%
the following series of equations is common and is a useful way to remember the

preceding formula for 2"

1 @ — ib a—ib i b

a+ib  (a+iba—ib) a2+02 a?+b% a2+ &
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In short, all the usual algebraic rules for manipulating real mumbers, fractions,
polynomials, and so on, hold for complex numbers.

Formally, the system of complex numbers is an example of a field. The crucial
rules for a field, stated here for reference, are

Addition rules
(i) z24+w=w+2z
(i) 2+ (wts)=(z4+w)+5
(iii) 24+ 0=2
(iv) z+{—2) =0
Multiplication rules
(i) zw = wz
(ii) (zw)s = z(ws)
(i) l#=-2
(i%) 2(z=*) =1 forz#£0

Distributive law 2(w 4 s) = 2w + zs
In sumimary, we have

Theorem 1.1.2 The complex numbers C form a field.

The student is cautioned that we generally do not define inequalities like = < w,
for complex z and w. If one requires the usual ordering properties [or reals to hold,
then such an ordering is impossible for complex numbers.! Thus in this text the
notation z < w will be avoided unless z and w happen to be real.

Roots of Quadratic Equations As mentioned previously, one of the reasons
for using complex numbers is to enable us to take square roots of negative real
numbers. That this can, in fact, be done for all complex numbers is verified in the
next proposition.

Proposition 1.1.3 Let z € C. Then there exists a compler number w € C such
that w? = z. (Notice that —w also satisfies this equation.)

'Thig statement can be proved as follows., Suppose that such an ordering exists. Then either
it =0 ori=<0 Supposethat+> 0. Then i-{ = 0, so —1 = 0, which is absurd. Alternatively,
suppose that ¢+ < ). Then —t = (), so {—i':')l[~i) >0, that is, —1 = 0, again absurd. If 2 = a + ib
and w = o + id, we could say that = < w il o < ¢ and b < d. This is an ordering of sorts, but it
does not satisty all the rules that might be required, such as those obeyed by real numbers.
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Proof (We shall give a purely algebraic proof here; another proof, based on polar
coordinates, is given in §1.2.) Let z = a+bi. We want to find w = x + iy such that
s = w Qe a+bi = (x+iy)? = (27 —y?) + (2zy)i, and so we must simultancously
solve 22 — % = a and 22y = b. The existence of such solutions is geometrically
clear from examination of the graphs of the two equations. These graphs are shown
in Figure 1.1.2 for the case in which both a and b are positive, From the graphs
it is clear that there should be two solutions which are negatives of each other. In
the following paragraph, these will be obtained algebraically.

Figure 1.1.2: Graphs of the curves z* —y® = a and 2zy = b,

We know that (2 + y%)2 = (2 — ¢?)* + 4u¥y? = a2 + b2. Hence x° + y* =

VaZ + B2, s0 22 = (a + Va2 +b?) /2 and i = (—a + Va? +1?) /2. 1f we let
a+va*+ b \/—a.+ Va2 + b2
=4 —— and (= ‘ ,

2 2

-

where /" denotes the positive square root of positive real numbers, then, in the
event that b is positive, we have either ¥ = a.y = forz=—a,y= -7 in the
event that b is negative, we have either ¥ = a.y = —Borr=-ay=5 We
conchide that the equation w?* = z has solutions +(a + w3i), where p=1ifb =0
and p=—1ifb<0. W

The formula for square roots developed in this proof is worth summarizing
explicitly,. Namely, the two (complex) square roots of a + th are given by

Va+ib = (o + pubi),

where o and 8 are given by the displayed formula preceding this one and where
p=1ifb>0and p=—-1ifb<0. From the expressions for o and 3 we can
conclude three things:
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1. The square roots of a complex number are real if and only if the complex
number is real and positive.

2. The square roots of a complex number are purely imaginary if and only if the
complex number is real and negative,

3. The two square roots of a number coincide if and only if the complex number
is zero.

(The student should check these conclusions. )

We can easily check that the quadratic equation az? + bz + ¢ = 0 for complex
numbers a, b, ¢ has solutions z = (—b + /b2 — dae) /2a, where now the square root
denotes the two square roots just constructed.

Worked Examples
Example 1.1.4 Prove that 1/i = —i and that 1/(i +1) = (1 —7)/2.

Solution First,

I
- = = — ==
i i —i
because 4 - —i = —(i%) = —(—1) = 1. Also,
1 1 1—% 11—

i+1 i4ll-i 2
ginee (149 (1l —i) =1-F1=2

Example 1.1.5 Find the real and imaginary parts of (z + 2)/(z — 1) where z =
&€y,

Solution We start by writing the fraction in terms of the real and imaginary
parts of z and “rationalizing the denominator™. Namely,

z+2 f(e+2y+iy ¥y [z2—1)=—iy

2—1 (r—D+iy  (e—D+dy (z—1)—iy

(+2)(x—1) +9* +ifyle — 1) — y(z + 2)]
(= 1y '

Hence,
g4+2 g% Fa—2+y?
z—1 (x—1)2 + y*

and

[
_'_
&
|
£i5
=3

Tm =

Example 1.1.6 Solve the equation z* + 1 =0 for z.
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7

Solution Let 22 = w. Then the equation becomes w* + i = (. Now we use the
formula a + ib = (@ + pAi) we developed for taking square roots. Letting a = (

and 6 = —1, we get
==k (

Clonsider the equation z*.z_: (1 —i)/ V2. Using the same formmnla for square roots.
but now lelting a = 1/\/2 and b = —1/v2, we oblain the two solutions
_ (VR vE V2oV
Z = — 2 = ‘2: (i 3

From the second possible value for w we obtain two further solutions:

, _i(‘/‘;*/f’u.\/%@).

. 2 3

In the next section, de Moivre's formula will be developed, which will enable us to
find the nth root of any complex number rather simply.

Example 1.1.7 Prove that, for complex numbers z and w,
Re(z +w) = Rez + Rew
aqd

Im(z + w) = lmz + lmw.

Solution Let z = 2 + iy and w = a +ib. Then z + w = (z + a)+ i(y +b), so
Re(z +w) = 2 +a = Rez + Rew. Similarly, Im(2 +w) =y +b= Im z + Imw.

Exercises
1. Express the following complex numbers in the form a + ib:
(a) (24 3d) 4+ (4+14)
2 438
b
es
P8
= .
i 1 4+

(c)
2. Express the following complex numbers in the form a + M

(a) (24 3i)(4+ 1)
(b) (8+6i)?
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2
3
i
(c) ( AL ;-)
3. Find the solutions to z% = 3 — 44.
4. Find the solutions to the following equations:
(a) (z+1)*=3+4i
(b) 2*—1=0
5. Find the real and imaginary parts of the following, where z = o +iy:
i
(a) 3
il
1
(b) 3z + 2
6. Find the real and imaginary parts of the following, where z = & + iy:
241
i
(b) =*
7. Is it true that Re(zw) = (Re z)(Rew)?
8. If @ is real and z is complex, prove that Re(az) = a Rez and Im(az) = a Im 2.
Generally, show that Re : C — R is a real linear map; that is, Re(az + bw) =
a Rez + b Rew for a,b real and z, w complex.
0.* Show that Re(iz) = —Im(z) and that Im(iz) = Re(z) for any complex

number z.

10. (a) Fix a complex number z = & + ¢y and consider the linear mapping ¢. :

il.

R? — R? (that is, of C — C) defined by ¢.(w) = z-w (that is, multiplication
by z). Prove that the matrix of ¢ in the standard basis (1,0), (0, 1) of R? is

given by
x =Y
y ®

(b) Show that ¢.,., = ¢z, © @s,.

Assuming that they work for real numbers, show that the nine rules given for
a field also work for complex numbers.

2. Using only the axioms for a field, give a formal proof (including all details)

for the following:

—

. 1
(@) e s
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1 _ z+2
~] 2 2129

13.* Let (z — iy)/(z + iy) = a + ib. Prove that g =1,

14. Prove the binomial theorem for complex numbers: that is. letting z,w be
complex mumbers and n be a positive integer,

{: -|—'E.L-')n - zn = (‘I) 2= -’.U X (2) n—Jw‘.E - = (:i) 'u,.-n‘

where

Use induction on n.
15. Show that z is real if and only if Rez = 2

16. Prove that, for each integer k,

i WL e B S

Show how this result gives a formula for i™ for all n by writing n = dk+4.0 <
Jj=<3.
17. Simplify the Eollowing:
{a) (1+14)
(b) —i)_'
18. Simplify the tollowing:
(a) (1 —-4)~"

(]}ﬁ

1 —i

19. Simplify the following:

(a) V14++i
(h ) V141

e

20. Show that the following rules uniquely determine complex multiplication on

C = R
(a) (21 + z2)w = 21w + 2w
(h) Z12p = Z9%
(ehdsy==1

(d) zi(z923) = (2122) 23
(¢) If 2; and z; are real, z; - 23 is the usual product of real numbers.
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1.2 Properties of Complex Numbers

It is important to be able to visualize mathematical concepts and to develop geomet-
ric intuition—an ability especially valuable in complex analysis. In this section we
define and give a geometric interpretation for several concepts: the absolute value,
argument. polar representation, and compler conjugate of a complex number.

Addition of Complex Numbers In the preceding section a complex number
was defined to be a point in the plane ®#. Thus, a complex number may be thought
of geometrically as a (two-dimensional) vector and pictured as an arrow from the
origin to the point in B? given by the complex number (see Figure 1.2.1).

Imaginary axis = y-axis

az=la,bl=a+ib

oo Real axis = x-axis

Figure 1.2.1: Vector representation of complex numbers.

Because the points (z, 0) € B? correspond to real numbers, the horizontal or &
axis is ealled the real azxis. Similarly, the vertical axis (the y axis) is called the
imaginary axis, becanse points on it have the form iy = (0.y) for y real.

As we already saw in Figure 1.1.1, the addition of complex numbers can be
pictured as addition of vectors (an explicit example is given in Figure 1.2.2).

Polar Representation of Complex Numbers To nnderstand the geometric
meaning of multiplying two complex numbers, we will write them in what is called
polar coordinate form. Recall that the length of the vector (a.b) = a -+ ib is defined
to be Va2 + b2. Suppose the vector makes an angle # with the positive direction of
the real axis, where 0 < 6 < 27 (see Figure 1.2.3).

Thus, tanf = b/a. Since a = reos@ and b = rsind, we have

a+bi =rcost+ (rsinf)i = r(cos@ +isind).

This way of writing the complex number is called the polar coordinate represen-
tation. The lensth of the vector 2z = (a.b) = a + ib is denoted |z| and is called the
norm, or modulus. or absolute value of z. The angle § is called the argument
of the complex munber and is denoted 0 = arg z.
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3+ 24) +(L+3it=4+5i

Figure 1.2.2: Addition of complex numbers.

L yin B

reos @

Figure 1.2.3: Polar coordinate representation of complex numbers.

1F we restrict # to the interval 0 < # < 27, then each nonzero complex number
has an unambiguously defined argument. (We learn this m trigonometry.) How-
ever, it is clear that we can add integral multiples of 27 to ¢ and still obtain the
same complex number. In fact, we shall find it convenient to be flexible in our
requirements for the values that # is to assume. For example, we could equally well
allow the range of # to be —7 < 8 < 7. Such an interval must always be specified
or be clearly understood.

Once an interval of length 27 is specified, then for each z # 0, a unique 6 is
determined that lies within that specified interval. Tt is clear that any ¢ € R can
be brought into our specified interval by the addition of some (positive or negative)
integral multiple of 2r. For these reasons it is sometimes best to think of arg z as
the set of possible values of the angle. If @ is one possible value, then so is ¢ + 2mn
for any integer n, and we can sometimes think of arg z as {#+27n | n is an integer}.
Specification of a particular range for the angle is known as choosing a branch of
the argument.
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Multiplication of Complex Numbers The polar representation of complex
numbers helps us understand the geometric meaning of the product of two complex
numbers. Let z; = ri(cosfh +isinfy) and 22 = ra{cosfa + isin f5). Then

2120 = 7T17a](cosby - cosfy —sinf - sinf; )] + i[(cos By - sinfly + cos by - sin )]

= ryrafcos(fy + 82) + isin(0) + 82)],

by the addition formula for the sine and cosine functions used in frigonometry,
Thus, we have proven
Proposition 1.2.1 For any complex numbers zy and 23,

|z120] = |21| - |22] and arg(z122) = argz1 +argz (mod 21).

In other words, the product of two complex numbers is the complex number
that has a length equal to the product of the lengths of the two complex mnmbers
and an argument equal to the sum of the arguments of those numbers. This is the
basic geometric representation of complex multiplication (see Figure 1.2.4).

Y

Figure 1.2.4: Multiplication of complex numbers.

The second equality in Proposition 1.2.1 means that the sets of possible values
for the left and right sides are the same, that is, that the two sides can be made to
agree by the addition of the appropriate multiple of 27 to one side. If a particular
branch is desired and arg z; + arg z» lies outside the interval that we specify. we
should adjust it by a multiple of 27 to bring it within that interval. For example, if
our interval is [0, 2x[ and z; = —1 and 22 = —i, then argz; =7 and arg zo = 37 /2
(see Figure 1.2.5), but 2 2o = 1, so arg(z122) = 7 /2, and arg z) +-arg 2o = 7+3w/2 =
21 + 7/2. We can obtain the correct answer by subtracting 27 to bring it within
the interval [0, 27[.

Multiplication of complex numbers can be analyzed in another useful way. Let
> € C and define %, : C — C by v.(w) = wz: that is, 1. is the map “multiplication
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ATg T, 4 Arg I,

Figure 1.2.5: Multiplication of the complex numbers —1 and —i.

by 2”. By Proposition 1.2.1, the effect of this map is to rotate a complex number
through an angle equal to arg z in the counterclockwise direction and to stretch its
length by the factor |z|. For example, 7 (multiplication by ) rotates complex
numbers by 7/2 in the connterclockwise direction (see Figure 1.2.6).

¥
i

L7 A

ylw)

e

Figure 1.2.6: Multiplication by i.

The map ¢ is a linear transformation on the plane, in the sense that

s (Awy + pavg) = A, (un) + ps (we),
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where A, i are real numbers and w,, ws are complex numbers. Any linear transfor-
mation of the plane to itself can be represented by a matrix, as we learn in linear
algebra. If z = u+ ib = (a,b), then the matrix of ¥, is

w —b

b a
a —b #Y 0 wr—hy
b a g )\ b

De Moivre’s Formula The formula we derived for multiplication, using the
polar coordinate representation, provides more than geometric intuition. We can
use it to obtain a formmla for the nth power of a complex number. This fornmla
can then be used to find the nth roots of any complex number.

since

(see Exercise 10, §1.1).

Proposition 1.2.2 (De Moivre’s Formula) If z = r(cosf +isin f) and n s a
positive integer, then

2" = r"(cosnf + i sin nb).

Proof By Proposition 1.2.1,
2% = r?lcos(6 + 0) +isin(f + 8)] = r*{cos 26 + i sin 20).
Multiplving again by z gives
23— 2. 22 =r-r?[cos(20 + 0) +isin(20 +0)] = r*(cos 30 + i sin 3¢).

This procedure may be continued by induction to obtain the desired result for any
integer . M

Let w be a complex munber: that is, let w € C. Using de Moivre's formula
will help us solve the equation z* = w for 2 when ¢ is given. Suppose that
w = r{cosf +isinf) and z = p(cosy +isiny). Then de Moivre’s formula gives
2% = p"{cosni + isinni). 1t follows that p™ = r = \w| by uniqueness of the polar
representation and ny = 0 + k(2w), where k is some integer. Thus

: ¢  k
5= ¥r [cm; (E K EE::‘) 4 igin (— + i277)} ;
non noon

Each value of k= 0,1.... ,n — 1 gives a different value of z. Any other value of k
merely repeats one of the values of 2 corresponding to k =0,1,2,... ,n — L. Thus
there are exactly 7 nth roots of a (nongero) complex number.



1.2 Properties of Complex Numbers 17

An example will help illustrate how to use this theory. Consider the problem of
finding the three solutions to the equation z3 = 1 = 1(cos 0+isin0). The preceding
formula gives them as follows:

k2t . k2w

z =008 — + isin—,
3

3

where k = 0,1, 2. In other words, the solutions are

e ik V3 1 i3
T YRy g o9
This procedure for finding roots is summarized as follows.

Corollary 1.2.3 Let w be a nonzero complex number with pelar representation
w = r(cos@ +isinf). Then the nth roots of w are given by the n complez numbers

zk:WJ:UOS(%‘F@)'FEEHI(E_}LZL!{)} ﬁ‘.:ﬂ.’]_;...,'ﬂ—l.
¥ )

. T s

As a special case of this formula we note that the n roots of 1 (that is, the nth
roots of unity) are 1 and n — 1 other points equally spaced around the unit circle,
as illustrated in Figure 1.2.7 for the case n = 8.

X

Figure 1.2.7: The eighth roots of unity.

Complex Conjugation Subsequent chapters will include many references to the
simple idea of conjugation, which is defined as follows: If z = a + ib, then z, the
complex conjugate of z, is defined by Z = a — ib. Complex conjugation can be
pictured geometrically as reflection in the real axis (see Figure 1.2.8).

The next proposition summarizes the main properties of complex conjugation.
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z=a+ib

z=t—ih

Figure 1.2.8: Complex conjugation,

Proposition 1.2.4 The following propertics hold for compler numbers:

o =z/7 for 2! #0.

(iv) 2z = |2|? and hence if z # 0, we have 27" = Z/|z|°.
(v) 2= % if and only if z is real.

(vi) Re 2= (2 + £)/2 and Im 2z = (z — z)/2i.

(vii) Z= 2

Proof

(i) Let z = a+iband let 2 =a' +ib'. Then 2 +2' = a+a’ +i(b+ ), and so
242 ={a+a)—id+V)=a—ib+a —ib =2+ 2.

(ii) Let z = a + ib and let 2" = @’ + /. Then

22’ = (aa’ — bY) + i(al/ + a'b) = (aa’ — bb') — i(ab’ + a'b).

On the other hand, zz’ = (a — ib)(a’ — ib') = (aa’ — bb') —i(ab’ + a’b).

(iii) By (ii) we have 2/z/#’ = 2'2/2' = 2. Hence, 2/2’ = z/7'.
(iv) 22 = (a+ib)(a — ib) = a® + b% = |2|%.
(v) If a + ib = @ — b, then ib = —ib, and so b = 0.

(vi) This assertion is clear by the definition of 2.
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vii) This assertion is also clear by the definition of complex conjugation. |

The absolute value of a complex number |z| = |a + ib| = Va* + b%, which is
the usual Euclidean length of the vector representing the complex number, has
slready been defined. From Propesition 1.2.4(iv), note that |z| is also given by
-2 — 2z The absolute value of a complex number is encountered throughout
omplex analysis; the following properties of the absolute value are quite basic.

2| = |2l )

Proposition 1.2.5 (i)
(i1) If ' # 0, then |z/Z'| = |z|/]Z'].

iii) —|z| < Rez < |z| and —|2| < Tmz < |z|; that is, |Rez| < |z| and [Im z| < |2|.

(iv) |2 = |2]-
(v) |lz+ 2| < |2| + |2]-
(vi) |z— 2| > |lz| - &/l

(vil) |21y +... +zpws| < \szl|2 o 2o 2V w2+ - -+ w2

Statement (iv) is clear geometrically from Figure 1.2.8, (v) is called the trian-
gle inequality for vectors in R? (see Figure 1.2.9) and (vii) is referred to as the
Cauchy-Schwarz inequality. By repeated application of (v) we get the general
statement |2y + ...+ 2| < |21 + ... + |2

R+ Zal S 5] + 2

Figure 1.2.9: Triangle inequality.

Proof

(i) This equality was shown in Proposition 1.2.1.

(i) By (i), [¢'ll2/2'| = |2’ - (2/2)] = |2], s0 |2/| = |2l/]#"]-
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(iii)

(vi)

(vil)

Chapter 1 Analytic Functions
If 2 =a+ib then —va*+b6* < a < Va2 + b2 since b2 > 0. The other
inequality asserted in (iii) is similarly proved.

If = = a+ b, then 2 = a — ib, and we clearly have |z| = va?+b? =

a2 + (—b)2 = |Z].

By Proposition 1.2.4(iv),

i}

]

Il
o
+ +
i

42 = (=44)
)

———
[ TR
L
4

£

o —

)
. ic 23l

L]
il
iy
(5]
-
+
ok
&

g
P

But zZ is the conjugate of 2’z (Why?), so by Proposition 1.2.4(v1) and (iii)
in this proof,

[t

E4P

24 9Re /2 < |2 + |2/F + 22'z] = |2|* + |° + 2

i
7

) &
|2 +

But this equals (|z] + |2/])?, so we get our result.
By applying (v) to 2/ and z — 2" we get
2| = |2’ + (2= )| € || + |2 —2|,

s0 |z — 2'| > |z| — |2'|. By interchanging the roles of z and z', we similarly get
Iz — 2| 2 |2'| — |2l = —(|2] — |2']), which is what we originally claimed.

This inequality is less evident and the proof of it requires a slight ma thematical
trick (see Exercise 22 for a different proof). Let us suppose that not all the
wy = 0 (or else the result is clear). Let

7 1

T
i N
= E |3.‘c 2‘ e E i 5 = E LU, H.Ill.'% i _—.‘:'/f..
k=1 foei] k=1
Now consider the sum
T
E |25 — iy |
k=1
which is > 0 and equals
b 7L
v+ et —c E Zpwg — € E nwyp = v+ |ef*t—2Reés
fe=1 k=1
5|2 s
= p+— —2Re—.
t  :

Since ¢ is real and 83 = |s|? is real, v + (|s[2/t) — 2(|s|*/t) = v — [s]*/t = 0.
Hence |s|? < vt, which is the desired result. W
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Worked Examples
Example 1.2.6 Solve z* =1 for z.

Solution Since 1 = cosk2r +isin k27 when k equals any integer, Corollary 1.2.3

gIves

k2n B2

= €08 —— + 48l —
ol 8

]

1 g . ==l 1 -1 _#__

i 1
B e T e e ;
V2 V2T V2 V2 TV V2 T VE V2
These may be pictured as points evenly spaced on the circle in the complex plane
(see Figure 1.2.10).

e LT

Figure 1.2.10: The eight 8th roots of unity.

Example 1.2.7 Show that

(B+7)|  (8-7)°
(846i) | (8—6i)

Solution The point here is that it is not necessary first to work out (3 + Ti)2/(8+

6i) if we simply use the properties of complex conjugation, namely, 22 = (2)* and

z/z' = 2z/2'. Thus we obtain

[(3+?@}El - B+m)2 (34T (3-1)

(8 + 61) (8 + 6i) (R+61) (8—6i)

Example 1.2.8 Show that the maxrimum absolute value of 2% + 1 on the unit disk
2| €145 2,
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Solution DBy the triangle inequality, 2241 € |2 +1=zP+1< 12 +1 =92,
since |z] < 1 thus [2% + 1| does not exceed 2 on the disk. Since the value 2 is
achieved at z = 1, the maximum is 2.

Example 1.2.9 Ezpress cos30 in terms of cos and sinf using de Moivre’s for-
.
Solution De Moivre's formula for r = 1 and n = 3 gives the identity
(cosfl 4+ 1sin 6)* = cos 36 + isin 36.
The left side of this equation, when expanded (see Fxercise 14 of §1.1), becomes
cos® 0 + i3 cos” @sind — 3cosd sin? # — isin® 6.
By equating real and imaginary parts, we got
c0s 30 = cos® 0 — 3cosBsin® 8
and the additional formula
gin 30 = —sin® @ + 3cos” Isin 6.
Example 1.2.10 Write the equation of a straight line, of a cirele, and of an ellipse

using compler notation.

Solution The straight line is most conveniently expressed in parametric form:
> — a-+bt,a.beC,t e R, which represents a line in the direction of b and passing
throngh the point a.

The circle can be cxpressed as |z —a| = r (radius r, center a).

The ellipse can be expressed as |2 — d| + |z +d| = 2a; the foci are located at +d
and the semimajor axis equals a.

These equations, in which |-| is interpreted as length, coincide with the geometric

definitions of these loci.

Exercises
1. Solve the following equations:
(a) 2°-2=10
(b) 2*+i=0
2 Solve the following equations:
(a) 2548=0

(b) 2 —-4=0
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T
8.
9.

10.

11.
12,

13.

14.

15.

What is the complex conjugate of (3 + 8i)*/(1+4)'%?

What is the complex conjugate of (8 — 2i)1%/(4 + 6¢)°?

. Express cos 5z and sin 5z in terms of cosz and sinx.
P

. Express cos6x and sin 62 in terms of cosz and sin .

Find the absolute value of [i(2 + 3i)(5 — 24)]/(—2 — ).

Find the absolute value of (2 — 3i)%/(8 + 6i)2.

* Lot w be an nth root of unity, w # 1. Show that 1 +w+w?+.. . 4+w™ ' =0,

Show that the roots of a polynomial with real coefficients occur in conjugate
pairs.

Ifa,b € C, prove the parallelogram identity: |a—b|>+|a+b]* = 2(la[*+[b]?).
Interpret the identity in Exercise 11 geometrically.

When does equality hold in the triangle inequality |21 + z2 + ... + 2a| <
21| + 22| + ... + |2x|? Interpret your result geometrically.

Assumning either |z| = 1 or [w| =1 and zw # 1, prove that

== W

1—zw

Does z2 = |2]2? If so, prove this equality. If not, for what 2 is it true?

16.* Letting z = a + iy, prove that |z| + |y| < v2|z|.

17.* Let 2 = a+ ib and 2’ = o’ + ib’. Prove that |zz'| = |z||2’| by evaluating each

18.

. Describe the set of all z such that Tm (z +

side.

Prove the following:
(a
(b) arg(z/w) = arg z — arg w(mod 27)

(¢) |z| =0if and only if z =0

rg Z = — arg z(mod 2w)

o

)
)

. What is the equation of the circle with radius 3 and center 8 + 5¢ in complex

notation?

Using the formula z=' = z/|2|2, show how to construct z~' geometrically.

5) = 0.
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22.* Prove Lagrange’s tdentity:
Y

n

2 n n
Z Zpiipl = Z |35;|2 Z |‘tx'.-".lc|IE = Z |2A‘ LL_.’j = tjﬂ_l_iglz.
k=1

k=1 k=1 k<
Deduce the Canchy-Schwarz inequality from your proof.
23.* Given a € C, find the maximum of |z” + al for those z with |z] < 1.

24, Compute the least upper bound (that is, supremum) of the set of all real
numbers of the form Re (iz? + 1) such that |z| < 2.

25.° Prove Lagrange’s trigonometric tdentity:

; |
| 4+ cos@ +cos200 + ... +cosntt = = U

(Assume that sin(6/2) # 0.)
26. Suppose that the complex numbers z;. z3. 23 satisfy the equation

Z9 — I . <3

Iy — 2 e TR}

Prove that |zo — z1] = |23 — 21| = |22 — z3|. Hint: Argue geometrically,
interpreting the meaning of cach statement.

27. Give a necessary and suflicient condition for

(a) 21.29.23 lo lie on a straight line.

b) 2. 29,23, 24 to lic on a straight line or a circle.
34 24

2%, Prove the identity

e T - . (n— 1w "
(5111 a1 =Nl S = v el _
i kit T an—1

Hint: The given product can be written as 1/2" ! times the product of the
g i ]
nonzero roots of the polynomial (1 — 2)" — L.

29, Let w be an nth root of unity, w # 1. Evaluate 1 + 2w+ 3w® + ... +nu™" '

30. Show that the correspondence of the complex number 2 = a + bi with the
: i b . : : o i
matrix b . =% noted in the text preceding Proposition 1.2.2 has
il

the following properties:

(ﬂ-_} ".o"lf'zw = 'Q'fl’z'i,il’w-

(l’) Yoy = Wz + .
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- i 0
(&) my = ( 0 1 )

(d) Awr, = ¢y, if A s real
(e) 1. = (¢p.)" (the transposed matrix).

{f) ‘.f"lfz =5 [.'H-’z)_]-
(¢) z is real if and only if ¥. = (¢)"

(h) |2| = 1 if and only if ¢, is an orthogonal matrix.

1.3 Some Elementary Functions

We learn about the trigonometric functions sine and cosine, as well as the exponen-
tial function and the logarithmic function in elementary calculus. Recall that the
trigonometric functions may be defined in terms of the ratios of sides of a right-
angled triangle. The definition of “angle” may be extended to include any real
value, and thus cos# and sin @ become real-valued functions of the real variable f.
It is a basic fact that cos@ and siné are differentiable, with derivatives given by
d(cos @) /df) = —sinf and d(sin#)/df = cosf. Alternatively. cosf and sin# can be
defined by their power series:

e} i3
a -
fmE = S ? i ?
J vt 5 o
gL = — — s
L or Tl

The proof of convergence of these series can be found in Chapter 3 and in many
caleulus texts.® Alternatively, sina can be defined as the unique solution f(z) to
the differential equation f”(x) + f(x) = 0 satisfying f(0) =0, f/(0) = 1; and cosx
can be defined as the unigue solution to f”(z) + f(x) = 0, f(0) = 1, f'(0) = 0
(again, see a caleulus text for proofs).

Exponential Function The exponential function, denoted e, may be defined
as the unique solution to the differential equation f'(x) = f(r), subject to the
initial condition that f(0) = 1; one has to show that a unique solution exists. The
exponential function can also be defined by its power series:

We accept from caleulus the fact that e is a positive, strictly increasing function
of x. Therefore, for y > 0,logy can be defined as the inverse function of €*: that

2An example is 1. Marsden and A. Weinstein, Caleulus, Second Edition (New York: Springer-
ferlag, 1985), Chapter 12,
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is, €'9%¥ — y. Another approach that is often used in calculus books is to begin by

defining
v
logy = / —¢tt
Ji ot

for 4 > 0 and then to define ° as the inverse function of logy. (Many calculus
books write ln y for the logarithm to the base ¢. As in most advanced mathematics,
throughout this book we will write logy for lny.)

In this section these functions will be extended to the complex plane. In other
words, the functions sin z,cos z.e®, and log z will be defined for complex z, and
their restrictions to the real line will be the usual sinx,cosz, e®, and logx. The
extension to complex numbers should be natural in the sense that many of the
familiar properties of sin, cos, exp. and log are retained.

We first extend the exponential function. We know from calculus that for real
+,e* can be represented by its Maclaurin series:

2 48

o i i 4 €& N H g
shiniis b 50 Sl
Thus. it would be reasonable to define et¥ by

Gy) , (iy)*
1! 2!

1+

for y € R. Of course, this definition is not quite legitimate, as convergence of series
in C has not yet been discussed. Chapter 3 will show that this series does indeed
represent a well-defined complex number for each y, but for the moment the series
is used informally as the basis for the definition that follows, which will be precise.
A slight rearrangement of the series (using Exercise 16, §1.1) shows that

2 1 3 5
Ay _4 ¥y _ ol g e
¢ _(l 2!+-'1! ..‘)4-1(_:; 3!+5! W

which we recognize as being cosy -+ isiny. Thus we define

¢ =cosy +isiny.

So far, we have defined ¢* [or z along both the real and imaginary axes. How do
we define ¢* = e*T¥%? We desire our extension of the exponential to retain the
familiar properties, and among these is the law of exponents: e¥tt = g2 . ¢¥, This
requirement forces us to define Tt — % e This can be stated m a formal
definition.

Definition 1.3.1 If 2 = @ + iy, then €* is defined by e*(cosy +isiny).

Note that if z is real (that is, if y = 0), this definition agrees with the usual
exponential funcrion ¢”. The student is cautioned that we are not, at this stage,
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fully justified in thinking of e as “e raised to the “power” of z.” since we have not
vet, for example, established laws of exponents for complex numbers.

There is another, again purely formal, reason for defining ' = cosy + isiny.
If we write e = f(y) + ig(y), we note that since we want ¢ = 1, we should
have f(0) = 1, and g(0) = 0. If the exponential function is to have the familiar
differentiation properties. we will need

ie® = f'(y) +ig' (),
so when iy = 0 we get f/'(0) = 0.¢'(0) = 1. Differentiating again gives us
—e" = f'(y) +1ig"(y).

Clomparing this equation with ¥ = f(y) +ig(y), we conclude that f"(y) + f(y) =
0, f(0) = 1, and f'(0) = 0. Therefore, f(y) = cos y by the definition of cosy in terms
of differential equations. Similarly, we find that " (y)+g(y) = 0,4(0) = 0,¢'(0) = 1,
and hence g(y) = siny. Thus, we would obtain ¥ = cosy + isiny as in Definition
1.3.1.

Some of the important properties of ¢* are summarized in the following propo-
sition. To state it, we recall the definition of a periodic function. A funection
f:C — C is called periodic if there exists a w € C (called a period) such that
flz4+w) = f(z) forall z € C.

Proposition 1.3.2

(i) e*** = e%e" for ull z,w€ C.

(ii) e* is never zero.

(iii) If & is real, then ¢ > 1 when x>0 and 0 <e* <1 when z < 0.

(iv) |e=t¥| = .

(v) emife — i, et — _LBH-W?I/E - _.i’(.,.zﬂ'i o

(vi) e* is periodic; each period for e* has the form 2mwni, for some integer n.
(vii) €% = 1 iff z = 2nmwi for some integer n (positive, negative, or zero).
Proof

i) Let z = o + iy, and let w = s + #t. By our definition of e,
Y, 3
ez-}-ul a4 e{:!-l—.?j—l—r’.(y—i—t)

= e "*|cos(y + t) + isin(y + )]
= e"e*[(cosycost — sinysint) + i(siny cost + cos ysint)|

!

[e®(cosy + isiny)][e®(cost + isint))

using the addition formmlas for sine and cosine and the property e = e* .¢®
for real numbers z and 5. Thus e**% = e* . e" for all complex numbers z and
w.
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(ii) For any z, we have e® e~ = ¢” = 1 since we know that the usual exponential
satisfies ¢® = 1. Thus e* can never he zero, because if it were, then ¢ - ¢=*
would be zero, which is not ftrue.

(iii) We may accept this from calculus. For example.” obviously

5
Pt b4 b 51 when z>0
i o ottt S o
(iv) Using |22'| = |2]|2'| (see Proposition 1.2.5) and the facts that ¢* > 0 and
cos?y + sin®y = 1, we get
e = |eTe™| = |e¥||e|

= e"|cosy+ isiny| =¢€".

v mw i ; 3 q ) H = . .
(v) By definition, €™/2 = cos(x/2) + ésin{n/2) = i. The proofs of the other
formulas are similar.

(vi) Suppose that ¢¥™ = ¢® for all z € C. Setting 2 = 0, we get ¥ =1, If
w = 8§ + i, then, using (iv), € = 1 implies that ¢®* = 1, 50 s = (. Hence any
period is of the form t4, for some t € B. Suppose that e!* = 1, that is, that
cost +isint = 1. Then cost = I,sinf = (; thus, £ = 2mn for some integer n.

(vii) €’ = 1, as we have seen, and ™ = | because e* is periodic, by (vi).
¥ o =l L . " n
Conversely, ¢* = 1 implies that e*T= =¢* for all 2'; so by (vi). 2 = 2ani for
some integer n. W

How can we picture ¢'¥7 Since €' = (cosy, siny), it moves along the unit circle
in a counterclockwise direction as y goes from 0 to 2w, It reaches i at y = 7/2. —1
at m,—1 at 37/2, and 1 again at 27. Thus, ' is the point on the unit circle with
arsument y (see Figure 1.3.1).

Note that in exponential form, the polar representation of a complex number

becomes

> = Iz {,_?.{m'p; z)

; . . . o
which 18 sometimes abbreviated to z = ret”.

Trigonometric Functions Next we wish to extend the definitions of cosine and
sine to the complex plane. The extension of the exponential to the complex plane
sugeests a way to extend the definitions of sine and cosine. We have ¢ = cosy +
isiny, and ¢ "% = cosy — isiny, which implies that
) et iy 4 et 4 g WY
singy= ——— and cosy=-—ea——
2i 2
4 Another proof utilizing the definition of & in terms of differential equations is as follows.
Recall that e is the unigue solution to f'(2) = fla) with ¢ = 1 (@ real). Since ¢ is continuous
and is never zera, it must be strictly positive. Henee (e9)" = e* 15 always positive and consequently
e¥ js strictly inereasing. Thus for x» > 0,¢" > 1. Similarly, for r < 0, we have e™ < 1.
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&

Figure 1.3.1: Points on the unit circle.

But since ¢ is now defined for any z € C, we are led to formulate the following
definition.
Definition 1.3.3 The compler sine and cosine functions are defined by

_ e —e ¥ e e
gihzr=— ——— @nd cos5z=—-—
24 2

for any complexr nwmber z.

Again, if 2 is real, these definitions agree with the usual definitions of sine ane
cosine learned in elementary calculus.

The next proposition lists some of the properties of the sine and cosine functions
that have now been defined over the whole of C and not merely on R.

Proposition 1.3.4
(i) sin®z +cos? z = 1.

(il) sin(z +w) = sinz - cos w + cos 2 - sinw and
cos(z 4+ w) = cos z - cosw — sin z - sinw.

Again the student is cautioned that these formulas, although plausible. must be
proved, since at this stage we know their validity only when w and z are real.

Proof Using the definitions, we have
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which proves (i). To prove (ii), write

8in 2 s cosie + cos 2 - sinw

(11'2 a1 r,—iz t:_.r"u-' & E,—:i'u.' : E,r'.z o r)—iz {fm' o) ﬁ—{u:
2 2 2 2i
which, using e%¢™ = &"*7™! and noting cancellations between the two terms,

simplifies to

ﬁ'éia-f—'n.'] i ﬁ—’i{z4—-w} {_Jz'{z-l—'u_'] N ﬁ—i(z+tt.FJ E,?J[_X-I-"-'\J = f_—1(z+u']
: a5 : = ; = sin{z + w).
4i 44 2t T

The student can similarly check the addition formula for cos(z +w). W

In addition to cos z and sin z, we can define tan z = (sin 2)/(cos z) when cos z #
0, and similarly obtain the other trigonometric functions.

Logarithm Function We now define the logarithm in a way that agrees with the
usual definition of log # when « is real and positive. In the real case we can view
the logarithm as the inverse of the exponential (that is, log z = y is the solution of
e¥ = x). When we allow z to range over C. we must be more careful, because the
exponential is periodic and thus cannot have a unique inverse. Furthermore, the
exponential is never zero, so we cannot expect to be able to define the logarithm at
zero. Thus, we must be careful in our choice of the domain in € on which we can
define the logarithm. The next proposition indicates how this may be done.

Proposition 1.3.5 Let A, denote the set of compler numbers x + 1y such that
Yo <y < yo + 2m; symbolically,

Ap={z+iy|zeR and yw <y<y+ 2}
Then e* maps A,, in a one-to-one manner onto the set C\{0}.

Recall that a map is one-to-one when the map takes every two distinet points
to two distinet points: in other words, two distinet points never get mapped to the
same point. A map is onto a sct B when every point of B is the image of some
point under the mapping. The notation C\{0} means the whole plane C minus the
point 0; that is, the plane with the origin removed.

Proof If ¢¥1 = ¢#2_ then ¢*7* = 1, 80 z; — 22 = 2min for some integer n, by
Proposition 1.3.2. But because z; and z; both lie in A,,, where the difference
between the imaginary parts of any points is less than 2w, we must have 2; = 25.
This argument shows that ¢* is one-to-one. Let w € C with w # (0. We claim the
equation ¢ = w has a solution z in A4,,. The equation ¢*™¥ = w is equivalent
to the two equations € = |w| and € = w/|w|. (Why?) The solution of the first
equation is z = log [w|, where “log” is the ordinary logarithm (with base €) defined
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on the positive part of the real axis. The second equation has infinitely many
solutions y, each differing by integral multiples of 27, hut exactly one of these is
the interval [yo,yo + 27[. This y is merely argw, where the specified range for the
arg function is [yg. yo + 2r[. Thus €7 is onto C\{0}. W

The sets defined in this proposition are shown in Figure 1.3.2. Here e* maps the
horizontal strip between yoi and (yo + 27)i one-to-one onto C\{0}. (The notation
= f(z) is used to indicate that z is sent to f(z) nnder the mapping A,

(K]
4

Figure 1.3.2: €” as a one-to-one function onto C\{0}.

In the proof of Proposition 1.3.5 an explicit expression was derived for the
inverse of ¢* restricted to the strip yo < Imz < yo + 2m, and this expression is

stated formally in the following definition.

Definition 1.3.6 The function log : C\{0} — C, with range yy < Imlogz <
Yo + 27, 1s defined by

logz = log |z| +iarg z,

where arg = takes values in the interval [yo, yo+2r| and log |z| is the usual logarithm
of the positive real number

-
it

This funetion is sometimes referred to as the “braneh of the logarithm funetion
lying in {o +iy | %o <y < yo + 27} But we must remember that the function
log z is well defined only when we specify an interval of length 2 in which arg z
takes its values, that is, when a specific branch is chosen.

For example, suppose that the specified interval for the argument is [0, 27
Then log(1 + i) = logv/2 + im/4. However, if the specified interval s fr, 3x[, then
log(1 + i) = logv2 + i97/4. Any particular branch of the logarithm defined in
this way undergoes a sndden jump as z moves across the ray arg z = yo. To avoid
this jumping, one can restrict the domain to yo <y < ¥ + 270, This idea will be
important in §1.6.



32 Chapter 1 Analytic Functions

Proposition 1.3.7 The logarithm log z is the inverse of ¢ in the following sense:
For any branch of log z, we have €'°%° = z, and if we choose the branch lying in
Yo <y <yy+ 2w, then logle®) =z forz =z + iy and yo < y < yo + 2.

Proof Since logz = log |z| + i arg z, we have

E|r_ng,: ; rils:g|:!{,z' argy |_—.‘|£_j aTE Z 3
Couversely, suppose that z = x4y and yy < y < yo + 27. By definition, loge® =
log +iarge”. But |e*| = e and arge® = y by our choice of branch. Thus,
loge®* =loge +iy=ax+iy=2z. W

ef

The logarithm defined on C\{0} behaves the same way with respect to products
as the logarithm restricted to the positive part of the real axis.

Proposition 1.3.8 If 21,2, € C\{0}, then log(z120) = log 2y + log 2 (up to the
addition of integral multiples of 2mi ).

Proof By delinition, log z;20 = log |z122| + i arg(z12¢), where an interval [yo, yo +
27[ has been chosen for the values of the arg function. We know that log |z 2.| =
log |z1|z2| = log|z1] + log |z:| and arg(zi2s) = arg 2y + arg zo (up to integral multi-
ples of 277). Thus log 212, = (log |z | +iarg =1) + (log |22 + i arg 29) = log 2, +log 2y
(up to integral multiples of 2z7). M

To illustrate this proposition, let us find log|(~1 — #)(1 — i)], where the range
for the arg function is chosen as, for instance, [0, 2r|. Thus,

log[(—1 —i)(1 —4)] = log(—2) = log 2 4 mi.

On the other hand. log(—1 — i) = log v2 + i6x /4 and log(1 — i) = log V2 + iTn /4.
Thus.

log(—1 — i) + log(l — i) =log2 + 137 = (log 2 + mi) + 274,

so in this case, when z; = —1 —i and 25 = 1 — . log 2, 29 differs from log zy + log z3
by 2mi.

The basic property in Proposition 1.3.8 can help one remember the definition
of log z by writing log z = log(re') = logr + loge*® = log|z| +iarg 2.

Complex Powers We are now in a position to define the expression a” where
a,b € C and a # 0 (read “a raised to the power of ). Of course, however we
define a”. the definition should reduce to the usual one in which a and b are real
numbers. Notice that a can also be written “%9 by Proposition 1.3.7. Thus, if b
is an integer, we have a? = (eloBa)b = gbloga  Thig last equality holds since if n
is an inteser and z is any complex number, (e*)" = ¢* ... e* = e™* by Proposition
1.3.2(i). Thus we are led to formmlate the following definition.
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Definition 1.3.9 Let a.b € C with a # 0. Then a® is defined to be etlosa, gt s
understood that some interval [y, yo + 27| (that is. some branch of log ) has been

Le

chosen urthin which the arg function takes its values.

It is important to understand precisely what this definition involves. Note es-
pecially that in general log z is “multiple-valued”; that is, logz can be assiened
many different values because different intervals [yo + 2m[ can be chosen. This is
not surprising, for if b = 1/g, where ¢ is an integer, then our previous work with de
Moivre’s formula would lead us to expect that a? is one of the gth roots of a and
thus should have g distinct values. The following theorem elucidates this point.

Proposition 1.3.10 Let a.b € C,a # 0. Then a® is single-valued (that is, the
value of a® does not depend on the choice of branch for log) if and only if b s an
integer. If b is a real, rationael number, and if b = p/q is in its lowest terms (in
other words, if p and q have no common factor). then a® has evactly q distinct
values, namely, the g roots of a?. If b is real and irralionel or if b has o nonzero
immaginary part, then a® has infinitely many values. When a® has distinet values,
these values differ by factors of the form ¢*™"%,

Proof Choose some interval, for example, [0, 27 [, for the valnes of the arg fune-
tion. Let log z be the corresponding branch of the logarithm. If we were to choose
any other branch of the log function, we would abtain log a + 2wni rather than log
a, for some integer n. Thus ab = eblegatimnbi — Jhloga | el ehere the value of
n depends on the branch of logarithm (that is. on the interval chosen for the values
of the arg function). By Proposition 1.3.2, e27mbi pemains the same for different
values of n if and only if b is an integer. Similarly, e2™ipld hay g distinet values if
p and ¢ have no common factor. If b is irrational, and if g2rnbi — g2rmbi it follows
that e n=m) — 1 and hence b(n — ) is an integer; since b is irrational, this
implies that n — m = 0. Thus if b is irrational, AT hag infinitely many distinet
values. IE b is of the form & + ig.y % 0, then 2™ = =2 . 2% which also
has infinitely many digtinet values. W

To repeat: When we write ¢Poga i is umderstood that some branch of log
has been chosen. and accordingly €?1°%¢ has a single well-defined value. But as we
change the branch of log, we get values for ebloge that differ by factors of 2™,
This is what we mean when we say that a® = ¢"'°8¢ is “multiple-valued”.

An example should make this clear. Let a = 144 and let b be some real irrational
number. Then the infinitely many different possible values of a’ are given by

{l + ?)h -y ehsllug{ |44 )+2mni] L {_.!3(105; VI timfdp2mna) _ ({._‘h log v2 -|-:ihr:;-1)r,b2’-'rfrr1

as n takes on all integral values (corresponding to different choices of the branch).
For instance, if we used the branch corresponding to [, 7| or [0, 2r[. we would
set n = (.

Some general properties of ab are fonnd in the exercises at the end of this section,
but we are now interested in the special case when b is of the form 1/n, because
this gives the nth root.
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The nth Root Function We know that {/z has exactly n values for z # (.
To make it a specific function we single out a branch of log as described in the
preceding paragraphs.

Definition 1.3.11 The nth root function is defined by

07 Elfﬂ. S l{lugz_]f"ﬂ

. pr . . . . ) "
for a specific choice of branch of log z; with this cheice, /z = €827 js called a
branch of the nth root function.

The next proposition verifies a familiar property of root funections.

Proposition 1.3.12 The function {/z so defined is an nth root of z; that is.
(3/2)" = 2. It is obtained as follows. If z = re™, then

% e 1_‘2161,"'11:

where @ is chosen so that it lies within a particular interval corresponding to the
branch choice. As we add multiples of 2w to 0. we run through the n nth roots of
z. On the right-hand side, {/r is the usual positive real nth root of the positive real
number r.

Proof By definition, {/Z = e!°82)/" But logz = logr + i, so

f,.,_(l-\i,:‘li_z; e ﬁ(lllg?'jfﬂ ; ﬁ‘iﬂfn - {/’;E‘Hi{n.

The assertion is then clear. W

The reader should now take the time to become convinced that this way of
describing the n nth roots of 2 is the same as that described in Corollary 1.2.3.

Geometry of the Elementary Functions To [urther understand the functions
=", {/z. €%, and log z, we shall consider the geometric interpretation of each in the
remainder of this section. Let us begin with the power function 2" and let n = 2.
We know that z* has length |z* and argument 2argz. Thus the map z — 22
squares lengths and doubles arguments (see Figure 1.3.3).

From this doubling of angles it follows that the power function 2% maps the first
quadrant to the whole upper half plane (see Figure 1.3.4). Similarly, the upper half
plane is mapped to the whole plane.

Now consider the square root fimction 2z = /7¢**/2. Suppose that we choose
a branch by using the interval 0 < # < 27. Then 0 < /2 < 7, so +/z will always lie
in the upper half plane. and the angles thus are cut in half. The situation is similar
to that involving the exponential function in that z ~ /2 is the inverse for z — 22
when the latter is restricted to a region on which it is one-to-one. In like manner,
if we choose the branch —m < 8 < w, we have —7/2 < 0/2 < n/2, so \/Z takes its
values in the right half plane instead of the upper half plane. (Generally, any “half
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8 ;
= Real axis X
I'

Figure 1.3.3: Squaring function.

Figure 1.3.4: Effect of the squaring function on the first quadrant.

plane” could be used—see Figure 1.3.5.) If we choose a specific branch of /2, we
also choose which of the two possible square roots we shall obtain.

Various geometric statements can be made concerning the map z — z% that
also give information about the inverse, z — /z. For example, a circle of radius

r described by the set of points re'?, 0 < # < 2, is mapped to r2e'28 a circle of

radius r2: as re'? moves once around the first circle, the image poinl moves twice
around (see Figure 1.3.6). The inverse map does the opposite: as z moves along
the circle re'® of radius r, 'z moves half as fast along the circle ./Fewf 2 of radius
V.

Domains on which z — e* and z + log 2 are inverses have already been discussed
(see Figure 1.3.2). Note that the lines y = constant, described by the points x + 2y
as 7 varies, are mapped by the function z — e* to points e”e*¥, which is a ray with
argument y. As x ranges from —oo to +o0o. the image poiut on the ray goes from
0 out to infinity (see Figure 1.3.7).

Similarly, the vertical line z = constant is mapped to a circle of radius e*. Tf
we restrict y to an interval of length 27, the image circle is described once, but if y
is nnrestricted, the image circle is described infinitely many times as y ranges from
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R o
2 - 3 =Uu

Figure 1.3.6: Effect of the squaring function on a cirele of radius r.

—o¢ to +0o. The logarithm, being the inverse of €, maps points in the opposite
direction to e, as shown in Figure 1.3.7. Because of the special nature of the
striplike regions in Figures 1.3.2 and 1.3.7 (on them ¢ is one-to-one) and because
of the periodicity of e®. these regions deserve a name. They are usually called
period strips ol e,

Worked Examples

Example 1.3.13 Find the real and imaginary parts of exp(e®). (Tt is common to
use expw as another way of writing e*.)

Solution Let z = & +iy; then €* = ¢” cosy + ie* siny. Thus,

expe” = e ¥ |cos(e” siny) + i sin(e” siny)).
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Figure 1.3.7: Geometry of ¢ and log =.

Therefore,

Re (expe?) = (¢ “*¥)cos(e”siny) and TIm(expe®) = (¢ ©*¥) gin(e” siny).

Example 1.3.14 Find oll the values of i

Solution

'.".i . B-Hag-s' == ﬁi[l(}g Li(im /2)+(2mmn] [E,——.E:'rﬂ) T2 J—2ﬂ'f'ﬂ-+],’.1].
All the values of it are given by the last expression as n takes integral values,
O e i £ T

Example 1.3.15 Solve cosz = 5 for z.

1
2
Solution We know that z, = £(7/3 + 2wn), where n is an integer, solves the
equation cosz = l, we shall show that z,,n = 0,4£1..... are the enly solutions;

that is, there are no solutions off the real axis. We are given

f:,z: + £ ol !

e = oo e

2 2
Therefore, €2'* — ¢ + 1 = 0, and -Jn by the gquadratic formula, gt = :I: ﬁ.{;’?
Henee iz Iag +/3i/2) = ilng +/3i/2), since 5+ V3i/2 and § — ﬁ-i/? are
checked to be rec 1procaj'ﬁ of one annth&r We thus obtain
V3 iyre Q?m) :

: | . ; B : T
z =ilog 5 ek [ =3 (lmg I + % + Qmw) =h (E

Example 1.3.16 Consider the mapping z — sinz. Show that lines parallel to the
real azis are mapped to ellipses and that lines parallel to the imaginary aAxis Gre

mapped to hyperbolas.
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Solution Using Proposition 1.3.4 (also see Example 1.3.14), we get

sinz = sin(z + iy) = sinx cos(iy) + sin(iy) cos

= sinzcoshy + isinhycosx

where

eV eV ] e¥ —e7¥
cosh iy = S and sinhy = gt

Suppose that y = yp is constant; if we write sinz = u + v, then we have
2

2
(4 v
1 == 1

F— g
cosh® o sinh® yy

since sin” x + cos? z = 1. This is an ellipse.
i ; : ) 7. i) .
Similarly, if & = zp is constant, from cosh® y — sinh™ y = 1 we obtain
i L :

— — -

sinxg  ©os? @

which is a hyperbola.

Exercises

1. Express in the form a + bi:
(a) 2t
(b) sin(1 +4)

2. Express in the form a + bi:
(a) 3

(b) cos(2 + 3i)

o550 B By bbb s sk

3. Solve

(a) cosz =4 + %

(b) cosz =4
4. Solve

(a) sinz = % et

(b) sinz =4 %
5. Find all the values of

(a) log1
(b) logi
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5]

=1

o

=

10

. Find all the values of
(a) log(—i)
(b) log(1 + 1)

. Find all the values of
(a) (—1)"
(b) (1 4&)'*

. Find all the values of

(a) (~1)"
(b) 2

. For what values of z is (¢%) = &'*7

. Let /* denote the particular square root defined by

Vr(cosf +isinf) = r1/2[cos(0/2) + isin(0/2)],0 < 8 < 2m;
the other square root is
r1/2cos|(0 + 2m) /2] + isin|(8 + 27)/2]}.

For what values of z does the equation v2? = z hold?

11.* Along which rays through the origin (a ray is determined by arg z = constant)
does lim,_, |¢¥] exist?
12. Prove the identity
R
| 14i2\"
z=tan |- log : 2
i 1—1z
13. Simplify e ,¢™, and ¢'/*, where z = z +iy. For e 1/= we specify that z # 0.
14. Examine the behavior of e**% as x — 400 and the behavior of €™ as
Y — L£00.
15.* Prove that sin(—z) = — sin 2; cos(—2z) = cos z; sin(7/2 — z) = cos z.

16

_ Define sinh and cosh on all of C by sinhz = (¢* — e *)/2 and coshz =
(e* + ¢~*)/2. Prove that
(a) cosh®z — sinh® z =
(b) sinh(z; + 22) = sinh z; cosh zp + cosh z; sinh 2

(¢) cosh(z + 22) = cosh 2y cosh 2o + sinh z; sinh 2o
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(d) sinhi(r + iy) = sinhzcosy +icosh wsiny

(e) cosh(z + iy) = coshw cosy + isinhxsin gy

I7.* Use the equation sin » = sinx cosh y+isinh y cosz where 2z = o+ iy to prove
that |sinhy| < |sinz| <

cosh y|.
18, If b is real. prove that |a®| = |a|’.
19. Is it true that |¢®) = [a|?! for all a.b € C?
20. (a) For complex numbers a, b, e, prove that a’a® = a"*¢, nsing a fixed branch
ol log.
(b) Show that (ab)® = a"b" il we choose branches so that log(ab) = loga +
log b (with no extra 27ni).
21.* Using polar coordinates, show that z +— z + 1/2 maps the cirele |z] = 1 to
the interval [—2.2] on the & axis.
22. (a) The map z — z* maps the first quadrant onto what?
(b} Discuss the geometry of z — /= as was done in the text for \/z.

23.* The map z — 1/z takes the exterior of the unit circle to the interior (ex-
cluding zero) and vice versa. To what are lines arg z = constant mapped?

24. What are the images of vertical and horizontal lines under z — cos 2?7

25. Under what conditions does loga® = bloga for complex numbers a, b7 (Use
the branch of log with —w < # < 7.)

2G. (a) Show that under the map z +— 22, lines parallel to the real axis are
mapped to parabolas.
(b) Show that under (a branch of) z + /2, lines parallel to the real axis are
mapped to hyperbolas.
27. Show that the n nth roots of unity arve 1, w,w?, w®,.
t,_'.Z'rr-i;’n

ow™ L where w =

28. Show that the trigonometric identitios can be deduced if e?(T1722) — gier | iz
is assumed.

29.* Show that sinz=0il z=&nm. k=0,+1.+2. .. ..

30. Show that the sine and cosine are periodic with minimum period 2; that is,
that
(a) sin(z + 27) = sin 2 for all z.
(b) cos(z+ 27) = cos z for all 2.

(¢) sin{z + w) = sin z for all z implies w = 27n for some integer n.
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(d) cos(z +w) = cosz for all z implies w = 2mn for some inleger 1.
31. Find the maximum of | cos z| on the square

< Rez<2r,0<Imz < 2m.

32. Show that logz = 0 iff z = 1, using the branch with —r <argz = .

33. Compute the following quantities numerically to two significant figures:
(a) 32401 (1) log(1.2 — 3.0d)  (c) sin(8.171 — 3.2)

34.* Show that the function sin z maps the strip —7/2 < Rez < n/2 onto the set
C\{z | Imz =0 and |Rez| > 1}.

35.* Discuss the inverse functions sin ' z and cos ! z. For example, is sin z one-
to-one on the set defined by 0 < Rez < 277

1.4 Continuous Functions

In this section and the next, the fundamental notions of continuity and differen-
tiability for complex-valued functions of a complex variable will be analyzed. The
results are similar to those learned in the caleulus of functions of real variables.
These sections will be concerned mostly with the underlying theory, which is ap-
plied to the elementary functions in §1.6.

Since C is R? with the extra structure of complex multiplication, many geometric
concepts can be translated from R? into complex notation. This has already been
done for the absolute value, |z|, which is the same as the norm, or length, of =z
regarded as a vectfor in R2. Furthermore, we will use calenlus for functions of two
variables in the study of functions of a complex variable.

Open Sets We will need the notion of an open set. A set A C C =R? is called
open when, for each point zp in A, there is a real number € > 0 such that z € A
whenever |z — zp| < €. See Figure 1.4.1. The value of ¢ may depend on zg; as zo
sets close to the “edge” of A, e gets smaller. Intuitively, a set is open if it does not
contain any of its “boundary” or “edge” points.

For a number r > 0. the r neighborhood or r disk around a point zo in C is
defined to be the set D(z0:7) = {z € C | |z — 20| < r}. For practice, the student
should prove that for each wy € € and r > 0, the disk A = [z€C||z—wy| <1}
is itself open. A deleted r neighborhood is an r neighborhood whose center point
has been removed. Thus a deleted r-neighborhood has the form Dlzo;r)\{20}.
which stands for the set D(2q:r) minus the singleton set {z0}. See Figure 1.4.2.

A neighborhood of a point z; is, by delinition, a set containing some r disk
around zy. Notice that a set A is open iff for each zp in A, there is anr neighborhood
of zo wholly contaned in A.

The basic properties of open sets are collected in the next praposition.
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Figure 1.4.2: (a) r-Neighborhood.  (b) Deleted r-neighborhood.

Proposition 1.4.1 (i) C is open.
(ii) The emply sel & is open.
(iti) The union of any collection of open subsets of C is open.

(iv) The intersection of any finite collection of vpen subsets of C is open.

Proof The first two assertions hold almost by definition; the first because any ¢
will work for any point zy, and the second because there are no points for which
we are required to find such an €. The reader is asked to supply proofs of the last
two in Exercises 19 and 20 at the end of this section. M

Mappings, Limits, and Continuity Let A be a subset of C. Recall that a
mapping f : A — C is an assignment of a specific point f(2) in C to each point
z in A. The set A is called the domain of f, and we say f is defined on A.
When the domain and the range (the set of values f assumes) are both subsets
of €, as here, we speak of [ as a complex function of a complex variable.
Alternatively, we can think of f as a map f : A € R? — R? then f is called
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4 vector-valued function of two real variables, For f : A C C — C, we can let
> = @ +iy = (x,y) and define u(z, y) = Re f(z) and v(z,y) = Im f{z). Then u and
o are the components of f thought of as a vector function. Hence we may uniquely
write f(x+iy) = ulz,y) +iv({x,y), where v and v are real-valued functions defined
on A.

Next we consider the idea of limit in the setting of complex numbers.

Definition 1.4.2 Let f be defined on a set containing some deleted v neighborhood
of zo. We say that [ has the limit a as = — 2y and wrile

lim f(z)=a

Z—+*ZH

when, for every ¢ > 0, there is a & > 0 such that Jor all z € D(z;r) satisfying
2 2z and |z — 2] < 8, we have |f(2) - a| < €.

The expression in this definition has the same intuitive meaning as it has in
caleulus: namely, f(z) is close to a whenever z is close to zg. It is not necessary
to define f on a whole deleted neighborhood to have a valid theory of limits, but
deleted neighborhoods are used here for the sake of simplicity and also because such
usage will be appropriate later in the text.

Just as with real mumbers and real-valued functions, a function can have no
more than one limit at a point, and limits behave well with respect to algebraic
operations. This is the content of the next two propositions.

Proposition 1.4.3 Limits are unique if they erist.

Proof Suppose that lim._,, f(z) = a and lim._.., f(z) = b with a # b. Let
2¢ = |a — bl, so that ¢ > 0. There is a 5 > 0 such that 0 < |z — zp| < ¢ implies
that [f(2) — a] < € and |f(z) — b] < e. Choose such a point z # zy (becanse
{ is defined in a deleted neighborhood of z0). Then, by the triangle inequality,
la —b| < |la— f(2)| + |f(z) — b] < 2¢, a contradiction. Thus a = h N

Proposition 1.4.4 [flim. . f(2) = a and lim._., 9(z) = b, then
(i) Yim,_., [f(2) +9(2)] = a +b.
(i) lims_ [f(2)g(2)] = ab.
(iii) lim,_..,[f(2)/9(2)] = a/b if b# 0.
Proof Only assertion (i) will be proved here. The proofl of assertion (i) is easy,
and proof of assertion (iii) is slightly more challenging, but the reader can get the

necessary clues from the corresponding real-variable case. To prove assertion (ii),
we write

|f(z)g(z) —ab] < |f(2)g(z) — J(z)b]+ |f(z)b— ab| (triangle inequality)
= |f(2)]g(z) — b + |f(2) — allb] (factoring).
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To estimate each term. we choose §; > 0 so that 0 < |z — 2zy| < 6; implies that
|f(z) — a| < 1, and thus , since |f(z) — @] = |f(2)] — |al.
Proposition 1.2.5(vi). Given e > 0, select positive numbers dy and 83 so that
0 < |z — 2z,| < &y implies |f(z) —a| < €/2(]b] + 1) and 0 < |z — < A implies
lg(z) — b] < €/2(|la| +1). Let & be the smallest of 81, 09, 0. IF 0 < |z Ze| < 4, we
have

=

|/ (2)g(z) — ab] < |f(2)] |g(z) — bl + [ f(2) —al |b]

e
—— | f{2 S it

<"{a|+'l LFE) + 2(|bl 4+ 1) d

€ €

= ..{_ — = €.

22

Fas

Thus lim,_._ f(z)g(z) = ab as claimed. B

Definition 1.4.5 Let A C C ! _;r: an open set and let f: A — C be a function. We
say [ is continuous at zo € A if and only if

lim f(z) = flzo)

T

and that f is continuous on A if [ is continuous al each point z, in A,

This definition has the same intuitive meaning as it has in elementary calculus: If
> is close to 2o, then f(2) is close to f(zq). From Proposition 1.4.4 we deduce that
if f and g are continuous on A, then so are the sum f + g and the product fg, and
so is f/g if g(z0) # 0 for all points zy in A. It is also true that a composition of
coutinuons functions is continuous.

Proposition 1.4.6 (i) If lim, ., f(z) = a and h is a function defined on a
neighborhood of a and is continuous at a, then lim. .. h(f(z)) = h(a).

(i) If f #s a continuous function on an open sei A in C and h is continuous on
f(A), then the composite function (he fitz) = h{f(z)) is conlinuous on A.

Proof Qiven ¢ > 0, there is a 6; > 0 such that |h(w) — k(e)| < ¢ whenever
lw —a| < & and a 6 > 0 such that |f(z) —a| < 31 whenever 0 < |z — 25| < o,
Therefore we get |h(f(2)) — h{a)| < € whenever 00 < |z — 20| < 0, which establishes
(i). A proot of (i) follows from (i) and is requested in Exercise 22 at the end of
this section. W

Sequences The concept of convergent sequences of complex numbers is analogous
to that for sequences of real numbers studied in caleulus -‘s SoqEence 2
1.2, 3.... of points of C converges to =, if and only i for evers there i

s + ¥ g v . - i ! - -
T 4 nat % S > A T =

S

G

R R R PR R e
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Limits of sequences have the same properties, obtained by the same proofs, as
limits of functions. For example, the limit is unique if it exists: and if z, — 2o and
1, — 1y, then

(i) zn +wy — 20 + Wo-
{ U] Zn i — Zoly.
(i) 2/t — zo/wo (if wo and wy, are not 0).

Also, 2, — 2zp iff Re 2, — Rezg and Tmzy, — Imzg. A proof of this for functions
is requested in Exercise 2 at the end of this seetion.

A sequence z, is called a Cauchy sequence if for every ¢ > 0 there is an integer
N such that |2, — 2m| < € whenever both n = N and m > N. A basic property of
real numbers. which we will accept without proof, is that every Cauchy sequence
1 R converges. More precisely. if {x,}72, is a Cauchy sequence of real numbers,
then there is a real number g such that lim, e &, = Tg. This 18 equivalent to
the completeness of the real number svstem.? From the fact that 2, — 2o iff
Re z, — Rezy and Im z, — TIim 2, we can conclude that every Cauchy sequence in
= converges. This is a technical point, but is nseful in convergence proofs, as we
shall see in Chapter 3.

It should be noted that a link exists between sequences and continuity; namely,
f:+ACC— Cis continuous iff for every convergent sequence z, — 2o of points in
A (that is, z, € A and 2z, € A), we have f(z,) — f(zp). The student is requested
to prove this in Exercise 18 at the end of this section.

Closed Sets A subset F of C is said to be closed if its complement, C\F =
(z e C|z¢ F}. is open. By taking complements and using Proposition 1.4.1, one
discovers the following properties of closed sets.

Proposition 1.4.7
(1) The empty set is closed.
(ii) C is closed.
(iii) The intersection of any collection of closed subsets of C is closed.
(iv) The union of any finite collection of closed subsets of C is closed,

Closed and open sets are important for their relationships to continuons func-
tions and to sequences and for other constructions we will see later.

Proposition 1.4.8 A set F C C is closed iff whenever 21,22, 23, ... iS5 0 Sequence
of points in F such that w = lim, . z,, exists, then w € F.

14900, for example, J. Marsden and M. Hoffman, Blementary Classical Analysis, Second Edition
(New York: W. H. Freeman and Company, 1993}
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Proof Suppose F' is closed and z, is a sequence of points in F. If D(w;r) is
any disk around w, then by the definition of convergence, z, is in D(w;r) for large
enough n. Thus, D{(w;r) cannot he contained in the complement of F. Since that
complement 1s open, w must not be in the complement of F. Therefore. it must be

in F.
If F' is not closed. then the complement is not open.
w in C\ F such that no nei shborhood of w is contained in C\F. In particular,

point
we may pick points z, in FrnD(w;1/n); this yields a convergent sequence of points

of F whose limit is not in F. [ ]

In other words. there is a

Proposition 1.4.9 If f:C — C, the followng are equivalent:
(i) [ is continuous.
(ii) The inverse image of every closed set 15 closed.
(iii) The inverse image of every open set is open.

Proof To show that (i) implies (i), suppose f is continnous and F is closed. Let
L(F) and suppose that z, — w.® Since

21, 22, 23, .+ DE & sequence of points in f~(
f is continuous, flzn) — [(w). But the points f(z,) are in the closed set F', and
so f(w) is also in F'. That is, w is in f~Y(F). Proposition 1.4.8 shows that f~'(F)
is closed.
To show that (ii) implies (iii), let U be open. Then F = C\U is closed. If (ii)
holds, then fL(F) is closed. Therefore, C\f~}(F) = f HC\F)=f “H(U) is open.
To show that (iii) implies (i). fix 2y and let € > 0, Then zg is a member of Lthe

open set f~'(D(f(z0);¢)). Hence there is a0 > 0 with
D(zy:0) C fHD(f(20); €))-
lz — 2] < 6. We thus get

Thiy says precisely that |f(2) — flzo)l < ¢ whenever |
exactly the inequality needed to establish continuity. W

it is convenient to introduce the notion of

To handle continuity on a subset of C,
4 subset B of A is called open relative

relatively open and closed sets. If Ac C,

to A if B = AnU for some open set U.
B — AN F for some closed set F. This leads to the following proposition, whose

proof is left to the reader.

Proposition 1.4.10 If [ : A — C. the following are equivalent:
(i) f is continuous.

{ relatios

(i} The inverse unage of every closed set is closed

o B F 1 '
3 merree DROGE Of CEETY OPen 3 LE

It is said to be closed relative to A if

it
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Connected Sets This subsection and the next study two important classes of
sets which oceupy to some extent the place in the theory of complex variables held
by intervals and by closed bounded intervals in the theory of functions of a real
variable. These are the connected sets and the compact sets.

A connected set should be one that “consists of one piece”. This may be
approached from a positive point of view— “Any point can be connected to any
other’—or from a negative point of view —“The set cannot be split into two parts”.
This leads to two possible definitions.

Definition 1.4.11 A set € ¢ C is path-connected if for every pair of points a,b
in O there is a conlinuous map v : [0,1] — C with v(0) = a and (1) =b. We call
~ a path joining a and b.

One can often casily tell if a set is path-connected, as is shown in Figure 1.4.3.
The negative point of view suggests a slightly different definition.

4 Y
4

Figure 1.4.3; Regions in (a) and (b) are connected while the region in {¢) is not.

Definition 1.4.12 A set ¢ c C is not connected (see Figure 1.4.4) if there are
open sets U and V' such that

(i CcUUV
iy CNU#S andCNV # 0
(iii) (CNU)N(CNV)=g
If a set farls to be “not connected”, it is called connected.

The notions of relatively open and closed sets allow this to be rephrased in terms
of subsets of C'. Since the intersection of €' with U is the same as its intersection
with the complement of V', the set €' MU is both open and closed relative to €, as
is (' N V. This proves the next result.

Proposition 1.4.13 A set C' is connected if and only if the only subsets of C that
are both open and closed relative to C are the empty set and C itself.
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Figure 1.4.4: The set ' is not connected.

The next two propositions give the relationship between the two definitions.
The two notions are not in general equivalent, bul they are for open sets. The
proof of this last assertion (given below in Proposition 1.4.15) illustrates a fairly
typical way of using the notion of connectivity. One shows that a certain property
holds everywhere in €' by showing that the set of places where it holds is not emnpty
and is both relatively open and relatively closed.

Proposition 1.4.14 A path-connected sel is connected.

Proof Suppose C'is a path-connected set and D is a nonempty subset of (' that
is both open and closed relative to (", If ' # D, there is & point 2, in D and a
point zg in C\D. Let v : [a,b] — C be a continuous path joining 2, to z». Let
B = ~7'(D). Then B is a subsel of the interval [a, b], since v is continuous. (See
Proposition 1.4.10.) Since a is in B, B is not empty. and [a, b]\ B is not empty since
it contains b.

This argument. shows that it is sufficient to prove the theorem for the case of an
interval [a, b]. We thus need to establish that intervals on the real line are connected.
A proof uses the least upper bound property (or some other characterization of the
fact that the system of real numbers is complete). Let # = sup B (that is, the least
upper bound of B). We find that « is in B since B is closed. Since B is open there
15 a neighborhood of 2 contained in B (note that x # b, since b is in [a, b\ B). Thus,
for some ¢ > (), the point x + ¢ is in B. Thus 2 cannot be the least upper bound.
This contradiction shows that such a set B cannot exist. W

A connected set need not be path-connected,® but if it is open it must be. Tn
fact, more is true.

YA standard example is given by letting €' be the union of the graph of y = sin1/x, where
x >0, and the line segment —1 <y < 1, = 0. This set is connected but not path-connected.
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Proposition 1.4.15 If C' is an open connected set and o and b are_in C, then
there is o differentiable path ~ : [0,1] — C with 4(0) = a and (1) = b7

Proof Let a be in (. If zy is in €', then since C is open, there is an € > 0 such
that the disk D(zp:e€) is contained in €. By combining a path from a to zg with
one from zo to = that stays in this disk, we see that z; can be connected to a by a
differentiable path if and only if the same is true for every point z in D(zp:€). This
shows that both the sets

A ={z € C|zcan be connected to a by a differentiable path}
and
B = {z € C| z cannot be so connected to a}

are open. Since (' is connected, either A or B must be empty. Obviously it must
be B. See Figure 1.4.5. N

Figure 1.4.5: An open connected set is path-connected.

Because of the importance of open connected sets, they are often designated by
a special term. Although the usage is not completely standard in the literature,
the words region and domain are often used. In this text these terms will be
nsed synonymously to mean an open connected subset of C. The reader should be
careful to check the meanings when these words are encountered in other texts.

The notion of connected sets will be of use to us several times. One observation
is that a continuous function cannot break apart a connected set.

Proposition 1.4.16 If [ is a continuous function defined on a connected set C,
then the image set f(C') s also connected.

Differentinbility of ~ means that each component of ¥ is differentiable in the usual sense of
one-variable caleulus.
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Proof If U and V are open sets that disconnect f(C), then f~'(U) and f=1(V)
are open sets disconnecting C. W

Be careful. This proposition works in the opposite direction from the one about
open and closed sets. For continuous functions, the inverse images of open sets are
open and the inverse images of closed sets are closed. But it is the direct images
that are guaranteed to be connected and not the inverse images of connected sets.
(Can you think of an example?) The same sort of thing will happen with the class
of sets studied in the next subsection, the compact sets.

Compact Sets The next special class of sets we introduce is that of the compact
sets. These will turn out to be those subsets K of C that are bounded in the sense
that there is a number M such that |z| < M for every z in K and that are closed.
One of the nice properties of such sets is that every sequence of points in the set
must have a subsequence which converges to some point in the set. For anaﬁplt' the
sequence 1, é g, 'l g, ; ?1'1 z 2 ... of points in )0, 2] has the subsequence 1, 1 7 ,1, L S
which converges to the point 'U which is not in the open interval |0, 2[ but is in the
closed interval [0,2]. Note that in the claimed property. the sequence itself is not
asserted to converge. All that is claimed is that some subsequence does; the example
shows that this is necessary.
As often happens in mathematics, the study consists of three parts:

(i) An easily recognized characterization: closed and bounded
(ii) A property we want: the existence of convergent subsequences
(iii) A technical definition useful in proofs and problems

In the case at hand, the technical definition involves the relationship between
compactness and open sets. A collection of open sets U, for a in some index set A
is called a cover (or an open cover) of a set K if K is contained in their union:
K € UaealUn. For example, the collection of all open disks of radius 2 is an open
cover of C:

U, =D(2:2) CCWUecD(z:2).

It may be, as here, that the covering process has been wasteful, using more sets
than needed. In that case we may use only some of the sets and talk of a subecover,
for example, C C Up mezD(n + mi; 2), where Z denotes the set of integers.

Definition 1.4.17 A set K is compact if every open cover of K has a finile
subcover.

That is, if U, is any collection of open sets whose union contains K, then there
i5 . fuite subeollection U, Uagy o o Doy Bich that Ko 0, UL, U ..

Proposition 1.4.18 The following conditions are equivalent for a subset K of C
(or of R):
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(i) K is closed and bounded.

(ii) Every sequence of points in K has a subsequence which converges to some
point in K.

(i) K is compact.

This proposition requires a deeper study of the completeness properties of the
real numbers than it is necessary for us to go into here, so the proof is omitted.
It may be fonnd in most advanced calculus or analysis texts.® It is easy to see
why (i) is necessary for (i) and (iii). If K is not bounded we can select 2 in
K and then successively choose zg with |z2| > |z1]| + 1 and, in general, z, with
o] > |zn_1| + 1. This gives a sequence with no convergent subsequence. The open
disks D(0:n),n=1,2,3,..., would be an open cover with no finite subcover.

If K is a set in C that is not closed, then there is a point w in C\ K and a sequence
21, 2. ... of points in K that converges to w. Since the sequence converges, w is
the only possible limit of a subsequence, so no subsequence can converge to a point
of K. The sets {z such that |2 —w| > 1/n} for n = 1,2,3,... form an open cover
of K with no finite subcover.

The ntility of the technical Definition 1.4.17 is illustrated in the following results.

Proposition 1.4.19 If K is a compact set and [ is a conlinuous function defined
on K. then the image set f(K) is also eompact.

Proof 1f [/, is an open cover of f(K), then the sets f —1(U,) form an open cover
of K. Selection of a finite subcover gives

K & PNy
so that fIK)CUs U...UlUs,. W

Theorem 1.4.20 (Extreme Value Theorem) If K is a compact set and [ :
K — R is continuous, then f attains finite mazimum and minimum values.

Proof Theimage f(K) is compact, hence closed and bounded. Since it is bounded,
the numbers M = sup{f(z) | z € K} and m = inf{f(z) | z € K} are finite. Since
f(K) is closed, m and M are included in f(K). W

Another illustration of the use of compactness is given by the following lemma,
which asserts that the distance from a compact set to a closed set is positive. That
is. there must be a definite gap between the two sets.

Lemma 1.4.21 (Distance Lemma) Suppose K is compact, C' is closed, and KN
(' = 2. Then the distance d(K,C) from K to C is greater than 0. That is, there
's @ number p > 0 such that |z — w| > p whenever z is in K and w @5 in C.

8Qee. for example, J. Marsden and M. Hoffman, Elementary Classical Analysis, Second Edition
New York: W. H. Freeman and Company. 1993).
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Proof The complement of C, namely the set [/ = C\(, is an open set and K < U/,
so that each point 2 in K is the center of some disk D(z:p(z)) € U. The collection
of smaller disks D(z; p(z)/2) also covers K. and by compactness there is a finite
number of disks, which we denote by Dy = D{(zg:p(zr)/2),k = 1,2,3,... | N that
cover K. (See Figure 1.4.6.) Let pp = p(2x)/2 and p = min(py, p2.... .pn). If
z is in K and w is in C, then z is in Dy for some k. and so |z — 2| < pp. But
lw—zx| > plzx) =2p%. Thus, |z—w|>prz2p. B

Figure 1.4.6: The distance between a closed set € and a compact set K is greater
than zero.

Uniform Continuity Remember that a [unction is said to be continuous on a
set. K if it is continuous at each point of K. This is called a local property since
it is defined in terms of the behavior of the [unction at or near each point and can
be determined for each point by looking only near the point and not at the whole
set at once. This is in contrast to global properties of a [unction. which depend
on its behavior on the whole set.

An example of a global property is boundedness. Saying that a function f is
bounded by some number M on a set K is an assertion that depends on the whole
set at once. If the function is continuous it is certainly bounded near each point,
but that would not automatically say that it is bounded on the whole set. For
example, the function f(z) = 1/x is continuous on the open interval |0, 1] but is
certainly not bounded there. We have seen that if a function [ is continuous on
a compact set K, then it is bounded on A" and in fact the bounds are attained.
Thus, compactness of K allowed us to carry the local boundedness near each point
given by continuity over to the whole set. Compactness often can be used to make
such a shift from a loeal property to a global one. The following is a global version
of the notion of continuity.

Definition 1.4.22 A function f : A — C (or R) is uniformly continuous on A
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£ for cvery choice of € > 0 there is a § > 0 such that |f(s) — f()] < € whenever s
and t are in A and |8 — 1] < 4.

Notice that the difference between this and the definition of ordinary continuity
< that now the choice of 4 can be made so that the same & will work everywhere in
the set A. Obviously, uniforiuly continuous functions are continuous. On a compact
=1 the opposite is true as well.

Proposition 1.4.23 A continuous function on a compact sel is uniformly contin-
LS.

Proof Suppose f is a continuous function on a compact set K, and let ¢ > 0. For
cach point ¢ in K, there is a number §(¢) such that [f(s) — f(1)]| < /2 whenever
s — | < &(t). The open sets D(t:4(t)/2) cover K, so by compactness there are a
finite number of points £, tz,... ,tx such that the sets Dy = D(iy:0(t5)/2) cover
I, Let 6 = d(f)/2 and set & equal to the minimum of 6;,dq, ... On. It |s—2| < &
then ¢ is in Dy, for some k, and so |t —tx| < &;. Thus |f(¢) — f(tx)| < /2. But also,

s —tp] = ls —t+t — 1| < |s—t] + |t —te] < I+ 0 <O()
and so [f(8) — f(te)] £ €/2. Thus

[f(s) = F()] = [f(s) = F(te) + F(t) — f2)]
< |f(8) = flER) + 1S (k) — F(D)] < €/2+¢/2=€

We have produced a single § that works everywhere in K, and so f is uniformly
comtinnous, W

Path-Covering Lemma The notion of uniform continuity i3 a very powerful
one that will be useful to us several times. We use it first in conjunction with the
Distance Lemma and some of the properties of compact sets to establish a useful
seometric lemma about curves in open subsets of the complex plane. This lemma
will be useful later i the text, particularly for studying integrals along such curves.
It says that the eurve can be covered by a finite number of disks centered along Lhe
curve in such a way that each disk is contained in the open set and each contains
the centers of both the preceding and the succeeding disks along the curve. (See
Figure 1.4.7.)

Lemma 1.4.24 (Path-Covering Lemma) Suppose v : [a,b] — G is a contin-
wous path from the interval [a,b] into an open subset G of C. Then there are a
number p > 0 and a subdivision of the interval o =ty < by < tg < ... <y = b
such that

(i) D(v(te);p) CC Jor all k

(i) v(t) € D(y(ta)ip) Jortg<t<ty
(ili) o(t) € P(y(te)ip)  Jor by <t <l
(iv) *.r‘(i) € D(7(tn);p) Joritn <t <ty
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Figure 1.4.7: A continuous path in an open set can be covered by a finite number
of well-overlapping disks.

Proof Since 7 is continmons and the closed interval [a,b] is compact, the image
curve K = ([a.b]) is compact. By the Distance Lemma 1.4.21 there is a number
p such that each point on the curve is a distance at least p from the complement
of G. Therefore, D(~(t): p) C G for every ¢ in [a,b]. Also, since 7 is continuous on
the compact set |a, b}, it is uniformly continuous, and there is a number 6 > 0 such
that |y(t) — ¥(s)| < p whenever |s — t| < 8. Thus if the subdivision is chosen fine
enough so that 45 — ¢, < d forall £ =1.2,3.... , N, then the conclusions of the
theorem hold. W

Riemann Sphere and Point at Infinity For some purposes it is convenient to
introduce a point oo in addition to the points z € C. One must be careful in doing
80. since it can lead to confusion and abuse of the symbol oc. But with care it can
be useful, and we certainly want to be able to talk intelligently about infinite limits
and limits at infinity.

In contrast to the real line, to which +oc and —o¢ can be added, we have only
one oc for €. The reason is that € has no natural ordering as R does. Formally
we add a symbol o to C to obtain the estended complex plane, C, and define
operations with oo by the rules

z+o0 =
g8 = % provided z # 0
e+ = oo
W = oo
=~ = 0
20

for z € C. Notice that some things are not defined: oo/00.0 00,00 — 00, and so
forth are indeterminate forms for essentially the same reasons that they are in
the calculus of real numbers. We also define appropriate limit concepts:

im0 Ak s sk
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lim._., f(z) = 2o means: For any € > 0, there is an R > 0 such that |f(z) -
20| < € whenever |z) > R.

lim,_.., f(z) = oc means: For any R > 0, there is a & > 0 such that |f(2)| > R
whenever |z — zg| < 9.
For SCOUIenees:

lith. . 2, = 00 means: For any R > 0, there is an N > 0 such that |z;| > R
fL‘l‘iBﬂ-(ﬂ'U[’-T " > J?\C'I_.

Thus a point z € C is “close to o™ when it lies outside a large circle. This type
of closeness can be pictured geometrically by means of the Riemann sphere shown
in Figure 1.4.8. By the method of stereographic projection illustrated in this figure,
a point z' on the sphere is associated with each point z in C. Exactly one point on
the sphere § has been omitted—the “north”™ pole. We assign o¢ in C to the north
pole of §. We see geometrically that z is close to o if and only if the corresponding
points are close on the Riemann sphere in the usual sense of closeness in R®. Proof
of this is requested in Exercise 24.

Figure 1.4.8: Riemann sphere.

The Riemann sphere S represents a convenient geometric picture of the extended
plane € = C U {oo}. The sphere does point up one fact about the extended plane
thal is sometimes useful in further theory. Since S is a closed bounded subset of
B, it is compact. Therefore every sequence in it has a convergent subsequence.
Sinece stereographic projection makes convergence on S coincide with convergence
of the sequence of corresponding points in C, the same is true there. That is, C
is compact. Every sequence of points in C must have a subsequence convergent in
C. Caution: Since the convergence is in the extended plane, the limit might be
o, in that case we would normally say that the limit does not exist. Basically we
have thrown in the point at infinity as another available limit so that sequences
that did not formerly have a limit now have one. The sphere can be used both to
help visualize and to make precise some notions about the behavior of functions
“at infinity” that we will meet in future chapters.
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Worked Examples
Example 1.4.25 Where is the function

2 +2241

fizh = 2341

continuons?

Solution Since sumns, products, and guotients of continmous functions are contin-
uous except where the denominator is 0, this function is continuous on the whole
plane except at the cube roots of —1. In other words, this function is continunous

on the set: C\{e™/3, ¢57/3 1},

Example 1.4.26 Show that the set {z | Rez > 0} is open.
Solution A proof can be based on the following properties of complex mimbers
(see Exercise 1): If w € C, then

(i) |Rew| < |uw|

(i) |Tmw| < |w|

(iii) |w| < | Rew| + | Imw|

Let U = {z | Rez > 0} and let zy be in /. We claim that the disk D{zp; Re zg)
lies in /. To see this, let z be in this disk. Then |Rez — Rezy | = |Re(z —2y) | <
lz—zn| < Rezp, and so Re 2z > 0 and z is in U. Thus, D(zg; Re 24) is a neighborhood
of z, that is contained in I/, Since this can be done for any point z; which is in U,
the set U is open. See Figure 1.4.9.

i

et I

Figure 1.4.9; Open right half-plane.
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Example 1.4.27 Prove the following statement: Let A € C be an open set and
. © A, and suppose that D, = {z such that |z — zo| < r} CT A. Then there is a
wumber p > r such that D(zq: p) C A.

Solution We know from the Extreme Value Theorem 1.4.20 that a confinuous
seal-valued function on a closed bounded set in C attains its maximum and min-
mmm at some point of the set. For z in D, let f(z) = inf{|z — w| such that
~& C\A}. (Here “inf" means the greatest lower bound.) Tn other words, f(z) is
‘he distance from z to the complement of A. Since A is open, f(z) > 0 for cach
- in D,. We ecan also verify that f is continuous. Thus f assumes its minimurm
at some point z; in D Let p = f(21) + r. and check that this p has the desired
oroperties. See Figure 1.4.10.

Figure 1.4.10: A closed disk in an open set may be enlarged.

¥ # ¥ 9
3a*r +25% — 7241

Example 1.4.28 Find lim. ..,

21
Solution
. Fehaged oo B e = S
lim 3 = lim - = 3
T O z% 4 1 z—roT 1+ 2z~

nsing lim. _.~. 2~ ' = 0 and the basic properties of limits.

Exercises
1. Show that if w & C. then
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(a.) |RE‘.'EU‘ <_: |u;|
(b) |Imw| < |w|

(¢) |w| <|Rew|+ |Imw

2.* (a) Show that

1.

H.

12

13

|Rez2) — Rezs| < |21 — 20| < |Rezi — Rezy| + |Imz; — Im 23|

for any two complex numbers z; and z.
(b) If f(z) = wl(x,y) + iv(x,y), show that

__I_it_‘l;hﬂ flz) = IH_'I,I}H wlx,y)+i .::l—i-l-i!.u vl y)
Yy L4—Ho

exists if both limits on the right of the equation exist. Conversely, if the limit
on the left exists, show that both limits on the right exist as well and equality
holds. Show that f(z) is continuous iff u and v are.

Prove: If f is continnous and f(zy) 7 0. there is a neighborhood of z; on
which f is # (.

If zy € €. show that the set {zy} is closed.
Prove: The complement of a finite number of points is an open set.

Use the fact that a funetion is continuouns if and only if the inverse image of
every open set is open to show that a composition of two continuous functions
s continuous.
Show that f(z) = 2 iy continuous.

Show that f(z) = |z| is continnous.

What is the largest set on which the function f(z) = 1/{1 —¢%) is continuonus?

Prove or find a counterexample if false: If im, .., f(z) = a. h is defined at the
points f(z). and Bimy_, h(w) = ¢, then lim._.., h(f(z)) = ¢. [Hinl: Could
we have h(a) # 7|

For what z does the sequence z, = nz™ converge?

.* Define f : € — C by setting f(0) = 0 and by setting f(r[cos f+isin ]} = sin¢

if # > (0. Show that f is discontinuous at () but is continnous everywhere else.

For each of the following sets, state (i) whether or not it is open and (ii}
whether or not it is closed.

(a) {z such that |z| < 1}
) {2]0< |2 <1}
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14.

[a—
o

16,

(¢) {z|1<Rez< 2}
For each of the following sets, state (i) whether or not it is open and (ii)
whether or not it is closed.

(a) {z|[Imz > 2}

(b) {z|1<]2{ 22}

(¢} {z| -1 <Rez <2}

5. For each of the following sets, state (i) whether or not it is connected and (ii)

whether or not it is compact.

(a) {z|1<|z| <2}

(b) {z such that |z| <3 and |Rez| > 1}

(¢) {z such that |Rez| <1}

(d) {z such that |[Rez| > 1}
For each of the following sets, state (i) whether or not it is connected and (ii)
whether or not it is compact.

(a) {z|1<Rez <2}

(b) {z]2< |z <3}

(¢) {z such that |z| <5 and |Imn z| > 1}

. ¥ Ac Cand f:C — C, show that C\f~!(4) = f'(C\A).

. Show that f: A € C — C is continuous if and only if z, — 2o in A implies

that f(z,) — f(20)-

Show that the union of any collection of open subsets of C is open.

. Show that the intersection of any finite collection of open subsets of C is open.

. Give an example to show that the statement in Exercise 20 is false if the word

“finite” is omitted.

2. Prove part (ii) of Proposition 1.4.6 by using part (i).
. Show that if |z| > 1, then limy, ..o (2" /n) = oc.

. Introduce the echordal metric p on C by setting p(z1, 22) = d(2), z5) where

2! and 2}, are the corresponding points on the Riemanu sphere and d is the
usual distance between points in R>.

(a) Show that z, — z in C if and only if p(zy,2) — 0.

(b) Show that z,, — oc if and only if p(z,,00) — 0.

(¢) If f(z) = (az + b)/(cz +d) and ad — be # 0. show that f is continnous

at-oo.
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1.5 Basic Properties of Analytic Functions

Although continuity is an important concept, its importance in complex analysis is
overshadowed by that of the complex derivative. There are several approaches to
the theory of complex differentiation. We shall begin by defining the derivative as
the limit of difference quotients in the same spirit as in calenlus. Many properties
of the derivative inclnding useful computation rules follow from the properties of
limnits just as they do in caleulus. However, there are some surprising and beautiful
results special to the complex theory.

Several different words are used to deseribe functions that are differentiable in
the complex sense, for example. “regular”™, “holomorphic”, and “analytic”. We
will use the term “analytic” since it is used in caleulus to deseribe functions for
which the Taylor series converges to the value of the function. An elegant result of
complex analysis justifies this choice of language. Indeed, we will see in Chapter
3 that. in sharp distinction from the case of a single real variable, the assumption
that a function is differentiable in the sense of complex variables guarantees the
validity of the Taylor expansion of that function.

Definition 1.5.1 Let f: A — C where A C C is an open set. The function [ is
said to be differentiable (in the complex sense) al 2y € A if

exists. This limit is denoted by f'(z0), or somelumes by (df [dz)(zy). Thus, f'(z)
is a complex number. The function [ is said Lo be analytic on A if [ is complez-
differentiable at each zo € A. The word “holomorphie”, which is sometimes used,
is synonymous with the word “analytic.” The phrase “analytic at 2" means [ is
analytic on a neighborhood of z,.

Note that the quotient

J(z) = f(z0)

& &0

is undefined at z = zg. and this is the primary reason why deleted neighborhoods
were used in the definition of linit.

Although the definition of the derivative f'(zy) is similar to that of the usual
derivative of a function of a real variable and they share many similar properties,
the complex case is much richer. Note also that in the definition of f'(zy). we are
dividing by the complex number z — zy and the special nature of division by complex
numbers is a key consideration. The limit as = — 2y is taken for an arbitrary z
approaching z but not along any particular direction.

The existence of 7 implies a great deal about f. Tt will be proven in §2.4 that
if f' exists, then all the derivatives of f exist (that is. f”, the (complex) derivative
of f', exists, and s0 on). This is in conutrast to the case of a function g(z) of the
real variable @, in which ¢'(2) can exist without the existence of ¢"(z).
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The analysis of what are called the Cauchy-Riemann equations in Theorem 1.5.8
will show how the complex derivative of f is related to the usual partial derivatives
of f as a function of the real variables (z,y) and will supply a useful criterion
for determining the existence of f'(zp)- As in elementary caleulus, continuity of f
does not imply differentiability; for example. f(z) = [z| is continunons but is not
differentiable (see Exercise 10 at the end of this section), However, as in one-variable
caleulus. a differentiable function must be continuous.

Proposition 1.5.2 If [/(zy) ewxists, then [ 15 conlinuous al zg.

Proof By the sum rule for limits, we need only show that

lim [f(z) — f(z0)] = 0.

Z— 2

But

lim [f(z) — f(z0)] = lim M(z—/:t}) '

z2—+Zp z— iy Z— Z0
which. by the product rule for limits, equals f'(zp)-0=0. W

The usual rules of caleulus —the product rule, the quotient rule, the chain rule,
and the inverse function rule—can be used when differentiating analytic functions.
We now explore these rules in detail.

Proposition 1.5.3 Suppese that f and g are analylic on A, where AcC Cisan
open set. Then

(i) af + bg is analylic on A and (af +bg)'(z) = af'(z) + bg'(z) for any comples
numbers a and b,

(i) fg is analytic on A and (fg)'(z) = ['(2)g(z) + f(2)g'(2).
(iii) If g(2) £ 0 for all z € A, then f/g is analytic on A and

(f)‘ ) = L)) - 9@

g [9(=)]?

(iv) Any polynomial ag + a1z + ...+ an2" s analytic on all of C with derivative
a1+ 2asz+.... Fngazt

(v) Any rational function

ap + a1z + ... +anz"
by + b2+ ... Fhpz™

is analytic on the open set consisting of all = except those (at most, m) poinls
where the denominator is zero. (See Review Ezercise 24 for Chapter 1.)
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Proof The proofs of (i), (ii), and (iii) are all similar to the proofs of the corre-
sponding results found in calculus. The procedure can be illustrated with a proof
of (ii). Applying the limit theorems and the fact that lim._.., f(z) = f(z) (Propo-
sition 1.5.2), we get

f(2)g(z) — f(z0)g(20)

limn
& Z0) z — .3{]
= B { (2)g 2) (2)g(z0) S f(z)g(z0) — f(zn)g(zu)}
el — 2o Z —'Zp
= lim { }—Q(ZJ 9(z0 ] + lim lf—(z) - 'f{zU}g(zu)}
z—*Zn z — &y Z—In 220

= f(z0)9'(20) + f'(20)a(20).

To prove (iv) we must first show that f' = 0if f is constant. This is immediate
from the definition of derivative because f(z) — f(zq) = 0. 1t is equally easy to

prove that dz/dz = 1. Then, using (ii). we can prove that
d
E,ﬁgzl Z P =1
and
d . ; .
= 23 = —(z-zﬂ)=1 42 429z =35%
{ 2

In general, we see by induction that dz"/dz = nz""'. Then (iv) follows from this
and (i), and (v) follows from (iv) and (iii). W

For example,
i

— (2% 4+ 82—2) =2z + &
dz( + 8z —12) +8

L O .
dz \z+1)  (2+1)*

The student will also recall that one of the most important rules for differenti-
ation is the chain rule, or “fnction of a function” rule. To illustrate,

and

= [(2® + 1)'°] =10(z* + 1)* - 32* =302% (2> + 1)°.

This procedure for differentiating should be familiar; it is justified by the next
result.

Theorem 1.5.4 (Chain Rule) Let f: A — C and g : B — C be analytic (A, B
are open sets) and let f(A) C B. Then go f : A — C defined by (go f)(z) = g(f(z))

is analytic and

~(g0 f)(2) = g'(f(2)) - '(2).

%I'%
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The basic idea of the proof of this theorem is that if w = f(2) and wy = Flzo);
then

g(£(2) —g(f(20)) _ glw) —glwo) flz) — J(=0)

== . ¥

Z — Zn U — ip Z — &)

and if we let z — zg. we also have w — wy, and the right side ol the preceding
cquation thus becomes g’ (wg)f'(z0). The trouble is that even if 2 #£ 2y, we could
have w = wy. Because of this possibility, we give a more careful proof. {Although
the ehain rule here can be deduced from the chain rule for the usual derivative for
fimetions of several variables—see the proof of 1.5.8—a separate proof is mstruc-
tive.)

Proof Let wg = f(zp), and define, for w € B,

glw) — gluy)
hiw) = glw) —glwo) _ g'(wq)
w — Wy
if w = wy and h(we) = 0. Since g'(wp) exists, h is continuous. Since the composite
of continuous functions is continuons.

lim A(f(z)) = h{wp) = 0.

Z—*2N

From the definition of i and letting w = f(z), we get (gof){z)—g(wo) = [A{f(2))+
' (w)][f(2) — wo). Note that this still holds if f(z) = wo.For 2 # 2, we get
(go f)(z) — (g0 f)(z0)

l w = [(f(2)) + 9’('11-*13]@%(%}‘

Z =20 e )

As z — 23, the right side of the equation converges to [0 + g'(wo)] - [ f(z0)], 8o the
theorem is proved. W

An arpument similar to the one just given proves a slightly different version
of the chain rule. Namely, if 4 :ja, b{— C is differentiable, we can differentiate the
curve o(f) = f(7(t)) and obtain o’ (t) = f'(7(1))-'(f). Here'(f) is the derivative of
~ as a fanction Ja, bl— R?; that is, if y(t) = (x(f). y(t)), then ¥ () = (2 (t),y'(t)) =
2 () + iy’ (2).

We now use the chain rule to prove a complex version of the following theorem
from caleulus: A function whose derivative is identically 0 must be constant. The
result illustrates the importance of regions, or open connected sets. in which we
may, by Proposition 1.4.15, connect any two points by a differentiable path.

Proposition 1.5.5 Let A ¢ C be open and connected and let foA = Lbe
analytic. If f'(z) =0 on A, then [ is constant on A.
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Proof Let 21,20 € A. We want to show that f(z1) = f(22). Let +(t) be a path
joining 2 to zz. By the chain rule, df(v(t))/dt = f'(v(t)) - () = 0, since I =i,
Thus if [ = t+iv, we have du(~(t))/dt = 0 and do(v(t))/dt = 0. From calculus, we
know this implies that w(y(t)) and v((t)) are constant functions of t. Comparing
the values at t = a and ¢ = b gives us f(z1) = f(z2). W

Clearly, connectedness is needed because if A consisted of two disjoint pieces,
we could let f = 1 on one piece and f = 0 on the other. Then f'(z) would equal 0
but f would not be constant on A.

Conformal Maps The existence of the complex derivative [’ places severe but
very useful restrictions on f, The first of these restrictions will be briefly discussed
here. Another restriction will be mentioned when the Cauchy-Riemann equations
are analvzed in Theorem 1.5.8.

It will be shown that “infinitesimally” near a point zy at which f'(zp) # 0. [ is
a rotation through the angle arg f'(zq) and a magnification by the factor |f'(z0)-
The term “infinitesimally” is defined more precisely below, but intuitively it means
that locally f is approximately a rotation together with a magnification (see Figure
1.5.1). If f/(z0) = 0, the structure of f is more complicated. (This point will be
studied further in Chapter 6.)

H
4

S———_

= e \

=
| \2/ ; ﬁ (zt,;

Figure 1.5.1: Conformal at zy.

Definition 1.5.6 A map f : A — C is called conformal at 2z if there exist
a ® € [0,2n] and an v > 0 such that for any curve ~(t) thal is differentiable at
i = 0, for which y(t) € A and ~(0) = 20, and that satisfies ~'(0) # 0, the curve
olt) = f(y(t)) is differentiable al t = 0 and, setting u = a’(0) and v = ~'(0), we
have |u| = r|v| and argu = argv + 0(mod 21). A map is called conformal when
it is conformal at every point.

Thus a conformal map merely rotates and stretches tangent vectors to curves.
This is the precise meaning of “infinitesimal” as previously used. It should be noted
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that a conformal map preserves angles between intersecting curves. (By definition,
the angle between two curves is the angle between their tangent vectors— see Figure
1.5.2).

Figure 1.5.2: Preservation of angles by a conformal map.

Theorem 1.5.7 (Conformal Mapping Theorem) If f : A — C is analytic and
if [/(z0) # 0, then f is conformal at zg with § = arg '(z0) andr = |f'(z0)|. fulfilling
Definition 1.5.6.

The proof of this theorem is remarkably simple.

Proof Using the preceding notation and the chain rule, we get u = a(0) = f'(20)-
S'0) = f'(z0) -v. Thus argu = arg f'{z0) + argv(mod 27) and |u] = | (z0)] « 0]
as required. W

The point of this proof is that the tangent vector v to any curve is multiplied by
a fixed complex number, namely, f(zp). no matter in which direction © is pointing.
This is because, in the definition of f'(zq).lim, .., is “taken through all possible
directions” as z — 2.

Cauchy-Riemann Equations Recall that if f : A € C = R® — R? and if
floay) = (ulw, y).v(z,y) = u(z,y) + sw(r,y). then the Jacobian matriz of [ is
defined as the matrix of partial derivatives given by

dr  Jy
Ditey) = v Bv

dr dy

at each point (x,y). We shall relate these partial derivatives to the complex deriva-
tive. From the point of view of real variables, f is ealled differentiable with
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derivative the matrix D f(xg.yo) at (2o, yo) Ul for any € > 0, there is a 6 > 0 such
that |(z, ) — (xa,¥o)| < & implies

|f(x,9) = flxo, o) — Df(zo. yo)[(z, ¥) - (0: yo)l| < €l(z.y) — (x0- o)
where Df(zo,40) - [(2. %) — (%0, ¥0)] means the matrix Df(xo,y0) applied to the

(column) vector
B ]
Y — Yo

and |w| stands for the length of a vector w.

Here are some facts from the caleulus of several variables that we shall use.” If f
is differentiable, then the usual partials du/dx, du/dy, Ov/dx, and dv/dy exist and
D f{xq.yo) is given by the Jacobian matrix. The expression D f(zo, yo )|w] represents
the derivative of f in the direction w. If the partials exist and are continuous, then
f is differentiable. Generally, then, differentiability is a bit stronger than existence
of the individual partials. The main result connecting the partial derivatives and
analyticity is stated in the next theorem.

Theorem 1.5.8 (Cauchy-Riemann Theorem) Suppose A 15 an open set in C
and f : A C C — C is a given function. Then f'(20) exists if and only if f is
differentiable in the sense of real variables and at (xo, yo) = 20, the functions u, v
satisfy

du v - i B _d_t
Or Oy o dy  Ox

(called the Cauchy-Riemann equations ).

Thus, if Ou/ox, Ouldy, dv/dz, and dv/dy exist, are continuous on A, and sat-
isfy the Cauchy-Riemann equations. then [ is analytic on A.

If #'(zy) does exist, then

i v ﬂ . o ; Ju 19f

Ngg) = Fime = === o —li— = ———,
f(z) dr Oz Oz Oy jc‘;’y 1 0y

Proof Let us first show that if f/(zn) exists. then u and v satisfy the Canchy-
Riemann equations. In the limit

f(z) — f(z0)

ff[zﬂj = lim 2
Tz 2— 20
let us take the special case that z = x4 iyp. Then
flz) = flzo)  ule,wo) +iv(z. 0) — wlzo, yo) — ivlzo, yo)
z— 2z T —Tp
_ ule, yo) — ulwo, yo) i ?.f-'('-!-',- yo) — v(xo, 40)
T —Ipn . & —Xp -

Sroofs of the following statements are not included here but can be found in any advanced
calculus text, such as J. Marsden and M. Hoffman, Elementary Classical Analysis, Second Edition
(New York: W. H. Freeman and Company, 1993). Ch. 6.
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As 2 — g, the left side of the equation converges to the limit f '(29). Thus both
the real and imaginary parts of the right side must converge to a limnit (see Exercise
2 of §1.4). From the definition of partial derivatives. this limit is (Ou/0z)(xo, yo) +
i(Bv/8x) (20, yo). Thus f'(z0) = Ou/dx + idv/dx evaluated af (w0, yo)-

Next let 2 = g + iy. Then we similarly have

f(2) = flzo)  ulmo.y) + iv(xo.y) — wzo, yo) — (o, Yo)
2= 2o - iy — o)
_ ufwo.y) — ulzo, o) | v(zo,y) — v(To, o)
B iy — yo) Y= '

As y — yg, we get
18u dv v LOu

— == o= B2 o e,
idy Oy Oy Oy
Thus, since f(z0) exists and has the same value regardless of how z approaches 2,
we get
’ du Ov v du
)= — +i— = — — .
f(z0) dr Oz dy Oy
By comparing real and imaginary parts of these equations, we derive the Canchy-
Riemann equations as well as the two formulas for f'(zp).

Another argument for this direction of the proof and one for the opposite im-
plication may be based on the matrix representation for complex multiplication
developed in Exercise 10 of 81.1.

a b
¢ a

represents, under matriz multiplication, multiplication by a complex number iff a =
d and b = —c. The complez number in question is a + ic = d —ib.

Lemma 1.5.9 A matrir

Proof First, let us consider multiplication by the complex number a+ic. It sends
2+ iy to (a+ic)(x + iy) = az — ¢y + i(ay + cr), which is the same as

. z\ [ ar—cy
e a y ) \cxtay )’

Conversely, let. us suppose that

(?_ 3)(;)22-{;5—{—3@;}

for a complex number z = o +i3. Then we get

=
L]
SR
b e

ar+by=ox— Py and cx+dy=oay+ oz
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for all @, y. This implies (setting x = 1,y =0, then 2 = 0,y = 1) that a = a,b =
—fA,e= {3, and d = o, and so the proof is complete. W

We can now complete the proof of Theorem 1.5.8.

From the definition of f’, the statement that f'(z) exists is equivalent to the
following statement: For anyv € > 0, there is a 4 > 0 such that 0 < |z — 29| < &
implies

|£(z) — flzo) — F'(20)(z — z0)| < €|z — zg].

First let us suppose that ['(zp) exists. By definition, D f (i, yo) is the unique
matrix with the property that for any € > 0 there is a 4 > 0 such that, setting
2= (a,y) and zp = (£0.90),0 < |z — 20| < 4 implies

|f(3) = f(zn_} — D f(zp)(2— Eﬂ)i < €3 — 3t}|-

If we compare this equation with the preceding one and recall that multiplication
by a complex number is a linear map, we conclude that f is differentiable in the
sense of real variables and that the matrix D f(zy) represents multiplication by the
complex number f'(2p). Thus. applying the lemma to the matrix

e du
dr 0y
Dfza)= 1| 4, oy

with a = du/dx, b = Ju/dy, ¢ = dv/dz,d = dv /0y, we have a = d,b = —c¢, which
are the Cauchy-Riemann eguations.

Conversely, if the Cauchy-Riemann equations hold, D f(zp) represents multipli-
cation by a complex number (by the lemma) and then, as above, the definition
of differentiability in the sense of real variables reduces to that for the complex
derivative.

The formula for f'(zg) follows from the last statement of the lemma. B

We can also express the Cauchy-Riemann equations in terms of polar coordi-
nates, but care must be exercised becanse the change of coordinates defined by
r=/a?+y? and 0 = arg(x + iy) is a differentiable change only if # is restricted
to the open interval 0. 27 or any other open interval of length 27 and if the origin
(r = 0) is omitted. Without such a restriction @ is discontinuous, because it jumps
by 27 on crossing the z axis. Using dx/dr = cosf, dy/Or = sinfl, we see that the
Cauchy-Riemann eqguations are equivalent to saying that

Ju ldv v —1 @

ar  rdl or  r 06

on a region contained in a region such as those shown in Figure 1.5.3. Here we are
emploving standard abuse of notation by writing u(r, ) = u(rcosé, rsinf). (For a
more precise statement, see Exercise 12 at the end of this section.)
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Figure 1.5.3: Two regions of validity of polar coordinates.

Inverse Functions A basic result of real analysis is the Inverse Function The-
rem: A continuously differentiable function is one-to-one and onto an open sel
and has a differentiable inverse in some neighborhood of a point where the Jucobian
Jeterminant of the derivative matrir is not 0. We will give proofl here of the com-
Alex counterpart of this result, which assumes that the derivative f " is continuous
il depends on the corresponding theorem for functions of real variables. After
we have proved Canchy’s Theorem in Chapter 2, we will see that the continuity
i " is automatic, and in Chapter 6 we will prove the theorem in another way
that does not depend on the real-variable theorem. The proof given here, however,
Ulnstrates the relationship between real and complex variables and the relevance of
+he Cauchy-Riemann equations.

Theorem 1.5.10 (Inverse Function Theorem) Let [ : A — C be analytic
with f! continuous) and assume that f'(z0) # 0. Then therve exists a neighborhood
" of 2o and a neighborhood V' of f(z) such that f : U — V is a bijection (that
.. is one-to-one and onto) and its inverse function f =1 s analytic with derivative

nven by

R ) = f,t J where w = f(z).

The student is cantioned that application of the Inverse Function Theorem allows
sne only to conclude the existence of a local inverse for f. For example. let us
onsider f(z) = 22 defined on 4 = C\{0}. Then f'(z) = 2z # 0 at each point of
1. The Inverse Function Theorem says that [ has a unigue local analytic inverse,
which is, in fact, merely some branch of the square root function. But f is not
sne-to-one on all of A, since, for example, f(1) = f(—1). Thus [ will be one-to-one
snly within sufficiently small neighborhoods surronnding each point.

To prove this theorem. let us recall the statement for real variables in fwo
dimensions.
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Theorem 1.5.11 (Real-Variable Inverse Function Theorem) If f: A C R? —
R? is continuously differentiable and D f(xo.10) has a nonzero determinant, then
there are neighborhoods U of (xo,y0) and V' of flxe, yo) such that f : U — V is a
bijection, f~' : V — U is differentiable, and

Df~'(f(z,y)) = [Df(z,y)]™
(this is the inverse of the matriz of partials).

The proof of this theorem may be found in advanced calculus texts. See, for in-
stance, J. Marsden and M. Hoftman, Elementary Classical Analysis. Second Edition
(New York: W. H. Freeman and Company, 1993), Ch. 7.

Accepting this statement and assuming that f' in Theorem 1.5.10 is continuous,
we can complete the proof.

Proof of Theorem 1.5.10 For analytic functions such as f(z), we have seen
that the matrix of partial derivatives is

du  du ou  —ov
dr  dy dr Or
Df = _ —
/ v Llr dv Ou
or dy Or Ox

which has determinant

du\* v 2__ -
(E) +(5;) = |f(2)]

since f'(z) = Ou/dxr +idv/Ox. All these functions are to be evaluated at the point
(20.90) = z0. Now f'(z0) # 0. so Det Df(xo,y0) = |f'(20)]* # 0. Thus the real-
variable Inverse Function Theorem applies. By the Cauchy-Riemann Theorem 1.5.8
we need only verify that the entries of [Df(x, )]~ satisfy the Canchy-Riemann
equations and give (f~')" as stated.

As we have just seen,

Ju  Ou
dr dy
Df =
! duv  oOv
dr dy
and the inverse of this matrix is
v —u
| oy Ay

Det D f v du
e i
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Thus if we write £ 1(z.y) = t(x,y) +is(z, y), then, comparing

o o
; dr Oy
D(f &= is s

with the inverse matrix for Df, we get
o0 1 dv 1 bu
dr DetDfdy DetDfox
and
ds 1 =8v _ | Ou
dr DetDf dx  DetDf oy’

which are evaluated at f(xq, o). Similarly,

ot 1 ov nd (s 1 dy
R P S i T (R e
dy DetDf dx dy DetDf dy

Thus the Cauchy-Riemann equations hold for ¢ and s since they hold for u and v.
Therefore, f~' is complex-differentiable. From the Canchy-Riemann Theorem we
see that at the point f(z0),

A Bs 1 O I_r’h})_ ) . 1

NE U R T N S e
(f ) = di g dr Det D f (6.1" h o If"(z‘.’-ﬂjl'[z _f"{ZQ)

The real and imaginary parts of an analytic function must satisfy the Cauchy-
Ricmann equations. Manipulation of these equations leads directly to another
very important property, which we now isolate. A twice continuously differentiable
function u : A — R defined on an open set A is called harmonie if

gty e I
T Bt oyt

The expression VZu is called the Laplecian of 1 and is one of the most basic
operations in mathematics and physics. Harmonic functions play a fundamental
role in the physical examples discussed later in Chapters 5 and 8. For the moment
let us study them from the mathematical point of view. For V4u = 0 to make sense,
the function & must be twice differentiable. In Chapter 3 an analytic function will be
shown to be infinitely differentiable. Thus its real and imaginary parts are infinitely
differentiable. Let us accept (or assume) these properties here. In particular, the
second partial derivatives are continuous, and so a standard result of caleulus says
that the mixed partials are equal. The Cauchy-Riemann equations may then be
used to show that the functions are harmonic.

Proposition 1.5.12 If f is analytic on an open set A and [ = u +iv (thot is, if
w=Ref and v =l f), then u and v are harmonic on A.
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Proof We use the Canchy-Riemann equations. du/dc = dv/dy and du/dy =
—~dv/dx. Differentiating the first equation with respect to x and the second equa-
tion with respect to y, we got
Pu O % P
and =

ox? rT):r_.'{")y oy - dydx

As above, the second partials are symmetric because they are continuous:
b} - &

i o

dwdy  dydx’
Therefore, adding the equations in the preceding display gives us

- : Pu 8% 5
dz?  oy? '

C Gwdy  Oydr
The equation for v is proved in the same way. W

If w and v are real-valued functions defined on an open subset A of C such that
the complex-valued function [ = w + v is analytic on A, we sat that »# and v are
harmonic conjugates on A. For example.

u(a,y) =2 —y> and w(z,y) = 2wy

are harmonic conjugates of each other since they are the real and imaginary parts
of f(z) = 22, These functions are linked geometrically as well as algebraically. The
level curves of w and v passing through any nonzero point intersect at right angles at
that point, which is illustrated in Figure 1.5.4. The next Proposition asserts that
this occurs generally for the real and imaginary parts of an analytic function at
points where 1t derivative is not (. The proof uses the Canchy-Riemann equations
to show that the dot product of the tangent vectors (or the normal vectors) is 0.

Proposition 1.5.13 Let u and v be harmonic conjugates on a region A. Suppose
that the equations

w(r,y) = constant = ¢y and v(w,y) = constant = ¢
define smooth curves. Then these curves intersecl orthogonally (see Figure 1.5.4).

We shall accept from ealculus the fact that u(a, y) = ¢; defines a smooth curve if
the gradient grad u(x,y) = (Ou/de, Ou/dy) = (Ou/dz) + i(Ou/dy) is nonzero for x
and y satisfying u(z. y) = ¢;. (The student should be aware of this fact even though
it is a technical point that does not play a major role in conerete examples.) It is
also true that the vector grad w is perpendicular to that eurve (see Figure 1.5.5).

This perpendicularity property can be explained as follows. If (z(t), y(¢)) is the
curve, then u(x(f),4(t)) = ¢;, a constant, so

% (e (t).p(e)] =0,
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e e

u = constant

= constant

Figure 1.5.4: Harmonic conjugates: u = a2 — y*, v = 2ay, f(z) = 72,

(x'(t), yi))

g?"'rld H

ulx, i) = constant

Figure 1.5.5: Gradients are orthogonal to level sets.

and thus by the chain rule,

hi it i
— 7'ty +— -y (1) =0
5 r()+&y y'(t)

That is,

du du . :
bl TRy eI =],
(55 ) - wnvan=o

Proof of Proposition 1.5.13 By the above remarks, it suffices to show that
grad u and grad v are perpendicular. Their inner product is

du  Ov o du  dv
dr Or Sy Oy

grad u - grad v =

which is zero by the Canchy-Riemann equations, W
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This orthogonality property of harmonic conjugates has an important physical
interpretation, which will be used in Chapter 5. Another way to see why this prop-
erty should hold is to consider conformal maps and the Inverse Function Theorens.
This is illustrated in Figure 1.5.6.

Y
%
|

1

Figure 1.5.6: Since f and f~' are analytic, they are conformal and so preserve
orthogonality.

If f = u+iv is analytic and f'(zy) # 0, then f~! is analytic on a neighborhood V
of wo = f(2p) and (f~"){wg) # 0 by the Inverse Function Theorem. Tf wy = ¢ +iey,
then the curves u(z,y) = ¢; and v(z,y) = e are the images of the vertical and
horizontal lines through wy under the mapping f'. They should cross at right
angles since f~! is conformal by Theorem 1.5.7.

Proposition 1.5.12 says that the real part of an analytic function is harmonie.
A natural question is the opposite one: Is every harmonic funetion the real part
of an analytic function? More precisely: Given a harmonic function u on a set
A, need there be a harmonic conjugate v such that f = w + v is analytic on A7
The full answer is a little tricky and depends on the nature of the set A. However.,
the answer is simpler if we confine ourselves to small neighborhoods. Indeed. the
property of being harmonic is what is called a local property. The function w is
harmonic on a set if V*u = 0 holds at each point of that set. Therefore, it makes
sense to study this property in a neighborhood of any point.

Proposition 1.5.14 If u is a twice continuously differentiable harmonic function
on an open set A and zg € A, then there is some neighborhood of zg on which u is
the real part of an analytic function.

In other words, there exist an v > 0 and a function v defined on the open disk
D(zy;7) such that u and v are harmonic conjugates on D(zg:r). In fact, D(29;7)
may be taken to be the largest disk centered at zg and contained in A. A direct
proof of this is outlined in Exercise 32. A different proof of a slightly stronger result
will be given in Chapter 2. Since the Cauchy-Riemann equations must hold. v is
uniquely determined up to the addition of a constant. These equations may be
used as a method for finding v when v is given.
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Worked Examples

Example 1.5.15 Where is the function f(z) = (2% 4+ 22 +1)/(2® + 1) analytic?
Compute the derivative.

Solution By Proposition 1.5.3(iii) f is analytic on theset A = {z € ClzP+1 # 0}
that is, [ is analytic on the whole plane except the eube roots of —1 = ™, namely,
+he points e™/3 ¢™ and /3. By the formula for differentiating a quotient, the
derivative is
F(a) = (2 +1)(322 +2) — (B +22+1)(327) _ (2-457)
" (~] - {53 3 1}2 i (z:3+1J2‘

Example 1.5.16 Consider f(z) = 2% + 1. Study the infinitesimal behavior of [ at

Zn = 1.

Solution We use the Conformal Mapping Theorem 1.5.7. In this case f'(20) =
3i? = —3. Thus f rotates locally by m = arg(—3) and multiplies lengths by 3 =
'(z0)]. More precisely, if ¢ is any curve through zg = 4, the image curve will, at
flzp), have its tangent vector rotated by and stretched by a factor 3.

Example 1.5.17 Show that f(z) = z is not analytic.

Solution Let f(z) = u(z,y) +iv(x, y) = & — iy where z = (x,y) = x +iy. Thus,
w(z,y) = z,o(z,y) = —y. But du/dx = | and du/dy = —1 and hence oufix #
/8y, so the Cauchy-Riemann equations do not hold. Therefore, f(z) = Z cannot,
he analytic. by the Cauchy-Riemann Theorem 1.5.8.

Example 1.5.18 We know by Proposition 1.5.3 that f(z) = 2° + 1 is analytic.
Verify the Cauchy-Riemann equations for this function.

Solution If f(z) = w(z,y) + iv{x,y) when z = (¢,y) = « + iy, then in this
case u(x,y) = 2° — 3zy> + 1 and v(z,y) = 32%y — y°. Therefore, Ju/dx = 32 —
3y?, Ou/dy = ~bxy. Ov/dx = bay, and du /Oy = 3r? — 342, from which we see that
OufOx = Ov/dy and du/dy = —dvfdr.

Example 1.5.19 Let A be an open subsel of C and A* = {z | 2 € A}. Suppose
f is analytic on A, and define a function g on A* by g(z) = f(2). Show that g s
analytic on A".

Solution If f(2) = u(x.y) + fv(x, y), then g(z) = () = ulx,—y) — wvlr, —y).
We check the Cauchy-Riemann equations for g as follows:

9, d o loz8
—(Reg) = z-ulz,—y)= - T
r?rr.-( 9) o ) O |z —y) 2,7 P
i} 7,
= = [-v(z,—y)] = o-(Img)

Ay Ay
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and

B4k

y) dwff:u.--y;

5, a du
(H*‘yJ = Egtt(’ﬂ "y}——a

d d
= ——|=v(x,—y)| = ——(Imyg).
5y v —y)] = —5-(Img)

Since the Cauchy-Riemann equations hold and g is differentiable in the sense of
real variables (why?), it is analytic on A” by the Cauchy-Ricmann Theorem 1.5.8,
(Omne could also solve this exercise by direct appeal to the definition of complex
differentiability.)

Example 1.5.20 Find the harmonic conjugates of the following harmonic func-
tions on C:

(8) u(z,y) = 2* —¢°

(b) w(x,y) = sinxzcoshy

The reader might recoguize 2% — y? and sinz coshy as the real parts of 22 and
sin z, z = x+iy. From this observation it follows that the conjugates, up to addition
of constants, are 2zy and sinh ycos . (We shall see in the next seetion that sin z is
analytic.) It is instructive, however, to solve the problem directly nsing the Cauchy-
Riemann equations, because the student might not always recognize an appropriate
analytie f(z) by inspection.

Solution To solve (a), suppose that v is a harmonic conjugate of u. By the
Cauchy-Riemann equalions,

e i 5 | die Ou 9
s~ =0 =20 and == == =2¢
dx oy '; oy O

Therefore, v = 2yx + g1 (y) and v = 2zy + g2(x). Hence g1(y) = g2(x) = constant,
and so v(x.y) = 2yx+ constant. To find the harmonic conjugate v for part (b), we
use the Cauchy-Riemann equations again and write

du A . , dv  du
— = ——— = —gingxsinhy and -— =— =cosxcoshy.
o iy dy O

The first equation implies that » = cosesinhy + g1(y) and the second equation
implies that © = cosasinhy + ga(z). Hence gy (y) = go(x) = constant. Therefore
v{w,y) = cosxsinh y+ constant.

Example 1.5.21 Suppose [ is an analytic function on a region (an open connected
set) A and that |f(z)| is constant on A. Show that f is constant on A.
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Solution We use the Cauchy-Riemann equations to show that f(z) = 0 every-
where in A. Let f = u+iv. Then |f® = u? + v? = ¢ is constant. If ¢ = 0. then
|f(z)| =0 and so f{z) =0 forall zin A. If % 0, we take derivatives of u? +v* = ¢
with respect to z and y to obtain

o loxh i v
ot 19528 =0 and 2u— +2u— =0.
LE}:!.‘ : dr o ! dy ‘ iy

By the Cauchy-Riemann equations these become

ou i & s du " du 0
e —— =0 8 p— +tu— = 0.
O Y ! da iy

As a system of equations for the two unknowns Au/dx and du/dy, the matrix of
coefficients has determinant 42 + v? = ¢. which is not 0. Thus the only solution is
OujOr = du/Oy = 0 at all points of A. Therefore f'(z) = dufdx + i(dv/dx) =0
everywhere in A. Since A is connected, f is constant (by Proposition 1.5:5)

Exercises

1. Determine the sets on which the following functions are analytic, and compute
their derivatives:

(a) (z+1)°

(h) z—l—ﬁ

1 10
(c) (’: - 1)
(d) .

(23 —1)(z2 +2)
9 Determine the sets on which the following functions are analytic, and compute
their derivatives:
(a) 322+ T2 +5
(b) (2z +3)*

Jz—1
(6) —
3—=
3 On what sets are the following functions analytic? Compute the derivative
for each.
(a) 2", n being an integer (positive or negaftive)
1
(R v
(z-+ 1/z)°
(¢) z/(z™ — 2),n being a positive integer
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4. For « :]a,b[— C differentiable and f : A — C analytic with v(]a,b]) C A,
prove that o = f o v is differentiable with o’(t) = f'(y(¢)) - 7'(t) by imitating
the proof of the chain rule (1.5.4).

Study the infinitesimal behavior of the following functions at the indicated

oy

points:

(a) fz)=z2+3,20=3+4i

(b) f(z) =z + 32,25 = 0
2Z2+z+1

(€) J(2) = ——7—

6. Study the infinitesimal behavior of the following functions at the indicated
points:

sz =0

(a) flz) =22+45,20=5+61
(b) f(z)=2'+4z,20=1
(¢) flz)=1/(z—1),20 =1

7. Prove that df = /dw = 1/ f'(z) where w = f(z) by differentiating f~1(f(z)) =
z, using the chain rule. Assume that f~! is defined and is analytic.

8.* Use the Inverse Function Theorem to show that if f: A — C is analytic and
F'(z) #0for all z € A, then f maps open sets in A to open sets.

9. Verify the Cauchy-Riemann equations for the function f(z) = 2% + 3z + 2.
10. Prove that f(z) = |z| is not analytic.

11.* Show, by changing variables, that the Canchy-Riemann equations in terms
ol polar coordinates become

du 1dv I8 L5 | du

o ro8 or  roe

12. Perform the computation in Exercise 11 by the following procedure. Let f
be defined on the open set A C C (that is, f: A C C — C) and suppose that
f(z) = u(z) + iv(z). Let T :]0,2x[xRT — R? where Rt = {z € R | z > 0},
be given by T(f,r) = (rcosf, rsin@). Thus 7' is one-to-one and onto the set
R2\{(2.0) | z > 0}. Define

(6, r) = ulrcosb,rsinf) and ©(8,r)=v(rcosh, rsinf).

Show that

(a) T is contimmonsly differentiable and has a continuously differentiable in-
verse.
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15

L.

(b) f is analytic on A\{z+iy | y = 0,2 > 0} if and only if (%, 0) : T 1(A) —
&2 is differentiable and we have

@ - l@ and

dr  rof gr 1 Of

o 1du

on T—1(A).

Define the symbol df/dz by

af o, T2, 184
9z 2\0x idy)’

Show that the Cauchy-Riemann equations are equivalent to df /02 = 0. Note:
It is sometimes said, because of this result, that analytic functions are not
functions of # but of z alone. This statement can be made more precise as
tollows. Given f(x,y). write & = %(z + 2) and y = (1/2i)(z — 2). Then f
hecomes a function of z and 2 and the chain rule gives

of _ofde  0foy 1 (0f 10f
9z  Ordz dyor 2 :

4. Define the symbol df/8z by

o _1 (o1 , 100
8z 2\0x  idy/)

(a) Show that if f is analytic, then f' = 0f/0x.

(b) If f(z) = 2z, show that f/dz = 1 and af/az=0.

(¢) If f(2) = Z, show that 8f/dz =0 and 3f/0Z = L.

(d) Show that the symbols /82 and 8/8z obey the sum. product, and scalar
multiple rules for derivatives.

() Show that the expression E-f:o Z-f:_—c Gnmz™ 2™ is an analytic function
of z if and ouly if t,,,, = 0 whenever m # 0.

Suppose that f is an analytic function on the disk D = {2 such that |z| < 1}
and that Re f(z) = 3 for all z in D. Show that f is constant on D.

* (a) Let f(2) = w(z,y) + iv(z,y) be an analytic function defined on a con-

nected open set A. If au(z,y) + bv(z,y) = ¢ in A, where a, b, ¢ are real
constants not all 0, prove that f(z) is constant in A.

(b) Ts the result obtained in (a) still valid if a, b, ¢ are complex constants?

|7.* Suppose f is analytic on the set A = {z | Re2 > 1} and that OufBr+dv/dy =

0 on A. Show that there are a real constant ¢ and a complex constant d such
that f(z) = —icz +d on A.
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18. Let f(z) = 2%/|z|* if z# 0 and £(0) = 0.

(a) Show that f(z)/z does not have a limit as z — 0.

(b) If u = Re f and v = Tm f, show that w(z,0) = z,v(0,y) = y.u(0,y) =
vz, 0) = 0.

(¢) Conclude that the partials of u, v exist and that the Cauchy-Riemann
equations hold but that f(0) does not exist. Does this conclusion con-
tradict the Cauchy-Riemann Theorem?

(d} Repeat exercise (¢), letting f = 1 on the z and y axes and 0 elsewhere.
(e) Repeat exercise (c), letting f(z) = /|xyl.
19. Let f(z) = (2+1)/{z=1).

(a) Where is f analytic?
{b) Is f conformal at z = 07
(¢) What are the images of the » and y axes under f?

(d) Al what angle do these images intersect?

20. Let f be an analytic function on an open connected set A and suppose that
S (2) (the n 4 1st derivative) exists and is zero on A. Show that f is a
polynomial of degree < n.

21. On what set is u(x,y) = Re(z/(z? — 1)) harmonic?
22.* Verily directly that the real and imagmary parts of f(z) = z* are harmonic.
23. On what sets are each of the following functions harmonic?

(a) u(z,y) =Im(z*+ 32+ 1)

r—1
b) (e, y) = ——
(b) ulz.y) = — Ty — 2z +1

24. On what sets are each of the following funetions harmonic?

(a) w{z,y) =Im(z + 1/z)
4
(#—1)2+y°
5. Let f: A — C be analytic and let w : B — R be harmonic with f(A) C B.
Show that wo f: A — R is harmonic.

(b) ulz,y) =

[
o

26. If u is harmonic, show that, in terms of polar coordinates,

L 0% F A " 9*u G
PF e o P o e —
2 dr 062

Hint: Use the Cauchy-Riemann equations in polar form (Exercise 11).
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27. (a) Show that w(z,y) = " cosy is harmonic on C.
(b) Find a harmonic conjugate v(x,y) for u on € such that v(0,0) =0,
(¢) Show that f(z) = e® is analytic on C.

28. Show that u(x, y) = #° —3xy? is harmonic on C and find a harmonic conjugate
# such that ©(0,0) = 2.

29. If u(z) is harmonic and v(z) is harmonic, then are the following harmonic?
(a) w{v(z),0)
(b) u(z) - v(z)
(e) u(z)+v(z)

30. Consider the function f(z) = 1/z. Draw the contours u = Re f = constant
and v = lm [ = constant. How do they intersect? Is it always true that grad
w is parallel to the curve v = constant”

1. Let u have continuous second partials on an open set A and let 8*u/dz* +
Ouldy? = 0. Let f = du/Ox — idu/Oy. Show that f is analytic.

32. Suppose i is a twice continuously differentiable real-valued harmonic function
an a disk D(zg;7) centered at zp = o + fyo. For (z1,2n) € D(zp;r). show
that the equation

Y ('j AL d
v(ay, ) :(:+f a—f’!(m,,y)dy— ﬁ(;?,yu)ﬂﬂ:ﬂ

o i S

defines a harmonic conjugate for u on D(zy;r) with v(xo, yo) = ¢

1.6 Differentiation of the Elementary Functions

Exponential Function and Logarithm This scction discusses differentiability
properties of the clementary functions introduced in §1.3 and we will begin with
the exponential function and its inverse, the logarithm.

Proposition 1.6.1 The map f: C — C,z = ¢, is analytic on C and

de®
dz

= g%,

Proof By definition, f(z) = e“(cosy + isiny), so the real and hmaginary parts
are u(z,y) = e“cosy and vz, y) = e”siny. These are C™° (infinitely often dif-
ferentiable) functions, so [ is differentiable in the sense of real variables. To show
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that f is analytic, we must verify the Cauchy-Riemann equations. To do so, we
first compute the partial derivatives

Ou du e
o —ETCas Y - = —EisEny
dx oy

By e e
— =e’siny — = ¢* cosy.
oz Ay

Thus, du/0x = v/dy and du/dy = —dv/Dx, so by the Canchy-Riemann Theorem
1.5.8, f is analytic. Finally.
df Ou  .Ov

dz  dx T dx

A function that is defined and analytic on the whole plane C is called entire.
Thus, f(z) = € is an entire funetion.

Using the differentiation rules (Proposition 1.5.3) as in elementary caleulus,
we can differentiate € in combination with various other functions. For instance.
e*° + 1 is entire because z — 22 and w — ¥ are analytic, so by the chain rule,
2 e? 18 analytic. By the chain rule and the sum rule, {f!.;’of:s}(r.-‘"’2 +1)= Dze” .

We recall that logz : C\{0} — C is an inverse for ¢* when ¢* is restricted
to a period strip {x + iy | yo < ¥y < yo + 2w}. However, for differentiability ot
log z we must restrict logz to a set that is smaller than C\{0}. The reason is
simple: logz = log|z| + iargz for, say, 0 < argz < 27. Butl the arg function
is discontinuous; it jumps by 27 as we cross the positive real axis. I we remove
these points, then we are excluding the usual positive reals on which we want log =
defined. Therefore, it is convenient to use the branch —n < argz < w. Then an
appropriate set on which log z is analytic is given as follows.

=¢e"(cosy +isiny) =¢*. B

Proposition 1.6.2 Leli A be the open set thal is C minus the negative real azis
including zero (that is, C\{z + iy | © < 0 and y = 0} ). Define a branch of log on
A by

logz = log|z| +iargz —w<argz<m,

which is called the principal branch of the logarithm. Then logz s analytie
on A with

{
r—lugzzl.

Z Z

Analogous statements hold for other branches.

First Proof (using the Inverse Function Theorem) Irom §1.3 we know
that logz is the unique inverse of the function f(z) = ¢* restricted to the set
{z|z=ax+iy, —w <y < w}. Sincede®/dz = ¢* # 0, the Inverse Function Theorem
implies that locally, ¢* has an analytie inverse. Since the inverse is unique, it must
be log z. The derivative of f~'(w) is 1/f'(z). In this case f'(z) = f(z) = w, and
sodf ' /dw=1/w at each point we A. W
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Second Proof (using the Cauchy-Riemann equations in polar form) In
solar form, logz = logr + i, and so u(r,0) = logr,v(r,d) = 0. which are (7=
fanetions of 7, 8. Also, the Cauchy-Riemann equations may be expressed in polar
~wordinates, as explained in §1.5 and Exercises 11 and 12 at the end of that section.

But

QE l_liﬁ‘v e _Eﬂu_ _Bfu
ar r 1ol r o8

=

.nd so the Cauchy-Riemann equations hold, We also have

dl d 3 r—|—'r'ag 1:‘:)?‘_}_’:86‘
P o ] f— = —— T,
iz P mm ® dr rdx Oz
It is obvious that on A,dr/8z = z/r and 00/0r = —y/r?, using, for example,

¢ = tan~'(y/x), so
. t z 1
L ETory. . S AP
BETR TR TRE 2

The domain on which the principal branch of log = is analytic is given in Figure
1 6.1. Here is an example of another branch: log z = log |z| +iarg z,0 < arg z < 2m,
= analytic on C\{z + iy | = > 0,y = 0}. We will use the principal branch unless

therwise stated.

Figure 1.6.1: Domain of log z.

When using log z in compositions, we must be careful to stay in the domain of
log. For example, consider f(z) = logz? using the principal branch of log. This
function is analytic on the set A = {z | z # 0 and argz # £n/2} by the following
reasoning. Proposition 1.5.3 shows that 22 is analytic on all of C. The image of A
ander the map z — 22 is precisely C\{z + iy | & < 0,y = 0} (Why?), which is the
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— L]

Figure 1.6.2: Composing the squaring and the log functions.

set on which the principal branch of log is defined and analytic. By the chain rule,
2 = log 2?2 is then analytic on A (see Figure 1.6.2).

The function f(z) = logz? also illustrates that caution must be exercised in
manipulating logarithms. Consider the two functions logz? and 2log 2. If we
consider all possible values of the logarithin, then the two collections are the same.
If. however, we pick a particular branch, for example, the prineipal branch, and use
it for both, then the two are not always the same. For example, if z = —1 -+, then
arg z = 3n /4 and log 2% = log 2 — mi/2. while 2log 2 = log 2 + 37i/2. The function
log z* is analytic on the plane with the imaginary axis deleted, while 2log = is
analytic on the plane with the negative real axis deleted.

The Trigonometric Functions Now that we have established properties of ¢,
the differentiation of the sine and cosine functions follows readily.

Proposition 1.6.3 The sine and cosine functions sinz and cos z are entire funce-
tions with derivatives given by
d

—ginz=cosz and —cosz= —sinz.
dz dz

Proof By definition, sin z = (6% —e %) /2i: using the snm rale and the chain rule
and the fact that the exponential function is entire, we conclude that sin z is entire
and that d(sin z)/dz = {ie’® — (—ie ") }/2i = (" 4+ ¢77%) /2 = cos z. Similarly,

o i

" iz —iz
—cosz = —(e¥ 4+ ¢ ) =
dz dz 2

= — el g™ = ginz M

%(f:‘iz gl HE

We can also discuss sin™' z and cos™! z in somewhat the same way that we
discussed logz (which is exp 'z with appropriate domains and ranges). These
functions are analyzed in Exercise 6 at the end of this section.
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The Power Function Let a and b be complex numbers. Recall that a® = e?102 2,

vhich is, in general, multivalued according to the different branches for log that
we choose. We now consider the functions z — 2° and z — a*. Although these
“inetions appear to be similar, their properties of analyticity are quite different.
The case in which b is an integer was covered in Proposition 1.5.3. The situation
“or general b is slightly more complicated.

Proposition 1.6.4 (i) For any choice of branch for the log function, the func-
tion z — a® is entire and has derivative z — (loga)a®.

i) Choose a branch of the log function—for example, the principal branch. Then
the function z — 2" is analytic on the domain of the branch of log chosen
and the derivative is z +— bz" 1,

Proof

i) @® = ¢*'989 By the chain rule this function is analytic on C with derivative
(log a)e® %% = (log a)a(log a is merely a constant).

i) 2P = ¢Plo#= This function is analytic on the domain of log z, since w — eaiid

is entire. By the chain rule.

4 5 ¥ b 4

> blogz __
g = =
dz z z
That this equals bz ! follows from Exercise 20 at the end of §1.3.) W
q

If b is a non-negative integer we know that z* is entire (with derivative bz""1).

In general. however, z" is analytic only on the domain of log z.

Let us emphasize what is stated in (i), If we choose the principal branch of
oz =, which has domain C\{z +iy | y = 0 and = < 0} and range Rx | — 7, 7|
Why?), then z i+ 2% is analytic on C\{x +iy | y = 0,2 < 0} (see Figure 1.6.3).
We conld also choose the branch of log that has domain C\{x + ¢z | x = 0} and
-ange Cx | — T /4, m/4]; then z — 27 would be analytic on C\{z + iz |z > 0}.

The nth Root Function One of the nth roots of z is given by z'/™, for a choice

f branch of log z. The other roots are given by the other choices of branches, as in
|.3. The principal branch is the one that is usually used. Thus, from Proposition
1.6.4(ii), we get the following as a special case.

Proposition 1.6.5 The function z — 2™ = {/z is analytic on the domain of
oz z (for example, the principal branch) and has derivative

1
(__) z{lfu)—l.
Tt
b

As with log z, we must exercise care with the functions z — 2%,z — {/z when
composing with other functions to be sure we stay in the domain of analyticity.
The procedure is illustrated for the square root function in Worked Example 1.6.8.
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Figure 1.6.3: Regions ol analyticity for z — 2

Worked Examples

Example 1.6.6 Differentiate the following functions, giving the appropriate region
on which the functions are analytic:

() log(e® +1)

Solution

IS B il 4 - D - - |z - - .
(a) The function e is entire, s0 by the chain rule, z +— €% is entire. The chain

rule also tells us that the derivative at z is e2et .

(b) Both z +» ¢* and w + sinw are entire, so by the chain rule z — sine® is
entire and the derivative at z is (cose™ Je”.

(¢) The map z — € Is entire and the map z — 1/(z? + 3) is analytic on
C\{£+/3i}. Hence z + €*/(z* + 3) is analytic on C\{£+/3i} and has deriva-
tive at z # £v/31 given by

e* e* - 22 e*(z? — 22+ 3)

243 (224 3)2 e (22 + 3)?
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'd) Choose the branch of the function w +— /w that is analytic on C\{z + iy |
y = 0,2 < 0}. Then we must choose the region A such that if z € A, then
¢* + 1 is not both real and < 0. Notice that ¢* is real iff y = Im 2z = nx for
some integer n (Why?). When n is even, € is positive; when n is odd, €* is
negative. Here = ¢*, where x = Rez and e > 1 it @ = 0. Therefore if
we define A = C\{z + iy |z > 0,y = (2n + 1)m,n an integer } (as in Figure
1.6.4), then e +1 is real and < 0 iff z € A. Since e+ 1 is entire, it is certainly
analytic on A. By the chain rule, /e* + 1 is analytic on A with derivative at
z given by (e* + 1)7172(e%) /2.

(oo

Figure 1.6.4: Region of analyticity of e* + 1.

¢) Since z = x + iy, by Proposition 1.3.4, cos Z = cos(x —iy) = cos.x cos(—1y) —

sinzsin(—iy) = cosrcoshy + isinzsinhy, so u(x,y) = coszcoshy and
v(x,y) = sinxsinhy. Thus du/dz = —sinzcoshy,dv/dy = sinwcoshy. If

cos z were analytic, Ou/dx would equal Hu/dy, which would occur iff sinz =0
(that is, if & = 0, or if # = 7wn,n = £1,42,...). Thus, there is not an open
(nonempty) set A on which z - cos Z is analytic.

f) By Proposition 1.5.3(iii) and the fact that z — e* — 1 is entire, we conclude
that 2 — 1/(e” — 1) is analytic on the set on which e* — 1 # 0; namely, the set
A=C\{z = 2rni | n=0,%£1,£2,... }. The derivative at 2 is —*/(e* — L

‘) Since (the principal branch of) the log is defined and is analytic on the same
region as the square root, namely, A = C\{# + iy | y = 0,2 < 0}, we can use
the results of (d). By the chain rule and the results of (d), z — log(e® +1) is
analytic on the region depicted in Figure 1.6.4.

Example 1.6.7 Verify divectly that after mapping by the function e, the angles
wtween lines parallel Lo the coordinale azes arve preserved.
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Solution The line determined by y = yo is mapped to the ray {z+irtany | x >
0}, and the line determined by & = #q is mapped to the cirele |z| = £%9; see Figure
1.3.7. The angle between any such ray and the tangent vector to the circle at the
point of contact of the ray and the cirele is 7/2. Thus angles are preserved. This
is consistent. with the Conformal Mapping Theorem 1.5.7.

Example 1.6.8 Show thal a branch of the funcltion w — w can be defined in
such a way that z — z* — 1 18 anaelytic in the n’q.&on shaded in Figure 1.6.5, and
wsing the notations of that figure, show that /22 = rirae /2 yhere
D<) <2m, -7 <l <.

Figure 1.6.5: Domain of analyticity of /22 — 1.

Solution If vz — 1 is a square root of z — 1 and vz + 1 is a square root of z
then Vz — 1z + 1 is a square root of 22 — 1 (Why?). For z — /z — I we may
choose |,/ defined and analytic on C\{x + iy |y =0and x > 0}; thus 2 — /z — 1is
analytic on the region C\{x+iy | y = 0,2 > 1}. For the map z — /z + 1, we may
choose |/ defined and analytic on the region C\{e+iy | y = 0 and x < 0}; therefore,
2+ /2 +1 is analytic on C\{z + iy | y = 0,7 < —1}. Thus 2+~ 2z — Iz + |
is analytic on C\{x +4y | y = 0, |z} = 1} with the appropriate branches of v As
indicated. With these branches we have

\/— _\/} t:¥}1x2 3.I'ld \/— /,'-,:-*tu;z,u
80 Vz— Wz +1 = Fmae®+%2)/2. Since 2z +— /2 — 1y/z+ 1 is analytie on

C\{x +iy | y = 0.]x] > 1}, it should correspond to some branch of the square
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oot function in the map z — 22 — 1. To see which one, note that z € C\{x + 1y |
f =0z =21} iff 22 —1 € C\{z +iy | y = 0,x > 0} (Why?), so if we take the
«quare root defined and analytic on C\{z +iy | y = 0, > 0}, then z — V22 — 115
malytic on C\{z + iy | y =0, |z| = 1}.

The symbol /- has been used here to mean different branches of the square root
fanction, the particular branch being clear from the context. Thus, one normally
thinks of 4/ together with a choice of branch.

Exercises
1. Differentiate and give the appropriate region of analyticity for each of the
[ollowing:
fa) 2%+ z
(b) 1/=

(¢) sinz/cosz

341
(d) exp (zh jl )

2. Differentiate and give the appropriate region of analyticity for each of the
following:

3. Determine whether the following complex limits exist and find their value if
they do:

eF —1

(_EE) Hmz—»[}

=

sin |z |

(b) lim._.g

1. Determine whether the following complex limits exist and find their value if

they do:
log =
(\&) ].Huz—;i f
Zo—i
z -1

(b) lim. ., s

Is it true that |sinz| < 1 for all z € CY

o
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f.* Solve sinz = w and show how to choose a domain and thus how to pick a
particular branch of sin” L - g0 that it is analytic on the domain. Give the
derivative of this branch of sin™' z; see Exercise 35 at the end of §1.3.

=%

Let f(2) = 1/(1 — 2); is it continuous on the interior of the unit circle?

8. Let u(x.y) and v(x,y) be real-valued functions on an open set A C R* = C
and suppose that they satisfy the Cauchy-Riemann equations on A. Show
that

ui(z,y) = [ulx, y)]"" — ['-r:(_-;:__yj]z and vy, y) = 2ulz, y)v(z.y)
satisfy the Cauchy-Riemann equations on A and that the functions
us(x,y) = e ¥ cosu(z,y) and wae,y) = e ginu(x, y)

also satisfy the Canchy-Riemann equations on A. Can you do this without
performing any computations?

=

Find the region of analyticity and the derivative of each of the following
funetions:
z

(a) 22 i 1

(b) ext{1/2)

10.% F ind the region of anal 'Hf!it’y’ and the derivative of each of the following
5 ¥ : B
unctions:

(a) vz3 -1
(b) siny/z
11. Find the minimum of |t’-'zl| for those z with |2| < L

12. Prove Proposition 1.6.5 using the method of the first proof of Proposition
1.6.2,

2z9

13.® Where is z — 277 analytic? 2+ 2

14. Define a branch of /1 + 'z and show that it is analytic.
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Review Exercises for Chapter 1

I. Compute the following quantities: (a) ¢! (b) log(1 +14) (c) sini  (d) 3
(G) g2log(—1)

[

For what values of z is log 2% = 2log # if the principal branch of the logarithm
is used on both sides of the equation?

3. Find the eighth roots of i.

1. Find all numbers z such that z? =1+ 4.

5. Solve cos z = /3 for z.

6. Solve sinz = /3 for z.

7. Describe geometrically the set of points z € C satisfying

(a) |2 +i] = |z~
(b) |z—=1]| =3}z —2|

S. Describe geometrically the set of points z € C satisfying
(a) |z—1| = |z + 1]
(b) |z— 1| = 2|2|
4. Differentiate the following expressions on appropriate regions:
(a) 23 +8
1
b
(¢) exp(z! - 1)
(d) sin(log 2%)

10. On what set is V22 — 2 analytic? Compute the derivative.

11. Describe the sets on which the following functions are analytic and compute
their derivatives:
OR
1

D)
(®) (1 —sinz)?
(c) : for a real

a? + z°
12.* Repeat Review Exercise 11 for the following functions:

£ 3 o
(a) exp (T?Tz) foraeC
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sin z

b

O
13. Can a single-valued (analytic) branch of log z be defined on the following sets?
(a)
(b)
(c)

14.* Show that the map 2 ~+ z + 1/2 maps the circle {z such that |z] = ¢} onto
the ellipse described by

1z1< |z] €2}
{z | Re z > 0}
{z|Re z > Im 2}

[a]

2

{w=u+iv|u=(c+1/c)cosf,v=(c—1/c)sinf. 0 <0 < 27}

Can we allow ¢ = 17
15. Let f be analytic on A. Define g : A — C by g(z) = f(z). When is g analytic?

16. Find the real and imaginary parts of f(z) = 2 and verify directly that they
satisfy the Cauchy-Riemann equations.

17. Let f(ax -+ iy) = (22 + 2y) + i(a® + y?). At what points does f/(zg) exist?
18. Let f: A C C — C be analytic on an open set A. Let A* ={z |z € A}

(a) Describe A" geometrically.

(b) Define g: A* — C by g(2) = [f(2)]?. Show that g is analytic.

Fdll

19.* Suppose that f: A € C — € is analytic on the open connected set A and
that f(z) is real for all 2 € A. Show that f is constant.

20, Prove the Canchy-Riemann equations as follows. Let f: A C € — © he
differentiable at zo = wg + tyo. Let g1 (t) = +iyg and go(t) = xp +4it. Apply
the chain rule to f o gy and f o gs to prove the result.

21. Let f(z) be analytic in the disk |2 — 1] < 1. Suppose that. f'(z) = 1/z, f(1) =
0. Prove that f(z) = log z.

22.* Use the Inverse Function Theorem to prove the following result. Let [
A ¢ € — C be analytic (where A is open and connected) and suppose that
f(A) € {z such that [z| = 3}. Then f is constant.

23. Prove that
zo+ R)Y— 2
lim (20 ) )
fi—0 h

1

=nzy

for any zq € C.
24. (a) If a polynomial p(z) = ag+ay2+...4+a,2™ has a root ¢, then show that
we can write p(z) = (z — ¢)h(z), where h(z) is a polynomial of degre
n — L. (Use division of polynomials to show that z — e divides p(z).)
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(b} Use part (a) to show that p can have no more than n roots.
(¢) When is ¢ a root of both p(2) and p'(2)?

25.* On what set is the function z — z* analytic? Compute its derivative.

26. Let ¢ be analytic on the open set A. Let B = {z € A | g(2) # 0}. Show that
B is open and that 1/g is analytic on B.

27. Find and plot all solutions of 2% = —8i.

28, Let f: A € C — C be analytic on the open set A and let f'(z9) # 0 for every
zo € A. Show that {Re f(z) | z € A} C R is open.

20.®* Show that u(r,y) = 2% — 3z’ v(z.y) = 32y — y? satisfy the Cauchy-
Ricmann equations. Comment on the result.

). Prove that the following functions are continuous at z = (:

("-222 z‘! %
@ fay={ @ 228

(b) f(z) = |2]
31. At what points z are the following functions differentiable?

(a) J(2) = Jaf?

(b) f(z) =y —ix
32.* Use de Moivre's theorem to find the sum sinz + sin 2z + ... + sinna.
33. For the function u(x,y) = y° — 322y,

(a) Show that u is harmonic (see Proposition 1.5.12).

(b) Determine a conjugate funetion v(z, ) such that u + v is analytic.

34. Consider the function w(z) = 1/z. Draw the level curves u = Re(w(z)) =
constant. Discuss.

35. Determine the four different values of z that are mapped to unity by the

funetion w(z) = z*.

36. Suppose that f(z) is analytic and satisfies the condition |f(z)* — 1| < lin a
region 2. Show that either Re f(z) > 0 or Re f(z) < 0 throughout 2.

37.* Suppose that f: C — C is continuous and that f(z) = f(2z) for all z € C.
Show that f is constant on C.

38. Suppose that f: C — C is entire and that f(22) = 2f(z) for all z € C. Show

that there is a constant ¢ such that f(z) = ez for all z. (Yon might want to
use Exercise 37.)
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Chapter 2

Cauchy’s Theorem

Ly attractive feature of complex analysis is that it is based on a few simple, yet
~werful theorems from which most of the results of the subject follow. Foremost
ong these theorems is a remarkable result called Canchy’s Theorem, which is
we of the keys to the development of the rest of the subject and its applications.

2.1 Contour Integrals

Definitions and Basic Properties To state Cauchy’s Theorem, we first define
atour integrals and study their basic properties.
Lot f: [a,b] © R — C be a complex-valued function of one real variable and let
wd ¢ be its real and imaginary parts; that is, set h(t) = u(l) + iv{f). Suppose,
- the sake of simplicity, that « and v are continuous, Define the integral of I to
the complex number

i b b
j h(t)ah‘:/ u.(f}fh’—l—'i] v(t)dt,

“here the integrals of u and v have their usual meaning from single- variable caleulus.
We want to extend this definition to integrals of functions along curves in C.

To accomplish this, we will need a few definitions. A continuous curve or
~ontour in C is, by definition, a continuous map 7 : [a, b — C. The curve is called
piecewise (' if we can divide up the interval [a, b] into finitely many subintervals

— Gy < G < ... < ap = b such that the derivative /(f) exists on each open
<ibinterval |a;, a;y1[ and is continuous on [ai, @i41]; continuity on |a;i, @;41] means
“hat the limits Hmyg .o 4 7/(8) and limy_.q, - +'(t) exist (sec. for example, Figure
2 1.1). Unless otherwise specified, curves will always be assumed to be continuous
sl piecewise €,

Definition 2.1.1 Suppose that [ is continuous and defined on an open set A C C

r

nd that v 1 [a.b] — C is a piccewise smooth curve satisfying ~¥(|a, b)) € A. The

95
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7
¥ib) rb)
(c)
Y e
ti b 1 h a b e
ylai o
(a) (b) (e)
Figure 2.1.1: Curves in the complex plane C. (a) Smooth curve. (b) Piecewise C'!

curve. (¢) D]hﬂ(]'ll'[’ll‘lu[‘nlh CUTVE.

ETPression.

: : T ,_ i |
j,fzif(z)d“ . ;/ F(8) (t)at

s called the integral of [ along ~.

The definition is analogous to the following definition of a line integral from
vector caleulus: Let P(x, y) and Q(x, y) be real-valued functions of @ and y and let
7 be a curve. Define

giti—1 i1
/P(J y)de + Q. urh;—Zf {f’ y(f))——FQ (t),y f]}—
where v(t) = (@(t), y(t)). The two definitions are related as follows.

Proposition 2.1.2 If [{z) = u(xz,y) + iv(z. y). then

[ g ZE— /['u..(.?'. yidr — v{z, y)dy| + 1 /[ﬂ(grjfy)dy + v{x, y)dxl.

Proof According to the definition we must work out f(~(t))+'(t). We do this as
follows:

Fal)'(t)y = [uls ( t)) + dv(a(t), y(t))] - [«'(t) + iy’ (¢)]
= [u(z ( ) (t) — v(w(t), y(t))y'(t ]
+ 'ii't:f:{:_ at)a' () + wlx(t), y(t))y (t)].

Integrating both sides over |a;, @41 with respect to t and using definition 2.1.1
then gives the desired result. W
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The formula in this proposition can easily be remembered by formally writing
f(z)dz = (u+ tv)(de + idy) = wdr —vdy +i(vde + udy).

For a curve v : [a,b] — C, we define the opposite curve, —7 ! la, b] — ©C, by
serting (—=v)(#) = v{la+b—1). The curve —v is thus traversed in the opposite
sense (see Figure 2.1.2).

Figure 2.1.2: Opposite curve.

We also want to define the jein or sum or union 7 + y2 of two curves 7, and
-, Intuitively. we want to join them at their endpoints to make a single curve (see
Figure 2.1.3). Precisely, suppose that vy : [a.b] — € and that v, : [b.¢] — C, with
~1(b) = ~4(b). Define vy + 72 : [a,¢] — C by

M) i tefab]

(e +72)(8) = { yot) if telb.

Figure 2.1.3: Join of two curves.

Clearly, if 4; and 5, are piecewise smooth, then so is y; + 7. If the intervals
‘a.b] and [b, ¢] for 71 and v, are not of this special form (the first interval ends where
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the second begins), then the formula is a little more complicated, but the special
form will suffice for this text. The general sum v + ... + 7, is defined similarly.

The next proposition gives some properties of the integral that follow from the
definitions given in this section. The student is asked to prove them in Exercise 6
at the end of this section.

Proposition 2.1.3 For (continuous) functions f.g, complex constants ¢y, ¢s, and
piecewise C curves v, vy, ¥z, the following hold:

»J[:H:g_}:r Fhiy f
@ [ e f [q
8 [ f==[7
o [ r=-]

B L=l P4

Of course, more general statements (that follow from the preceding) conld be
made, namely,

[Ses=$(e 1)

T i=1 =1

and

i 3
f =]
e R e 1o Y T A

To compute specific examples it is sometimes convenient to use the formula in
Proposition 2.1.2. However, it may be that we are not given v as a map but are
told only that it is. for example, “the straight-line joining 0 to i + 1”7 or “the unit
circle traversed counterclockwise”. To use the definition, we need to choose some
explicit map ~(f) that describes this geometrically given curve. Obviously, the same
geometric curve can be described in different ways, so the question arises whether
the integral | f is independent of that description.

To answer this question, we use the following definition,

Definition 2.1.4 Lel v : [a,b] — C be a piecewise smooth curve. A piecewis:
smooth curve 5 @ [a. F}] — € s called o reparametrization of v if there is o
Cl function o : |a.b] — [a,b] with o/(t) > 0,a(a) = &, and a(b) = b such that
vt = Fla(t)) (see Figure 2.1.4).

The conditions a'(t) > 0 (hence « is increasing), a(a) = @, and a(b) = b imply
that % traverses the curve in the same sense as 7 does. This is the precise meaning
of the statement that v and 5 represent the same (oriented) geometric curve. Also.
the points in [d, b] at which 5" does not exist correspond under « to the points of
la.b] at which v' does not exist. (This is because « has a strictly increasing ('
inverse, )
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=4
=

bt

=l
1

Figure 2.1.4: Reparametrization.

Proposition 2.1.5 If 5 is a reparametrization of 7, then

it

for any continuous [ defined on an open set containing the image of v = image of

Proof We can, by breaking up [a,b] into subintervals, assume that s 0. By
definition

/Tf i fj Fy () (t)et.

By the chain rule, v/(t) = dvy(t)/dt = dj(a(t))/dt = 7'(a(t))a'(t). Let s = a(t) be
4 new variable, so that s = @ when ¢ = a and s = b when # = b. Then

) b dov
/f('r(r.)h’(t)dt = ff(’?(ﬂ(i')))’?’(“(t))?i?dt

b
- / FEE)F (3)ds.

Changing variables in a complex integral (here, from  to s) is justified by applying
the usual real-variables rule to its real and imaginary parts. W

This proposition “justifies” the use of any parametrization vy that describes a
siven oriented geometric curve to evaluate an i11tegral.‘ As an example, let us
evaluate _f,r rdz. where ~ is the straight-line from z = 0 to z = 1 + i (see Figure
2.1.5).

1Strictly speaking, this statement is not quite correct, since two maps with the same image
need not be reparametrizations of one another. However, they are reparametrizations if we ignore
points where ~/(t) = 0. The proposition can be gencralized to cover this situation as well, but the
complications that result from generalizing it to cover this case have been omitted to simplify the
EXpPOSIEION.
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e T

Figure 2.1.5: Curve from 0 to 1 + i

We choose the curve + : [0,1] — C. defined by (1) = ¢ + it. Of course, when
we write x in [ xdz, we mean the function that gives the real part of any complex
number (that is, f(z) = # = Re z). Thus,

1
/Iﬁ’.:-: = / [Re~ ()] (t)dt.
i S}
a 3
/:r: tlz :/ t(1+d)dt = l——-u
oY U 2

An orientation is often described by saying that “~ goes from 2| Lo 20." However
if 7 is a closed curve. with z; = z5. we need a different preseription. When solving
examples. where the curves are always easy to visualize. the student should assume
that a closed curve v is traversed in the counterclockwise direction unless advised
to the contrary.

From caleulus. recall that the are length of a curve v : [a, ) — C is defined by

Henee,

b nfy
3("."}:/ mr-’:'z-wdr:/ Val(t)? + y'(t)*dt.

Arc lengtl, too, is independent of the parametrization, by a similar proof to that o
Proposition 2.1.5. The reader should be familiar with the fact that the are lengtl
of the unit circle is 2, the perimeter of the unit square is 4, so on.

The next result gives an important way to estimate integrals.

Proposition 2.1.6 Lef f be continuous on an open sel A and let v be a piecewis
C'' curve in A. If there is a constant M > 0 such that |f(z)| < M for all points -
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n ~ (that 1s. for all z of the form ~(t) for some t). then

f f‘ < Mi().

/7

< f | flidz]
iy
ere the latter integral 1s defined by

i
/|f||d3| = [ |f(v@)]IA (£}t

Proof For a complex-valued function g(¢) on [a, b], we have

i b
H.ef g(t)di = [ Reg(t)dt

since J; gl(t)dt = _j“ u(t)dt + tJ‘ v(t)dt if g(t) =
prove that

]
/ glt)dt] <

We learn in caleulus how to prove this for g that are real-valued, but here g is

omplex-valued.) For our proofl, we let _Jfg(t}dt = re' for fixed r and #, where
> 0, so that ¥ =" J: g(t)dt = Jlf e~ Wg(t)dt. Thus,

Viore generally, we have

u(t) +iv(l). Let us use this fact to

I
lg(t)|dt.

o 0

b b _
r= Rer= Rx-:f £ "gg({.)dt = / Re(r%_“ﬁg(i])df.
i o

B ¥ Proposition 1.

2.3(1ii), Re —ilg(t)) < le Mg(t)] = lg(t)], since |e W=, T,
[ Re(e "g(t))dt < f |da’ SO
b b
[ sttt =r < [ gt
Using this and |2z
b
[1]=|[ ror @ < 1f£~f{r ()t = f ) (Bl

Since [f(¥(t))] € M. the preceding expression is bounded by M [ 1A (t)dt =
M), W
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This proposition provides a basic tool that we shall use in subsequent proofs to
estimate the size of integrals. The student might try to prove this result directly
in terms of the expression

/f = /(u de —vdy) +1 /('U- dy + vdx)

to be convinced that the result is not altogether trivial.

Fundamental Theorem of Calculus for Contour Integrals The Fundamen-
tal Theorem of Calculus is a basic fact in the caleulus of real-valued functions. It
says that the integral of the derivative of a lunction is the difference of the values of
the function at the endpoints of the interval of integration and that the indefinite
integral of a function is an antiderivative for the function. Both of these assertions
have important analogues for complex path integrals,

Theorem 2.1.7 (Fundamental Theorem of Calculus—Contour Integrals)
Suppose that v : [0,1] — C is a piecewise smooth curve and that F is a function
defined and analytic on an open set (G containing ~. Assume F' 15 continuous (later
we will see that thes is redundant). Then

[ B2z = F1) - Flr(0)).
vy
In particular, if v(0) = y(1), then

f F'(2)dz = 0.

it

Proof The chain rule and the definition of the path integral will be used to reduce
the problem to the standard Fundamental Theorem of Caleulus for real-valued
functions of a real variable. Let g, u, and v be defined by

F(v(t)) = g(t) = u(t) + iv(t).

Break the parameter interval into pieces on which v is smooth, so, by the chain
rule,

F'(v(t))y' (1) = g'(t) = ' () + 0/ (¢).
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Ao apply the Fundamental Theorem of Calculus on each subinterval and get a
telescoping sum:

n—1

[Fow = X [ Foon o
o i=0 Y
i—1 R i
S Z {/ u' (t)dt + ?'./ 'f,!f(t)di]
i=1 a4 i1,
n—1
- Z[u(ui 1) — ulai)] +ifv(ais) —vle))
i=0

= [u(an) + ivian)| — [#(ao) + iv(ao)]
) - F(0).

Using this result can save a lot of effort in working examples. Tor instance,
onsider [ 23z where ~ is the portion of the ellipse a% + 4y® = 1 that joins z = 1
‘0 2 = i/2. To evaluate the integral we note that 2% = Y(dz'/dz), so

o AP g et N 15
=i -(3) ) -G)or--=

Notice that we did not even need to parametrize the curve! By applying the Fun-
damental Theorem of Calenlus, we would have obtained the same answer for any
~urve joining these two points. We will mvestigate the independence of the value
f an integral from the particular path used in the next subsection.

The Fundamental Theorem of Caleulus has many applications and ramifications,
sne of which is the following proof of a property of open connected sets, which first
appeared as Proposition 1.5.5. It is the analogue in the complex domain of the
following principle so useful in caleulus: A function whose derivative is identically
I} s constant.

Corollary 2.1.8 If f is a function defined and analytic on an open connected set
G C C, apnd if f'(z) =0 for every point z in G, then f is constant on G.

Proof Fix a point z; in G and suppose that z is any other point in . By
Proposition 1.4.15 there is a smooth path v from 2 to 2 in G. By Theorem 2.1.7,
f(2)— flzo) = ‘fﬂf f1(¢)d¢ = 0. Therefore f(z) = f(zo). The value of f at any point
of (7 is thus the same as its value at zo. That is, [ is constant on G. B

Path Independence of Integrals The idea that an indefinite integral is an
antiderivative does not carry over directly to the complex domain. What should
we mean by the integral between two points? There are many possible paths. The
connection comes up in the study of one of the central questions we will study in
this chapter: Under what conditions is the value of an integral independent of which
path is selected between the two points? Consider the following two examples.
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Example 1 Let zo = 1 and z; = —1 and let f(z) = 322. Then F(z) = 29
is an antiderivative for [ everywhere in the complex plane. Therefore, by the
Fundamental Theorem of Caleulus, no matter what path v we take from z, to 2,
we will have [ f(z)dz = F(2)) - F(z) = 1% — (—1)® = 2. The value of the integral
does not depend on the particular path selected, but only on the function and the
two endpoints. ¢

Example 2 Again let 2y = 1 and z; = —1, but now take f(z) = 1/z. Let 7 be
the upper half of the unit circle from 1 to —1. Then v is parametrized by (1) = ¢!
for 0 <t < 7. Thus.

/ Flz)de = / S (8))yy (H)dt = / e~ Yie dt = i,
J oy S 1) S

Now let v be the lower half of the unit circle from 1 to —1. Then 44 is parametrized
by ya(t) =e ™ for 0 <t < 7 and

{

f f(2)dz = /, S(v2(8))va(t)dt = / e (—ie ™)dt = —mi.
i 0] '

The values of the integral between zy and z; now are different for the two different
paths. ¢

The dependence on the path in the second example is related to the problem
of antiderivatives. “The” antiderivative of f(z) ought to be log z. As we saw in
Chapter 1. it is possible to define a branch of the logarithm function that is analyiic
along either one of the two eurves, but it is nof possible to define consistently
single branch of the logarithm on an open set containing both these curves at once.
This way of looking at the difficulty is made precise in the next theorem.

Theorem 2.1.9 (Path Independence Theorem) Suppose f is a continuous fun: -
tion on an open connected set G C C. Then the following are equivalent:

(i) Integrals are path-independent: If zg and zy are any two points in G and ~,
and v are paths in G from zg to z1, then

/T“ Flz)dz = f. f(z)dz=.

(ii) Integrals around closed curves are 0: If T is a elosed curve (loop) lying in G,
then [, f(z)dz = 0.

(iii) There is a (global) antiderivate for [ on G: There is a function F defined
and analytic on all of G such that F'(z) = f(z) for all z in G.
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Proof The equivalence of (i) and (ii) is obtained in the direction (ii) = (i) by
joining the curves vy and —7 to form a closed curve I' and in the direction (i)
= (ii) by picking two points zp and z; along a closed curve and thinking of it as
made up of two curves from one point to the other and then back to the first. The
construction is illustrated in Figure 2.1.6, and the computation runs as follows:

L.1f{'zldz = [w f(z)dz i - flz)dz = !/% flz)dz — f-“ F(2)dz.

Thus, the integral along the closed loop I' is 0 if and only if the integrals along the
paths g and v, are equal.

e G2

Figure 2.1.67 Yoo Y1 = B

The implication (iii) = (i) follows from the Fundamental Theorem. The value
of the integral is F'(21) — F'(zo) regardless of which path is selected.

To show that (i) = (iii)., we will attempt to nse an integral ending at = to define
the value of the antiderivative at z. Let zp be any point fixed in G, and let z be
any other point in G. Since (@ is open and connected, 1t is path-connected, and
by Proposition 1.4.15 there is at least one smooth path in G from zp to z. Let v
be any such path and set F(z) = L{ f(¢)d¢. This defines a function F on G in a
nonambiguous way since (i) says that the value F'(z) depends only on z and not
on the particular path selected so long as it stays in G. (Of conrse, it also depends
on zy, but that is fixed for the entire discussion.) We say that F is well defined.
Our remaining task is to check that I is differentiable and thiat F/ = f. This
compntation is illustrated in Figure 2.1.7.

Let € > 0. Since (& is open and [ is continuons at z, there is a number d >0
such that the disk D(z;8) € G and |f(¢) — f(z)] < € whenever | - z| < #. Suppose
lw — z| < 6. Conneet z to w by a straight-line segment p. Then all of p lies in




106 Chapter 2 Cauchy’s Theorem

Figure 2.1.7: Defining an antiderivative by an integral.

D(z;4) and

Hm—ﬂa=/.mw&/9m£=/ﬂwm
o oy p

At
Thus,
Flw)— F(z Flw) — F(z) — (w— 2)f(z
{J_z()—fuJ - Hw) ﬁj_; ) (2)l
1, f(QdE = f(2) [, 14C]
lw — 2|
. | .!p[f[:(;:] — f(2)]d¢|
| — 2

elength(p) elw—2
lw—2| — |lw—2z

Thus the limit of the difference quotient is f(2), so F' is differentiable and £/ = f.
as desired. W

The reader who is familiar with conservative force fields from vector calculus
may recognize the constructions in the last proof. The integral of a force field along
a path defines the work done by it (or in moving against it) along that path. The
field is called conservative if the net work done along a closed path is always 0 or
equivalently if the work done between two points is independent of the path taken
between those points. If it is, then such an integral defines a quantity. called the
potential energy, whose gradient is the original force field.
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Worked Examples
Example 2.1.10 Evaluate each of the following integrals:

[ vdz (v is the circumference of the unit square)
¥

b) / ¢*dz (v is the part of the unit civele joining 1 to i in a counterclockuwise
B

Lrection)
Solution To solve (a); define ~ : [0,4] — € as follows: 7 = M + 72 + 73 + 44
+here the four sides of the unit square arc

(t) =t+050<t <1 na(f) = B0 FH2S L3
o) =14 = DHI L2 ﬁm(f.]::{l—}—(fi—t}-f.;lliifi_ial.

We compute as follows:

/ﬂl = ﬁ [Re(y () (Hdt = f]fdt 15

ﬁ-.z:d-z = f'[l'{e(fyg(f}]]’h( t)dt =

2 1

[
qu' rdz = L [Re(valt ) (t)dt = f . ___%
[ oa

- 4
/ rdz = f [Re(yalt)) t)dt =
oy 3
Hence,

: I 1 1
[rdz:f ;f:riz—i—f mdz-’.—] .-::.d.z—l—j ;x;i;:7-+if~+(1:i.
Wiy g6 w2 i T4 E 2

To solve (b), note that ¢* is the derivative of ¢, and €7 18 analytic on all of C.

Thus, whatever parametrization we use for the part of the unit circle joining 1 to i

1 a counterclockwise direction, we will have f e?dz = €* —¢' by the Fundamental

ﬂlem em. A second, less elegant solution is to e the original definition to evaluate
he integral directly. Define ~(t) = cost +isint, 0 < t < m/2. Hence,

idt =1

/2
/ezdz = [ e“’"’*‘”“‘i“t(-—sint—|—'i.cost']d.t
Ty 0
)2
ez [ - 98t eog(sint) - sind — o8t gip(sint) - cos t)dt
0

/2
+1 / [—ra"'“” sin(sint) - sint + o8 aos(gin t) - cos Hdi
0

= cost . i S i
= “feos(sint) |y T it sin(sint) :

P{.osH—zsmf \'ETLRI P f_’j '
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Example 2.1.11 Let v be the upper half of the unit circle deseribed counterclock-

unse. Show that
t,.‘?_
/ —dz
g =

Solution We use Proposition 2.1.6. The arc length of ~ is

() 2]:

since we can take () = e, 0 < t < 7, and ~/(t) = ie® and thus Pyl =1, 0O
course, this is what we would expect. The absolute value of e /2, with 2 = &' =
cost + isint, is estimated by

< e

v (#)|dt = m

ﬁx t.,{:t}ﬁ t _
= s < e
| = 1 -

sinee cost < 1. Thus e = M is a bound for |e®/z| along ~. and therefore,

Tt
/ iz
v &

Example 2.1.12 Let v be the circle of radius v around a € C. Evaluate the integral

/(/‘: — a)™dz

< Ml(w) = em.

Jor all integers n=10,£1,£2,....

Solution First, let nn > (). Then

4 o ff 1 1
Ca dzn + I[” %)

i the derivative of an analytic [unction. so by the Fundamental Theorem 2.1.7,
/{z —a)*-dz=0.
oy

Second, let n < —2. Then again

ki ”I'I I n+1
z2—a)" = ————{z—a)
( ) dzn+1
which is analytic on the set A = C\{a}. (Note that this formula fails if n = —1.

Since 7 lies in A, the Fundamental Theorem again shows that [ (z — a)"dz = 0.
Finally, let n = —1. We proceed directly and parametrize v by v(6) = re'? +
a, ) < 8 < 27 (see Figure 2.1.8).
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i+ ret?

S S et

i

Figure 2.1.8: Parametrization of the circle of radius v and center «.

By the chain rule, 4/(#) = ric™, so

1 W2 -I : 2w
/ dz = ] —H%i.'rtwdﬁ = / idf = 2wi.
i R g (re¥ +p)—a Jo

summary.,

2mi o on=—1

/ (z~a)'dz = { 0 nE =1

i« is a nseful formula and we shall have occasion to use it later.
Exercises
1. Evaluate the following:
{a) ] ydz, where 7 is the union of the line segments joining 0 to ¢ and then
to 7+ 2
(1) / sin 2z dz. where ~ is the line segment joining ¢ +1 to —i
L
(c) / se” dz, where v is the unit circle
2. Evaluate the following:

(a) / 2dz. where ~ is the muion of the line segments joining 0 to ¢ and then
o

to i+ 2
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(b) / (2% + 22 + 3)dz, where 5 is the straight-line segment joining 1 to 2+ i
LU ¢

z —
Y
counterclockwise

1 . . .
(c) / dz, where 7 is the circle of radius 2 centered at | traveled once

3. Evaluate [ (1/z)dz, where « is the circle of radius 1 centered at 2 traveled
L/
once counterclockwise.

dz, where v is the curve in Exercise 3.

4. Evaluate /

L

Does Re {/ fd.z} — j Re f dz?
¥ ¥

6. Prove Proposition 2.1.3.

22— 2z

1

=1

Evaluate the following integrals:

(a) / Zdz, where % is the unit circle traversed once in a counterclockwise
A
direction

(b) /(u:z — y*)dz, where 7 is the straight-line from 0 to i
¥

8.* Evaluate / #%dz along two paths joining (0,0) to (1,1) as follows:
Jy

(a) « is the straight-line joining (0.0) to (1,1).
(b) ~ is the broken line joining (0,0) to (1,0), then joining (1,0) to (1,1).

In view of your answers to (a) and (b) and the Fundamental Theorem, could
2% be the derivative of any analytic function F(z)?

f dz
2t z2

where 7 is the upper half of the unit circle.

9. Find a number M such that

<M,

4

10.* Let C be the arc of the circle [z| = 2 that lies in the first quadrant. Show

that
/' dz
B < U
o Zz 4 L = %

=

!

11. Evaluate the following:
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dz dz \dz|
(a) - = =
zl=1 2 =1 12l Jpzp=1 2 |2f=1

(b) [ 22dz, where ~ is the curve given by v(f) = eftsin®t,0 <t < w/2.
i

dz
z

12. Let v be a closed curve lying entirely in the set C\{z | Rez < 0}. Show that

/(1/;}@ = (.

Sy

13. Evaluate /zsin 2%dz, where v is the unit circle.

14. Give some conditions on a closed curve y that will guarantee that / (1/z)dz = 0.
v

15. Let v be the unit circle. Prove that

sin z

dN

f’*g .
o

16.* Show that the arc length I(+) of a curve v is unchanged if + is reparametrized.

< Zwe.

2.2 Cauchy’s Theorem—A First Look

One form of Cauchy’s Theorem states that if v is a simple closed curve (the word
~imple” meaning that + intersects itself only at its endpoints) and if f is analytic

moand inside v, then
=
o 5

This remarkable theorem lies at the heart of complex analysis, and this section
s devoted to its proof (see Figure 2.2.1).

If the function f is not analytic on the whole region inside v, then the integral
nay or may not be 0. For example, let v be the unit circle and f(z) =1 /z. Then
# is analytic at all points except z = 0, and indeed the integral is not zero. In fact,

j;f::::m:

by Worked Example 2.1.12. On the other hand, if f(z) = 1/22, then [ is still
analytic at all points except 2 = 0, but now the integral 45 0. This value of 0 results
not from Cauchy’s Theorem  f is not analytic everywhere inside ~—Dbut rather
from the fact that f has an antiderivative on C\{0} namely, f is the derivative of
-1/z. More generally, the Path Independence Theorem 2.1.9, shows that Cauchy’s
Theorem is valid if there is an antiderivative of f. This is made explicit in Theorem
2.2.5.
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[ unalytic
here

Figure 2.2.1: Cauchy's Theorem: [ [ =0.

Green’s Theorem Our proof of Cauchy’s Theorem uses Green'’s Theorem from

vector calenhis, which states that, for continnously differentiable funetions P(z, y)

and Q(x.,y),

. P
/P(-T' yldz + Qla, y)dy = // [{ . (x,y) — [,j {z,y)| dxdy.
by JJa | 8z hy

Recall that if 5 : [a,b] — C,~v(f) = («(t), y(1)), then we define the line integrals by

. h
/P(ur.y}d:rz/ P(x(t), y(t)) = (t)dt
arnd
b
[ Ol = / QUr(t), y(1) o ().

In Green'’s Theorem. A represents the “inside”™ of ~, v is traversed in a counter-
clockwise direction, and P and @ are sufliciently smooth - class ("' is sufficient, but
we shall take a closer look at this later.

Green’s Theorem is a fundamental result from multivariable caleulus that ev-
ery student should know. Recall that the basic idea of the proof is really quite
simple: We use the technique of evaluation of multiple integrals by iterated inte-
gration (which in turn is related to equality of mixed partial derivatives) and the
Fundamental Theorem of Calculus.?

Part of the job of developing a context for Green'’s Theorem is to make precise
notions like the inside of ~. Intuitively, the meaning of “inside” should be clear
We shall come back to issues like this as we proceed.

“See a calculus text such as J. Marsden and A. Weinstein, Calcutus [17 (New York: Springer-
Verlag, 1985), 908 911, or J. Marsden and A. Tromba, Veclor Calenbus, Fourth Edition [New
York: W. H. Freeman and Company, 1996), §8.1, for a proof of Green's Theorom.
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Preliminary Version of Cauchy’s Theorem The following statement is pre-
liminary in the sense that it assumes that a satisfactory context for Green’s Theorem
Lias been developed. We will come back to this point and make things more precise
i due course,

Theorem 2.2.1 Suppose that [ is analytic, with the derivative f' continuous on
and inside a simple closed curve . Then

[1-0

Proof Setting f = u + iv, we have

/f = ff(z)d..: /[-u—l—iu)(dm i dy)
i ¥ oy

= f(u.da: —wdy) +i /(-.-.-. dy +vdx).

4 Sy

By applying Green’s Theorem to each integral, we get

[f:jj _()_1 B f:}u, d.rdu+:// rf)‘u, v o
Iz Al Or Oy Sy

Both terms are zero by the Cauchy-Riemann equations. W

A closer look at the proof of Canchy’s Theorem given in §2.3 shows that one
need not assume that ' is continuous. Amazingly, the continuity of f’ follows
antomatically, but this is not obvious.

We also need to do some additional chores, such as eliminating the assumption
that the curve is simple. In many cases, the assumption of simplicity of the curve
can be avoided by viewing the path as being made up of two or more simple pieces.
In Figure 2.2.2, the “figure eight” can be treated as two simple loops. We will
discuss this in §2.3 as well.

Here is a simplo example of Cauchy’s Theorem. Let v be the unit square and
f(z) = sin(e” “). Then f is analvtic on and inside 7 (in fact, f is entire), so _[r Bl

Deformation Theorem [t is important to be able to study fimetions that are
not analytic on the entire inside of v and whose integral therefore might not be zero.
For example, f(z) = 1/z fails to be analytic at z = 0, and -ﬁr f = 2mi where 7 is the
unit eircle. (The point z = 0 is called a singularity of f.) To study such functions
it is important to be able to replace j f by jw f. where 7 is a less complicated
curve (say, a circle). The strategy is that J f might be casier to evaluate. The
procedure that allows us to pass from + to 4 is based on Cauchy’s Theorem and is
as follows.
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P
g
o —
i

Figure 2.2.2: Treating a nonsimple curve as made up of several simple loops.

Theorem 2.2.2 (Preliminary Version of the Deformation Theorem) Let f
be analytic on a region A and let v be a simple closed curve in A. Suppose that
v can be continuously deformed to another simple closed curve v without passing
outside the region A. (We say that 7 is homotopic to ¥ in A.) (The precise def-
inition of “homotopic” is given in §2.3, and the assumption the curves are simple

will be climinated.) Then
f=12
Sy F

The Deformation Theorem is illustrated in Figure 2.2.3.

Figure 2.2.3: Deformation theoren.

Note that 7 need not be analytic inside v, so Cauchy’s Theorem does not impls
that the integrals in the preceding equation are zero. It is implicit in the stateme::
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7 the Deformation Theorem that both 4 and F are traversed in a counterclockwise
‘irection. As with Cauchy’s Theorem itself, we will come back to this theorem in
‘Lo next section and have a closer, more careful look at the notion of “deformation”
.« well as a more careful look at the following proof.

Proof Consider Figure 2.2.4, in which a curve vy is drawn joining v to 5: we
.<sume such a curve ean in fact be drawn (it can in all “practical” examples). We
-1 a new curve consisting of v, then g, then —%, and then —~, in that order.

Curve begins and ends here

Figure 2.2.4: Curve used to prove the Deformation Theorem.

The inside of this curve is the shaded region in Figure 2.2.4. The function [ is,
v assumption, analytic on this region. so Cauchy’s Theorem gives

D;]"r+7r1—5 w-uf:-[fij[wf_'[?f_[;"f:fwf_/ﬁ'f

Chus, f = J' f as required. Strictly speaking, this new curve is not a simple
closed curve, buT such an objection can be taken care of by drawing two parallel
“opies of 79 and taking the limit as these copies converge together. W

Simply Connected Regions A region A C C is called simply connected if A
= connected and every closed curve 7 in A can be deformed in A to some constant
urve 3(t) = zp € A: we also say that ~ is homotopic to a pointor is contractible
fo a point. Intuitively, a region is simply connected when it has no holes; this is
ecause a curve that loops around a hole cannot be shrunk down to a point in A
without leaving A (see Figure 2.2.5). Therefore, the domain on which a function
like f(z) = 1/z, which has a singularity, is analytic is not simply connected.
We can rewrite Canchy's Theorem in terms of simply connected regions as
follows.
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Figure 2.2.5: (a) Simply connected region. (b). (¢) Non-simply connected regions.

Theorem 2.2.3 (Cauchy’s Theorem for a Simply Connected Region) If f
is analytic on a simply connected region G and v s a closed curve in G, then

[ffn

Independence of Path and Antiderivatives Iu the Path Independence Theo-
rem 2.1.9 we saw how to relate the vanishing of integrals along closed curves to path
independence of integrals between points and to the existence of antiderivatives on
regions. We can exploit these ideas in the present context.

Proposition 2.2.4 Suppose that [ is analytic on a simply connected region A.
Then for any two curves v, and vo joining two points zy end 2y in A (as in Figur:

2.2.6), we have

Figure 2.2.6: Independence of path.
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Proof ? Consider the closed curve v = 9 — v;. By Cauchy’s Theorem,

L}xfrf=/nf—j“ﬁ

and therefore,

s required. . W

Just as in Theorem 2.1.9. we also get the existence of an antiderivative for f on
rhe region.

Theorem 2.2.5 (Antiderivative Theorem) Let [ be defined and analytic on a
simply connected region A. Then there is an analytic function F defined on A that
s unigue up to an additive constant, such that F'(z) = f(z) for all z in A. We call
F the antiderivative of [ on A.

Proof The existence of the antiderivative follows from the Path Independence
Cheorem 2.1.9. (Strictly speaking., we should get rid of the assumption of simple
curves first.) The uniqueness assertion means that if Fy is any other such funetion,
then Fp(z) = F(z) + C for some constant C'. This follows because the region A is
connected and

(Fo—F)(2) = Fo(z) - F'(z) = f(z) — f(2) =0

for all zin A. Thus. Fyy — F is constant on A by Corollary 2.1.8. B

More on the Logarithm If A is not simply connected, the conclusions of the
preceding proposition need not hold. For example, if A = C\{0} and f(z) = 1/z,
there is no F defined on all of A with F’ = f since the integral of f around the
unit circle is not zero (see Example 2.1.12). In some sense, F' ought to be the
logarithm, but we cannot define this in a consistent way on all of A, However, on
any simply connected region not containing ) we can find such an F as the following
proposition shows,

Proposition 2.2.6 (Existence of Logarithms) Let A be a simply connected re-
gion and assume that 0 ¢ A. Then there is an analytic function F(z), unique up
to the addition of multiples of 2ri, such that e7'?) = 2,

4In this proof we assume that = is a simple closed curve. We will show in the next section that
this is not necessary.
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Proof By the Antiderivative Theorem 2.2.5, there is an analytic function F' with
F'(z) =1/z on A. Fix a point 29 € A. Then z lies i the domain of some branch
of the log function defined in §1.6. If we adjust F' by adding a constant so that
F(z5) = log zg, then at 2, eFlz0) = 5. We now want to show that %) = 2 is true
on all of A. To do this, we let g(z) = e¢f''#) /2. Then, since 0 ¢ A, g is analytic on
A, and since F'(z) = 1/z,

g(z)= —=2 . = 0.

Thus g is constant on A. But g = 1 at 2y, 50 g is 1 on all of A, Therefore, e Plg) e g

on all of A.

For unigqueness, let F and & be functions analytic on A and suppose that ef(2) =
2 and ¢@2) = 2. Then eF#=F2) = |, so at a fixed 2y, F(zg) — G(z0) = 2mni for
some integer n. But F'(z) = 1/z = G'(2), so we have d(F — G)/dz = 0, from which
we couclude (from the fact that a function with zero derivative on a connected
region is a constant) that ' — G =2wni on allof 4. W

We write F(z) = log z and call such a choice of F' a braneh of the logarithm
function on A. Clearly, this procedure generalizes that in §1.6 and we get the
usual log as defined in that section if A is € minus 0 and the negative real axis.
Note that this A is simply connected. However, the A in this proposition can be
more complicated, as depicted in Figure 2.2.7.

Figure 2.2.7: A possible domain for the log function.
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Worked Examples
Exan_lple 2.2.7 Ewaluate the following integrals:

/ e*dz, where vy is the perimeter of the unit square
/ 1 /z%dz, where ~ is the unit circle
o 2

/ 1/zdz, where + is the circle 3+¢€".0< 0 < 27

[ 22dz, where v is the segment joining 1 + 1 to 2

Solution To solve (a), notice that e* is entire; thus, by Caunchy’s Theorem,
c-dz = (), since v is a simple closed curve. Alternatively, e* is the derivative
~#7, and since « is closed we can apply the Path Independence Theorem 2.1.9.
To evaluate the integral in (b), note that 1/2? is defined and analytic on C\{0}
2l is the derivative of —1/z, which is defined and analytic on C\{0}. By the Path
“dependence Theorem 2.1.9 and the fact that the unit circle lies in C\ {0}, we have
|/z%)dz = 0. Alternatively. we can use Worked Example 2.1.12 for our solution.
Next, we solve (¢). The circle v = 3 + e’ 0 < 8 < 27, does not. pass through
or inelude 0 in its interior. Hence 1/z is analytic on 4 and the interior of 7, so
v Cauchy’s Theorem, ‘fnr( 1/2)dz = 0. An alternative but less direct solution is the
“lowing, The region {:1f'—|— iy | « > 0} is simply connected and 1/z is analytic on it.
Therefore, by Proposition 2.2.6, 1/z is the derivative of some analytic function F(z)
one of the branches of log z) and thus, since v is closed, the Path Independence
Theorem gives fj{l,/z)dz: =
Finally, to evaluate the integral in (d), note that z? is entire and is the derivative
£ 2373, which is also entire. By Theorem 2.1.7,

] de s .1::"i
_I\_ l}

Example 2.2.8 Use the Deformation Theorem to argue informally that iof v is a
simple closed curve (not necessarily a circle) containing 0, then

1
/ Ziplze= Pl
Jy 2

Solution The inside of v contains 0, so we can find an r > 0 such that the circle
= of radius + and centered at 0 lies entirely inside 7. Our intuition tells us that
we can deform ~ to 5 without passing through 0 (that is, by staying in the region
1 = €C\{0} of analyticity of 1/z; sec Figure 2.2.8). Therefore, the Deformation
[heorem and the caleulation in Worked Example 2.1.12 give the required answer:

s I
]-—dzz /—dz = 274,
'F: ::’7.;

2

“ _(2)3_(1“)3__10_%
3 T 3 I

|+
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Figure 2.2.8: Deformation of v to the circle 4.

Example 2.2.9 Outline a proof of the following extension of the Deformation The-

orem: Suppose that v, ..., v, are nonoverlapping simple closed curves and that -

ws ¢ semple closed curve with [ analytic on the vegion between v and ... . .y, (s

Figure 2.2.9). Then
JE=5321 &
Y Y

Figure 2.2.9: Generalized Deformation Theorem.
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Solution Draw curves 3y, 32, ... , 9, joining v to vy, ..., 9,. respectively, as shown

o Figure 2.2.10(left). Let p denote the cnrve drawn in Figure 2.2.10(right). The in-
<ude of pis a region of analyticity of f. so ,fp f = 0. But pconsists of 7y, —yg, —Y2; oiv 4
~~,. and each 3, traversed twice in opposite directions, so the contributions from
“hese last portions cancel. Thus,

0 - [f b 1 +/ .r=_£,f' ;/ /

= reguired.

Figure 2.2.10: Path used to prove the Generalized Deformation Theorem,

Example 2.2.10 Let f(z) be analytic on a simply connected region A, except pos-
<thly not analytic at 2z € A. Suppose. however, that f is bounded in absolute value
near zg. Show that, for any simple closed curve v contaiming zo, j_‘ JF=10.

Solution Let € > 0 and small enough so that the circle +, of radius ¢ and center
- lies inside ~v. By the Deformation Theorem,

L b

By assumption there is a constant M with |[f(z)| < M near zg. Thus, if ¢ is small
enopugh to make this estimate valid, then

[f‘ N ‘/ f| € 2meM.

This holds for all small enough positive e. Letting e approach 0. we conclude that

[, f=0.
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Exercises

1. Evaluate the following integrals:

(a) / (2% 4 3)dz, where 5 is the upper half of the unit circle
oy
(b) / (2% 4 3)dz, where « is the unit circle

(¢) / eV ds where ~ 18 a circle of radius 3 centered at 5¢ + 1
o

(d) ] cos[3 + 1/(z — 3)]dz, where 7 is a unit square with corners at 0,1, 1+,

J-FI .
and ¢
2. Let v be a simple closed curve containing (0. Argue informally that
[ t 1 0
—az — .
St 22
3. Let f be entire. Evaluate

.2:T . .
flzg + -re‘e}rk*'&rm
0
for k an integer, & > 1.

4.* Discuss the validity of the formula log 2 = log r 4 i@ for log on the region A4
shown in Figure 2.2.7.

5. For what simple closed curves v does the equation

g 1z
i +z+ 1

6. Evaluate [(z — (1/2))dz, where + is the straight-line path from 1 to 1.
)

-

hold?

7. Does Cauchy’s Theorem hold separately for the real and imaginary parts o
7 If so, prove that it does; if not, give a counterexample.

.* Let 7 be the circle of radius 1 and let 72 be the circle of radius 2 (traverses
counterclockwise and centered at the origin). Show that

/’ dz B / iz
e P+ 1) fi, 2522+ 10)°

b 4]
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9. Evaluate / vz dz, where ~ is the upper half of the unit circle: first, directly,

and second. using the Fundamental Theorem 2.1.7.
10.* Evaluate / /22 — 1dz, where 7 is a circle of radius 3 centered at 0.
¥

11. Evaluate

228152430
.28 — 1022 + 32232
where ~ is the cirele |z = 3. Hint: Use partial fractions; one root of the

denominator is z = 2.

2.3 A Closer Look at Cauchy’s Theorem

In this section we take another look at some of the issues that were treated in-
“ormally in the previous section. The strategy is to start by carefully examining
Canchy’s Theorem for a rectangle and then to use the theorem in this special case.
sogether with subdivision arguments. to build up to more general regions in a sys-
rematic way.

Reeall that the basic theme of Cauchy’s Theorem is that if ¢ function is analylic
~verywhere inside a closed contour, then its integral around that contour must be
) The principal goal of this section is to give a proof of a form of the theorem
Lnown as a homotopy version of Cauchy's Theorem. This approach extends and
sharpens the idea presented in the preceding section of the continuous deformation
£ a curve. The primary objective will be the precise formulation and proot of
ieformation theorems which say, roughly, that if a curve is contimously deformed
through a region in which a function is analytic, then the integral along the curve
loes not change. The reader will also notice that in this section references are made
not to “simple closed curves™ but only to “closed curves.”

Cauchy’s Theorem for a Rectangle We begin with a careful statement of
Canchy's Theorem in this case.

Theorem 2.3.1 (Cauchy’s Theorem for a Rectangle) Suppose R 15 a reclan-
sular path with sides parallel to the azes and that [ is o function defined and analytic
on an open set G containing R and ils interior, Then fa F=0.

There are several methods to prove Cauchy's Theorem for a rectangle. One way,
which fits the spirit of the previous section, is to prove a strong version of Green'’s
Theorem for rectangles’. Another technique, the one that we follow, is a bisection
rechnique due to Edonard Goursat in 1884, Tt was Goursat” who first noticed that

'F. Acker, The missing link, Mathematical Intelligencer, 18 (1996), 4 9.
9 Aein Mathemation, 4 (1884), 197 200 and Transactions of the American Mathematical Soci-
“ty, 1 (1900), 14 16.



124 Chapter 2 Cauchy’s Theorem

one does not need to assume that the derivative of f is continuous. Surprisingly,
this follows automatically, which is a rather different situation than that for real
functions of several variables.

Besides these technigues. there have been many other proofs of Cauchy's The-
orem. For example, Pringsheim® nses triangles rather than rectaneles, which has
some advantages. Cauchy’s original proof (for which the assumptions of continuity
ol the derivative were not made clear), had the content of Green's Theorem im-
plicit in the argument—in fact Green did not formulate Green’s Theorem as such
until about 1830, whereas Cauchy presented his theorem in 1825.7 There are also
interesting proots based on “homology” given by Ahlfors.®

Local Version of Cauchy’s Theorem Before proving Canchy's Theorem for
a rectangle, we indicate how it can already be nsed to prove a limited but still
important and more general case of Cauchy’s Theorem.

Theorem 2.3.2 (Cauchy’s Theorem for a Disk) Suppose that [ : D — C is
analylic on a disk D = D(zg;p) € C. Then

(i) f has an antiderivative on D: that is. there is a function F : D — C that is
analytic on D and thal satisfies F'(z) = f(z) for all z in D.

(i) If T is any closed curve in D, then [ f =0,

From the discussion in §2.1 on the path independence of integrals (see Theorem
2.1.9), we know that (i) and (ii) are equivalent iu the sense that whichever we
establish first, the other will follow readily from it. Our problem is how to obtain
cither one of them. In the proof of the Path Independence Theorem 2.1.9, it was
shown that (ii) follows easily from (i), and the construction of an antiderivative
to get (i) was [acilitated by the path independence of integrals. The strategy for
proceeding is quite interesting.

1. Prove (ii) directly for the very special case in which T is the boundary of a
rectangle.

2. Show that this limited version of path independence is enough to carry out
a construction of an antiderivative similar to that in the proof of the Path
Independence Theorem.

3. With (i) thus established, part (ii) in its full generality follows as in the Path
Independence Theorem.

S Transactions of the American Mathematical Society, 2 (1902)
"In his Mémuoire sur les intégrales définies prises entre des limites UTLAGLTLTTES,
SL. Ahlfors, Complex Analysis. Second Edition (New York; McGraw-1Hill, 1966).
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Proof of Cauchy’s Theorem for a Rectangle A subtle technical point worth
wpeating: Care must be taken because we do not know in advance that the deriva-

ve of f is continuous. In fact, we will use Cauchy’s Theorem itself

to eventually

crove that [ is automatically continnous. Now let’s get down to the proof.
Let P be the perimeter of B and A the length of its diagonal. Divide the

~tangle R into four congruent smaller rectangles R, R RS

and BW, If

4 i oriented in the connterclockwise direction, then cancellation along common

~lues leaves

(o= e[ e[
[T A o

Hlf-l.'l
“here must be at least one of the rectangles for which | [0, f] 2 }—1

>nee

Il

-

f}? f1. Call this

ibrectangle Ry. Notice that the perimeter and diagonal of R, arc hall those ol R

Figure 2.3.1).

4

A
|
|
|

Figure 2.3.1: Bisection procedure.

Now repeat this bisection process, obtaining a sequence fy, Ha, Hs
and smaller rectangles that have the following properties:

I8
2

: : . 1
(ii) Perimeter(R,) = o perimeter(R) =

(1)

/Hf‘lz% ] fi‘zzli

ﬁ.n 1

.... of smaller
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1 A :
(iii) Diagonal(R,) = = diagonal(R) = 5 (see Figure 2.3.2)

e

Figure 2.3.2: Goursat’s repeated bisection process for the proof of Cauchy’s Theo-
rem for a rectangle.

Since these rectangles are nested one within another and have diagonals tending
to 0, they must shrink down to a single point wg. To be precise, let z,, be the upper
left-hand corner of R,. If m > n, then |z, — z,,| < diagonal (R,) = A/2", and
thus {z,} forms a Cauchy sequence that must converge to some point wy. If z is
any point on the rectangle R,,, then since all z with & > n are within R,,. z can b
no farther from wy than the length of the diagonal of R,,. That is, |z —wg| < A/27
for z in R,.

From (i) we see that | [, f| <4%| [,, [|. To obtain a sufficiently good estimat
on the right side of this inequality, we use the differentiability of [ at the point w,

For € > 0, there is a number d > 0 such that

f(z) — flwo)

z— iy

— )| <€

z —uy| < 8. If we choose n large enough that A/2" is less than 48, the:

whenever

’ e o
|f(z) = flwy) — (2 —wp) f'(wn)| < €]z —wp| < t2”
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- all points z on the rectangle R,. Furthermore, by the Path Independence
Cheorem 2.1.9,

/ ldz =0 and / (z — wp)dz = 0.
Ja, R,

“ince zis an antiderivative for 1, (2 — wq)?/2 is an antiderivative for (z —wy), and
1me path R, is closed. Thus,

Jol = el e

= fﬁ Sz~ fun) ]ﬁ_ﬂ 1dz — £ (wo) [ (2 — wo)dz

J R,

x B [R [f(2) = f(wo) — (2 — wo) f (wo)]dz
< 4P j \flz) — fluwg) — (2 — '-:I..'n)f'(ﬂ-‘n}l |z
T ( ;—?) - perimeter (RR;,)

< eAP.

<ince this is true for every € > 0, we must have | [, f| = 0 and so Jpf =0, as
vsired,. W

Back to Cauchy’s Theorem on a Disk For most of the rest of this section,
1irve” means “piecewise (! eurve.” However, at one point in the technical devel-
pment it will become important to drop this piecewise C1 restriction and consider
sntinuous eurves,”

We can now carry out the second step of the proof of Cauchy’s Theorem for a
tisk (Theorem 2.3.2). Since the function f is analytic on the disk D = D(zp; 2,
‘he result for a rectangle just proved shows that the integral of f is O arommd any
rectangle in D. This is enough to carry out a construction of an antiderivative lor
¢ very much like that done in the proof of the Path Independence Theorem 2.1.9
nd thus to establish part (i) of the theorem.

We will again define the antiderivative F/(z) as an integral from 2 to zg. However,
#¢ do not yet know that such an integral is path independent. Instead we will
pecify a particular choice of path and use the new information available— the
aalvticity of f and the geometry of the situation together with the rectangular
ase of Cauchy’s Theorem —to show that we get an antiderivative. For the duration
 this proof we will use the notation {(a, b)) to denote the polygonal path proceeding
from a point @ to a point b in two segments, first parallel to the & axis, then parallel
to the y axis, as in Figure 2.3.3.

“The technical treatment of integration over continuous curves is given in the Internet Supple-
ment,
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SISt 53¢ I

P PR e S oy 1

Figure 2.3.3: The path (a,b)).

It the point b is in a disk D{a;d) centered at a, then the path {{a, b)) is contained
in that disk. Thus, for z € D, we may define a lunction #(z) by

Hﬂ=/ J(€)de.
J {20

We want to show that F'(z) = f(z). To do this we need to show that

: Flw)— F(z)
i = ——~+ 77—

w—z w—2z

f(z).

Fixing z € D and € > 0, we use the fact that I is open and [ is continuous on D to
choose d > () small enough that D(z;8) € D and |f(2) — f(£)| < e for € € D(z:4)
If w € D{z:;d), then the path ((z,w)) is contained in D(z:4) and hence in D. The
paths {{(zq, 2)) and ({2, w)) are also contained in D, and these three paths fit togethe:
in a nice way with a rectangular path R also contained in D) and having one corner
at z; see Figure 2.3.4. We can write, for the two cases in Figure 2.3.4,

[ e [ poaes [ pode= [ e
g R o WLzamh) {2y, )

By the Cauchy theorem for a rectangle, [ f(£)d€ = 0, so the preceding equatior
hecotnes

R+ [ F©d = Flu).
[HERTIH}

Neither side of the right triangle defined by ((z,w)} can be any longer than ii-
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Figure 2.3.4: Two possible configurations for . zp, z. and .

vpotenuse, which has length |z — w], so length({{z,w))) < 2|z — w|, and thus

Flw) — F(z 1
PP )| = 2| - st -2)
) b | i Z | (ERT))
= | s 5@ [
= z| ({20 HERTH)
!
= [ 16 - o
w — 2| | 2wy
1
< [ Ire - r@i
w = 2| Sz
< lw—i_;[rleugt}ﬂ({;,w})) < T 1_ ZIE 2w — z| = 2e.
lMhus.
lim = f,‘f“qj%”_) = /(%)

and therefore F'(z) = f(z), as desired. This establishes part (i) of the theorem.
Since f has an antiderivative defined everywhere on D and v is a closed curve in
D. we have ],r f = 0 by the Path Independence Theorem 2.1.9. This establishes
part (i) of the theorem and so the proof of Cauchy’s Theorem in a disk (Theorem
2.3.2) is now complete. W

Deleted Neighborhoods For technical reasons that will be apparent in §2.4. it
will be useful to have the following variant of Cauchy’s Theorem for a rectangle.

Lemma 2.3.3 Suppose that R is « rectangular path with sides parallel to the axes,
that [ is a function defined on an open set G containing R and its mterior, and
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thal f is analylic on G excepl al some fized point 2y in G which is not on the path
R. Suppose that at zy, the function [ satisfies lim,_ .., (z — z1)f(z) = 0. Then
Jrf=0

Notice that the limit condition in this lemma holds under any of the following
three situations:

(i) If f is bounded in a deleted neighborhood of 24
(ii) I f is continuous on G

(iii) If lim, .., f(z) exists

Proof If z; is outside R, then the situation is really just that of the Canchy
theorem for a rectangle (Theorem 2.3.1), so we may assume that z; is in the interior
of R. For ¢ > (0, there is a number § > 0 such that |z — 2||f(2)| < € whenever
2 — 71| < 4. Choose 6 small enough to do this and so that the square § of side
length o centered at zy lies entirely within B. Then everywhere along S we have
[f(2)| < €/]lz— z1|. Now divide R into nine subrectangles by extending the sides of
S, as shown in Figure 2.3.5.

Figure 2.3.5: Construction of S and subdivision of R for the proof of Lemma 2.3.3.

By Cauchy’s Theorem for a rectangle, the integrals of f around all eight of the
subrectangles other than S are 0, so [ f = [, f. But along S we have

‘ € ¢

£3 —_— L — = —
Fal < <5B=3

-.r_:'l

since |z — ;| > 4/2 along S. Thus,

. 5 .
[f < length (b)i{ == 45-2-; = 8e.
Jg ; 4 0
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Therefore, | [, fI = | [ f| < 8e for every € > 0. Thus we must have | [ 1 =0and
S0) .I‘.R f =0, as desired. W

If we strengthen the assumption on [ and assume that it is continuous at 21,
then we can drop the stipulation that z; not be on the path R.

Lemma 2.3.4 Suppose that R is a rectangular path with sides parallel to the axes,
that f is a function defined and continuous on an open set G containing R and
ts interior, and that f is analytic on G except ot some fized point 2 in (. Then
=10

The only real problem is to make sure that the integral is well behaved if the
rectangle R happens to pass through z;. In that case, the subdivision is a little
lifferent, but the estimates are simpler.

Proof Again let € > 0. We may choose 0 so that |f(2) — f(z1)| < € whenever
> — 2| < 8. Adding a constant to f, we may assume f(z;) = 0. If 21 is not on
R. then Lemma 2.3.3 applies. If it is on R, let S be hall a square of side 8, and
subdivide R as shown in Figure 2.3.6.

g

Figure 2.3.6: What happens if z; lies on R.

By Cauchy’s Theorem for rectangles, the integrals of f around all five of the
subrectangles other than S are 0, so [o f = [r - Along S we have [f(z)] < e
Thus, if we also require 6 < 1/3, we get

/s

Therefore, | [ f| = | [¢ f] < e for every € > 0, so we must have | [, f| = 0. Thus,
Iz f =0, as desired. W

< length (S)e = 3de < e.
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Strengthened Cauchy’s Theorem for a Disk If we use Lemma 2.3.4 instead
of Cauchy’s Theorem for a rectangle in the proof of Cauchy’s Theorem for a disk.
we obtain the corresponding conclusions.

Theorem 2.3.5 (Strengthened Cauchy’s Theorem for a Disk) The conclu-
stons of Cauchy’s Theorem for a disk (Theorem 2.35.2) hold if we assume only that
the function [ is continuous on D and analytic on D\{z,} for some fized 2, in D.

Notice that continuity at z; is assumed. Again this is needed to apply Lemma
2.3.4 and to make sure that the integral [ f is defined even if 4 passes through z,.
Notice also that a more complicated but, parallel version of the same argument will
prodnce the same conclusion il the number of “bad”™ points in G is finite instead of

JUSt one.

Homotopy and Simply Connected Regions 'To extend Cauchy’s Theorem
to more general regions than disks or rectangles and to prove the deformation
theorems, we first clarify the concept of deforming curves or homotopy that was
discussed informally in §2.2. There are two situations to be treated: two different
curves between the same two endpoints and two closed curves that might not cross
at all. For convenience we will assume that all eurves are parametrized by the inter-
val [0, 1] unless specified otherwise. (This can always be done by reparametrizing
if necessary.)

Definition 2.3.6 Suppose 7o : [0.1] — G and v : [0.1] — G are two continuous
curves from zg lo zy i oa set G. We say that v, 1s homotopic with fired end-
points to v, in G if there is a continuous function H : |0,1] x [0,1] — & from the
unit square [0, 1] x [0, 1] inte G such that

(i) H(0,#) = y0(7) for 0<t<1.

(i) H(1.t) =4(t) for 0<t<1.
(iii) H(s.0) = zg Jor 0<s<1.
(iv) H(s,1) = 2 for 0D<s< 1.

The idea behind this definition is simple. As s ranges from 0 to 1, we have a
family of curves that continuously change. or defornmi. from 4y to 7. as in Figure
2.3.7. The reader should be aware that the picture need not be as simple in appear-
ance as this illustration. The curves may twist and turn and cross over themselves
or each other. No assumption is made that the curves are simple, but usually this
does not matter. A little more notation may make the matter clearer. If we pu
ve(t) = H(s,1), then each v, is a continuous curve from z; to z, in &G. The initia
curve is yg. and it corresponds to the left edge of the unit square. The final curv:
is 7, and it corresponds to the right edge of the square. The entire bottom cdg:
goes to zg and the entire top edge to z;. The curves v are a continuously changin:
family of mtermediate curves.
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Figure 2.3.7: Fixed-endpoint homotopy.

For example, the straight-line segment from 0 to 1 + 4, which 1s parametrized
v 40(t) = t + ti, is homotopic with fixed endpoiuts to the paraboli¢ path from ()
“ 1 4+ parametrized by v (t) = { + 1i; see Fignre 2.3.8.

!f 14

Figure 2.3.8: A straight-line path and a parabolic path from 0 to 1 + 1.

One possible homotopy from one curve to the other is
His,t)=t+ 1%

There is more than one way to get a homotopy between these curves. Another way
makes F(s,t) follow the straight-line between f + ¢ and £ + t24:

H(s.t) = s(t+ %)+ (1 —s)(t+ti) =1t + [st? 4 (1 — s)t]i.

A slightly different definition is called for in the deformation of one closed curve to
another.

Definition 2.3.7 Suppose g : [0,1] — G and v : [0.1] — G are two continuous
closed curves in o set G. We say that vo and v, are homotopic as closed curves
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e G if there is a continuous function H : [0,1] x [0,1] — G from the unit square
[0,1] x [0,1] into G such that

() H(0.%) = 70(t) for 0<t<1,
(ii) H(1,t) =% (1) for Q=)
) Bl 0y=Hisll for D<a<l.

Again, if we put v,(f) = H(s,t), then each 7, is a continuous curve in . The
third condition says that each of them is a closed curve; see Figure 2.3.9.

Figure 2.3.9: Closed-curve homotopy.

For example, the unit eircle can be parametrized by ~,(t) = cost + isint and
the ellipse 2% /4 +y® = 1 by 7(t) = 2cost + isint. These curves are homotopic
as closed curves in the annulus G = {z | § < |2| < 3}. One possibility for the
homotopy is H(s,t) = (1 + s)cost +isint. (See Figure 2.3.10.)

If the hole were not in the middle of ¢ in Figure 2.3.10 but we had instead
the solid disk D = {z such that |z| < 3}, then either of the two curves could be
continuously deformed down to a point. For example, H(s,t) = (1 — s)v(l) is
a homotopy that shrinks the circle vy down to a constant curve at the point
The intermediate curves ~, are circles of radins (1 — s) centered at 0. If 45 were
any other curve in D, then the same definition on & would give a homotopy tha:
continuously changes the scale of the curve until it shrinks down to a point. Thus
any curve in D is homotopic to a point in £, If there were a hole in the set as ther
15 in the annulus in Figure 2.3.10, then this shrinking procedure could not be dons
if the curve surrounded the hole. This leads us to a more precise definition of the
notion of simply connected regions that was introduced informally in §2.2.
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Figure 2.3.10: A circle homotopic to an ellipse.

Definition 2.3.8 A connected set G is called simply connected if every closed
curve v in G is homotopic (as a closed curve) to a point in G, that s, to some
constant curve,

The second homotopy between the straight line and the parabola in Figure 2.3.8,
which followed along straight-line segments, and the homotopy of a circle down to
4 point in the disk are suggestive and lead to the definition of two important classes
of simply connected sets. Recall that if zy and 2, are any two points and 0 < s < 1,
then the point sz; + (1 — §)z lies on the straight-line segment between the two.

Definition 2.3.9 A set A is called convea if it contains the straight-line seqment
hetween every pair of its points. That is, of zo and z; are in A, then so is sz) +
(1 — §)zg for every number s between 0 and 1 (Figure 2.3.11).

Proposition 2.3.10 If A is a convex region, then any two closed curves in A are
homotopic as closed curves in A, and any two curves with the same endpoints are
homotopic with fived endpoints.

Proof Let v :[0,1] = G and 7, : [0, 1] — G denote the two curves mentioned in
the proposition and define H(s,t) by H(s.t) = s (t) + (1 — s)y0(t). Then H(s,?)
lies on the straight-line segment between vo(t) and 71 (t) and so is in the set ATt
‘s a continuous function, since g and «; are continuous. At s = 0 we get volt),
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Figure 2.3.11: (a) Convex set. (b) and (¢) Sets that are riot convex.

and at s = 1 we get 11(¢). If they are closed curves, then
H(5,0) = s71(0) + (1 — $)70(0) = s (1) + (1 — syyo(1) = H(s, 1),

0 it is a closed curve homotopy between the two. If they both go from z; to
21, then H{s,0) = s%(0) + (1 — s)y0(0) = sz0 + (1 — 8)20 = % and H(s, 1} =
syi(l) + (1 — s)v(l) = 521 + (1 — 8)z; = 2, %0 H is a fixed endpoint howotopy
between the two. W

Corollary 2.3.11 A convexr region is simply connected.

Proof Let zg be any point in the convex region A, and let ~ be any closed curye
in A. The constant curve at zg.v;(t) = 2o for all ¢, is certa,mly closed, and the two
arc¢ homotopic by Proposition 2.3.10. W

A slightly more general type of simply connected region called a starlike (or
star-shaped) region will be considered in the exercises. For more complicated re-
gions, we often rely on our geometric intuition to determine when two curves are
homotopic. In other words, we try to decide whether we can continnously deforrm
one curve to the other without leaving our region. One reason is that we rarely us
the homotopies H explicitly in practice: they are usually theoretical tools whose
existence allows us to claim something else, such as the eq nality of two integrals.
Also in many situations homotopies might be quite complicated to write dowr
However, we must be prepared to justify our geometric intuition either with an
explicit H or a proof of its existence in any particular sitnation.

Theorem 2.3.12 (Deformation Theorem) Suppose that [ is an analytic fun:-
tion on an open set G and that v and v are piecewise C curves in G.
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1) If v and 41 are paths from zp to 21 and are homotopic in G with fived end-

j: J‘. / I
il oy

i) If v and v are closed curves which are homotopic as closed curves in G.

then
I

Proof The homotopy assumption means that there is a continuous function H :
1] % [0, 1] — G from the unit square into G which implements a continuons de-
“rmation from g Lo 4 in G. For each value of s, the function 7.(t) = H(s, t)is an
termediate curve taken on during the deformation. Similarly. for each fixed value
f 1. the function M\(s) = H(s, 1) traces out a curve crossing from H(0,t) = vo(t)
CH(1,t) = 31(t). Thus a grid of horizontal and vertical lines in the square defines
. corresponding grid of curves in G with the left edge of the square corresponding
" o and the right edge to ;. In the [ixed-endpoint case, Ao(s) is a constant curve
zp and Aq(s) is a constant curve at z;. In the closed-cnrve case, they are the
came curve, from 4{0)(= 40(1)) to ¥1(0)(= ~1(1)). See Figures 2.3.12 and 2.3.13.
The reader is cautioned that the grid of eurves in ¢ need not look as nice as this
lustration, since it may twist and cross over itself, becoming somewhal entangled
- appearance like a fishnet thrown on the heach. Fortunately, this does not matter
for the prool.

Figure 2.3.12: Fixed-endpoint homotopy.

The idea of the proof is to use nmiform continuity to restrict the problem to small
disks. nse Cauchy'’s Theorem for a disk, and then put the pieces back together to
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H
A O
I
l 4 2
Y l0)
by
0 1
i L = oGy
}'1' )

Figure 2.3.13: Closed-curve homotopy.

obtain the desired result. We wish to partition the square [0,1] x [0, 1] into smaller
squares by choosing intermediate points 0 = s5 < 87 < 8§32 < ... < 8, = 1 and
0=ty <t <t < ... <ty = 1 close enough together that each small square of
the resulting grid is mapped into a disk that is wholly contained in @, as shown in
Figure 2.3.14.

Figure 2.3.14: Subdivision for proof of the Deformation Theorem.

We will then be able to apply Cauchy’s Theorem for a disk to the integral arounc
each of these small paths. Making the subdivision is no problem. The function &
is continuous on the compact set [0, 1] x [0, 1], so its image is a compact subset, of ¢;
by Proposition 1.4.19. By the Distance Lemnma 1.4.21, it stays a positive distanc
p away from the closed set C\G. That is, |H(s.7) — z| < p implies that z € Q. Bus
we know (by Proposition 1.4.23) that H is actually uniformly continuous on tl




_ % A Closer Look at Cauchy’s Theorem 139

«uare. Therefore there is a number 8 such that |H(s, t) — H(s',t')| < p whenever
distance((s, 1), (¢, 1) = V(s — ')+ (= t')* < b

* we choose the intermediate points equally spaced to break [0, 1] x [0, 1] into small
wares with edge length 1/n, the diagonal of each subsquare will have length less
14 il > /2/8. If Ry; is the rectangle with corners at

(Sk—1+ ff_f_l). (Sp, Li_y T Ly }, (-""k.—-l- f:.'.i)|

en the whole rectangle is mapped into the disk Dy; = D(H (s5-1 ti-1):p) that
. contained in G. Let I'y; be the closed curve described by H (Ry;) oriented by
«ing Rg; to be oriented in the counterclockwise direction. The image of each edge
- each of the subsquares Ry; enters as part of two of the closed curves I'y; and
.t opposite orientation, except those subsquares along the outer edge where ¢ or
. < 0 or 1. Notice that these edges actually piece together to make up the curves
o #) and As(s). If we sum the integrals around all the loops [y, all the edges used
twice will cancel out and leave only

e Figure 2.3.19).

Fioure 2.3.15: Cancellation of edges of the subsquares in the proof of the deforma-
tion theorems.

Since Ty is a elosed curve lying entirely within the disk Dy; on which the
finetion [ is analytic, Cauchy’s Theorem for a disk implies that each integral in
the sum on the left is 0, so the right side is also 0. Thus,

u:/M,f+_[}_lf—_[h.f—_[wf.
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That is,

[rofi=[s+]s
» 1 T . A-II bttt B

Up to this point the proofs for the fixed-endpoint case and the closed-curve case
have been the same. Now they diverge a bit.,

For the fixed-endpoint case, Ag(s) = H(s.0) = 2z for all s, and A (s) =
H(s, 1) = z; for all s. Both are constant curves, that is, single points. so Ry 3

L, f=0

For the closed-curve case, Ag and Ay are the same curve:
r‘t[}{\.‘.‘") = H[:_-‘s'._. “) - I}-(S. IJ = }l] f;,-'d:l

for all s, so f—\u 2 j)u J. In either case. the equation f)” f+ f_m J= j)\l F+ jq f
becomes -i:*;'u = L1 f, which is exactly what we want.

The proof just given is actually not quite valid. The difficulty may appear to b
an uninteresting technical subtlety. but it is erucial nevertheless. The function H
has been assumed to be continuous, but no assumption was made about differcn-
tiability. Thus the curves ~,(f) and A;(s) are continuous but need not he piecewis
C''. Unfortunately, all our theory about contour integrals is based on piecewise
C1 curves. Thus. the integrals appearing previously do not necessarily make sense
They would, and everything would be all right. if all the curves in question were
piecewise ("', Therefore we make one more provisional definition and assumption

Definition 2.3.13 A homotopy H : [0,1] x [0.1] — G is called smooth if ih:
intermediate curves (1) are piecewise C! functions of t for each s and the cros
curves A (s) are piccewnse CU functions of s for each t.

Assuming that the homotopies in the Deformation Theorem are smooth, all th
curves in the preceding proof are piecewise ', the integrals all make sense: an
the proof is valid. With this additional assumption in place. we will refer 1o the
theorem as the Smooth Deformation Theorem. The technical discussion of how t
relax the smoothness assumption is given in the Internet Supplement.

Theorem 2.3.14 (Homotopy Form of Cauchy’s Theorem) Let f be analyt
o ¢ region . Let v be a closed curve in G which is homolopic to a point in G

Then
/f:&

Proof The curve v is homotopic in G to a constant curve Alt) = 2z for all ¢
Therefore, [ f = [A f=0. R

We can also prove Cauchy’s Theorem for a simply connected region in thi-
context (see Theorem 2.2.3). Indeed, every closed curve v in G is homotopic to
point in ¢, so the result follows from the homotopy form of Canchy’s Theorem.
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1d Results in the New Setting In the Path Independence Theorem 2.1.9
<aw that the existence of antiderivatives is closely tied to path independence of
~corals and to the vanishing of integrals aronnd closed curves. Notice that the
siderivative Theorem 2.2.5. and Theorem 2.2.6 on the existence of logarithms,
valid with the sharper meaning of simply connected, as diseussed in this section.
The Deformation Theorem, Cauchy’s Theorem, and all these consequences were
ved from the conelusions of Cauchy’s Theorem for a rectangle. From Theorem
% woe see that all these conchsions remain valid if we assume merely that f
- comtinuous on G and analytic on G\{z:} for some fixed z; in G. In §2.4 it
1 be shown that this agsumption implies that f is analytic on G so that such a
kening of the hypotheses of the theorems is only apparent. But it is necessary

- the logical development of the theory.

Worked Examples

t.\;unplt 2.3.15 Let A be the region bounded by Hw @ axis and the curve o(fl) =
<@ <7, where R > 0 is fired. Let f(z) = €* /(2R — z)%. Show that for
4] r_:i.'r}csffd curve v in A, J_ Fi=0.

Solution First observe that f fails to be analytic only when z = 2R and hence F
- analytic on A, since 2R lies outside A (see Figure 2.3.16).

Y
f

S i

® 2R

Figure 2.3.16: Convex regiou.

We claim that A is simply connected. That any two points in A can be joined
WA Ht.rmght-hne lying in A (that is. that A is convex) is obvious geometrically
.nd also is a simple matter to check (which the student should do). Hence A is
simply connected, by Corollary 2.3.11. By Cauchy’s Theorem, j! f = 0 for any
losed curve in A. '

Example 2.3.16 Let A= {z € C| 1 < |z| < 4}. First intuitively, then precisely,
shaw that A is not simply connected. Also show precisely that the circles = 3
and {z| = 3 are homotopic in A.
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Solution Intuitively, the circle |z] = 2 cannot be contracted continuously to a
point without passing over the hole in A; that is, the set {z € C such that |z| < 1}.

Precisely, the function 1/z is analytic on A, and if A were simply connected,
then we would have L{'Ifz)d-z = 0 for any closed curve in A. But if we let v(#) =

2t 0<t < 27, then we obtain

e

2t

S
-

2 i
== [ - 2ieMdt = i
J0

vy

Hence A is not simply connected.

Let the circles |z| = 2 and |z| = 3 be parametrized by 7, (t) = 2¢* and ,(t) =
3et, for 0 < ¢ < 27 respectively. Then H(t,s) = (2 + s)e* defines a homotopy
between v, and 49 in A. The effect of H is illustrated in Figure 2.3.17.

Y

Figure 2.3.17: Region that is not simply connected.

Exercises

1. Prove that C\{0} is not simply connected.
2. Show that every disk is convex.

3. Aregion A is called star-shaped with respect to zg if it contains the line segmer:
between each of its points and zp, that is, if z € A and 0 < s < | imply tha:
szg + (1 — s)2z € A. The region is called star-shaped if there is at least o
such point in A. Show that a star-shaped set is simply connected.

4. Show that a set A is convex if and only if it is star shaped with respect -
each of its points (see Exercise 3).
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5. Let G be the region built as a union of two rectangular regions G = {z such
that |Rez| < 1 and |Imz| < 3} U {2 such that |Rez| < 3 and | Brrz 1%,
(This set is illustrated in Figure 2.3.18.) Show that G is star shaped. (See
Exercise 3.)

Figure 2.3.18: A star-shaped nonconvex region.

6. Complete the proof of Proposition 2.2.4.

7. Evaluate the following integrals withont performing an explicit computation:

(a) j

. where v(t) = cost + 2isint,0 < £ < 27w

BE o B

. where v is defined as in (a)

—
=
s S

(]

=l ; .
() f : z1 where ¥(1) =2+ et 0<t<L2n
‘r

Z
(d) [ 271 where 7 is a circle of radius 1 centered at 1
z —
4

o <]

. Evaluate f dz/z, where 7 is the line segment joining 1 to .
¥

e

(a) Let v be a curve homotopic to the unit circle in C\{0}. Evaluate [, dz/z.

(b) Evaluate / dz/z. where « is the curve %(t) = 3cost+idsint, 0 <t < 2.

-y
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10.* Evaluate the following:

dz
@ [T

2

ilz
I —
(-]} -/|‘z—|!= (] :}'5

4
z

dz
({,) j|‘3+1.’— % (1 . 3)3

2.4 Cauchy’s Integral Formula

One of the attractions of the theory of functions of one complex variable is that
many powerful results can be derived from theoretically attractive results such as
Cauchy’s Theorem. We are now in a position to begin to draw some of these
important consequences.

Among these many consequences, we shall see that a differentiable function must
be infinitely differentiable and, in fact, analytic in the sense that the Taylor serics
converges to the function in some disk. The Fundamental Theorem of Algebra.
that every polynomial has a complex root, will be a side benefit.

A stepping stone to these results is Cauchy’s Integral Formula, a consequence of
Cauchy’s Theorem. It says that the values of an analytic function are completely
determined everywhere inside a closed curve by its values along the curve and it
gives an explicit formula for these values.

Index of a Closed Path There is a useful formula that expresses how mans
times a curve 7 winds around a given point 2z (see Figure 2.4.1). This number of
times is called the index of v with respect to zy. The term “index” will be formalls
defined in Definition 2.4.1.

Index = 1 Index = 2 Tnidex = 1 Index =

Figure 2.4.1: Index of a curve around a point.

The formula we shall use to compute the index is based on the computatic:
done in Worked Example 2,1.12: If ~ is the unit circle y(t) = ™. 0 < + < 27, thes
"dz

~
- A

2ni =
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o-(f) = et 0 <t € 27n, then v encircles the origin » times, and we find in the

same way that

I "z
| o= e
Tk s ==
Now let us suppose that another closed curve 5 can be deformed to ~ without
“ssing through zero (that is, that 5 and 7 are homotopic in the region A = C\{0}).

[ hen again,

1 dz 1 dz

n=—— — .
2rits 2 2t J., %
the Deformation Theorem (see §2.2 or §2.3). Since 4 and 7 are homotopic
C\{0}, it is reasonable that they wind around 0 the same nmmber of times.
“enerally, for any point zg € C, the number of times a curve ¥ winds around z is

'n—-l—[ dz
l_2ﬁ'it;}.2—2u

- a similar argument. As a consequence,

1 dz [ 1 if 2p is inside v
27i /; Z— 2y { 0 il zp is ontside }

ot a simple closed curve . If one prefers, this establishes the definition of what we
sean by the inside and outside of the curve. Classically, the notion of “inside” of
. curve is often defined nsing the difficnlt Jordan curve theorem, which states,
~onghly speaking, that a simple closed curve divides the plane uniquely into two

nnected pieces. exactly one of which is bounded, the inside.

These ideas lead to the formulation in the following definition.

<+n to be

Definition 2.4.1 Let v be a closed curve in C and zg € C be a pownt not on 7.
Then the index of v with respect Lo zy (also called the winding number of v with

respect to zo) 8 defined by

1 [ dz

Itnw=e— | ——=
(i 20) 2mi Jy 2 — 20

We say that v winds around zy, I(: z0) times.

The discussion that preceded this definition proves the following proposition,
which is illustrated in Figure 2.4.2.
Proposition 2.4.2 (i) The circle (1) = zo+re', where r > 0 is the radins and

the parameter range is 0 < L < 2qn, has index n with respect to zo, while Lhe
circle —~(t) = zp + re™ ", where again 0 <t < 27n, has index —n.
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. }7
Y

Index of circle 7 and y have the same index with respect to z,

Figure 2.4.2: Index = the number of times that z, is encircled.

(ii) If 2o does not lie on either ¥ or v and if 7 and v are homotopic in C\{z}.
then

I{(%;2a) = I{; 20).

Since homotopies can sometimes be awkward to deal with directly, it is custom-
ary merely to give an intuitive geometric argument that 1(v; 2p) has a certain value.
but again the student should be prepared to give a complete proof when called for
(see Worked Example 2.4.12 at the end of this section).

The next result provides a check that the index I(v; zy) is always an integer.
This should be the case if Definition 2.4.1 actually represents the ideas illustrated
in the figures.

Theorem 2.4.3 Let v[a.b] — C be a (piccewise C') closed curve and zy a point
not on vy; then I(v; z) is an integer.

Proof Let

L !
- 7' (8)
o) = fa ¥(8) — 20 -

At points where the integrand is continuous, the Fundamental Theorem of Calculus
gives

The right-hand side is the “logarithmic derivative” of ¥{t) — z;. Motivated by thi-
observation and using the product rule for derivatives, we can write the precedin:
display as
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.+ points where g'(t) exists. Thus, e 9 [v(f) — 29] is piecewise constant on [a, bl.
Hut e 98 [y(t) — 2] is continuous and therefore must be constant on [a,b]. This
nstant value is

e [(a) - 2,

< we get ¢ 90 [y(Dh) — zo] = e 9@ [y(a) — zo]. But y(b) = v(a), s0 g=b) = p—ola],
1 the other hand, g(a) = 0; hence ¢ 9" = 1. Thus g(b) = 27ni for an integer n,
.ol the theorem follows. W

The index, T(~y; z) = (1/2x1) f,r, d¢ /(¢ — 2), is a continuous function of 2 as long
«« = does not cross v. (Why?) But we have just seen that if 7 is a closed curve,
“hen its value must be an integer. Thus it must stay constant except when 2z crosses
‘e curve. Caution: This need not be true if -y is not a closed curve.

The inside of a closed curve ~ is defined by {z | I(y;z) # 0}; this definition
.erees with the intuitive ideas illustrated in Figure 2.4.1.

Derivation of Cauchy’s Integral Formula Cauchy’s Theorem will now be
<o to derive a nseful formula relating the value of an analytic function at 2z to a
ertain integral.

Theorem 2.4.4 (Cauchy’s Integral Formula) 'Y Let f be analytic on a region
4. let 4 be a closed curve in A that is homotopic lo a poind, and let zo € A be a
soint not on y. Then

R iC))

27 w & 20

dz.

flzp) - I(vi20) =

This formula is often applied when 7 is a simple closed curve and zp is inside .
Then I{7;zq) = 1. so the formula becomes

flz) = & f N

2mi ), 2 — 2

e,

I'he preceding formula is remarkable, for it says that the values of f on v completely
‘ctermine the values of [ inside v. In other words, the value of [ is determined by
s “boundary values.”

Proof The proof makes a clever use of the analyticity of f and the techni-
cal strengthening of Cauchy’s Theorem for which we laid the groundwork in the
<trengthened Cauchy’s Theorem 2.3.5 for a disk, in which the function was allowed

Wauchy's Integral Formula can be strengthened by requiring only that f be continuous on
and analytie inside ¥, This change makes little difference in solving most examples. For the proof
f the strengthened theorem, the methods given in the Internet Supplement for Chapter 2 and
an approximation argument may be used. See also E. Hille, Analytic Funection Theory, Volume 1
Boston: Ginn and Company, 1950.)
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to be merely continuons and not necessarily analytic at one point. (See also Worked
Example 2.2.10 and the remarks following Proposition 2.3.14.) Let

fl[:;? —
9(3) = Z.—Z0 .
f’ 0] ifz=azy

Then ¢ is analytic except perhaps at zp. and it s continuous at zp since [ is
differentiable there, Thus fﬂ g =1U; 80

f(zo

1= / glz)dz = / m'”':'_} dz — | ﬁ)rh
J4 5 & — 2y Jy 22— 20
[T = 1) |

and therefore the theorem follows. W

and

;L 2 flzo) T (i z0),

Cauchy’s Integral Formula 2.4.4 is extremely usetul for computations. For ex-
ample, if v is the unit circle, we can immediately caleulate

el

3 s » “ ¥ r

—dz = 2wi e’ = 2.
Y-

In Cauchy’s Iutegral Formula. we simply choose f(2) = e and z5 = (.

Note that in Cauchy’s Integral Formnla, it is [ and not the integrand f(z)/(z -
zp) that is analytic on A; the integrand is analytic only on Az}, s0 we camior
use Cauchy’s Theorem to conclude that the integral is zero—in fact, the integral i
usually nonzero.

Integrals of Cauchy Type Cauchy's Integral Formula is a special and poweriu
formmla for the value of f at z;. We will now use it to show that all the highe
derivatives of [ also exist. The central trick in the proof is an idea that is ofte
uscful. If we start assuming only that we know the values ol a function along
cnrve, then we can consider integrals along the curve as defining a new functio:
called an integral of Cauchy type.

Theorem 2.4.5 (Differentiability of Cauchy-Type Integrals) Suppose ~ s
curve in C and g is a continuous function defined along the image ~([a,b]). Set

1 g(<)
G(z) = ﬁﬂg_zd

Then G is analytic on C\v([a,b]); in fact, G is infinitely differentiable, with the &
derivative given by

GH)(z) = T/ “'H];g LT
e Sy
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The formula for the derivative can be remembered by “dilferentiating with re-
et to z under the integral sign”:

i 1 d [ g(¢) 1 / a [ g(¢) 1 / W g
— : = e P T —— n S —_— ——t —- = —c'ﬂ{ -
:I;( (z) 2midz J. ( —2 % 2mi ) gz \(—z % 211 o (£ — z)? .

i formal proof justifies this procedure and appears at the end of this section.

 xistence of Higher Derivatives Using integrals of Canchy type, we can show
st a dilferentiable function of one complex variable is actually infinitely differen-
ble and at the same time give a formula for all the derivatives.

Theorem 2.4.6 (Cauchy Integral Formula for Derivatives) Lel [ be analytic
a region A. Then all the derivatives of [ exist on A. Furthermore, for zy in A
I~ any elosed curve homotopic to o point in A with zy not on v, we have

¢ "! . J”[L':J ~ & e
rRJ o N ! AT = iy Py ol e [ R — z |
f {“”“] ( 1 fJ:lJ ?_“'; r[{ [:C ':“n}k | df_‘ !1_, = L? Z }, .

ere 5 denotes the kth derivative of f.

Proof Since 4 is open and z, is not on v, we can find a small circle 4y centered
- with interior in A and such that ~ does not cut across 7. (See Figure 24.3.)
2 in A and not on ~. define

.
G(2) = $(2) 1) = 5 [ Fond

Ihis iy an integral of Cauchy type. so it is infinitely differentiable on A\7y, and

e 1 f(¢)

1 i
Z} = — (Iq and .E{J“':I;Z:] s ‘——/
2mi J,

1
e dg
2wt ook —& %

C —
e also integrals of Cauchy type, so they are infinitely differentiable near 2. As
mentioned earlier. the index is constant except when z crosses the curve. In par-

ular, it is constant inside ~5. Thus G (z) = F5) (29)0 (7v: 20). Combining this
vith the preceding formula for G*)(2) gives the desired result. W

Cauchy’s Inequalities and Liouville’s Theorem We continue developing the
onsequences of the Cauchy Theorem with an important set of inequalities for the
‘erivatives of an analytic funetion and its consequences.
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Figure 2.4.3: Let «p be a circle centered at zg and small enough that it does not
meel 7.

Theorem 2.4.7 (Cauchy’s Inequalities) Lel [ be analytic on a region A and
let v be a circle with radius R and center zp that lies in A. Assume that the dis
{z such that |z — 20| < R} also lies in A. Suppose that |f(2)] < M for all z on ~.
Then, for any k =0,1,2,...,

B k!
[F P (z0)| <z M.
Proof Since I(~:zg) =1, from Cauchy’s Integral Formula 2.4.4 we obtain

y k! J(C)
€3 (o :
% (zp) = i [T ('C__;ﬁ}-‘clldc'

aned hence

8 -
£ (z0)] = ;j K {%fff‘-
Now
| fQ | ..M
i(‘: 2 )FL| = REF
since | — zo| = R for ¢ on v, so
|f5) (2)] < % ' F::r,— (7).

But I(v) = 27 R, so we get our result. W

This result states that although the k£th derivatives of f can go to infinity
k — o0, they cannot grow too fast as k — o0: specifically, they can grow
faster than a constant times k!/R*. We can use Cauchy’s Inequalities to derive 1
following surprising result: The only bounded entire functions are constants.
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Theorem 2.4.8 (Liouville’s Theorem)' If f is entire and there is a constant
such that |f(z)| < M for all z € C, then [ is constant.

Proof The Cauchy Inequalities 2.4.7 with k& = 1 show that for any z € C, the

coality [ f(z0)] € M/R holds. Holding 2, fixed and letting it — oo, we conclude
wat [f'(z0)| = 0 and therefore that f/(zg) = 0. This is true for every zy in C, so f
= constant. W

This is again a quite different property than any that could possibly hold for
“ctions of a real variable. Certainly, there are many nonconstant bounded smooth
wtions of a real variable, such as f(xr) = sinr.

Fundamental Theorem of Algebra Next we shall prove a result that appears
he elementary and that the student has, in the past, probably taken for granted.
zchraically, the theorem is quite difficult.' However, there is a simple proof that

== Liouville's theorem.

Theorem 2.4.9 ( Fundamental Theorem of Algebra) Let ag,a1,...,a, bea
lection of n 4+ 1 f‘mup!f-'-r numbers and suppose that n > 1 and a, #+ 0. Let
) =ag+a;z+...+a,2". Then there exists a point 2o € C such that p(z) = 0.

Proof Suppose that p(zy) # 0 for all zp € C. Then f(z) = 1/p(z) is entire. Now
-) and hence f(z) is not constant (because a, # 0), so it suffices, by Liouville's
corem, to show that f(z) is bounded.

['o do so, we first show that p(z) — o as z — 00, or equivalently, that f(z) — 0

= — oc. In other words. we prove that, given M > 0, there is a number K > 0

«uch that |z] > K implies |p(2)| > M. From p(z) = ap + a1z + ... + an2™ we have

)1 2 |2 — 0] — Jaslz] = .~ Jan_1{l2{"1. (We set anzm = p(z) — 20215~
— ﬁu_l:"_' and apply the triangle inequality.) Let @ = |ag|+ |ai| + ...+ |@n-1].
:| > 1, then
[ (_v} > |r,|‘-"r-—l | 7| . |t’,£(_]! }(L]E o= L) |ﬂ'n—l|
pl2)l 2 Iz |anl|2] - B I
e |

t K =max{l,( ’lf +a)/|an|}; then, if |z| > K, we have |p(z)| = M.
e have 1/|p(z)| < 1/M. But on the set of z for which |z] < K,
the function 1/p(z) is l)ou_ndecl in absolute value because it is continuous. If th]a

Y According to E. T. Whittaker and G. N. Watson, A4 Course of Modern Analysis, Fourth
edition (London: Cambridge University Press, 1927), p. 105, Liouville’s theorem is incorrectly
srributed to Lionville by Borchardt (whom others copied), who heard it in Liouville’s lectures in
=47, Tt is due to Cauchy, in Comptes Rendus, 19 (1844), 13771378, although it may have been
cnown Lo Gauss earlier (see the next fonotnote).

214 was first proved by Karl Friedrich Ganss in his doctoral thesis in 1799. The present proof
.ppears to be essentially due to Gauss as well (Comm. Soc. Gott., 83 (1816), 59-64).
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bound for 1/p(z) is denoted by L, then on C we have 1/|p(z)| < max(1/M, L), so
|f(z)] is bounded on C. N

By Review Exercise 24 at the end of Chapter 1. the polynomial p can have no
more than n roots. It follows by repeated factoring that p has exactly n roots if
they are connted according to their multiplicity.

Another argument for showing that f(z) — 0 as z — o¢ that is a little simpler
but accepts the validity of various limit theorems is as follows:

I
2™ 4 Ez-n—l S
1
tn + Oy { 1/2) + au_a(1/22) + ... +ao(1/2")

flz) =

Letting =z — oo, we get

lim f(z) e — )

2t 0 a?,—H} .40

since @, # 0.

The existence of higher derivatives, when combined with that of antiderivatives
(Theorem 2.2.5), has some important consequences. Two of these are a partia
converse to (_-d-HLI iv's Theorem and an extension of the existence of logarithms.

Morera’s Theorem Cauchy’s Theorem says roughly that the integral of an an-
alytic function aronnd a closed curve is (). Morera's Theorem says that if we know
the function is continuous we can get the converse implication.

Theorem 2.4.10 (Morera’s Theorem) Let [ be continuons on a region A, ar

suppose that [ f =0 for every closed curve in A. Then [ is analytic on A, a;
T

f=F for some analytic function F' on A.

Proof The existence of the antiderivative follows from the vanishing of integra-
aronnd closed curves and the Path Independence Theorem 2.1.9, The antiderivatis
' is certainly analytie (its derivative is f). Therefore, by the Cauchy Integrs
Formula for Derivatives 2.4.6, it is infinitely differentiable. In particular, £

cxists. W

In applying Morera’s Theoremt, one often wishes only to show that [ is analyt
on a region. If the region is not simply connected. f might not have an antiderivat
on the whole region. But to show differentiability near a point one may restric
attention to a small neighborhood of the point and to special curves il convenie
This idea is illustrated in the following corollary and Worked Examples 2.4.16 «
24.17.

Corollary 2.4.11 Let [ be continuous on a region A and analytic on A\{zy}
a point zp € A. Then [ is analylic on A.
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Proof Toshow analyticity at zy, we may restrict attention to a small disk D{zy, €) C
A. Tf 5 is any closed curve in this disk, then [ f = 0. by the strengthened Cauchy
theorem for a disk (2.3.5). Thus Morera’s Theorem 2.4.10) itnplies that f is analytic
on this disk. We already know it is analytic on the rest of 4. W

More on Logarithms In Theorem 2.2.6, we used the existence of antiderivatives
6 obtain logarithms on simply connected regions not containing the origin. With
‘he existence of higher derivatives we can get a more general version of this result.

Proposition 2.4.12 (Logarithms of Functions) Lel [(2) be a funclion that is
analytic and never 0 on a simply connected region A. Then there is a function g(z)
analytic on A and unique up to the addition of o constant multiple of 2wi such that
e92) = f(2) for all z in A.

Proof In effect, we are 100king for a logarithm for f(z). If g(z) is to be such a
funetion, we musl have f(z) = e9%)g'(2) = f(2)g'(z). Since f(z) is never 0, this
says that g'( 2)/f(2). Thus, g must be an antiderivative for f/f on the
connected open sef A. The d]ﬁorem:u between two such antiderivatives would have
lerivative 0 and so be constant on A. Since the new function would still have to be
+ logarithm for f{z). that constant would be an integer multiple of 2wi. It remains
1o show that there is such a function.

Since f" exists, f’is analytic on A. Since f(z) is never 0, the quotient f'(z)/f(z)
< analytic on the simply connected region A. me the fhlﬁd-:'ri\dl_jve Theorem
se¢ Theorem 2.2.5), there is a function g : A — C such that ¢'(z) = f'(2)/f(z)
or all zin A, Fix zp in A, By adjusting our alllldl”l‘l\-’dtn’[‘ by ddrfmﬂ a constant,
we may assume that g(zg) is any convenient choice of a value of log( f(zn)). Let

2) = 92/ f(z). Then

f(2)e72)g'(2) — 8 f1(z)  f)esE )/ FR) — et S )
(f(=))? (f(2))?
since h'(z) is identically 0 on the connected open sct A, the function A must be

onstant on' A. But h(zp) = 98U 200 [ f(24) = 1. Therefore; 915!/ f(2) = h(z)
(z6) = 1 for all z in A. Thus, e9) = f(z) on A, as required. W

Wiz) ="

If we apply this result to the function f(z) = 2 on a simply connected region
not containing (), we recover our carlier results on logarithms (sce Theorem 2.2.6).

Technical Proof of Theorem 2.4.5 We will prove Theorem 2.4.5 with a some-
what weaker assumption on g than continuity. All we assume is that the function
is bounded and integrable along . We call such functions admaissible. First we
use several facts from advanced caleulus that were developed in §1.4. The image
curve 4 is a compact set since it is a continuous image of a closed bounded interval.
if zy is not on =, then by the Distance Lemnma 1.4.21, it lies at a positive distance
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Figure 2.4.4: A point zg not on a curve 7y is a positive distance from ~.
g € .

& from it. If we let n = 4/2 and U be the 5 disk around zq, then 2 € U and ¢ on ~
implies that |z — €| = 5 since |z —¢| > | — 20| — |20 — 2| = 27— 1 (see Figure 2.4.4)
We begin with the case k = 1. We want to show that

lim [L(Z) i GEZ'—J) - if g({:).—dg'] =,

Z— 2o 2mi J., (€ — 20)°

I
The expression in brackets may be written

G(z) — Glza) 1 g(Q) . (z—z) g(¢)
N e / C—2r™ = 2m ), C=2pC=2

dc.

22— Zg 2mi .

where we have used the identity

1 ( | I ) [ z=2p
z—fg AL—2 (-2 (C—2gF {€—dg) k=2
Let the 7 neighborhood U of zg be constructed as previously described and les
M be the maximum of g on v, Then [( — z0)*(¢ — 2)| > 77 - n = 1", so we have the
estimate [g(¢)/[(¢ — z0)*(¢ — z)J| < My ? (a fixed constant independent of ¢ on -
and z,zg € UU). Thus,

z—2p g(C) |
g4, i
- =

This expression approaches 0 as z — 2p, so the limit is 0, as we wanted.

To prove the general case, we proceed by induction on k. Suppose the theore:
is known to hold for all admissible functions and all values of & from 1 to n — |
We want to prove thai it works for & = n. We phrase the induction hypothesis th-
way since we will apply it not only to g, but also to g(¢)/{¢ — z0). which is als

'ﬂ"-{n 3
B {ipp 8
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bounded and integrable along v. We know that G can be differentiated n — 1 times

m C\vy and that
(n—1) - (ﬂ g ) / H(C)
U= LU

Let 25 € C\v([a,b]). Using the identity

1 1
B e R (e (= )

zZ—2p

¢ obtain
G(n -Ij(:) - Cf{-n—'l)(zﬂ)

(n—1)! 9(¢) I LY, d}
2mi [[ (& =%)F l(C"zn)dC /~,, (£ ~maf® g

=, / B -

z)"(€ — zo)

We can conclude from this equation that G~ is contimious at z, for the
By applying the induction hypothesis to g({)/(¢ — 20). we see

g(¢) ;
i
[,- C=2 -z

on the set C\vy([a,b]) and thus is continuous in z.

llowing reason.
that

< analytic as a function of z
I herefore,
" 9(d)

' g(¢) )-
j‘r’ (C o Zﬂ)(n_]](c = zﬂ}djr y {C a zﬂ)ﬂ

— zo. If the distance from zo to « is 2n, if |g(z)] < M on 7, and if |z —zp| <7

9(¢) .
!
‘/ ===
where [(7) is the length of . Hence
9(&) ’
d¢| — 0
| e

29, and therefore G~ is continuous on C\vy([a, b}).
— G"=1(z,), we obtain

d¢

i

=
ve have

M
-

- 7" +1 ghr

|z — 2

3 =
= o

From the equation for G"—1)(z)

G(n—l }(zJ | G{rL—I}(z“J

a7
S I e k= J

2mi (2 — zg)

(n — 1) [ g(0)
Y om L
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By applying the induction hypothesis to g({)/(C — zg), we see that the first term
on the right side of the preceding equation converges to

(n—1)(n—1)!

g(¢) dc

24

¥ (C o ':U)n A

as = — zp. We have already shown that G is continuous on C\v([a. b]), and
this fact applied to g({) /(¢ — z0), instead of to g(C), implies that

‘ 9(C) S
/ TR L 4’/ =z
as z — zg. Thus we have shown that as z — zp,
Gl () —G[_"_”(:n}
||
converges to
(re — 1)! al¢ (n — ! .
(-”_U -),_'J e ‘ }?HI f T -1 ("
Ay el = ..,U:l (f, . u)
()

1! u:,r(
= — — i
Vi /_; l:f" ZUJ'N--}-] C

This concludes the induction and thus proves the theoremn. Wl

Worked Examples

Example 2.4.13 Consider the curve ~ defined by (1)

Show that 1(~:0) = 2.

Solution

= (cost,3smt). 0 <t < 4=

The strategy is to show that + 18 homotopic in C\{0} to a circle ¥ tha:

is centered around the origin and that is traversed iwice in the counterclockwis

direction {that is,
I 0) = 1(%;0) =2

A suitable homotopy is H (¢, s
H(t,0) =~(t) and H(t,1) = ¥(t)

Example 2.4.14 Evaluate

T COS z
] s
v 2

3

where < is the unit circle.

A(t) = e.0 <t < 4w). Once this is done, by Proposition 2.4 2

5) = cost+i(3—2s)sint; note that I is continuous
. and H is never zero (see Figure 2.4.5).

" sin z
arid / — oz,
9
oy
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=

=31

Figure 2.4.5: Homotopy of v(t) = (cost, 3sint) to (1) = (cost,sin).

Solution The circle v is contractible to a point in the region in which cosz 1s
wnalytie, since in fact cosz is entire. Therefore, we can apply Cauchy’s Integral
Formula 2.4.4, observing that I{~:0) = 1. to obtain

1 COS
l=ros50= — dz.
T, z

-

o

COs 2 A
[ dz = 2mi.
Sy

By the Cauchy Integral Formula for Derivatives 2.4.6, we have

] " 8in 2
ajf
sin’ (0) = — {
(0) 2mi J4 z2

dz,

that is,

2

-

" sinz i , ]
dz = 2micos 0 = 2mi.
oy

Example 2.4.15 This example, which deals with analytic functions defined by in-
tegrals, generalizes Theorem 2.4.5. Let [(z,w) be a continuous function of z,w for
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z in a region A and w on a curve 7. For each w on v assume that f is analytic in

z. Lel
F(z) :‘/f{z.w}dw‘
i &
Show that F' is analytic and

F'(z) = / gf(z w)du,

where Af [0z denotes the derivative of f with respect to z with w held fized.

Solution Let zp € A. Let v be a circle in A around z; whose interior also lies in

A. For z inside 7y,
N O (<1
flzyw) = o ./;[, c—s d¢

by Cauchy's Integral Formula 2.4.4. Thus

Next we claim that we may invert the order of integration, thus obtaining

I fGw) L [ FQ),
“”‘ﬁfwhc—z }C_hfmc &

This procedure is justifiable because the integrand is continuous and when writ-
ten out in terms of real integrals has the form

b b opd
f/ t)ds dt 4 / k(s t)dsdt.

We know from advanced caleulus that this order can be interchanged (Fubini -

theorem)'?,
Thus,
1 -t B
Fz)= 28 ). € —de"

and so by Theorem 2.4.5, F' is analytic inside v and

) = ﬁ[, EF_—(';— z;.?[rn/ c;—-w o g

1 )
= o= / /ﬁm n-»i—{imdg dw = {af 0 Ydw,

18ee, for instance, J. Marsden and M. Hoffman, Elementary Classical Analysis, Second Fdit:
(New York: W. H. Freeman and Company, 1993), Chapter 9.
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ain by Cauchy’s Integral Formula. Since zp is arbitrary we obtain the desired
~sult. Remark: The function [ should be analytic in z but it needs to only be
stegrable in the w variable, as is evident from the preceding proof; we merely need
. adequate hypothesis to justify interchanging the order of integration.

Example 2.4.16 Prove the following assertion: Suppose that [ is confinuous on a
gion A and that for each zy in A there is a disk D = D(zo; p) such that [ f =0
‘o enery rectangular path R in D with sides parallel to the azes. Show that f 18
calytic on A (see Figure 2.4.6).

Figure 2.4.6: 1f [,, f =0, then f is analytic.

Solution Lot zg be in A, The vanishing of Jg [ for rectangles in D was the
~oneclusion of Cauchy’s Theorem 2.3.2 for a rectangle and the tool used in the
onstruction of the antiderivative for f in the proof of Cauchy’s Theorem for a
lisk. Thus the antiderivative exists on D (not necessarily on all of A at once).
Analyticity on D follows as the proof of Morera's Theorem 2.4.10, so f is analytic
near 2. Since zg was an arbitrary point in A, f is analytic on A.

Example 2.4.17 Prove the following: Suppose A is o region that intersects the
ceal aris and that [ is a function continuous on A and anelytic on A\R. Then [
s analytic on A.

Solution We know [ is analytic everywhere in A except on the real axis, so
suppose zy € R. Since A is open there is a disk D = D(zp:ip) C A. Let R be a
rectangular path in this disk with sides parallel to the axes. If R does not touch
or cross the real axis, then [, f =0 by Canchy’s Theorem. If it does cross, as in
Figure 2.4.7, then [, f = fr,»,l f+[ R d where By and Rs are rectangles with one
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e

Figure 2.4.7: Construction used to show J'f? F=i].

edge on the axis. (The edges on the axis are traversed in opposite directions and
50 cancel out.)

Thus it is enough to show that [ nJ =0 when R is a rectangle with one side on
the real axis, as in Figure 2.4.8. Let a and b be the ends of the edge on the axis
and note that b — a < p.

Let € > (. Since f is continuous. it is uniformly continuous on the compact se
composed of R and its interior, so there is a > 0 such that [f(z1) — f(z)| < ¢
whenever [z; — 23] < & and z; and zo are in this set. We may also choose § to
be less than e. Let M be the maximum of [f(z)| on R and its interior. and let S
be another rectangle the same as R except that the edge on the axis is moved
distance ¢ from the axis. Then with the notation of Figure 2.4.8,

L) = e e L

< /f-r-/.f—/.f"4—/f
g b L o Ll i
| pb
< aM+ i] [flx) — flx+ di)|de| + oM
7]
< 20M + / |f(z) — fz+&i)|de
< 20M +e(b—a) € e(2M + p).
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]

| R
=g Ty
il N % T}a
a 7 i

Figure 2.4.8: The rectangle pulled away slightly from the real axis.

Since this holds for every ¢ > 0, we must have [, f — [¢ f = 0. But fsf =0hby
Cauchy’s Theorem since S does not cross the axis and lies entirely within a region
in which F is known to be analytic. Thus [, f = 0. We have shown that the
conditions of the preceding Worked Example apply, so [ is analytic on A.

Exercises

1. Evaluate the following integrals:

2
z ; A ; 3
(a) [ dz, where ~ is a circle of radiug 2, centered at 0

W
o) [

2. Evaluate the following integrals:

z —
& : o
—dz, where v is the unit circle
2

2

g1 : : G g

(a) / 3 la’.z. where ~ is a cirele of radius 2, centered at
-

" sine” : 0k
(b) / 2 dz, where v is the unit circle
L

-

3. Let f be entire and assume that |f(z)] < M|z|" for large |z|, for a constant
M, for some integer n. Show that f is a polynomial of degree < n.

4.* Let f be analytic “inside and on” a simple closed curve . Suppose that
f =0 on 7. Show that f = 0 inside 7.

5. Evaluate the following integrals:
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iz
3\

b

/-,
/ sin z
8

where + is the square with vertices —1 — 4,1 — 4,144, —1 41

.:l)

dz, where v is the unit circle

6. Let f be analytic on a region A and let 4 be a closed curve in 4. For any
zp € A not on 7, show that

/C—Zn _./- (ﬁiii?ﬂ &

Can vou think of a way to generalize this result?

7. Suppose that f(z) is analytic on the set |z| < 1 and that it satisics the
inequality |f(2)| < 1. What estimate can be made about |f'(0)|?

8.° Suppose that f is entire and that lim._ .. f(z)/2 = 0. Prove that [ is
constant.

9. Prove that if 4 is a circle, ¥(t) = 2y + re*t, 0 < ¢ < 2z, then for every z inside
v (that is, |z — 2| < -r}.f{”,:;_ =

10.* Use Worked Example 2.4.15 to show that

l e
‘E'.‘E:'-Uj = [ e—:: €I {1{.'.{'
J A

is analytic in 2. What is F/(2)?
11. Show that if F' is analytic on A, then so is f where

. F(z) — F(za)

2 R
2=y
if z % zg and f(z0) = F'(2q) where z; is some point in A.

12. Prove that if the image of v lies in a simply connected region A and if z ¢ A
then I{7y;2zg) = 0.

13. Use Worked Example 2.1.12 (where appropriate) and Cauchy’s Intt'-grdl For-
mula 2.4.4 to evaluate the following integrals; v is the circle |z] = 2 in eac!
case.
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}fz2+2z—?

14.® Prove that [ e cos(sinf#)df = 7 by considering J'_?{(‘“f z)dz, where v is
the unit circle.

15. Evaluate

ey,

q.-

e =

where (' is the circnmference of the circle of radius 2 around the origin.
16. Consider the function f(z) = 1/27%.

(a) It satisfies j f(z)dz = 0 for all closed contours 7 (not passing through
the origin) but is not analytic at z = 0. Does this statement contradict
Morera's Theorem?

(b) It is bounded as z — oo but is not a constant. Does this statement
contradict Liouville's theorem?

I7. Let f(z) be entire and let |f(z)| > 1 on the whole complex plane. Prove that
[ is constant.

) COS Z ;
18.* Does -—dz = (7 Does 3 dz =07
jz|=1 27 J]zl=1

-~
-

19, Evaluate

dz
(a) / =5 -3
Iz—1|_—.2 e v 2!’

dz
i Pt e
( J) |z]=2 2-'2(22 it 16)

20). Prove that for closed curves vy, 7vz.
I{—v1:20) = —I(%1: 20)
and
I(7yy + 23 20) = I(71: 20) + (725 20).
Interpret these results geometrically.

21.* Let f be analytic inside and on the cirele v : [z — 20| = R. Prove that

flz1) = Flza) . & f 1 - 1 o
_f{zU)_Qﬂ".; [( _21)(2_22) (z+zn)2 f[: Jd""

Z1 — 23

for z1, 22 inside .
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2.5 Maximum Modulus Theorem and Harmonic
Functions

One of the most powerful consequences of the Cauchy Integral Formula is the
Mazimum Modulus Theorem, also called the Marimum Modulus Principle. It states
that if f is a nonconstant analytic funetion on a region A, then |f| cannot have a
local maximum anywhere inside A—it can attain a maximum only on the boundar
of A. This theorem and the Cauchy Integral Formula will be used to develop some
of the important properties of harmonic functions.

Maximum Modulus Theorem The central idea of the Maximum Modulus
Principle can perhaps best be stated as follows: If an analytic function has a loeal
maximum (of its absolute value) at a point, then it must be constant near Lhar
point. A preliminary version of the theorem follows.

Theorem 2.5.1 (Maximum Modulus Principle —Local Version)

Let [ be analytic on a region A and suppose thal |f| has a relative mazimum o
w0 € A, (That is, | f(2)| < |f(20)] for all z in some neighborhood of zy.) Then [ 1
constant in some neighborhood of zy.

The proof rests on a striking consequence of the Cauchy Integral Formula: Th-
vafue of an analytic function al the center of a cirele is the average of its value -
arownd the cirele. All this will be made precise shortly, but the loeal version «
the principle follows essentially because the average of a function cannot be greate:
than or equal to the values of the function unless they are all equal. We develo;
this idea in preparation for proving the Maxinmun Modulus Theorem.

Theorem 2.5.2 (Mean Value Property) Lei [ be analytic inside and on a «
cle of radius v and center zy (that is, analytic on a region containing the circle o
its interior). Then

D i _
flzo) = —/ flzo +ret?)de. (2.5
(

-
I 1

Proof By Cauchy's Integral Formula 2.4.4,

! 2
Floo) = s [ L g

2mi f. z—an

where ~(8) = z5 + re*?, 0 < 0 < 27, However, by definition of the integral,

I z 1 % flzg+re®
29 Sy 20

s 2mi Jo rett
I v

= — "z + -;'f*m}n'ﬁ. |
27 Ju i
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< worth noting that as long as we are integrating all the way around the circle,

s notb matter through what range of 2r the angle goes. A change of variable
ws that, for example, jgﬂ Flzg + re?)df = jjr f(zo + rei?)do.

The Mean Value Property will now be used to establish the local version of the

Wedimum Modulus Principle. The idea is that if f{zo) 15 at least as great as all

other values of f near zg and also equal to the average of those values around

Al circles centered at zg. then | f(2)| must be constant near zg. Ounce we know

f| i3 constant, it follows from the Cauchy-Riemann equations that f is itself

nstant.

Proof of Theorem 2.5.1  Suppose that f is analytic and has a relative maximum
-, so that |f(2)] < |f(z0)| on some disk Do = D(20;570)- We want to show that
21| = |f(z0)] on Dy, so suppose instead that there is a point 27 in Dy where
ot inequality holds: |f(z1)] < [f(z0)]- Let 21 = 2o + re'® with r < rg. Since [ is

~rimous, there are positive numbers € and 4 such that

| f(z0 + re'”)| < |f(z0) — 0
enever |# — a] < e. Equivalently,
| f (2o + re't®T®)| < |f(20)| — 6

Lenever |é] < €. We now obtain a contradiction by using the Mean Value Property
.l considering separately that part of the integral over the circle where we know

o

- function is smaller (see Figure 2.5.1)

Figure 2.5.1: Construction for the proof of the Maximum Modulus Principle—local
version. |¢| < € gives a part of the circle where | f| is known to be smaller.
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To carry this out, write

i
— f(zo + ref*t)do

|f(z0)] = or |

C

I 4= - l _.
—/ flzo + ref@t®))de 4 %/ flzo + refletohdg
/(S S o

E

+ 2 / f{z(Jﬂ—-r'{f‘[q'*@)jdﬁb‘
2r

I: #fs il
—/ flzo + re' @) do + B ) f{30 +re' @t 4o

» _i{a+aﬁ)}r deb.

In the first and third integrals the infegrand is no greater than |f(zp)| and tl
interval length is m — e, Thus each of these integrals is no more than | f(zg)|(r —€).
In the middle integral, the interval length is 2e and the integrand is less than
|f(z0)| — 6. Hence this integral is no more than (|f(z)] — 6)2¢. Putting these
together gives

20)|(m — €) + (17 (20)| — 6)2e + [ £ (z0)|(7 — €)]

£(a0) < 511/
(teall < )| = ?

This impossibility shows that there can be no such point z in Dy, with |f(z)| «
|f{z0)]- The only remaining possibility is that |f(z)| = |f(za)| for all z in Dy,

Thus | f| is constant on [)y. Use of the Cauchy-Riemann equations as in Worked
Example 1.5.21 shows that the function f itself must be constant. This is exactls
what we wanted. W

The local version of the Maximum Modulus Principle says that an analvtic
funetion cannot have a local maximum point unless it is constant near that poin
We will sce in Chapter 6 that more is true. A function analytic on an open connerts
set cannot have a local maximum anywhere in that set unless it is constant on th
whole set.

We now turn onr attention here to a somewhat different global version of th
principle. We investigate absolute maxima, that is, the largest value |f(z)| takes
anywhere in the set. We shall show that this can be found only on the edge «
boundary of the set. In §1.4, we saw that a real-valued function continnous on
closed bounded set actually attains a finite maximum but that it might not if t&
set fails to be closed or bounded.
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Closure and Boundary The intuition in §1.4 was that a set is closed if 1t con-
cains all its boundary points and open if it contains none of them. Thus if we start
with a set A and add to it any of its boundary points which happen to be missing we
“hould obtain a closed set containing A. This is true, but there are sowme technical
oroblems. One is that we really have no definition yet for “boundary.”

Definition 2.5.3 The closure of a set A C C, denoted by A or by cl(A), consists
f A together with the limit points of all convergent sequences of points of A.

This produces the desired result, the smallest closed set containing A.

Proposition 2.5.4 If A C C, then

(i) A c cl(A).

(ii) A is closed if and only if A = cl(A).

(iii) If A c C and C is closed, then cl{A) C C.
{iv) cl(A) is closed.

Proof The first assertion is immediate frow the definition. The basic tool for the
remainder is Proposition 1.4.8, which states that a sef is closed if and only if it
contains the limits of all convergent sequences of its points. If we let

limit(A) = {w | there is a sequence of points in A convergent to w},

then A C limit(A). since constant sequences certainly converge. The closure was
defined by cl(A) = AU limit(A), so we actually have ¢l(4) = limit(A). But Propo-
sition 1.4.8 says exactly that A4 is closed if and only if limit(A4) ¢ A, so (ii) is
established. Tt also shows that if €' is closed and A C C, then limit(A) C C, so we
have (iii). The only remaining gap is to show that ¢l A) is actually closed. To do this
we need only show that cl(A) = cl(cl(A)) that is. limit(A) = limnit(limit(A)). Since
limit(A) C limit(limit(A4)) antomatically, it remains to show that limit(limit(A))
~ limit(A). Suppose zj, 2. 23,... 18 a sequence of points in limit(A) such that
litmy, .ae 2n = w. We want to show that w is in limit(A). Each z, is in limit(A),
so there are points wy, in A with |w, — zn| < 1/n. This forces lim,_ o Wn = 1, 80
w e limit(A), as desired. W

The boundary of a set A is the set of points on the “edge” of A, If w is in the
boundary, we should be able to approach it through A and through the complement
of A. This leads to the following definition.

Definition 2.5.5 The boundary of a set A C C is defined by
hd(A) = cl(A) Nel(CLA).

It is not hard to see that cl(A) = AUbd(A). (See Worked Example 2.5.16.)
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Global Maximum Modulus Principle Now we are ready for the promised
global version of the Maximum Modulus Principle.

Theorem 2.5.6 (Maximum Modulus Principle) Let A be an open. connected.
bounded set m C and suppose f: cl(A) — C is analytic on A and continuous on
cl(A). Then |f| has a finite mazimum velue on cl(A) which is atlained at some
point on the boundary of A. If it is also altained in the interior of A, then f must
be constant om cl(A).

This theorem states that the maximum of f oceurs on the boundary of A and
that if that maximnm is attained on A itself, then [ must be constant. This is a
very striking result and is certainly a very special property of analytic functions.
The values of |f| inside a region A must be smaller than the largest value of |f|
on the boundary of A. One must exercise some care. For example, the Maximunm
Modulus Principle in this form need not be true if 4 is not bounded. In such a case
the function need not be bounded on A even if it is on bd(A). (See Exercise 3.) In
applications of this theorem, A will often be the inside of a simple closed curve ~.
so cl(A) will be 4 U~ and bd(A) will be ~.

It is reasonably clear that if A is bounded, so is its closure. If |z] < B for all -
in A and 2y, 22, 23,... 18 a sequence in A converging to w. then |z, converges to
.80 Jw| < B, Thus cl(A) = limit (A) is also bounded by B.

From the Extreme Value Theorem 1.4.20. we know that a continuous real-valued
function on a closed bounded set attains a maximum on that set. Tt follows that if
M" = sup{|f(z)| such that z € cl(A)}, then M’ = |f(a)| for some a € cl(A).

|

Proof of the Maximum Modulus Prineciple Since the real-valued function
J| is contimons on the closed bounded set cl(A4). the Extreme Value Theorem
says that it attains a finite maximum value M at some point in cl{(A). If it is not
attained in the interior, then it must be attained somewhere on the boundary since
it is attained somewhere. We next show that if it is attained in the interior, then
J must be constant on A. By continnity f will be constant on all of cl(A), s0 M is
attained on the boundary as well in this case also.
Suppose there is a point @ in A at which |f(a)| = M. Define subsets of A by

Av={z€A|f(z)=fla)} and Ay =A\cl(A).

If zis in A but not in Ay, then it must be in ¢l{A;). Choose a sequence in A
converging to z. Since f is continuous on cl(A4) and has value f(a) at each point i
the sequence, we also have f(z) =aand z € A;. Thus A © 4; U As. Sinece A,

cl(Ay ). we certainly have Ay N Ay = @. The set As is the intersection of the oper
sets A and C\ cl(A4y), so it is open. Finally, if 2o € Ay, then |f(z)| = |f(a)] = M
Thus, |f| has a local maximum at zp and must be constantly equal to fla) on =
disk centered at zp. Since A is open, we can take the radius small enough so tha
this disk is contained in A and hence in A;. This shows that A; is open. If the set-
Ay and Ay were both nonempty, they would disconnect the connected set A. Sines
a € Ay, we must have Ay = @ and A = Ay. Thus f(z) = f(e) for all z in A and

hence also in cl(A) as claimed., W
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Schwarz Lemma  The next theorem is an example of an application of the Max-

1 Modulus Theorem. This result is not one of the most basic results of the

eory, but it further indicates the type of severe restrictions that analyticity 1m-
. This result will be quite useful in Chapter 5.

Lemma 2.5.7 (Schwarz Lemma) Let [ be analytic on the open unit disk A =
- 2 C | lz] < 1} with f(0) = 0 and |f(2)| <1 for each z in A. Then \f(0) €1
nd | f(2)| € |2| for each z in A. If |f1(0)] = 1 or if there is a point 2o other than

in A with | f(z0)] = |20, then there 15 a constant ¢ with |¢| = 1 and f(2) = cz for
'z in Al

Proof Let g(z) = f(z)/z if z # 0 and g(0) = #(0). The function g is analytic
.. 4 because it is continuous on A and analytic on A\{0} (see Corollary 2.4.11 to
“forera’s Theorem). Let

A, = {z such that |z| < r}

fr 0 < r < 1 (sce Figure 2.5.2). Then g is analytic on A,, and on |z] =1, lg(z)| =
7iz)/2| < 1/r. By the Maximum Modulus Principle 2.5.6, lg(z)| < 1/r on all of
1 that is, |f(2)] < |z|/r on A,. Holding z € A fixed. we can let ¥ — 1 to obtain
7(2)| < |z]. Clearly, |g(0)| < 1; that is, |f/(0)| = 1.

i
!

!: e
('.f{z)l < J) = |fiz) <1zl

Figure 2.5.2: Schwarz Lemma

If | f(z0)| = |20l 20 # 0O, then lg(zg)| = 1 is maximized in A, where |zp| <7 < 1,
s0 g is constant on A,.. The constant is independent of r. (Why?) Similarly, if
(0} = 1, then |g| has a local maximum at 0, so g is constant on A. W

The Schwarz Lemma is a tool [or many useful geometric results of complex
qualvsis. A generalization that is nseful for obtaining aceurate estimates of bounds
for Fimetions is known as the Lindeldf Principle, which is as follows: Suppose
that f and g are analytic on |z| < 1, that g maps |z| < 1 one to one onto a set G
that f(0) = g(0). and that the range of f s contained in G. Then |/7(0)] < |g'(0)]
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and the image of |z| < v, for r < 1, under f is contained in ils image under q.
This principle is often used with g a linear fractional transformation. i.e., g(z) =
(az +b)/(cz +d). As will be proved in Chapter 5, they take circles into circles, so
the g image of the disk |z| < r is usually easy to find (see FExercise 4 for further
details).!*

Harmonic Functions and Harmonic Conjugates 1f [ is analytic on A and
[ = u+iv, we know that u and v arc infinitely differentiable and are harmonic (by
Theorem 2.4.6 and Proposition 1.5.12). Let us now show that the converse is also
true.

Proposition 2.5.8 Lel A be a region in C and let u be a twice continuously dif-
Jerentiable harmonie function on A. Then u is C™, and in a neighborhood of each
point zo € A, u is the real part of some analytic function. If A is simply connected.
there is an analytic function f on A such that u = Re f.

Thus, a harmonic function is always the real part of an analytic function f (or
the imaginary part of the analytic function if), at least locally, and on all of the
domain of that function if the domain is simply connected.,

Proof We prove the last statement of the theorem first. Consider the function
g = (Ou/dx) — i(Ou/dy). We claim that ¢ is analytic. Setting g = U/ + iV whers
U = duf/dx and V = —du/dy, we must check that / and V have continuous firs:
partials and that they satisty the Cauchy-Riemann equations. Indeed, the functions
AU/ Oz = B?u/0x? and OV /0y = —F%u/dy* are continuous by assumption and are
equal since V#u = 0. Also, by the equality of mixed partials,

ov u . J%u B ﬂ
dy  Oyor Ordy Oz

Thus, we conclude that g is analytic. Furthermore, if A is simply connected there -
an analytic function f on A such that ' = g (by the Antiderivative Theorem 2.2.5
Let f = @ + 0. Then f' = (Oa/0x) — i(du/dy), and thus du/dx = Ou/dr anc
du/dy = du/Oy. Thus u differs from u by a constant. Adjusting f by subtractinz
this constant, we get u = Re f.

Now we prove the first statement. If D is a disk around z; in A, it is simp!
connected. Therefore, as a result of what we have just proven, we can write u = Re ~
for some analytic f on D. Thus since [ is C° u is also C™ on a neighborhood
each point in 4, s0isC*®on A. N

Recall that when there is an analytic function [ such that w and v are relat
by f = u + v, we say that u and v are harmonic conjugates. Since if i
analytic, —v and wu are also harmonic conjugates. Be careful! The order matter-

MFor a useful survey of some of the more geometric results and a hibligraphy, see T
MacGregor, Geometric Problems in Complex Analysis, Am. Math, Monthly, May (1972). 447
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i< a harmonic conjugate of u, then u is probably not a harmonic conjugate of
Instead, —u is! The preceding proposition says that on any simply connected
non A, eny harmonic function has a harmonic conjugate v = Im f. Since the
ichy-Riemann equations (du/dr = Ov /0y and du/dy = —0v/dxr) must hold, v is
quely determined up to the addition of a constanut. These equations may be used
« « practical method of finding v when u is given (scc Worked Example 1.5.20).
.wother way of obtaining the harmonic conjugate of » on a disk, by defining it
~cetly in terms of an integral, was indicated in Exercise 32 of §1.5.

%lean Value Property One reason why Proposition 2.5.8 is important is that it
~bles us to deduce properties of harmonic functions from corresponding properties
¢ analytic functions. This is done in the next theorem,

Theorem 2.5.9 (Mean Value Property for Harmonic Functions) Let u be
rmonic on a region conlaining a circle of radius v around zp = To + 1y and its
sterior. Then

1
ulzo. yo) = ;

2
- / w(zo + ret)db. (2.5.2)
27 Jo

Proof By Proposition 2.5.8, there is an analytic function f defined on a region
ataining this circle and its interior such that u = Re f. This containing region

v be chosen to be a slightly larger disk. The existence of a slightly larger circle
4 is intuitively clear: the precise proof is given in Worked Example 1.4.27. By
& Mean Value Property for f.

1 w3

o) =37 | [(z0 +re’®)de.
10

Tuking the real part of both sides of this equation gives the desired result. W

“Maximum Principle for Harmonic Functions From the Mean Value Prop-
v we can deduce, in a way similar to the way we deduced Theorem 2.5.1, the
“llowing fact.

Theorem 2.5.10 (Local Maximum Principle for Harmonic Functions)
[ <1 u be harmonic on a region A. Suppose that u has a relative mazmum at zo € A
hat s, u(z) < u(zg) for z near zp). Then u is constant in a neighborhood of zp.

In this theorem “maximum” can be replaced by “minimum” (see Exercise 6).
Instead of actually going through a proof for u{z) similar to the proof of Theorem
2 5.1, we can use that result to give a quick proof.
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Proof On a disk around 2z, u = Re f for some analytic f. Then ¢/(*) is analytic
and e/} = ¢*(3), Thus. since €® is strictly increasing in x for all real x, the
maxima of u are the same as those of |¢/|. By Theorem 2.5.1, e/ is constant in a
neighborhood of zy; thercfore, ¢* and hence u are also (again because e* is strictly

increasing for « real). W

From this result we deduce, exactly as the Maximum Modulus Principle was
deduced from its local version, the following “global” version.

Theorem 2.5.11 (Global Maximum Principle for Harmonic Functions)
Suppose that A C C is an open, connected, and bounded set. Let u : cl(A) — R be
continwous and harmonic on A and let M be the mazimum of u on bd(A). Then

(i) u(z,y) < M for all (x,y) € A.
(ii) If u(z,y) =M for some (x.y) € A, then u is constant on A.

There is a corresponding result for the minimum. Let m denote the minimum
of u on bd(A). Then

(i) u(x,y) = m for (x,y) € A.
(ii) If ulz, y) = m for some (&,y) € A, then u is constant.

The Minimum Principle for Harmonic Functions may be deduced by applying
the Maximum Principle to —u.

Dirichlet Problem for the Disk and Poisson’s Formula There is a ver
important problem common to mathematics, physics, and engineering called the
Drarichlet Problem. Tt is this: Let A be an open bounded region and let ug be
given continuous function on bd(A4). Find a real-valued function u on cl( 4) that i
continuous on cl{A) and harmonic on A and that equals ug on bd(A).

There are (reasonably difficult) theorems stating that if the boundary bd(A) i=
“sufliciently smooth.” then there always is a solution u. However, we can easils
show that the solution is always unique.

Theorem 2.5.12 (Uniqueness for the Dirichlet Problem) The solution to 1/
Dirichlet Problem is unique (asswming that there is a solution).

Proof Let v and @ be two solutions. Let ¢ = u — @, Then ¢ is harmonic and
¢ = 0on bd(A). We must show that ¢ = 0.

By the maximum principle for harmonic functions, é(x.y) < 0 inside A. Sim:-
larly, from the minimum principle, ¢(z.y) > 0on A. Thus o =0. W

We want to find the solution to the Dirichler Problem for the case where th
region is an open disk. To do so we derive a formmla that explicitly expresses th
values of the solution in terms of its values on the boundary of the disk.
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Theorem 2.5.13 (Poisson’s Formula) Assume that u is defined and contintuous
the elosed disk {z such that |2| <1} and is harmonic on the open disk D(0;r) =
- such that |z| < r}. Then for p < v, we have the real form of Poisson’s

Formula
ulpe'?) = f_ gt [ u(re') de
AR y 2 —2rpcos(o — 7))+ pr

“ich is equivalent to the complex form of Poisson’s Formula

: S o Fo— |4
u(z) = — / u(re'?) -.—|~l—d9.
S0

|.;,.(_.1|5J == zl'd
The technical parts of the following proof require an acquaintance with the idea
- uniform convergence. The student who has not studied uniform convergence
+ advanced caleulns may wish to reread this proof after studying §3.1, where the
clevant ideas are discussed. Notice that if we set z = 0 in the complex form of
Poisson’s Formula, we recover the Mean Value Property of harmonic functions.

Proof First note that since « is harmonic on D(0;r) and D(0;r) is simply con-
coted, there is an analvtic function [ defined on D(0,r) such that = Re f. Next,
«t ) < 5 < r and let 5, be the circle |z| = s. Then, by Canchy’s Integral Formula
2. 4.4, we have

s | £oik

P R Oz
“or all z such that |z] < s. We next manipulate this expression into a form suitable
“or taking real parts. To do so, let Z = s /%, which is called the reflection of z in
“he circle {¢| = 5. Reflection is pictured geometrically in Figure 2.5.3.

Thus if z lies inside the cirele. then 2 lies ontside the circle, and therefore

¢ o
- Ejf: dt=10
2nt Jy, L — 2
tor |z| < 5. Subtracting the preceding integral from
: L[ flQ)
z) = — (.
16 =g | Fo4

we abtain

. 1 A 1 1
.f(g)zgm. /_ “L:](C—Z_C—E)d'f'

Observing that || = s, we can simplify as follows:

£« g 0= ¥ _F ____=#

(-2 (-2 L-2 C-KPE (-2 (-9
ik . e P | i
N ¢ =22 T OglE—zP
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o 1

Figure 2.5.3: Reflection of a complex number in a circle.

Hence, we have

FOUC — 121 -
I(}_Qif C! _712 C

L[ flse)(s - p?)
2 Isem — pf:i‘i’|2

that is,

df,

flpe'®) =

where p < 5. Noting that |se®® — w[.a = 8% + p* — 2spcos(p — 6) and taking the
real parts on both sides of the oquatmm we obtain

(o) 1 /.;,r u(se'?)(s? — p?)do
i pe . - : .
4 : 82 + p® — 2spcos(¢p — )

Keeping p and ¢ fixed, note that this formula is valid for any s such thas
p < s < r. Since u is continuous on the closure of D(0;7) and since the functio:
$* + p* — 2spcos(¢ — @) is never zero whenever s > P, we conclude that for s > ;

[u(se’)(s* — p)]/[s* + p? — 2spcos(6 — 0]

is a continuous function of s and @ and hence (with p, ¢ fixed) is uniformly co
tinuous on the compact set, 0 < 8 < 21, (r+p)/2 < 5 < r. (‘onsequem]}. A
8 =+,
u(se?)(s? — p?) _ u(re®)(r? — p?)
s? + % —2spcos(o—6) 2+ p? — 2rpcos(d — 6)

uniformly in @, which implies that as s — s

1 2 ,u(sﬁ,iﬂ)(ﬁ2 m ,r'z) T i 2ar 'u:(',heiﬂ) (T.Z . pz)

= ; 9.
2w Jo 8%+ p? — 2spcos(¢ — 6) 2r Jo 24 p? = 2rpeos(o — B’Jt
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Solution A C ¢l{A) and bd(A) C el(A). so AUbd(A) C cl(A). In the other
direction, if z is in cl(A) and not in A, then

z € (lim{A)) N (C\A) C el(A) Necl(C\A) = bd(A).
Thus, ¢l(A) C AU bd(A).

Example 2.5.17 Suppose u : C — R is a bounded harmonic function. Show that
u must be conslant.

Solution Since u is harmonic on the simply connected set C, Proposition 2.5.8
says that there is a harmonic function v : € — R such that f = u+iv: C — C
is analytic. We have |e/1%)| = |e¥(=)10(2)] — o=} Since u(z) remains bounded, so
does the entire function e/ { ‘. By Liouville’s theorem, e/1%) must be a constant, sav.
K. Tor each z, f(z) must be a choice of logarithm for K. But, since [ is continuous.
it cannot switch from one value of log K to another, so f must be constant. Ths

u = Re f is also constant.

Example 2.5.18 Suppose [ and g are one to one analytic functions from the wni
disk D onto D that satisfy f(0) = g(0) and ¢'(0) = f(0) # 0. Show that f(z) = g(=
for all z in D.

Solution The function h(z) = g~'(f(z)) is analytic from D to D and k(0)
_I(I(U)} =g (g(0)) = 0. Since g(h(z)) = f(z), we have ¢'(h(0)).h(0) = f/(0
so h'(0) = f'(0)/¢'(0) = 1. The Schwarz Lemma shows that h(z) = ¢z for 2
constant ¢; since A'(0) = 1.¢ = 1. Thus f(z2) = g(h(z)) = g(z). We will see in
Chapter 5 that the assumption that f and g are one to one forces the derivative 1

be nonzero, so the assumption of nonzero derivatives is really superfluous.

Exercises

1. Find the maximum of le*| on |z| < 1.
2. Find the maximum of | cos z| on [0, 27| x [0, 27].

3. Give an example to show that the interpretation of the Maximum Modul:
Principle that reads “The absolute value of an analytic function on a regics
is always smaller than its maximum on the boundary of the region” is false
the region is not bounded. The region in your example should be somethine
other than all of C so that the boundary is not empty.

4.* (a) Let the mapping T be defined by T'(2) = R(z—zq) /(1% —2y2). Show thz
disk of radius A one to one onto the di=
of radius 1 and takes 2z to the origin. Hint: Use the Maximum Modu -
Theorem and verify that z; +— 0 and |z| = R implies that [Tz| = 1.
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13. Let f be analytic and let f'(z) # 0 on a region A. Let z5 € A and assume

14. Prove Hadamard’s Three-circle Theorem: Let f be analvtic on a region

15.

16.* Prove: If w is continuous and satisfies the Mean Value Property, then « =

17.

18.

Chapter 2 Cauchy’s Theorem

that f(z9) # 0. Given € > 0, show that there exist a 2 € A and a { € A such
that |z — 2| <€ | — zg| < €, and

|f(2)] > |.H"U)| f.f(‘:” < |fl'2rn}|~

Hint: Use the Maximum Modulus Theorem.

containing the set R in Figure 2.5.4. Let ' = {z | r1 € |z] < r4} and assum
0 <r <1y < ry. Let M, My, M be the maxima of |f| on the circle
|z| = 7y, 72,13, respectively. Then we have the inequality

ﬂfféﬁg(f‘afﬂ) < ﬂl‘rllogh"jh'zL’lf;mirlﬁ' J-

Hint: Let A = —log(Ms/My)/log(rs/r1) and consider ¢(z) = 2z* f(z). Appl
the maximum principle to g; be careful about the domain of analyticity of g

Figure 2.5.4: Hadamard’s Three-circle Theorem.

Let g be analytic on {z such that |z| < 1} and assume that |g(z)| = [z] for
|z < 1. Show that g(z) = €'z for some constant ¢ € [0, 27]. Hint: Us
Schwarz Lemma.

(' and is harmonic. Hint: Use Poisson's Formula.

Evaluate [ ——— where v is the circle |z| =2.
P B = 1
The function f(z) is analytic over the whole complex plane and Im f

Prove that f is a constant.
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8.* Let f be entire and let |f(z)| < M for z on the circle |z| = R; let R be fixed.

Prove that

-Il‘T_"”'
) (et — k=0,1,2,...
|FF)(re )E(R—r-)*‘ .
foral0<r< R.
. e ‘ Pyt —z . .
9. Find a harmonic conjugate for u(z, y) = W o1 @ suitable domain
% =1t

10. Let f be analytic on A and let f'(z9) £ 0. Show that il v is a sullicienth
small circle centered at zy. then

Flzo) J. J(z) — f(zo)

Iint: Use the Inverse Function Theorem.

w2
x i
1. Evaluate / e~ et 1,

“.]

12.* Let f and ¢ be analytic in a region 4 and let g'(z) # 0 for all z € A; let g 1
one to one and let v be a closed curve in A. Then for z not on =y, prove H. :

ey ) (O
fallmd = 52 | =t

Hint: Apply the Cauchy Integral Formula to k() = f{C)({—2)/(g({) —g!=
for z # ¢ and h(¢) = f({)/g'(¢). Apply this result to the case in whi
glz] =€°.

13. Simplify: ¢ Slog i. slog iz log(—1); i jloa(—1)

14. Let A = C minus the negative real axis and zero. Show that log z = L il
: o
where . 18 any curve in 4 joining 1 to z. Is A simply connected?

15. Let f be analytic on a region A and let f be nonzero. Let ~ be a closed cu
homotopic to a point in A. Show that

'f, {'3.) d= 0,

16.* Let f be analytic on and inside the unit circle. Suppose that the imag:

the unit circle |z| = 1 lies in the disk £ = {z such that |z — z9| < r}. S
that the image of the whole inside of the unit circle lies in 2. Tllustrate
6%,

17. Is ] xdx + zdy always zero if v is a closed curve?
i |
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Chapter 3

Series Representation of
Analytic Functions

I Chapter 2 we defined an analytic function to be one that has a derivative in the
<ense of complex functions of a complex variable. There is an important alternative
way to view an analytic function. In some developments of complex function theory,
. function f is called analytic if, near each point zg in its domain, it is locally
representable as a convergent power series centered at zp.! As we shall see, this
series must be the Taylor series of f centered at zp, namely

1 ) o fin)
f(z0) + F'(20)(2 — z0) + :—a.f”{zn:’(»‘-«’ — Y5 ; f%{z =) ",

i1 ather words, one could alternatively define an analytic function to be one which
s infinitely differentiable and whose Taylor series converges to the function. We
vill reconcile this alternative approach with ours in this chapter.

With real variables, both the question of infinite differentiability as well as the
convergence of the Taylor series of a given function can present a problem. For
example, the function

z* forx <0

o { J_:“ . forz >0

is differentiable, but f’(x) = 2i{z|. Thus, the second derivative does not exist at
0. Even if all the derivatives exist, the Taylor series might not converge to the
function. The function

T L =" foraz 0
Hz)= { 0 forz =0

1See, for example, H. Cartan, Elementary Theory of Analytic Functions of One or Severul
Compler Variables (Reading, Mass.: Addison-Wesley, 1963 and New York: Dover Publications,
1995).

183
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is an example. Using induction one can check that f'%(0) exists for all k (in the
real-variable sense) and [5)(0) = 0. Here all coefficients of the Taylor series at ()
are (. so the resulting series is zero, which does not equal f(r) in any nontrivial
interval around 0.

A nice thing about complex analysis is that neither of these difficullies arises
This reinforces the fact that assuming the existence of a complex derivative is much
stronger than assuming the existence of a real derivative, We discovered in Chapte:
2 that as soon as the first derivative exists on a region, all the higher ones mus:
also. We will find in this chapter that the second difficulty also disappears. If ;
is analytic on a region A and zp is in A, then the Taylor series of [ centered at
automatically converges to f on the largest open disk centered at zy and contained
in A.

The reader is probably familiar with the geometric series

1 (']
—— =14t 2+ B =)
=3 _
n={

which is valid provided |t| < 1. We will show in the first section that this works
just as well for complex as for real numbers. In §3.2 we will use it to expan
the integrand in the Cauchy Integral Formula as an infinite series, integrate tlo-
series term by term, and use the Cauchy Integral Formula for Derivatives 2.4.6 -
recognize the resulting coeflicients as the correct ones for a Taylor series.

Building on the preparation in §3.1, in §3.3 we investigate the series represe:
tation of a function analytic on a deleted neighborhood. that is, a function with
isolated singularity. The resulting series, called the Laurent series, yields valnat
information about the behavior of functions near singularities, and this behavio:
the key to the subject of residues and its subsequent applications.

3.1 Convergent Series of Analytic Functions

We shall use the Cauchy Integral Formmla 2.4.4 to determine when the lIimit
convergent sequence or series of analytic functions is an analytic function and w*
the derivative (or integral) of the limit is the limit of the derivative (or intezrs
of the terms in the sequence or series. The basic type of convergence studie
this chapter is uniform convergence: the Weierstrass M Test is a basic tool use
determine such convergence. In §3.2 we shall be especially interested in the spe-
case of power series, but we should be aware that some important functions
convergent series that are not power series, such as the Riemann zeta function
Worked Example 3.1.15).

The proofs of the first few results are slightly technical, and since thes
analogons to the case of real series, they appear at the end of the section.

Convergence of Sequences and Series We begin with some basic defin:
and terminology.
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Definition 3.1.1 A sequence z,,n = 1,2,3,... of complex numbers is said to
converge to a compler number zy if. for each € > 0, there is an integer N such
that

< €.

n>= N implies that |z, — %

Convergence of zn, to =y is denoted by z,, — zp.
An infinite series S o, ax of complex numbers is swid to converge lo S, and
we write

50
Z . = 5‘1
k=1

f the sequence of partial sums defined by s, =Y _; Gk converges to S.

The limit of a convergenl sequence is nmique; that is, a sequence can converge
to only one point zg. (This and other properties of limits were discussed in §1.4.)
A sequence z, converges ifl it is a Cauchy sequence, in other words, if, for each
¢ > (), there is an N such that n,m > N implies that |z, — zm| < €. (BEquivalently.
the definition of Cauchy sequence can read: For each € > 0 there is an N such that
n = N implies that |z, — 2,4 < € for every integer p=0.1.2.... .} This property
of © = R? follows from the corresponding property of R, and we shall accept it
from advanced caleulus.

Corresponding statements for the series Y po | ay can be made if we consider
the sequence of partial sums s, = ﬂ;__l Gj- SiNCe Spip — Sn = z:;ﬁﬂ i, the
Cauchy criterion for sequences becomes the Cauchy criterion for series:

Z';C_;_] ap converges iff, for each € > 0, there ts an N such that n = N
irnplies that

rnp

Z il ¢ forall pe=1,2.3....

f=n+]

As a particular case of the Cauchy criterion. with p =1 we sce that

(>
if § ‘ax  converges, then ayp — 0.
kel

The converse is not necessarily true, as the harmonic series Yory 1/k from caleulus
demonstrates.

As with real series, a complex series Y- ; ay is said to converge absolutely
il o [ ¥ W T ] 7 1, ¥ T e P P e TEL T 73
Y 0 lak| converges. Using the Cauchy criterion for series, we get the following
proposition.

Proposition 3.1.2 If 31 ay converges absolutely. then it converges.
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The proo { of this proposition is found at the end of the section. The example
;__1( 1) ;’3. from caleulus shows that the converse need not be true; that is, this
is an example of a series that converges, but uot (Lbsolnh-h
This proposition is important because 3, | series, and the usual
tests for real series that we know from cale l.llLi:: can be zl,pplle.d, Some of those tests
are included in the next proposition (again the proof appears at the end of the
section).

Proposition 3.1.3 The follousng tests for the convergence of series hold.

(i) Geometric series: If |r then >~ 47" converges to 1/(1 — 1) and
diverges (does not converge) if |ri > 1.

(i) Comparison test: If 3 7., br converges and 0 < ap < by, then P 3T
converges; if Z:J_ | Ck diverges and 0 < ¢ < di, then Z;r__] di diverges.

(iii) p-series test: >~ n P converyes if p > 1 and diverges to oo (that is, ths
partial sums increase without bound) if p < 1.

(iv) Ratio test: Suppose that lim cxists and is strictly less than 1. The

Ti— 00

Un
37 | an converges absolutely. If the limit is strictly greater than 1, the serics
diverges. If the limit equals 1, the test is inconclusive.

(v) Root test: Suppose that lim, . (|an|) '-f'”' exists and ts strictly less r‘,hrl-,
Then Y . | an converges absolutely. If the limit is strictly greater than 1.
series dwm‘ges, if the limait equals 1, the test is inconclusive.

There are a few other tests that we shall oecasionally call upon from caleu
such as the alternating series test and the integral test. We assume the reader «
review them as the need arises.

Uniform Convergence Suppose that [, : A — C is a sequence of functions !
defined on the set A. The sequence is said to converge pointwise iff, for e
z € A, the sequence f,(z) couverges, The limit defines a new function f(z) or
A more important kind of convergence is called uniform convergence and is defizea
as follows.

Definition 3.1.4 A sequence f, : A — C of functions defined on a sef A is ol
to converge uniformly to a function [ if. for each € > 0, there s an N s
that n. > N implies that |fo(2) — f(z)] < € for all z € A. This is written “f, —
wniformily on A"

A series 3, gx(2) is said to converge pointwise if the corresponding pe
tial suins sn(z) = S .1_ ge(2) converge pointwise. A series > ;_, gr(z) is s

$ Sn | gk(2) converge pointwise. A series Y . gk(2) is sa

converge umfarﬁdy .'ff s,(2) converges uniformly.
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Evidently, uniform convergence imnplies pomntwise convergence. The difference
Setween uniform and pointwise convergence is as follows. For pointwise conver-
sence, given € > 0, the N required is allowed to vary from point to point, whereas
for uniform convergence we must be able to find a single N that works for all z.

It is difficult to draw the graph of a complex valued function of a complex
variable, since it would require four real dimensions, but the corresponding notions
for real-valned functions are instructive to illustrate. The geometric meaning of
uniform convergence is shown in Figure 3.1.1.

Y
+ fulx)
|
| ftx)

.

iy
1
s e
a b

Figure 3.1.1: Uniform convergence on an interval [a, b.

If ¢ > 0, then for large enough n, the graph y = f,,(x) must stay inside the “c
sube” around the graph of f (the tube’s width is measured in the vertical direction).

The concept of uniformity depends not only on the functions involved but also
on the set on which we are working. Convergence might be uniform on one set but
not on a larger set. The following example illustrates this point. The sequence ot
functions fo(z) = @™ converges pointwise to the zero function f(a) = 0 for « in the
half-open interval [0, 1], but the convergence is not uniform. The function value
¢ takes much longer to get close to 0 for @ close to 1 than for z close to 0: by
raking x close enough to 1, we need arbitrarily large values of n. The convergence
s uniform on any closed subinterval [0,7] with r < 1. Since the worst case is at
r = r, whatever n works there also works for all smaller z. See Figure 3.1.2.

Theorem 3.1.5 (Cauchy Criterion)

(i) A sequence fu(z) converges uniformly on A iff, for each ¢ > U, there 4s an
N such that n > N implies that |fu(2) — fatp(2)| < € for all 2 € A and all
o= 1 BB v

(ii) A series 3o, gr(z) converges uniformly on A iff, for each ¢ >0, there is an
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Figure 3.1.2: Convergence of & to (0 is not uniform on {r |0 < x < 1}.

N such that n = N wmplies that

TL-p

|Z g (2)

vi41

Jorallze Aand allp=1,2,....
The next result states a basic property of uniform convergence.

Proposition 3.1.6 If the sequence f, consists of continuous functions defined
A and if f, — [ uniformly, then f is r‘rm!'-én-fmu,s on A. Similarly, if the funct:
gi(2) are continuous and g(z) = 3. | 9% (2) converges uniformly on A, then
continuous on A.

Propositions 3.1.5 and 3.1.6 are proved at the end of this section.
Thus, a uniform limit of continuous functions is continuous. If the converge:
is not uniform, then the limit might be discontinuous. For example, let

—1 foraz<—1/n
Ful) = ng for —l/n<x<l/n
1. for i<z

and

-

—~1 for —so<cx <)
fizi=K § jore=0
I for U2 .24 0;
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as illustrated in Figure 3.1.3. The functions f,, converge pointwise to f on the whole
line. but the convergence is not uniform on any interval that contains 0, since for
very small nonzero values of . n may have to be quite large to bring f,{x) within
a specified distance of f(z). Each of the functions f, is continuous, but the limit
function is not.

Figure 3.1.3: A nonuniform limit of continuous functions necd not be continuous.

Weierstrass M Test The Weierstrass M Test is oue of the most useful theoretical
and practical tools for showing that a series converges uniformly. 1t does not always
apply, but it is effective in many cascs.

Theorem 3.1.7 (Weierstrass M Test) Let g, be a sequence of functions defined
on a set A C C. Suppose that there s a sequence of real constants M, > 0 such
that both of the following conditions hold.

(i) lgn(z)| < M, forallz€ A

(i) Yoo M, converges

= ) .
Then S | gn converges absolutely and uniformly on A.

Proof Since Y. M, converges, for any ¢ > 0 there is an N such that n = N

implies Zle_ﬂ My <elorallp=1, 2.3..... (Absolute value bars are not needed
hecause M, > 0.) Thus. n > N implies
-+ n-p n-n
Z m-(:}\ < Z lge(2)] < Z My <&
k=n+1 ‘ E=n+1 k=n+1

s0 by the Clanchy Criterion 3.1.5, we have convergence, both absolute and uniform,
as desired. W
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Example Counsider the series g(z) = Y77, 2"/n. We claim that this series con-
verges uniformly on each of the sets A, = {z such that |2| < r}, where 0 < r < 1,

(We cannot let » = 1.) Here g,(z) = 2"/n and |g.(z)| = |z["/n < r"/n since
<.
To show this, we let M,, = r™/n. Since 0 < M,, < r", the series Y | M, converges

" - . o .
by comparison to the convergent geometric series » = r™. Therefore, our series

converges uniformly on A, by the Weierstrass M Test. Tt converges pointwise on
the set A = {z € C | |z] < 1} since each z in A is in A, for r close enough to 1.
(See Figure 3.1.4).

Figure 3.1.4: Region of convergence of > (2" /n): uniformly on A,., pointwise on 4

This series does not, however, canverge uniformly on A. Indeed, if it did, > "/

would converge uniformly on [0, 1[. Suppose that this were true. Then for any e > ¢
there would be an N such that n > N would imply that

ah gt FTR
R
for all # € [0,1] and p = 0,1,2,.... But the harmonic-type series
TN
N N+1

diverges to infinity (that is, the partial sums — 5¢). so we can choose p such tha

N N p
& x Nap [ ] 1
e il o ol Ets O el K=
¥ l (J\f N+p :
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which is a contradiction. However, note that g(2) is still continuous on A because
't is continuous at each z, since each z lies in some A, on which we do have uniform

comvergence. @

Series of Analytic Functions The next result, formulated by Karl Weijerstrass
‘n approximately 1860, is one of the main theorems concerning the convergence of

analytie functions.
Theorem 3.1.8 (Analytic Convergence Theorem) (i) Let A be an open set
in C and let f, be a sequence of analytic functions defined on A. If f, — [

uniformly on every closed disk contained in A, then f is analytic. Further-
more, f) — f' pointwise on A and uniformily on cvery closed disk in A (see

Figure 5.1.5).

(i) If gx 1s a sequence of analytic functions defined on an open set A in C and
glz) = 320, gk(2) converges uniformly on every closed disk in A, then g 15
analytic on A and ¢'(z) = S o 9k(2) pointwise on A and also uniformly on

every closed disk contained in A.

an

Closed disk = {z] |z -zl <7}

Figure 3.1.5: Uniform convergence on closed disks in the set A.

This theorem reveals yet another remarkable property of analytic functions that
is not shared by functions of a real variable (compare §2.4). Uniform convergence
usually is not sufficient to justify differentiation of a series term by term, but for
analytic functions it is sufficient.

The proof of the Analytic Convergence Theorem 3.1.8 depends on Morera's
Theorem and Cauchy’s Integral Formula, which were studied in §2.4. To prepare
for this proof let us first analyze a result concerning integration of sequences and

series.

Proposition 3.1.9 Let v : [a,b] — A be a curve in a region A and let f, be a
sequence of continuous functions defined on v(|a, b)) which converges unifornily to



192 Chapter 3 Series Representation of Analytic Functions

I on ([, b]). Then

éh%[ﬁ

Simalarly, if 3, gn(z) converges wniformly on v, then we can interchange infinite
sums and inlegrals:

i

.f:_ Zﬁrr(z_} dz Z /ﬂn[i’)l‘f.:.

n=1 n=L""

Proof The function [ is contimuous by Proposition 3.1.6 and so is integrable.
Given ¢ > 0, we can choose A such that n > N implies that |f,(z) — f(2)] < € for
all z on v. Then, by Proposition 2.1.6,

ﬁﬁﬁ ﬁfkjin—f

from which the first assertion follows. The second assertion is obtained by applying
the first to the partial sums. (The student should write out the details.) W

= / |.er(:) i ”4\1,|d'z, b3 Ei(ﬁ.'}

Proof of the Analytic Convergence Theorem 3.1.8  As usual, it sulfices 1
prove (i). Let zp € A and let {z such that |z — 2| < r} be a closed disk around -
entirely contained in A. (Why does such a disk exist?) Consider D(zy:r) = {z such
that |z — zg| < r}, which is a simply connected region because it is convex. Since
fn — [ uniformly on the set {z such that |z — 23] < r}, it is clear that f, — *
uniformly on D{zg:r). We wish to show that [ is analytic on D(zg;7). To do thi-
we nuse Morera’s Theorem 2.4.10. By Propesition 3.1.6. [ is continnous on D{zy; 1
Let v be any closed curve in D{zy;7). Since f, is analytic, j fr = 0 by Cauchy's
Theorem and by the fact that D{zg;r) is simply connected. But by Propositio
3.1.9, I T — I; [, so !«, f = 0. Thus by Morera’s Theorem f is analytic o
D{zg:r).

We must still show that f) — f" uniformly on closed disks. To do this we 1=
Cauchy’s Integral Formula for Derivatives 2.4.6. Let B = {z such that |z —z,| <
be a closed disk in A. We can draw a circle 4 of radius p > v centered at 2z th=
contains B entirely in its interior (see Worked Example 1.4.27 and Figure 3.1.6

For any z € B.

il I ‘ fl‘l{CJ B i s _i _f—(c]-—a g
.M$Emlmﬂwkmdfw—mlm_ﬁ@

by the Cauchy Integral Formula. By hypothesis, f, — f unilormly on the closs
disk {z such that |z - zp| < p}, which lies entirely in A. Then, given € > 0. we p
N such that n > N implies that |f,(z) — f(2)| < € for all z in this disk (which =
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Figure 3.1.6: A closed disk in an open set can be slightly enlarged.

can do by hypothesis). Since v is the boundary of this disk, n > N implies that

fal€) — f(C)] < € on #. Note that

) - 1611 = | [ 2884

and observe that for ¢ and v and z € B,|( —z| 2 p—r. Hence n > N implies that

1 c €p
L~ v W) = 7 5
! 2 (p—r)? (p—r)?
Since p and r are fixed constants that are independent of 2 € B, we get the desired
result. W

Applying the Analytic Convergence Theorem 3.1.8 repeatedly we see that the
ith derivatives £ converge to [ uniformly on closed disks in A. Notice also
that this theorem does not assume uniform convergence on all of A. For example,
I 2" /non A = {z such that |2 < 1} converges uniformly on the sets A, = {z
snch that |z| < r} for 0 < r < 1 (as we saw in the preceding example) and hence
converges uniformly on all closed disks in A. Thus we can conclude that >
is analytic on A and that the derivative is 502" 1, which also converges on A.
However, as that example demonstrated, we do have pointwise but not uniform
convergence on A; convergence is uniform only on each closed subdisk in A.

Technical Proofs Now we provide the missing proofs,

Proof of Proposition 3.1.2 By the Cauchy Criterion 3.1.5, given € > 0 there
is an N such that n > N implics

nt+p

Z lag| < e P B s

k=t
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But

n+p n+p

Z ay| < Z lag| < e

k=n-+1 | k=rn-1

by the triangle inequality (see §1.2). Thus by the Canchy Criterion 3.1.5, 377, a;
converges. W

Proof of Proposition 3.1.3
(i) By basic algebra,

fie=s .‘r.n-i—l

l+r+r+. . 4= ——
s B

if r # 1. Since v — 0 as n — oo if [r| < 1, and since |r|" ! — oo if [r| > 1.
we have convergence if [r| < 1 and divergence if |r| > 1. Obviously, 3 "
diverges if |r| = 1, since »™ does not converge to zero.

(i) The partial sums of the series Y7, by form a Cauchy sequence and thns
the partial sums of the series Z:;l ay also form a Cauchy sequence. since
for any k& and p we have ax +apy1 + ... +Gkyp < b + brag + ..+ by
Hence Y 7~ | ax converges, A positive series can diverge only to +oc, so given
M > 0, we can find kg such that & > kg implies e; + v + ...+ > M
Therefore, for k > ko, di +d2+...+dp > M, s0 3", di also diverges to <

(iii) First suppose that p < 1; in this case 1/n¥ > 1/n for all n = 1,2,.
Therefore, by (ii), Y., 1/n? will diverge if Zﬁ_ 1/n diverges. We now

recall the proof of this from calculus:? I s, = 1/1+1/2+...+1/k, then s is
a strictly inereasing sequence of positive real nmmbers. Write sq0 as follows:

P 1+1 1
San == — — —_ _ —_ — —
" g LR g T
1 1
+ ...+ —2"“_14—1 —k

o et Yol bl Yt
= 2 2 2 G 9 o

Hence sp can be made arbitrarily large if & is made sufficiently large; thus
oo 1/n diverges.
Now suppose that p > 1. If we let

] ]
k 17 op ap b
2We can also prove (iii) by using the integral test for positive series (see any calculus tex:
The demonstration given here also proves the Cauchy condensafion test: Let 37 ayn be a series
positive terms with a,, | < ay. Then Zu“ converges ifl ET‘_:I '2-*’(1._5_, COTIVETZes {see G- . Ports
An alternative to the integral test for infinite series, Am. Math. Monthly, T9 (1972), 634).

1
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then sy is an increasing sequence of positive real numbers. On the other hand,

| L2 73 L0 LT

s = prlgtes) " \pteTe ™

A gl o2 E, S

:; o= Tt @) e @)

%; o @ | 1 _ ok 1

:; - _TE_*—Q-T_T—F,:]?'——I—F'” (2k—|j‘lp—l<1_1,‘l’2p—]'

i (Why?) Thus the sequence {si} is bounded from above by 1 J(1— 17201}
hence >, 1/n” converges.

i -

i (iv) Suppose that lim @nt1] _ 1 < 1. Choose 1’ such that r < v/ < 1 and let N
? T—00 ﬂ'ﬂ

g be such that n > N implies

|

g i1 ‘ < '.I'"‘.

& ﬂ'ﬂ.

;; For k > N, we have

°’ lag] < 'lag_1] < (F)Plap—a| < -+ < (/YN anl.

The series zf;h.- lay| converges by comparison to the convergent geometric
£ series with ratio /. If

Op41
Un

S S

E limn
f i — X3

choose 1 such that 1 < + < 7 and let N be such that n > N implies that

i 41 :
i "l > ¢, Hence |any,| > (r')Play|, and so lim, . lan| = oc, whereas
n
the limit would have to be zero if the sum converged (see Exercise 10). Thus,
i o0 2 o . Bt 3
S, ap diverges. To see that the test fails if lim |—=| =1, consider
e n—0oC | (g
the two series 1 +1+1+ ... and Y00, 1/nP for p > 1. In both cases
i iy | " " .
Jim =L = 1. but the first series diverges and the second converges.
TL—D0 1y

(v) Suppose that lim, ., la, /™ = r < 1. Choose ¢’ such that 7 < r' <1and N
such that n > N implies that |a,|Y™ < 1/, in other words, that |a,| < (/)"
The series

! !
laa| + laa) + - -+ lan—1| + )Y + )+

converges to

, il
lay| + ]a'z| + .o+ lan—1| + I——J;‘_’”
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ik o0 i g ¢
so by (ii), 3 1o, lok| converges. If lim,, . |a,["" =7 > 1, choose 1 <+ < r
and N such that n > N implies that |a,|"'™ > ' or, in other words, that
lan| > ()", Hence lim,, ,~. |a,| = o¢. Therefore, ZEC: | ag diverges.

|]!,J"|‘

To show that the test fails when lim,, . |a,| = 1, we use these limits from

caleulus:
1/n \ 1/n
1 1
lim (—) =1 and lim (—2) = ]
FL— X Tl T O T

(take logarithms and use L'Hépital's rule to show that (logx)/z — 0 as
@ — o). But Y207, 1/n diverges and Y-, 1/n? converges. W

n=1

Proof of 3.1.5 (Cauchy Criterion)

(i)

(i1)

First we prove the “if” part. Let f(z) = lim, _~ fn(2). which exists because
for each z, f.(z) is a Cauchy sequence. We wish to show that f, — f
uniformly on A. Given ¢ > (), choose N such that |f,(2) — fuip(2)] < €/2
for n. > N and all p > 1. The first step is to show that for any z and
any n.> N,|fo(z) — f(2) For 2z € A. choose p large enough so that
fnap(2) = fl2)] < /2, which is possible by pointwise convergence. Then. by

the triangle inequality,
[fn(2) — £(2)| € [fal2) = Soap(2)| + [frsp(2) — f(2)| < €/2+ €/2 =

(Notice that althongh p depends on z, N does not. )

Conversely, if f,, — f uniformly. given ¢ > () choose N such that n > A\
implies |fn(z) — f(2)| < /2 for all z. Since n+p > N,

if??.(_*?‘) s fnlp{zjzl c_:- U.n(z} N J{.ZJ . U{‘ZJ . fn+p(3)!' < r;‘EQ 1 f/Z = £,

By applying (i) to the partial sums. we deduce (11). W

Proof of Proposition 3.1.6 It suflices to prove the assertion for sequenc
(Why?). We wish to show Thm‘ fnr zp € A. given € > (), there is a 0 > 0 such th

| i

f(2)—flzg)| < €. Choose N such that |fa(2)— f(2)] <

for all z € A. Since fy is (:(JIl'l.lIlutJllb. there is a & > () such that |f,.\ (2) — fa{z0)

e/3if

S

|z —=zn| < 6. Thus,

2}y — flzo)| < |f(2) = fn(2)] + [Fn(z) — fnv(20)] + | fv(20) = fl2a)]

< e‘,"3+f'_/'3 I F/.‘,]r c. W

Note that in the last step we need an N that is indvpvmh.—‘n‘n of z to concluds

that

both |fn(2) — f(2)] < ¢/3 and |fa(20) — fl20)| < ¢/3

Worked Examples

Example 3.1.10 Show that the sequence of functions f,(2) = sin{x/n) conu
undiformiy to the constant function f(z) =0 for & in the interval [0, 7).
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Solution From calculus, sin# ig increasing and sinf < # for 0 < A < /2. Thus,
if # € [0,7] and n > 2, then |fu(x) — f(z)| = |sin(z/n)| < sin(x/n) < 7/n. (See
Figure 3.1.7.) Therefore | f,(z) — f(x)| < € provided n > max(2, w/€). The same n
corks for all 2 in the interval, and so the convergence is uniform on [0, 7.

Figure 3.1.7: y = sinf{a/n) forn =1 throngh 7.

Example 3.1.11 Show that the sequence of functions falx) = arctan(nz) con-
verges for @ in the interval [=5.5] fo the function

—x/2 for =<0
fE)=< 0 for 2=10
/2 for x>0

hut that the convergence is not uniform. (See Figure 3.1.8.)

Solution If x > 0, then |f.(z) — f(2)| = |arctan(nz) — w/2|. We know that
arctan(y) is an increasing function of y with limif w/2 as y — oc. Therefore
arctan(na) — 7/2| < € if and only if nz > tan(w/2 — €). For any particular
value of @, large enough values of n will work. but by taking z close to 0 we can
force the required n to be quite large. Thus we have convergence but not uniform
convergence. (Similar disenssions apply for # < 0.) One can see indirectly that
the convergence must not be uniform. If it were, then the limit function would be
continuous, by Propesition 3.1.6. But it is not.

The next three examples develap the important special case of the geometric
series and show how the tools of this section can be applied to it to obtain some
interesting results. The behavior of these examples is typical of the more gencral
power series studied in the next section.

Example 3.1.12 Show lhat the series Z;:;]z” converges on the open unit disk
D = D(0;1) to the analytic function f(z) = 1/(1— z). Prove that the convergence
is uniform and absolute on every closed disk Dy = {z such that |z] < r}owith r < L.

e
o]




198 Chapter 3 Series Representation of Analytic Functions

Figure 3.1.8: y = arctan(nz) for n = 1 through 5.

Solution If z € D, then z € D, whenever |2| < r < 1. Hence convergenc:
at z follows from the second assertion. To prove this, suppose z is in [,. The:
|2 < r™. Since Y r" converges (Proposition 3.1.3 (i)), the Weierstrass M Test
applies with M, = ", and our series converges uniformly and absolutely on 1,
We have run into one of the shortcomings of a tool like the Weierstrass M Tes:
We have shown that the series converges but have not identified the limit. To d
this notice that

=™l - 424 3* 4ot 2™

50

i 3 &I |.;IT‘!-+-|. pitl
— Z‘ oo 2 § .
1 —2 LZ_{} [ =2 I—7p

Since r < 1, this goes to 0 as n — oc and we have our result.

s e e Lome—=1 o ] ¥ =
Example 3.1.13 Show that the series Zﬂ:]'n«, =3 > o(n+1)z" converge:
on the open unit disk D to g(z) = 1/(1 - z)2. The convergence is uniform ar
absolute on every closed disk contained in D.

Solution If B is any closed disk contained in D, then B € D, for some closed disi
D.., which is proved as in the last example. The series »” 2™ converges uniformly an-
absolutely to f(z) =1/(1 — z) on D, and so on B. By the Analytic Convergenc
Theorem 3.1.8 (ii), the series of derivatives converges uniformly on every close:
disk in D to f'(z). That is, Y -, nz""! = f(2) = 1/(1 — 2)?, as desired. Tt
convergence is absolute by comparison. If |z| < r < 1, then [n2"~1| < pr"—' b
S nrt"! converges by the argument just given.
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Example 3.1.14 Show that the series i s 4 1 12 [ converges uniformly and
shsolutely to log(l + z) on the open unit disk, where log(pe?) = logp + 10 with
T <<,

Solution We know that the given formula for log defines a branch of logarithm
on the disk D(1;1). In fact, it is the same as that described by the construction
ogw = [ (1/¢)d¢. where 7 is a straight-line path from 1 to w. By the path inde-
pendence guaranteed by Cauchy’s Theorem we can integrate first, along a circular
arc (constant r = 1) and then along a ray from the origin (constant #) to get from
| to w = pe'? (see Figure 3.1.9).

Figure 3.1.9: Path for computing log w on D(1:1).

This construction shows that

1 i _ » CHEN | y
/ —dC = / e "ie'®ded +] —.ﬁe”"d,?' — i) + log p.
~ § J0 | TE'

Changing variables to § = ¢ — 1 gives

1 1
logw = | =—d =/———d.f.
Og i “E-f-l ‘S -“1_ (_EJ S

the path p being a straight line from 1 to z = w—1in the open unit disk D = D(0; 1),
By Worked Example 3.1.12, the integrand may be expanded in an infinite series
3™ o(—€)™, which converges uniformly on . The Analytic Convergence Theorem



200 Chapter 3 Series Representation of Analytic Functions

allows us to integrate term by term to obtain

logw = /# [Z ]dé Z[ ] [ “ng

B i {_1- “'[:-'u; . 1),; | B z""»: (_Un -i(.w == 1)?1
ri={ wd n=1 i
This works for every w in D(1;1). Setting z = w — 1 gives
x_ -n
log(z+1) =Y (-1)" 1=

it

Tie=1

for all 2z in D(0; 1). Again, the convergence is uniform and absolute on any L, with
r < 1. Indee < ¢ implies

e

3 b

and ) r" converges. the Weierstrass M Test applies with M,, = r"
Example 3.1.15 Show that the Riemann ( function, defined by

oG
£lz) = E HF
=1
is analytic on the region A = {z | Rez > 1}. Write a convergent series for (=
on that set.

Solution We use the Analytic Convergence Theorem 3.1.8. We must be carcf
to try to prove uniform convergence only on closed disks in 4 and not on all o
A. Tn this example we do not in fact have uniform convergence on all of A (ses
Fxercise 8).

Let B be a closed disk in A and let 4 be its distance from the line Rez =
(see Figure 3.1.10). We shall show that L,r_[ * converges uniformly on B. Her
n % = e =% where logn means the usual log of real numbers. Now

|'”'_3| — !ﬁ'ﬂelognl ) E—J:lug-r! ——

Butz >1+48ifz € B, and so [n™%| < n "™ for all 2 € B. Let us, thercfors
choose M,, = n— (119,

By Proposition 3.1.3(ii1), L —1 My converges. Thus, by the Weierstrass )
Test, our series Y °  n~* converges uniformly on B. Hence ¢ is analytic on
Also by the Analytic Convergence Theorem 3.1.8, we ean differentiate term by ters
to give

D0

Cl) =— Z(imgn)u

n=1

which we know must also converge on A (and uniformly on closed disks in A4).
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.

Rez =1

Figure 3.1.10: Domain of analyticity of the Riemann zeta function.

Exercises
1. Do the following sequences converge, and if so, what is their limit?
]

n+1

(a) 2, = (—1)" 4

(b) 2n=—ri

2. Let ¢ be a complex constant. Let zy = 0 and 2 = ¢, and define a sequence
by putting z,,1 = 22 + ¢

— 1 and

(a) Show that if |c| > 2, then lim, .o 20 = 2C. Hint: Let r = |¢
use induction to show that |z,| > [¢[r™~! for all n.

(b) Show that if ¢/ < 2 and there is a value of k with |zx| > 2, then
lity, oo 20 = 0c. Hint: Let r = |z;| — 1, and show that |zk4p| = |2lT?

for all p > 0.7

3. What is the limit of the sequence [,(z) = (1 +x)Y/" defined for & > 07 Does
it converge uniformly?

4. (a) Show that the series 3 o 1/(n®+27) converges on the set C\{z=mni|n
is an integer }.
(b) Show that the convergence is nniform and absolute on each closed disk
contained in this region.

8T hose values of ¢ for which the sequence z, defined in this problem stays bounded form a
very interesting set with many pretty patterns called the Mandelhrot set. See A. K. Dewdney,
Clomputer Recreations, Scientific American, August 1985,
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5. (a) Show that the sequence of functions f,.(z) = z" converges uniformly
to the zero function f(z) = 0 on every closed disk D, = {z such that
|z| < r} withr < 1.
(b) Is the convergence uniform on the open unit disk D(0;1)?
6. (a) Show that the sequence of functions f,(z) = cos(x/n) converges uni-
formly to the constant function f(z) =1 for x € [0. 7]
(b) Show that it converges pointwise to 1 on all of K.
(c) Is the convergence uniform on all of R?
7. Test the following series for absolute convergence and convergence:
s &} 'If:n
a‘ ——_——
(a) g logn
s in
b T
o E:
= 1
8.* Prove that {(z) = Z — does not converge uniformly on A = {z | Rez > 1}.
n=1 ik
9. If 307, gx(z) is a uniformly convergent series of continuous functions and if
Zn — Z, show that
D oC
Jim > ak(za) =) ge(2).
k=1 k=1
10. If 3.7, ax converges, prove that a, — 0. If 3277 | gx(z) converges uniformi
show that g — 0 uniformly.
o0
- ; : ) :
1. Show that z el analytic on A = {z such that |z| > 1}.
n=l1
= 1
12.* Show that Z —- is analytic on C\{0}. Compute its integral around th:
n.::-'l'l

13.

14.

15.

=1

unit circle.

Show that > | e ™ sinnz is analytic in the region A = {2 | =1 <Im2z < |

™o

Prove that the series E T converges in both the interior and exterics
n=1 i

of the unit circle and represents an analytic function in each region.

LT
"-‘

Show that 3 o ,(logn)*n~* is analytic on {z | Rez > 1}. Hint: Use th
result of Worked Example 3.1.15.
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16.* Let f be an analytic function on the disk D(0:2) such that |f(z)| < 7 for
all z € D(0;2). Prove that there exists a 6 > 0 such that if z,,20 € D(0:1),
and if |2 — 22| < 4. then |[f(z) — [(z)] < 1/10. Find a numerical value of
§ independent of f that has this property. Hint: Use the Cauchy Integral
Formula.

17. Tf f(z) — f(z) uniformly on a region A, and if f, is analytic on A, is it true
that f/(z) — f'(z) uniformly on A?

18. Prove that f, — f uniformly on cvery closed disk in a region A iff f, — f
uniformly on every compact (closed and bounded) subset of A.

= 1)!1

o
2z
19. Find a suitable region in which Z (_z__
n

is analytic.

=1

20.* Let f, be analytic on a bounded region A and continuous on cl(A),n =
1.2,3,.... Suppose that the functions f,, converge uniformly on bd(A). Prove

that the functions f,, converge uniformly to an analytic function on A. Hnt:
Use the Maximum Modulus Theorem.

3.2 Power Series and Taylor’s Theorem

This section will consider special kinds of series called power series, which have the
form 7 an(2 — 20)". We shall examine their convergence properties and show
that a function is analytic iff it is locally representable as a convergent power series.
To obtain this representation, we first need to establish Taylor's Theorem. which
asserts that if f is analytic on an open disk centered at zp, then the Taylor series

of f,

converges on the disk and equals f(z) everywhere on that disk.
In proving the results of this section we shall use the techniques developed in

3.1 and Cauchy’s Integral Formmla 2.4.4.

Convergence of Power Series A power series is a series of the form

o

Z an(z — z0)",

ri==I}

where a,, and zg are fixed complex numbers. Each term a,(z — zp)" is entire, so
in proving that the sum is analytic on a region, we can use the Analytic Conver-
gence Theorem 3.1.8. The basic fact to remember about power series is that the
appropriate domain of analyticity is the interior of a cirele centered at zp. This is
established in the following theorem.
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Theorem 3.2.1 (Power Series Convergence) Let Y an(2—2)" be a power
series. There is a wnique number R > 0, possibly +oo, called the radius of con-
vergence, such that if |z — zy| < R, the series converges, and if |z — 23| > R.
the series diverges. Furthermore, the convergence is uniform and absolute on every
closed disk in A = {z € C such that |z — z3| < R}. No general statement aboui
convergence can be made if |z — 29| = R. (See Figure 3.2.1.)

=

Circle of convergence

Figure 3.2.1: Convergence of power series. Series converges within cirele: serie
diverges outside circle.

Thus, the series converges on the region A = {z € C such that |z — 2| < R
and it diverges at z if |z — 23] > R. The circle |z — 25| = R is called the eirele of
convergence of the given power series. Practical methods of caleulating 7 use 1«
ratio and root tests and will be given shortly.

The overall strategy is to let B = sup{r = 0 | 327 |a,|r" converges }, wher

sup means the least upper bound of that set of real mumbers, and then to shos
that R has the desired properties. The following lemma will be useful.

Lemma 3.2.2 (Abel-Weierstrass Lemma) Suppose that rq = 0 and that
inequality |axlry < M holds for all integers n = 0, where M is some constar-
Then for r < ro, the series > an(z — z0)" converges uniformly and absolut:

on the closed disk A, = {z such that |z — zp| < r}.

Proof For z € A, we have

Tl T
) r T
s 2 20)"| < |aulr™ = laalrg (—) it (_ﬁ) -
o n

Let
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Since r/ry < 1. the series Y M, converges. Thus, by the Weierstrass M Test 3.1.7,
the series 3 - 5 an(z — 20)" converges uniformly and absolutely on A,. W

Proof of Theorem 3.2.1 Let rg < R. By the definition of R there is an ry.7o <
< R such that ¥ |a,|r} converges. Therefore, 3> 4 lan|rlt converges by the
omparison test. The terms |a,|rf are bounded (in fact — 0), and so by the Abel-
Weierstrass Lemma. the series converges uniformly and absolutely on A, for any
< rg. Since any z with |z — 29| < I lies in some A, and since we can always
hoose rg such that v < rg < R, we have convergence at z.

Now suppose that |21 —z20| > R and Y a, (21 —20)" converges. We shall derive a
ontradietion. The terms an(z — 20)™ are bonnded in absolute value because they
wpproach zere. Thus, by the Abel-Weicrstrass Lemma, if R <r < |z — 2|, then
S an(z — 2zo)" converges absolutely if z; € A,.. Therefore, > |an|r™ converges.
But this would mean, by definition of R. that B < K.

We have proved that the convergence is uniform and absolute on every strictly
snaller closed disk A, and henee on any closed disk in A, W

Clombining the Analyvtic Convergence and Power Series Convergence Theorems,

ve may dednee the following theorem.

. = . - ™
Theorem 3.2.3 (Analyticity of Power Series) A power series Y gGa(z —
" is an analytic function on the inside of its circle of eonvergence.

=1

We also know that we can differentiate convergent series of analytic functions
term by term. This leads to another interesting theorem.

Theorem 3.2.4 (Differentiation of Power Series) Let

Flz) = Z an(z — 20)"

=]

he the anelytic funclion defined on the inside of the cirele of convergence of the
given power sevies. Then f'(z) = S ynan(s — 20)" "1, and this series has the
sante circle of convergence as Y an(z — z0)". Furthermore, the coefficients an are

given by an = F™(z0)/nl.

Proof We know from the Analytic Convergence Theorem 3.1.8 that the derivative
e} = Yoy flig(z - 20)") converges on A = D(zg;R) = {z € C such that
'z —zp) < R}. To show that the deri ved series has the same circle of convergence
as the original series. we need only show that it diverges for |z — 20| > R. I il

did converge at some point z; with |21 — z0] = ro > R, then r;,a..,i'r',f,‘_1 would be
bounded, Thus a,rff = (na,r "Y(rg/n) would also be hounded, so 3 Galz—zp)"
wonld converge for R < |z — zn| < rp by the Abel-Weicrstrass Lemma. But this

contradicts the maximal property of R from the Power Series Convergence Theorem
3.2.1. This establishes the assertion about the radius of convergence.
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e

To identify the coeflicients, set z == 2z, in the formmla defining f(z) to find
f(z0) = ag. Proceeding inductively, we find

f{n)(z) =nla, + Z klk—1}k=2)...(k—n+1)(z— zﬂ}k.—”.

k=n+1
and setting z = zp. we get f(”‘)(zu) = nla,. M

It is important to notice just what has been done i the last assertion of this
theorem. The coeflicients of a power series around a particular center are completely
determined by the function that series represents. Thus if two apparently different
series have been obtained for the same function about the same center, they must
in fact be the same.

Theorem 3.2.5 (Uniqueness of Power Series) Power series expansions arounc
the same center are unique. If

Z ﬂ-n(l" == z[})“ = f(z) - Z bn(z - Zﬂ)'n.

=0 =0

for all z in some nontrivial disk D(zy:r) with r > 0, then a, = b, for n =
0 g

Proof The last assertion of the differentiation of power series theorem says a,, =
() /0l =b,. W

Uniqueness of power series may be used in a number of ways. In particular. it
says that whatever tricks we can use to find a convergent power series representing
a function, it must be the Taylor series. It can also help us use power series in the
solution of differential equations and other problems. Several of these tricks an:
ideas for the manipulation and application of power series are demonstrated in the
worked examples.

We will now obtain some practical methods of computing the radins of conve:
gence R. (The method of defining R given in the proof of Theorem 3.2.1 is no
terribly useful for computing R in specific examples.)

Proposition 3.2.6 Consider a power series o an(z — 29)".

(i) Ratio test: If

f
lim A
Ll |”-"u+1|

exists, then il equals R, the radius of convergence of the series.

(ii) Root test: If p = lim, . V/|a,| exists, then R = 1/p is the radius
convergence. (Set =00 if p=10.)
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Proof To prove both cases we show that

&6
R=supqr = 0 Z |H'n|'rn <o
n=L}
(i) By the ratio test (Proposition 3.1.3) we know that Y oq lan|r™ converges or
diverges if
" |41 Sl |

lim

TL—+0C |([n'?"'" |

21 o =l

that is, according to whether

|

|G’ﬂ|

lim >F o lim <

n—o0 |@n41] n—00 |ap.t1]
Thus, by the characterization of R in the Power Series Convergence Theorem
3.2.1, the limit equals .

(ii) By the root test (Proposition 3.1.3) we know that Yoo o lanlr™ converges or
diverges if limy— s (Jan|r™)/™ < 1 or > 1, that is, according to whether

r< 1) lim ||:L.n|l”ﬂ or r>1/ lim |aﬂ|1/ﬂ_
Fl— e

The result follows as in (i). W
For example:

e The series 00 2™ has radius of convergence 1 since a, = 1, and thus we
bt T, oo [@u/0nsi] = 1.

e The series 3 .-, 2" /n! has radius of convergence R = +oc (that is, the func-
tion is entire), since a, = 1/n!, and so |an/@nj1| =n+1 - 00,

e The series 3 oo nlz" has radius of convergence R =0 because |an/tn+1| =
1/(n+ 1) — 0. (This function thus does not have a nontrivial region of
analyticity.)

By refining the root test, it is possible to show that B = 1/p where p =
which always exists. Tn this statement, the “limsup” means,

limsup,, .. V/|n
by definition,

limsup,, ,.0n = }iugc(SLJLp{r:,,,an., o
e

This is known as Hadamard’s formaula for the radius of convergence. There is
no analogous refinement for the ratio test (known to us).
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Taylor’s Theorem It is obvious from the preceding computations that if f :
A — C equals, in a small disk around each 2z, € A, a convergent power series, then
f is analytic. The converse is also true: If f is analytic it equals, on every disk in its
domain, a convergent power series. This is made explicit in the following theorem.

Theorem 3.2.7 (Taylor’s Theorem) Let f be analytic on an open set A in C.
Let zy € A and let A, = {z such that |z — z9| < v} be contained in A (usually the
largest open disk possible is used: if r = o0, Ay = A = C) (see Figure 3.2.2). Then
for every z € A, the series

Z fﬂ)(zu')'(: —25)"
£ 1!

converges on A, (that is, has a radius of convergence = r), and we have

=2 (n) Z0) o
f(Z)ZZLM(Z - 2p) s

7!

(We use the convention 0! = 1.) The series of this equation is called the Taylor
series of f around the point z.

Before proving this result let us study an example that illustrates its usefulne~
Consider f(z) = e?. Here f is analytic, and f(")(z) = ¢* for all n, so f"(0) =
and thus

oo 4
F zﬂ-
© = Z po
n=>0 -
which is valid for all 2z € C, since ¢* is entire.

Table 3.2.1 lists the Taylor series of some common elementary [unctions.
Taylor series around the point zp = 0 is sometimes called the Maclaurin serics
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Table 3.2.1 Some Common Expansions
Funetion Taylor series around 0 Where valid
1 ha
y " 2" (geometric series zl <1
== L (geometric series) |z]
ra={}
e
A z
e Z = all z
n=1}
?.i apid 2 i ZZ-H -1
sin z Bt R~ et alle
al = 5l X( ) {2n— 1)
=l
22 23 B o s4n
COs 2 ]___|__.__"'__|____= —1y™ allz
) 2 T4 @ “zz:u( " i
log(1 -+ z) o (_1}11_; T
. . e ——— 1
{principal branch) Zl n N |2 <
(14 z)@ 2 » |z| < 1 but
i : .. I n . . ._F e
{principal hiEatich) Z (ﬂ) z™ (binomial series) all zif ¢ is a

positive integer

In the binomial series, v € C is fixed,

(u) _ afa—1)... (e —n+1)

i fi!

-

and we let ?; be zero if a is an integer < n and let (((J]E = L

All the series in Table 3.2.1 are important and useful. They may be established
by taking successive derivatives and using Taylor’s Theorem. The binomial series
for @ a positive integer should be familiar from algebra. The Taylor series for many
functions can be found by other means, nsing the special properties of power series
that allow their manipulation. Some of these properties are presented in the worked
sxamples. We have already found the geometric series for 1/(1 — z) and the series
for log(1 + 2z) in Worked Examples 3.1.12 and 3.1.14. This result for geometric
<eries will be used in the following proof.

Proof of Taylor’s Theorem Let 0 < o < r and let v be the circle v(t) =
o+ oet,0 <t < 2m, of radius o centered at zg. If 2 is any point inside ¥, Cauchy’s
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[ntegral Formula 2.4.4 gives

Qm C

The plan is to use the geometric series to expand the integrand as a power series
in z — zp and then use Proposition 3.1.9 to integrate term by term. Finally the
coefficients of the resulting integrated series are recognized to be those of the Taylor
series by the Cauchy Integral Formula for Derivatives 2.4.6.

Since z is inside the circle v and ¢ is on its boundary, we have the inequality
{2z — 20)/(¢ — z0)| < 1. The geometric series of Worked Example 3.1.12 allows the

following expansion:

: 1 1 .1 i(z—z“)”
=& =& 5 =% (< (—20) '

850

1 ¢ 2 — 2 FIO) (2 — 2 i
f(z":ﬁfr c—) Z(c—:ﬂ) j(‘_sz Z (f;j—éa}n:)l %

Furthermore, since the curve v stays away from the boundary of the disk of con-
vergence, Worked Example 3.1.12 also shows that the convergence of the series

L= i it

W=

n=0 C T
is uniform in ¢ as ¢ goes around the circle v with z fixed. Also, f(()/(C — zq) is 2
continuous function of ¢ around the circle v, so it is bounded there. It follows tha:

the series

o0
§TARM A
- n—o—T

n=0 ( “U
converges uniformly on v to f({)/(¢ — z). (The first series satisfies the Cauch:
Criterion uniformly in ¢. so it still satisfies it after being multiplied by somethin:
that remains bounded. The student is asked to supply the details in Exercise 21
By Proposition 3.1.9, we have

fo) = 3 5 [HOE=RT “”"‘:21 it

=0 i Zn
.y = o S, BE 1 } g o0 n_f{n'](z(”

as desired. The last equality is the Cauchy Integral Formula for Derivatives 2.4.¢
Since the radius of the circle v was arbitrary, so long as it fit inside the region o
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malyticity, this representation of f(z) is valid in the largest open disk centered at
-, which is contained in the region A. W

The following consequence of this theorem was mentioned informally at the
eginning of this section.

Corollary 3.2.8 Let A be a region in C and let f be o compler-valued function
iofined on A. Then f is analytic on A if and only if for each 2y in A there is a
sumber v > 0 such that the disk D(zo;r) C A and f equals a convergent power
series on D(zg;r).

Proof Taylor's Theorem shows that every analytic function is equal to a power
-eries, in fact to its Taylor series, on every disk in A. On the other hand, if f(z) is
qual to a convergent power series on D(zq;r), then D(zp;7) must be in the interior
f the circle of convergence of the series and so f must be analytic on D{zp;r). Since
‘here is such a disk and convergent power series for each z in A, it follows from
‘he analyticity of power series (3.2.3) that f is analyticon 4. W

The condition in this corollary may thus be taken as an alternative definition
£ “analytic”. We have shown that the notions of differentiability on a region and
malyticity on a region coincide for functions of a complex variable. (Keep in mind
‘hat they do not coincide for real variables.) Cauchy’s Theorem, Cauchy’s Integral
Formulas, and Taylor’s Theorem are among the most fundamental theorems of
omplex analysis.

In specific examples, the higher order derivatives of f may be complicated ex-
oressions, and finding the Taylor series may be made easicr by searching directly
‘or a convergent series that represents f rather than computing the derivatives. By
Corollary 3.2.5, if f(2) = Y7 ,an(z — 20)" and the series converges, then it must
he the Taylor series. In fact we can sometimes then use Taylor’s Theorem to tell us
formulas for the derivatives, having found the series by other means. Some of these
‘ricks for manipulating series and applications are found in the worked examples.

Zeros of Analytic Functions Suppose that f: @ — C is analytic on an open
ot 2 in € and that ¢ € 2. We know that the Taylor series for f(z) centered
at e converges to f(z) at least in the largest open disk D(e;r) centered at ¢ and
contained in (). Therefore. we have

02, flk)
flz)= z f—k'{(ﬂ(z = for lz—¢l <r
k=0 5y

If f*)(¢) = 0 for all k. then f(z) is identically 0 in D{c:r). If not, then there is a
smallest nonnegative integer n with fi(e) #0. If n =0, then f(e) #0. If n> 0,
then f(e) = f'(¢) = f"(c) = -+ = fi" (e} = 0 but f(¢) £ 0. In this case we
say that f has a zere of order n at ¢. From algebra we know that a polynomial
has a zero at ¢ if and only if z — ¢ is a factor of that polynomial. The zero has
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order or multiplicity n if the factor z — ¢ occurs exactly n times. Consideratior
of the Taylor series shows that an analyvtic function has a zero at e if and only
z — ¢ is a factor of that function and then the multiplicity is defined in the sam
way. For z in D(c¢;r) we have

=2

f{z) = U'n(_z ) ‘":'” t 4 1{2 — 'n)” hh + Onya(z — )

e

={g—e" Eu.,, +a,11(z —¢) +anealz - r"}z

G

where ap = f*(e)/kl. The power series in square brackets converges in D{c:s
to an analytic function @(z) with p(e) = a, = [i"(e)/n! # 0. Thus f has
zero of order n at ¢ il and only il f(z) can be factored in a neighborhood of ¢ -
f(z) = (z — ¢)"p(z) where ¢ is analytic in a neighborhood of ¢ and (e} # 0.

Isolation of Zeros A closer examination of the factorization in the last paragrap
gives another valuable conclugion. The factor ¢(2) is analytic and so is contito-
on D{e;r). Since p(e) £ 0, there is a radius p with 0 < p < r such that p(z) is neves
0 for |z —¢| < p. Since f(z) = (2 —¢}"p(z) for all =z in D(e; p), we conclude th
[ has no zeros other than e in that disk. In this sense the zeros of f are 2solated
This analysis is summarized in the following proposition and corollary.

Proposition 3.2.9 Suppose [ : Q) — C is analytic on an open set §2 in C and th
¢ € 8. Let D(c;r) be an open disk centered at ¢ and contained in © and suppos:
fle) = 0. Then exactly one of two things must occur.

(i) f(z) =0 for every z in D(c:r).

(i1) There is an integer n such that

fley =71 =11 = f* V) =0 and f@ A0,

In the latter case there is a function @(2) analytic in D{e:r) with o(c) 7 0 a
f(2) = (z —¢e)"@(z) for all z in D{c:v) and a radius p > 0 such that f(z) s 0 o
at ¢ i the disk D(e; p).

Corollary 3.2.10 (Local Isolation of Zeros) Suppose f:Q — C is analytic

an open set ) in C and that ¢ € 2, If there is @ sequence 21, 2o, zy. ... of distis
points in Q such that 2z — ¢ as k — o0 and f(z¢) = 0 for each k. then f(z) =
for each z in the largest open disk centered at ¢ and contained m 2.

Worked Examples

Example 3.2.11 Use the series expansion given in Table 3.2.1 to confirm the ide-
tity e'* = cosz 4+ isinz for all 2.
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Solution Using the series for cos z and sin z from the table gives

2 s o n+l y2n—1
- B . (—=1)"z . G
cosz-tisimz = r; (2n)! _H; (2n — 1)!
- — R
=14] (Zﬂ} =1 (2‘?1 3 ) .
i i (iz)?" i = (ig)"! i (iz)* _ giz
= SIS @n_11 S
n=A0 {2!1‘:). =% (Jn l} k=0 i

= desired.
Example 3.2.12 Can a power series 3 an(z — 2)" converge at z =0 bul diverge

3= 3%

Solution No. If it converges at z = 0 this implies, by the Power Series Conver-
sence Theorem 3.2.1, that the radius of convergence R satisfies R > 2. But z = 3
o= inside that circle, so the series would converge there (see Figure 3.2.3).

y

Figure 3.2.3: The circle of convergence for the power series in Worked Example
3.2.12 must be at Jeast this big.

Example 3.2.13 Find the Taylor series around 29 = 0 for f(2) = 1/(4+ z*) and
caleulate the radius of convergence.

Selution Write

(=N

. 1
7= [r=camm)|
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We know that so long as [w| < 1, then 1/(1 —w) = Y~ ,w™. Replacing w by
—z2/4 gives

1 [0 P"E i » )

; =TS e = W i — {41 21

=32 (-7) = Xt
n=0 =

as long as |(—2z°/4)| < 1; that is, as long as |z| < 2. Therefore the radius of

convergence is 2. Notice that this is the largest disk around z; = 0 on which f is

analytic, since analyticity fails at z = £2¢.

Example 3.2.14 Find the Taylor series of log(1 + z) around z = () and give its
radius of convergence (see Table 3.2.1).

First Solution We have already done this problem as Worked Example 3.1.14
using the geometric series and term-by-term integration.

Second Solution We use the principal branch of log so that the function f(z) =
log(1+ z) is defined at z = 0. Since f is analytic on the region A = C\{z+iy | y =
0,2 < —1} shown in Figure 3.2.4. the radius of convergence of the Taylor series will
be > 1 by Taylor's Theorem (3.2.7). That it is exzactly 1 can be shown as follows.
We know that

f(0) =log 1 =0,

1
fal =25y o Jhi=1
I
(z+1)?
and
_,‘J”(ZJ o me S0 fn!i{_” =2

Inductively, we see that

==
B (z+1)"

™(2)

so fU")(0) = (n— 1)Y{—=1)""1. Thus the Taylor series is

i fl\fw}([;-]_)._’“ - i [—])H—l -
nt T ol

=0 ri=1

(in agreement with Table 3.2.1). When z = —1, if is the harmonic series whic
diverges, so the radius of convergence is < 1 and thus is exactly 1. (A general pro
cedure to follow for determining the exact radius of convergence without computin:

the series is found in Exercise 19.)
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et e 4

Figure 3.2.4: Taylor series of log(1 + z).

Example 3.2.15 Suppose that 3" a,z™ and ) b,z" have radii of convergence > ry.
Define ¢, = S p_p axbu—k. Prove that Y c,2™ has radius of convergence = 1o and
that inside this eircle of radius ro we have

o 3 o
E B = E Hiax™ E Al

nz=l) n={} n={}

Solution This way of multiplying out two power series is a generalization of the
manner in which polynomials are multiplied. A direct proof can be given but would
be somewhat lengthy. Tf we use Taylor’s Theorem, the proof is fairly simple. Let
fl2) =% yane™g(2) =3 o0 gbuz", and let A = {2 such that |z| < ro}. Then f
and ¢ are analytic on A, so fg is also analytic on A. By Taylor’s Theorem we can
write

il o
(f-9)z) =3 U270 g.,),, Bl
ri={ .

for all z in A. It is simple exercise (as in calculus) to show by induction that the
nth derivative of the product f(z)g(z) is given by

T

(f 5 g)(n-) (Z) - Z (:) f{k}(z)gfn—-k} (5)1 whers (2) - kl(nnl k—}| .

k=0

Hence,

(f-9)™(0) _ i L 00)g—*)(0) = Z akbn—k.

1 kl(n — k)! L

k=D
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Thus, Y-, cn2™ converges on A (and therefore, by Taylor's Theorem, the radius

of convergence 15 = 1) and on A

Z(”* = f r:”( } i:ﬂ'llzTi (an_,-‘.’t).

=0 n=0

Example 3.2.16 Compute the Taylor series around z = 0 and give the radii of
convergence for

(a) z/(z—1)
(b) €*/(1 —z) (Compute the first few terms only.)

Solution

(a) The geometric series (1—2)"1 = 1+z+2*+... is valid for |z| < 1. Therefore.

for such z,

z 9 ‘
=gl g2t i) =g —gf =g =" —un
g—1

By the uniqueness of representation by power series, this is the Taylor series
of z/(z — 1) around 0. By observing that z/(z — 1) is analytic on the open
disk |z| < 1, we know by the Taylor theorem that the Taylor series must
have a radius of convergence > 1. Of course, a close analysis of the series
—z —z* —z*— z* — ..., using the ratio test or the root test, shows that the
radius of convergence is exactly 1.

) 1/(1—2)=1+z+z*+.,. for|z]<lande* =1+2z+2%/2+... forall
Thus by Worked Example 3.2.15 we get the series for the product by formally
multiplying the two series out as if they were polynomials: the result must
still converge for |z| < 1. We get

z 2 3
g - il gL A8 g g A B
]_—-z = (]+u'+-,. A .](] b 2 3' )
22 2, 2 A T
s =i el R &
l+(z+z}+(2 4+z)+(6+2l— - >+

_ a2 B
g, £ 2 :} .

In the last series the general term has no simple form. Note that this metho
is faster than computing f%(0) for moderately large k.

Example 3.2.17 This example deals with the application of series lo differentia
equations. Find a function f(x) such that f(0) =0 and f'(z) =3f(x) +2 for

&Z.
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Solution Suppose that there is a solution f that is the restriction to the real axis
i a function that is analytic in €. Therefore. it will have a power series expansion
= 3% s anz". Since f'(z) = Yoo nasz""", we must have

o

= )
E Nz =3 E anz” | + 2,

n=1 =1l

that is;

O

(5 &)
Z(ﬂ. +1Dan412™ = (2+ 3ap) + Z iz

==} n=1
1 hus,

O

=1

Ve know that ag = f(0) = 0. Therefore a; = 2. For n. > 1, 0,41 = 3a,/(n + 1), so
ay =3a;/2, as=32a1/(3)(2), as=3"ai/(4)(3)(2),-..,
ol in general,
=3+ g fal= .3” fﬂ'

Notice that this formula also gives a; = 2.) Thus if there is a power series that
ropresents a solution it must be

l'.l-:llb.:
‘di_,\.:lu

Taking derivatives term by term confirmns that this is a solution. In this case we
an even recognize the funetion the series represents:

e (4]
(3z)" 2 {35)” 35
— 1| = =(e*? —=1).
g n' Z 7! B(F )

=10

v\:llhl'l

flz) =

The reader should check that this does solve the original problem.”

Example 3.2.18 (Generating Function for the Hermite Polynomials) The
“unction f(z) = 2===" g analylic everywhere and so has @ power series erpansion
o powers of z whose coefficients depend on t. If we put f(z) =Y Ho(8)2"/nl,
hen the functions Hy(t) are called the Hermite polynomials. (One needs to
heck that they are in fuct polynomials in t.) The function [ is called a generating
funetion. Compute Ho(t), Hi (1), and Ha(l).

*or additional applications of power series to differential equations, see, for example, J. Mars-
en and A, Weinstein, Caloulus {1 (New York: Springer-Verlag, 1985). §12.6, or virtually any text
o differential eguations,
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Solution From f(z) =", H,(t)z" /n!, the following hold:

Hy(t) = f(0) =1
Hi(t)= f'(0) = (2:—2;)5‘-’-‘-2—*“ =2

) f”£“ l_ Hz - 2" + (2 zu)iﬁ.’z!;--zl‘z] o 43&2 — 2
z=0

Prouﬁeding inductively, we see that f*)(2) is a polynomial in ¢ and z multiplied by
e22—2" and so evaluation at z = 0 will always produce a polynomial in .

Example 3.2.19 Discuss the zero of f(z) =1 —cosz al (.

Solution If f(z) = 1—cosz, then f'(z) =sinz and f"(z) = cosz. Thus, f(0) =0
and f'(0) = 0, but f”(U) =1 # 0. Thus f has a zero of order 2 at (0. The Taylo

series for f centered at () is

" 2 s ]. I.-E l __1 1 _‘ﬁ g -v:? ] ] -2 ) ] _1
f(z) = ot Tt te® Tt TF gttt T
Thus, f(z) = 2%p(z) where @(z) (1/2) — (1/24)2° + (1/720)2* — +.... In

particular, ¢(0) = 1/2 #£ 0. blm,e. 5.,I[N) = (1 —cosz)/22, Lhe only zeros of y are at
the points where cos z = 1. The closest of these to 0 are +27.

Exercises

1. Find the radius of convergence of each of the following power series:

@ ) =

2. Find the radius of convergence of each of the following power series:

[

(a) Z n?z"

=0

4 ‘T

=0
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(€) i nlz"

=0

ol T
(d) Z 1 -+ 2L

n=>0

3. Compute the Taylor series of the following functions around the indicated
points and determine the set on which the series converges:

(a) e*,zp=1
(b) 1/220=1
1. Establish the Taylor series for sin z, cos z, and (1 4+ 2)® in Table 3.2.1.

5. Compute the Taylor series of the following. (Give only the first few terms
where appropriate. )

(a) (sinz)/z,2y=1
(b) 2%ei20=10

(¢) e*sinz,zp =0

6. Compute the first four terms of the Taylor series of 1/(1 +¢) around z, = 0.
What is the radius of convergence?

7. Compute the Taylor series of the following around the indicated points:
(a) € ,20=0
(b) 1/(z—1){z—2),20=0

.* Compute the Taylor series of the following around the indicated point:

L

(a) sinz?, 29 =0
(b) e**,25="0
9. Compute the first few terms in the Taylor expansion of v/2? — 1 around 0.

10. Suppose f(z) =3 ja,2" and g(2) = 3% o bnz™ converge for |z| < R. For
|z| < B2, define F(z) by selecting r with |z|/R < r < R and setting

i & PHE fd
f(&)—mﬁ gg(c)dcf

where v is the circle of radius r centered at the origin.

(a) Show that the value of F(z) does not depend on r so long as |z|/R <
r < It.

(b) Show that F(z) =Y. ,anbnz". Hint: Use Worked Example 2.4.15.




2 Chapter 3 Series Representation of Analytic Functions

Establish the tollowing:

= w2n—1 = Bn

sinh z = = and coshz= 2
Z (2n—1)! _;} (2n)!

fi=1

12. What is the flaw in the following reasoning? Since e* = Z'ﬂx_“ 2™ /nl. we get
e/ = 3> ,1/(n!z"). Since this converges (because e is II‘IJTIIL} and since
the Tayvlor expansion is unigue. the Taylor expansion of f(z) = el/% around

S = 1 ==

=2 O A

13. Differentiate the series for 1/(1 — z) to obtain expansions for
1 1
(1—2)2 (1—2)*

Give the radius of convergence.
14.* Let f(z2) = Y an2™ have radius of convergence R and let A = {2 such that

|z| < R}. Let zp € A and R be the radius of convergence of the Taylor series

of f around z5. Prove that R — |zp] <

Pyl

p— o0 : ; s 5 7 :
15. Tf 3°°°  a,z™ has radius of convergence R, show that 3> (Rea,)z" has
radius of convergence > R.

16. Let f(z) = >  a,z™ be a power series with radius of convergence R > (). Show
that [ f =0 for each closed curve v in the disk A = {z such that |z| < R}
by either of the following two methods.

(a) using Cauchy's Theorem
(b) justifying term-by-term integration

In what region does

s nz
2.0

n=1

represent an analytic function? What about

B e
Z sSmnz o
n.z d

=1

18. Find the first few terms of the Taylor expansion of tanz = (sinz)/(cos:
aronnd z = 0. Hint: We know that such an expansion exists. Write

sin 2 _ 2
=iy + a12+ apE ... .
COS z
Multiply by
42 4t
-
t‘uﬂ”—l———l-——...‘
91

and use Worked Example 3.2.15 to solve for ag, ay, as.
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19.* Let f be analytic on the region A, let zo € A, and let D be the largest open

20

disk centered at zy and contained in A.

(a) Tf f is unbounded on D, show that the radins of D equals the radius of
convergence of the Taylor series for f at zp.

(b) If there exists no analytic extension of f (that is, if there are no f and
A’ such that f is analyticon A, A" D A, A" # A, and f = f | A), show
by an example that the radius of convergence of the Tavlor series of [
at zy can still be greater than the radius of D. Hint: Use the principal
branch of log(1 + z) with zp = -2+ 4.

Prove: A power series converges absolutely everywhere or nowhere on its
circle of convergence. Give an example to show that ¢ach case can oceur.

* I 3 gu(2) converges uniformly onaset B € € and A(z) is a bounded function
on B3, prove that 3 [h(z)gn(2)] converges uniformly on B to h{2)[3 gn(2)].

Lt fl2) = 3.7 otln2® converge fnr lz| « R. £ 0 < r < R, show that
f(2) =Y anr®e™, where z =re and

1
K o il

Oy =

W2
/ f(re®)e "8,
(¥

Also show

1 2

|flf7'ew}?2d!? = Z |an|2?,2n._

W
2W,1; n=0

The second equation is referred to as Parseval’s theorem, and we say that
flz) = 3 a,re™” expresses the Taylor series as a Fourier series. Hint:
Use the Cauchy Integral Formula 2.4.6 for a,, and expand f fin a series, and
then integrate term by term.

Let H,(z) be the Hermite polynomials introduced in Worked Example 3.2.18.
Show that H(z) = 2xHg(x) and that for n > 1, H,. (x) = 2eHn(z) —
2nH, _(z).

.* Compute the Taylor expansion of ¢(z) = Y °-,n~* around z = 2 (see

Worked Example 3.1.15).

. Find a function such that f(0) = 1 and ['(x) = = + 2f(x) for all & (sec

Worked Example 3.2.17).

. Find a function f such that f(0) = 1 and f'(x) = zf(z) for all x.
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3.3 Laurent Series and Classification of
Singularities

The Taylor series enables us to find a convergent power series expansion of a func-
tion f(z) around a point zg when f is analytic in a whole disk around z,. Thus,
the Taylor expansion does not apply to functions like f(z) = 1/z or €*/z* around
zp = 0 because they fail to be analytic at z = 0. For such functions there is another
expansion, called the Laurent expansion (formulated in approximately 1840),
that uses inverse powers of z as well as powers of z. This expansion is particularly
important in the study of singular points of functions and leads to another funda-
mental result of complex analysis, the residue theorem, which is studied in Chapter
4.

Theorem 3.3.1 (Laurent Expansion Theorem) Let 0 < ry < raz, and 25 € C,
and consider the region A = {z € C | r1 < |z — 20| < 72} (see Figure 3.3.1). We
allow ry = 0 or ry = o< (or both). Let [ be analytic on the region A. Then we can
write

oo

Tl % i b'?-
f(z) I Z ”n{* = f-"ﬂ) =+ ; [Z = —Z[]]n ¥

n={}
where both series on the right side of the equation converge absolutely on A and
uniformly in sets of the form By, , = {2 | p1 < |2 — 20| < p2}. where ry < py <
p2 < ro. This series for [ is called the Laurent series or Laurent expansion

around zy in the annulus A.
If % s a circle around zg with radius v, where vy < r < ro. then the coefficients

are given by

@p = 2 1 U;;—fé’%)”*-' dC % =0-1.2...

274 )
and
n = 2:“’-_ j} FE)(C — 20)" "¢ n=1,2....
(If we set by = a_y, then the first formula covers both cases.) Any pointw:s

convergent expansion of f of this form equals the Laurent expansion; in other words
the Laurent erpansion is unique.

The equations for the coefficients a,, and b, in the Laurent series are not ver
practical for computing the Laurent series of a given function f. Notice that w-
cannot set o, = FU(z)/n! as we did with the Taylor expansion. Indeed, f (m)( 2
is not even defined, since zo & A.

There are a fow tricks that can be used to obtain expansions of the desired forn

and the uniqueness of the expansion guarantees it must be the desired one. A o=
such techniques are given in the following text and in the worked examples.




:
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Figure 3.3.1: Laurent series, with zo = 0.

In the following proof we shall see that the power series part of [, namely the

<Eries
o
Z ﬂ'n(z T zﬂ-:]n'!
=0

converges and so is analytic inside the cirele |z — 20| = ra, whereas the singular
part.

converges outside |2 — zo| = r1. The sum therefore converges between these circles.

Example In this example we show that uniqueness is dependent on the choice of
A. Let A = {z such that |z| > 1} and f(2) = 1/[2(z — 1)]. In this situation, f has
the Lanrent expansion

1 1 1 1 1
f(zj—m—; —"T(l‘l‘;'f';‘l‘n-)—?"i';—f‘---
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(valid if |z| > 1), whereas on the choice A = {z such that 0 < |z| < 1}, it has the

different expansion

1 &
’r(ﬁ} — —Ali = —_{1—'—2—'—32_") =t (
.- 7 Z

-1—I+z+:-:9+...).

-
-

B -

valid for () < < 1). By uniqueness these are the Laurenl expansions for the

appropriate regions.

Proof of the Laurent Expansion Theorem As with the prool of Tavlor's
Theorem, we begin with Cauchy’s Iutegral Formula. We will first show uniform
convergence of the stated series on B, ,,, where a, and b, are defined in the
theorem. Since all the cireles 4 of radius r are homotopic to each other in A as
long as vy < r < vy (Why?). the numbers a,, and b,, are independent of r, so

£ 7 f(€) ;
Rl S “"—'71"
“ 2ari /\,I {(,_ == ZL}J”""I s
anl
| .
By = = / FOE - 20 dC,

where v, is a circle of radins p; and s is a circle of radius py and where ) < g <
p1 < pa < pe < 1y (see Figure 3.3.2).

Figure 3.3.2: Counstruction of the curves v, and ~,.
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For z € B,, ,;, we have

oy L f f6) . L f S
f(*)_QTT?'. L e — % 4 i C—-dt'

v Cauchy’s Integral Formula (see Exercise 5).
As in Taylor's Theorem, for ¢ on 42 (and 2 fixed inside vg), we write the series

1 I z2—2 &= 2]
. = RS -
(—2 (= [[L—=) 2]

= nich eonverges uniformly in ¢ on .
Substituting the series in the preceding equation for f, we may integrate term
“+ term (by Proposition 3.1.9 and the fact that f(¢) is bounded  see Excrcise 21.
1.2) and thus obtain

- 1) "“L MOl o N

~ince this power series converges for 7 inside 2. it converges uniformly on strictly
smallor disks (in particular, on B, ,,). Similarly the series

wa] 1 ] — = i 2
- = = <4 C U‘_’-f"(.g ())3 4+ e
-2 {z_zoj(l_s:ﬂ) z—z5 (z—%0)? (2~ z0)

2—2p

onverges uniformly with respect to ¢ on 3. Thus,

-1 f Q) ,, ~— 1 o, et } by
i '[Y:l ':: o Zd< B ”Z:; 2mi {[r] f(C) MU) dﬁ, (f- - )“ Z {y . Z{}:]

his series converges for z outside 4, so the convergence is uniform outside any
rictly larger circle. This fact can be proved in the same way as the analogous
“aet for power series by using the Abel-Weierstrass Lemma 3.2.2. The student is
sked to do this in Exercise 15. (Another method is to make the transtormation
= 1/(z — zy) and apply the power series result to B ooy Bty
We have now proved the existence of the Laurent expansion. To show unique-
ness, let us suppose that we have an expansion for [

D _zwz

It this t'mwerbes in A it will. by the preceding remarks, do so uniformly on the
cirele v, so we can form

Z} _i (- = u—.l'.—l | Z
(z_po)k+l = Hinie. ]n+k+1*

el

_"'O
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which also converges uniformly. We then integrate term by term. By Worked
Example 2.1.12, we have

i, . J B m # —1
[F{z—zuj d&_{ 2 m = —1

Thus, if & > 0, each term of the second series and all those of the first except that
with n = k integrate to 0 around . Hence,

/ (Ld: = 2miag.

—— zu}k—{-]

Similarly, if £ < —1, all terms integrate to 0 except that in the second series with
n = -k, 8o

/‘L{IZ:‘Z?I‘!—?J._;@ e ]f iz — 25)" “ldz for n> 1.
g 4 2mi

z — zg)FH1

Thus. the coefficients a,,., b,, are uniquely determined by [ and the proof is complete.

Isolated Singularities: Classification of Singular Points We want to look
in more detail at the special case of the Laurent Expansion Theorem 3.3.1 when
r1 = 0. In this case, f is analytic on {2 | 0 < |z — 20| < r2}, which is the deleted r.
neighborhood of 2 (see Figure 3.3.3), and we say that 2; is an isolated singularity
of f. Thus we can expand f in a Laurent series as follows:

i

+ ag + a1{z — zu} + ﬂ-gfz ™ 31‘_]J2 ;=

el e ot
(2= &P 2—2z

)=t

(valid for 0 <

Figure 3.3.3: Isolated singularity.
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Deefinition 3.3.2 If f is analytic on a region A that contains some deleted € neigh-
wehood of zo. then zg is called an isolated singularity. (Thus. the preceding
Lsurent expansion is valid in such a deleted ¢ neighborhood.)

1. If 2y is an isolated singularity of f and if all but a finite number of the by,
are zero, then zo is called a pole of f. If k is the highest inleger such that
b # 0.2 is called a pole of order k. (To emphasize that k # oc, we
sometimes say “a pole of finite order k.”) If 2 is a first-order pole, we also
say it 15 a simple pole.

' If an infinite number of by 's are nonzero, zqg 18 called an essential singular-
ity. (Sometimes this zy is called a pole of infinite order. J “Pole” shall always
mean a pole of finite order.

3. We call by the residue of f al zy.
L. 1f all the by s are zero, we say that zg is a removable singularity.

5. A function that is analytic in a region A, excepl for poles in A, is called
meromorphic in A. The phrase “f is a meromorphic funetion” means that
I is meromorphic in C.

Thus, f has a pole of order k at 2y if and only if its Laurent expansion in a
ieleted neighborhood about zg has the form

b#. 'E;'l

_ +ag+ailz—25)+.-.
. -+ +alz—)

The part

bj;- h]
T s ‘
(z—zp)* z— 2y

Jften called the principal part of f at z), tells “how singular™ f is at zg.
If f has a removable singularity, then

1) =Y aalz— )"

n=I(1

= a convergent power series; in this case, if we set f (20) = ag. f will be analytic at
~. In other words, f has a removable singularity at zo iff f can be defined at zg in
such a way that f becomes analytic at zy.

As we shall see in Chapter 4, finding the Laurent expansion is not as important
as being able to compute the residue by, and this computation can often be done
without computing the Laurent series. Techniques for doing so will be studied in
i1.1. The important property of b, not shared by other coeflicients is stated in the
following result.
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Proposition 3.3.3 Let [ be analytic on a region A and have an isolated singularity
at zg with residue by at zo. If v is any circle around zy in A whose interior, except
for the point 2y, lies in A, then

/.ffﬁld-z = by ¢« i,

This conclusion follows from the formula for ; in the Laurent Expansion Theo-
rem 3.3.1. The point is that we can compute by by methods other than the preceding
itegral and therefore we can use Proposition 3.3.3 to compute j f. For example.
if z # 0, then '

—

,'||,-";"_l 1 ]

ok

(Why?), 80 €'/* has an essential singularity at 2 = 0 and &, = 1. Thus fq eVeds =

2wt for any cirele v around 0.

]

The following proposition characterizes the various types of singularities.

Proposition 3.3.4 Let [ be analytic on a region A and have an isolated singularity
at zp.

1. zy 25 a removable singularity iff any one of the following conditions holds:

(a) f is bounded in a deleted neighborhood of zy.
(b) limi,.... f(2) erists.
(1) iy (22— 20)f(2) =0

ra

2. 2z is a simple pole off lim, .. (z —zg)f(2) exists and is unequal to zero. Thi-
lemit equals the residue of [ al zg.

3. 29 18 a pole of order < k (or possibly a removable singularity) iff any one
the following conditions holds:

(a) There are o constant M > 0 and an integer k > 1 such that
M

i.: == :,{g|'k

f(2)] <
in a deleted neighborhood of z.
(b)) Titheys (2 — 20} 1 f2) = O
(e) lim, .. (z — z{}.}ﬁ'_ffz) erists.
4. zg ts @ pole of order k > 1 iff there is an analylic function ¢ defined o
neighborhood U of zy such that U\{z} C A, @(zy) # 0, and

o(z)
fle)= T

(z — z0)*

Jorall z € U,z # zy.
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Proof

A

If 2, is a removable singularity, then in a deleted neighborhood of zp we have
f(z) =37 y0nl{z — 2)". Since this series represents an analytic function in
an undeleted neighborhood of zg, obviously conditions (a), (b) and (c) hold.
Clonditions (a) and (b) each obviously imply condition (¢). so it remains to be
shown that condition (¢) implies that zq is a removable singularity for f. We
must prove that each by in the Laurent expansion of f around 2z, is 0. Now

b=

21 2 / FIOC — z0)* 1L,
b

where 7, is a circle in A whose interior (except for zg) lies in A. Let € > 0 be
given. By condition (¢) we can choose r with 0 < r < 1 such that on 7, we
have the estimate |f(C)| < /| — za| = ¢/r. Then

1 - FiGEa T ,
bl < = [ 1Ol — 2ot < o5 [ 1l
e e Ll £

1 & ol
= L 1D = er®1 < €.
Qo r

Thus, |be| < e. Since ¢ was arbitrary, by = 0.

We shall use part 3 to prove part 2, so we prove part 3 next.

If zp is a simple pole, then in a deleted neighborhood of zp,
[ 0]

_ i}
2 = =2+ Y e — 20)" = —— +h2).

=40 n=>0 & Al

where A is analytic at 25 and where by # 0 by the Laurent expansion. Hence

lin;i (2 —20)f(2) = liuzl [b1 + (2 — 20)h(2)] = b1.

2 Tz

On the other hand, suppose that lim,_.. (2 —20) f(2) exists and is unequal to
zero. Thus, lim, . (z — 20)*f(z) = 0. By the result obtained in part 3, this
shows that

i + h(z)

f(z) —L + Z dulz—25) =

- (Z 5 Zn) by 2 — Zp

for some constant b; and analytic function A where by may or may not be
zero. But then (z —z0)f(2) = b + (2 — 20)h(2), 50 lim. .z, (2 — 20) f(2) = by
Thus, in fact, by # 0, and therefore [ has a simple pole at zg.

This statement follows by applying part 1 to the function (z — z9)* f(2), which
is analytic on A. (The student should write out the details.)
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4. By definition. zy is a pole of order & > 1 iff

f(z)
by by b, Zx
_— —— —+ + e e — + ”-n.[:-z == z”)ﬂ
ST T a _ w le—1 ¥ o
(ﬁ HU} ("" *U:] £ <0 n=1)
1 1 k—1 3‘3_ -k
= G- b +bi_ilz—20)+ ... +if{z—20)"" + E an(z — zp)" ™"
<0 Trz==d)

(where by # 0). This expansion is valid in a deleted neighborhood of z5. Let

{6 &

z) =bp +bp_1{z —20) + ...+ blz — z;;)k_j -+ Zaﬂ(z — SaE

1=l

Then ¢(z) is analytic in the corresponding undeleted neighborhood (since it
is a convergent power series) and ¢(zq) = by, # 0. Conversely, given such a ¢.
we can retrace these steps to show that zg isa pole of order £ > 1. W

Zeros and Poles Near a zero of order n, an analytic function acts much like
z" near 0. Near a pole of order n, it acts much like 1/2™. This suggests that a
reciprocal of a function with a zero should have a pole and conversely. This is, in
fact, correct. Suppose A4 is an open set in C and z5 € A. We know that a function
with a zero of order n at zp can be factored as (z — z¢)"w(z) where ¢(z) is analytic
and nonzero in a neighborhood of zg. A function has a pole of order m if and only
if it factors as (z — zp) ™4 (z) where 4 is analytic and nonzero in a neighborhood
of zp. With ¢ = 1/, we see that the reciprocal of a [unction with a zero of order n
has a pole of order n at that point. The reciprocal of a function with a pole of order
n has a removable singularity at that point, and when the singularity is removed.
it becomes a zero of order n. If the numerator and denominator of a fraction both
have zeros, we can factor and cancel.

Proposition 3.3.5 Suppose [ and g are analytic in a neighborkood of zo with zeros
there of order n and k respectively. (Take the order to be 0 if the function is not 0
at z0). Let h{z) = f(z)/g(z). Then

1. if k > n. then h has a pole of order k — n at zy.
2. if k =mn, then h has a removable singularity with nonzero limit at z;.

3. if k < n, then h has a removable singularity al zy, and setting h{z) = 0
produces an analytic function with a zero of order n — k at 2.

Proof We know that there is neighborhood D = {z € C | |z — zg| < r} on which
F and g factor as f(z) = (z — 20)™@(2) and g(z) = (2 — 2p)"(z) where ¢ and ¢
are analytic and neither is ever 0 on D. The function H(z) = @(z)/4(z) is analyti
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aid never equal to 0 on D. Thus, for z in the deleted neighborhood U = D\ {z0},

we have "
T flz) _ (2— Zu)ktrl-{z) -
g(z) (2 —z0)"¥(2)
Car conclusions now follow from Propositions 3.2.9 and 3.3.4. B

(2 — zo)" " H(2).

Essential Singularities Tn many examples, the singularities are poles. It is not
ward to show that if f(z) has a pole (of finite order k) at zg, then |f(z)] — oo as
- — 2y (see Exercise 7). However, in case of an essential singularity. |f] will not,
11 general, approach 0o as z — zg. The following result, proved by C. E. Picard in
1379, answers this question.

Theorem 3.3.6 (Picard Theorem) Lel f have an essential singularity at zo and
“t [J be any (arbitrarily small ) deleted neighborhood of zy. Then for all w € C,
-reepl perhaps one value, the equation f(z) = w has infinitely many solutions z n

This theorem actually belongs in a more advanced course.” However, we can
casily prove a simpler version, which in any case is the jumping-off point for Picard’s
Theorem.

Theorem 3.3.7 (Casorati-Weierstrass Theorem) Let f have an (isolated) es-
sential singularity at zy and let w € C. Then there is a sequence 21, 22, 23, -++
= such that z, — zo and f(z,) — w.

Proof If there were no such sequence, then there would be an € > 0 and ad > 0
<uch that |f(z) — w| > € for all z in the deleted neighborhood U = {#€ T |
| < |z — 20| < 6}. In particular, f(2) is never equal to w in U, so the function
g(z) = 1/(f(z) —w) is analytic on U and [g(z)| < 1/6 there. Thus, any singularity
f ¢ at zp is removable. The values of g cannot be constantly 0 near z, since f
s not constantly infinite. (The singularity is isolated.) From Corollary 3.2.8, any
sero of ¢ at 2y is isolated and has a finite order k. Therefore, f(z) = w+1/g9(2)
would either be analvtic (if & = 0) or have a pole of order & at zy by Proposition
1.3.5. This would contradict the hypothesis that f has an essential singularity at
S|

See Exercise 20 for another interpretation of this result.

Worked Examples

Example 3.3.8 Find the Laurent ezpansions of the following functions (with zo. 71,72
as indicated):

(a) (z+1)/z;20=0,7y = 0,12 = ¢
(b) 2/(2 + 120 = iyry =y =2

5Qee . . Titchmarsh, The Theory of Functions, Second Fdition (New York: Oxford Univer-
sity Press, 1939), p. 283, corrected reprinting 1968.
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Solution Write

o 21 1 . § w3 : ;
() = — + 1. This equation is in the form of the Laurent expansion, so, by
2 z :
uniqueness, it equals it; that is, by =0 for k > 1,b; = l,a5 = 1,4 = 0 for
k>1.

(b) A partial-fraction expansion gives

z z 1
2—1 2z4+4

-

BI] o=

21 (z+i)(z — i)

Because 1/(z + i) is analytic near = = i, it can be expanded as a power serics
in z — i by using the geometric series (see Figure 3.3.4):

1 1 1 1
3 . = g R s Iy
Z i Zit+(z—1) 21— (-
i o E : 7 0
: A E g=1log—n—1 =41
= = ot == 2 & e 4]
24 2i ( )
rr={) r=])
Thus. the Laurent expansion is
o 1 2
. o — = S |
— Z‘"(Z !) J_'LE i !2 " ._.(z_!})n
ze+1 2 “
b=

Figure 3.3.4: Region of convergence for the expansion of 1/(z + ).
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Example 3.3.9 Determine the order of the pole of each of the following functions
© the andicated singularity:
a) (cosz)/z2.20 =0
b) fe= =1, 26 =10
el (24D (z—-1),20 =0

~olution

a) The function =2 has a zero of order 2 and cos0 = 1, so (cosz)/2* has a pole
of order 2 by Proposition 3.3.5. Alternatively,

Cos 2 T of 22 2 1 1 22
e e - s
z z 21 4! g2 21 " 4l

s0 again the pole is of order 2.

h) The numerator has a zero of order 1 at 0 (why?) and the denominator a
zero of order 2. The quotient thus has a simple pole by Proposition 3.3.5.

Alternatively,
=1 1 l 22 J X % @ 22
_?:,_‘2__:_2 +‘.+i—zr!—|—.-. — —E+§+3—]+Z!—+.

so the pole is simple.
(¢) There is no pole since the function is analytic at 0.

Example 3.3.10 Determine which of the following funections have removable sin-
qutarities af zgp = U

(a) (sinz)/z
b e%/z

(¢) (8= 1)?/2"
(d) z/(e* — 1)

Solution

(a) lim, .g2- (sinz)/z = lim,_gsinz = 0, so the singularity is removable (by
Proposition 3.3.4.). Alternatively,

Sl z 1 73 72 24
= B ey = ey

b4 et

(b) im._qz-€*/z =1, s0 the pole is simple (the singularity is not removable).
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(c) (e* —1)/z has a removable singularity. since lim, .oz - (e — 1)/2 = 0, so
[(e* — 1)/2]? also has a removable singularity.

(d) limy_,02/(e® —1) = 1, because (e* —1)/z = 14+2/242%/31+ ... = 1 as
z — 0. Thus, z/(e* — 1) has a removable singularity.

Example 3.3.11 Show that the function

1 —cos(z%)

Hz) = sin(z?)

has a removable singularity at zg = 0 and that when the singularity is “remouved”.
the resulting function has a zero of order 7.

Solution The Taylor series expansion for numerator and denominator are

5 1 I L . |
1—cos(z°) = =20 — —2%0 4 230 =W (57 - =204 )

2! 4! 6! 4
and
; 1 1 I L
i . S oy . s Log Aoy
sin(z") = z Tk +5!z, et (1 TR +)

The numerator has a zero of order 10 and the denominator has a zero of order 3 at
zp = 0. By Proposition 3.3.5, the quotient has a removable singularity there and
extending the function to have value 0 at z; results in a zero of order 10 —3 = 7.
In fact, for 0 < |z| < ¢, we have

1
72 1
f(z} =2 21 [ i 6
This function equals z” multiplied by an analytic function with value 1 [2atz5=0

Exercises
1. Find the Laurent series expansions of the following functions around z; = |
in the regions indicated:
(a)® sin(1/2),0 < |z] < o0
(b)® 1/2(2+1),0 < |z| < 1
(e) 2/(z+1),0< |z| <1
(d) e*/2%,0< |z| < x

2. Find the Laurent series expansion of 1/z(z + 1) around z; = 0 valid in th
region 1 < |z| < oc.




3:

i

wn

f.

10.

| 3 Laurent Series and Classification of Singularities 235

Find the Laurent series expansion of z/(z + 1) around zg = 0 valid in the
region 1 < |z| < oc.

1
z2(z — 1)z —2)
(a) 0< |zl <1
(b) 1< fz| <2

in a Laurent series in the following regions:

Expand

.* Let v, and 2 be two concentric circles around zo of radii Ry and Ra, Ry < Rs.

If z lies between the circles and f is analytic on a region containing i, vz,
and the region between them, show that

_f{z}:—l—. f(¢) . 1 f6)

27”’-‘?2(;_2 'n':_' o

Suppose the Laurent series of f(z) = €!/=/(1 — 2) valid for 0 < |2 < 18
3 e, 2. Compute c_s,¢—1,¢p, €1, and ca.

fi=—nc T

. Let f have a pole at zg of order k > 1. Prove that f(z) — oc as 2 — 20.

Hint; Use part 4 of Proposition 3.3.4.

Prove, using the Taylor series, the following complex version of !'Hopilal’s
rule: Let f(z) and g(z) be analytic. both having zeros of order k at 2. Then
f(z)/g(z) has a removable singularity and

_ J(z) _ M=)
3]1_1}'1;1’ g(z) gt (zp)

Which of the following functions have removable singularities at the indicated
points”’
coslz —1
) D =0
'7

(b) z/‘{z— ]},3(] -~

(¢) f(2)/(z — 20)¥ if [ has a zero at zq of order k

If f is analytic on a region containing a circle v and its interior and has a
zero of order 1 only at z; inside or on 7, show that

l zf'(z)
2= — = dz.
! L e

Hini: Let f(z) = (z — zu)@(2) and apply the Cauchy Integral Formula.
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11. Find the first few terms in the Laurent expansion of 1/(e* — 1) around z = (.
Hint: Show that since 1/(e® — 1) has a simple pole, we can write
I b]_ a9
- = — g tz+asz"+....
e — 1 z

Then cross multiply (using Worked Example 3.2.15) and solve for b, aq, ;.

12.* For f as in the Laurent Expansion Theorem 3.3.1, show that if 7} < v < ra.
then

)

Oy _ . o e e
/ |f (20 +re®®)|%dl = 27 Z || 2r2® 4 2rr Z b |27 2R,
2 n=0

n=—1

13. Use the method of Exercise 11 to find the first few terms in the Laurent
expansion of cot z = (cos z)/(sin z) around z = 0.

14. Define a branch of 22 — 1 that is analytic except for the segment [—1.1] on
the real axis. Determine the first few terms in the Laurent expansion that is
valid for |z| > 1.

B

h. Il the series

- by

o~

pr=1]

converges for [z — 29| > R, prove that it necessarily converges wniformily on
the set F. = {z such that |z — zy| > r} for » > R. Hint: Adapt the Abel-
Weierstrass Lemma and the Weierstrass M Test (o this case.

16.% Let f have a zero at zo of mulfiplicity k. Show that the residue of f7/f a
Z0 is k.

17. Discuss the singularitics of 1/ cos(1/z).

18. Evaluate / 2"e'*dz. where v is the circle of radius 1 centered at 0 and

. '}
traveled cnce in the counterclockwise direction.

19. Find the residues of the following functions at the indicated points:
(a) 1/(z2=1),2=1

(b) z/(2% - 1),2=1
(e} (e* — I}fzg.z =5
)

g

<

(d) (e¥—1)/z,2=0
20. (a) Let zp be an essential singularity of [ and let U be any deleted neigh-
borhood of z5. Prove that the closure of f(U/) is C.
(b) Assuming the Picard Theorem 3.3.6. derive the “Little Picard Theorem”
The 1mage of an entire nonconstant function misses al most one poin

of C.
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Review Exercises for Chapter 3

|. Find the Tavler expansion of logz (the principal branch of the logarithm)
aronnd z = 1.

2.* Where are the poles of 1/ cos z and what are their orders?
3. Find the Laurent expansion of 1/(z? + z%) around = = 0.

1. The 68th derivative of f(z) = e* at z = 0 is given by (68)!/(34)]. Prove this
without actually computing the 68th derivative.

5. Expand z?sin 2?2 in a Taylor series around z = 0.
G. Let
mz(1 —2%)

sin{mz)

Hz) =

(a) Identify all singularities of / in C and classify each as removable. a pole
(of what order). or essential.
(b) (i) How do vou know that f(z) has a serics expansion Y .. CgZ
valid for z near 07

k

(ii) What can you say about ¢ for k< 07
(iii) ind co, €1, and ep.

(¢) For what set of values of z is the series expansion in part (b} valid? (You
need not determine whether the series converges on the boundary, but
aive the interior of the region. )

(d) Lot the function g be defined to be f(z) for z # —1,0, 1, let g(0) = 1 and
let g(z) = 2 if z = +1. Discuss the relationship between the function g
and vour auswers to parts (a), (b), and (¢).

7. Verily the Picard Theorem for the function el/=

8. Let expl[t(z — 1/2})/2] = S0 o n(t)z™ be the Laurent expansion for each

fixed ¢ € B. The function J,(¢) is called the Bessel function of order n.
Show that

I. v
(a) Hlt)=— ] cos(tsinfl — nfl)dd
0

T

[\k}) u'l. 11(t} = (_ l‘]“-)r-”_[t:l
0. Find the radii of convergence of

L o
(a)* D =52
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10,

1.

12.

(3

14.

15.

16.

LF,

18.
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Let Zf:u ay(z — 2z9)™ be a power series with radius of convergence R > (1.
If 0 < r < R, show that there is a constant M such that |a,| < Mr=".n =

Let f be analytic on C\{0}. Show that the Laurent expansions of f wvalid in
the regions {z such that |z| > 0} and {z such that |z| > 1} are the same.

* Suppose that [ is analytic on the open unit disk |z| < 1 and that there is »

constant M such that | f*)(0)| < M* for all k. Show that f can be extended
to an entire function.

Suppose that f is analytic in a region containing the closed unit disk |z| < 1
that f{0) = 0, and that [f(z)| < 1 if |z| = 1. Show that there are no z = ¢
with |z| < 1 and f(z) = 2. Hint: Use the Schwarz Lemma.

What is the radius of convergence of the Taylor expansion of

fz) = (z—1)(z+1)(z —2)(z - 3)

when expanded around z = i?

* Evaluate

/' 2% +¢f
T N
_ 2(z —3)

Suppose that the complex series -~ a, converges but that Y 0 |a,| d
; " i (52 T :

verges. Show that the power series )~ ™ . a,z" has a radius of convergencs

equal to 1. Answer the same question but assume that the series 5. .

converges and that >~ n|a,| diverges.

where v is the unit circle,

Find the Laurent expansion of

8=
that is valid for
(a) 0< |zl <1
(b) 1< |2

Find the Laurent series expansion of f(z) = 1/(1 4+ 22) +1/(3 — 2) valid
each of the following regions:

{a) {z such that |z| < 1}

(b) {z such that 1 < |z| < 3}
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(¢) {z such that |z| > 3}

10. Let f be entire and let g(z) = Y0~ an2z™ have radius of convergence R. Can
you find another power series ) b, 2" with radius of convergence > R such

that

ibnz"‘ =% i (i anz”) ;

=0 =0

20.* Let f be entire and suppose that f(z) — oo as z — co. Prove that [ is a
polynomial, Hint: Show that f(1/z) has a pole of finite order at z = 0.

21. Let f have an isolated singularity at zo. Show that if f(z) is bounded in a
deleted neighborhood of zy, then lim._.., f(z) exists.

Let f be analytic on |z| < 1. Show that the inequality | F)(0)| = k15" cannot
hold for all &.

I
|

29
23. Evaluate the definite integral f e do.
0

24.* Let f(z) be entire and satisfy these two conditions:

(1) F(z) = f(2)
(ii) f(0) =1

Show that f(z) = e. If you replace (i) by f(z1 +22) = f(z1)f(22), show that
[(z) = €?* for some constant a.

95, Determine the order of the poles of the following functions at their singulari-

ties:

e*(z—3)
® Z-De-9
(b) (e* —1)/z
(¢) (e*—2)/z
(d) (cosz)/(1 - z)

26. ldentify the singularities of f(z) = z/(e* — 1)(e* — 2) and classify each as
removable, essential, or a pole of specified order.

27. Evaluate / (e*/2%) dz where + is the unit circle.
S
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28.* (a) Show by example that the mean value theorem for analytic functions
is not true. In other words, let f be defined on the region A and let
21,23 € A be such that the straight line joining z; to 2z lies in A. Show
that there need not be a zg on this straight line such that

f(z1) ~ f(z)

=

flza) = \#2)

i

4 e

2

(b) If, however, |f'(20)] < M on this line, prove that |f(z1) — f(z)| <
M|z, — z2| and generally that if | f'(z0)] < M on a curve v joining z; to
zg, then |f(21) — f(z2)| < MI(7).

29. Let f(z) = (2® — 1)/[cos(7z) + 1] have the series expansion Y, a,z" near
g0,
(a) Compute ag,a;, and as.

(b) Identify the singularities of f and classify each as essential or a pole of
specified order.

(¢) What is the radius of convergence of the series?

==

o
e

30. If f(z) = f(—2) and f(z) = > ", a,2™ is convergent on a disk
show that a4, =0forn=1,3.5,7,....

31. If f is entire and is bounded on the real axis, then f is constant. Prove o
give a counterexample.

32. Let f be analytic on a region A containing the disk {z € C | |z — z3| < R
so that

a1
=3, Lo s
n=~0 "

Let R, (2) equal f(z) minus the nth partial sum. (R, is thus the remainder
Let p < R and let M be the maximum of f on {z such that |z — z| = I
Show that |z — zg| < p implies that

g TERE 1
RN <M (5) TR

33.* The Bernoulli numbers I, are defined to be the coefficients of the pos-
series of z/(e* — 1):

{a) Determine the radius of convergence of this series.
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(b) Using the Cauchy Integral Formulas and the contour |z] = 1, find an
integral expression for B, of the form

D
B f 9n(8) d6,
1

for suitable funetions g,,(#). where 0 < 8 < 2.

11. The Legendre polynomials P, (o) are defined to be the coefficients of 2"
in the Taylor development

(1—2cz+ :-:2)_”2 £ Z P (a)z".

Prove that P,{«) is a polynomial of degree n and find Py, Pz, P, Py.

a \ ¥ 2
. Find the radius of convergence of the power series > -, 2"2™ .

e
‘rl

i6." Prove:

2 o
zn 1 i “'8“! dt : A
(a) ( ) = / = —, where ~v is the unit circle

n') 2w Jo THE E
) 5N 2 ] 2T 5
'f_'l e sl e 2 e dlg
0> () =%
=0

17. Find a power series which solves the functional equation f(z) = z + fl2?)
and show that there is only one power series which solves the equation with

f(0) = 0.

8. What is wrong with the following argument? Consider

1 1 1
f{zj:...—l—ﬁ+7—2'+t+l+l+22+.
Note that
425+ .
1 —=z
whereas
]+l+ 1+ - 1 . =E
z 2277 T 1-1/z 1-2

Hence f(z) = 0. Is f in fact the zero function?

19. Suppose f is an entire function and that |f*)(0)| < 1 for all & > 0. Show
that [f(z)| < el® for all z € C.
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40. Let

(=17 +3)
1 —sin(wz/2)

fz) =

(a) Find all the singularities of [ and identify each as a removable singularity.
a pole (give the order), or an essential singularity.

(b) If f(z) =ap + a1z + asz? + ... is the Taylor expansion of f centered at
0, find ag, a;, and as.

(c) What is the radius of convergence of the series in (b)?
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Chapter 4

Calculus of Residues

This chapter focuses on the Residue Theorem, which states that the integral of an
analytic function f around a closed contour equals 277 times the sum of the residues
of f inside the contour. We shall use this theorem in our first main application of
complex analysis, the evaluation of definite integrals. The chapter begins with some
techniques for computing residues of functions at isolated singularities.

4.1 Calculation of Residues

We recall from §3.3 that if f has an isolated singularity at zo, then f admits a
Lanrent expansion that is valid in a deleted neighborhood of zq:

- bz bl
) e + + g 4+l — Z e
/() P e il

where by is called the residue of f at z. This is written

by = Res(f:20)-

We want to develop techniques for computing the residue without having to find
the whole Laurent expansion. Of course, if the Lanrent expansion is known, there
is no problem. For example, since

1

1
Lrg
) _1+Z+222+”'+n!z“

the coeflicient of 1/z is 1, so f(z) = e1/% has residue 1 at zp = 0.

If we are given f defined on a region A with an isolated singularity at 2o, then
we proceed in the following way to find the residue. First we decide whether we can
casily find the first few terms in the Laurent expansion about zg. If so, the residue
of f at zg will be the coefficient of 1/(z—2;) in that expansion. If not, then we guess
the order of singularity, verify it according to the rules that will be developed in

243
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this section (some rules were already developed in Proposition 3.3.4). and calculate
the residue according to these rules. (The rules are summarized in Table 4.1.1 given
later in this section). If we have any doubt as to what order to guess, we should
work systematically by first guessing removable singularity, then simple pole, and
so0 on, checking against Table 4.1.1 until we obtain a verified answer.

Removable Singularities Let f be analytic in a deleted neighborhood of -

Recall from §3.3 that f has a removable singularity at zp ifflim. .. (z—20)f(2) =0
The following theorem covers many important cases and is sometimes the easies
to use.

Proposition 4.1.1 If g(z) and h(z) are analytic and have zeros at zo of the sam-
order, then f(z) = g(z)/h{z) has a removable singularity at z.

Proof By Proposition 3.3.4, we can write g{z) = (2 — 20)%3(2), where G(zg) #
and h(z) = (z — 2g)"h(z), where h(zp) # 0 and § and h are analytic and nonze:
at zg. Thus, f(z) = g(z)/h(z) is analytic at z5. W

Likewise, if g has a zero at zp of order greater than h, then g/h has a removal, -
singnlarity at z.
Examples
(i) €*/(z — 1) has no singularity at z5 = 0.

(ii) (e* — 1)/z has a removable singularity at 0 because e — 1 and 2 have zer -
of order 1. (They vanish at z = 0 but their derivatives do not.)

P v 8 4 ¢
(iii) 2?/sin® z has a removable singularity at zp = 0 because hoth the numera:
and the denominator have zeros of order 2. W

The preceding discussion is summarized in lines 1 and 2 of Table 4.1.1.

Simple Poles By Proposition 3.3.4, if lim. .. (2 — zg) f(2) exists and is nonz:

then f has a simple pole at zg and this limit equals the residue. Let us apply
result to obtain a useful method for computing residues.

Proposition 4.1.2 Lel g and h be analytic af zy and assume thal g{zg) # 0,/
0, and W'(z5) # 0. Then f(z) = g(z)/h(z) has a simple pole at 2y and
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Proof Since fi{zg) = 0, the definition of the derivative gives

hiz) — hiz fulz
B hiz) — hz0) _ ;o (8) _ W (z) 0,
E—22 Z— 20 ZIg & — 2p
= therefore
Z—Zn 1

MhE) T W)

e
.:Ianln[h _zﬁ)h,{z} ~ h'(z0)

wists and therefore equals the residue. W

Alternative Proof Since h(z) = 0 and #'(z) # 0, we can find a function h
‘Lat is analytic at zp such that h( Y= ?—?( )(z — zp). Note that h(zg) = h'(20) # 0.
hns, we can write g(z2)/h(z) = g(2)/[h(z)(z — z0)] and g(z ) /h(z) is analytic at z.
Henee we can write a Taylor series

r—|
,---«.

::-4
N
3
i M
o
£
=
b
|
S’

where ag = g(z0)/ E.(zﬂj. Therefore,

g(z) :iﬂn(z*“zﬂ)n_l

MaYe—2) =%

< the Laurent expansion of g/h and thus ag = g(zo)/h(z0) = g(z0)/h'(2p) is the
cespdue at oz, W

As we have seen, if g(z) has a zero of order & and h(z) has has a zcro of order
at zp, with [ > k, then g(z)/h(z) has a pole of order | — k at z9. If l =k + 1, we
save a simple pole and can obtain the residue from the next proposition.

Proposition 4.1.3 Suppose that g(z) has a zero of order k at zy and that h(z) has
i zero of order k + 1. Then g(2)/h(z) has a simple pole with residue given by

f}

sy
Res(}"—?;zn) =(k+1) 9_"{z0)

PO (ay)
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Proof By Taylor’s theorem and the fact that g(zp) = 0....,¢% Y(z) = 0, we
can write

(z —20)"*

9(z) = Tﬂm(%) + (2 — 20)* ' §(2), ;
where g is analytic. Similarly, ;
— o .
(z) = ¢ (k +n:}' ~h* D (2) + (2 — 20)**2h(2).
Thus,
i [9) (20)/KY] + (2 — 20)3(2)
h(z)  [RE+D () /(k + DY + (2 — z0)h(z)
As z — zq, this converges (by the quotient theorem for linits) to
(k)
. g (z0)
o+ D Rz
which proves our assertion. W
Another proof that
. 9(2) 9" (z0)
li -z ~=(k+1)F—
] Pgn(z Djh(.’:) { }h“‘*”{zo}

is obtained by using I'Hopital’s rule (see Exercise 8, £3.3) and observing that both
(z — z0)g(z) and h(z) are analytic at zg with zg a zero of order (k+ 1).

Examples

(i) €*/z at z = 0. In this case 0 is not a zero of ¢ but is a first-order zero of -
s0 the residue at 0is 1-¢/1 = 1. Clearly, Proposition 4.1.2 also applies.

a

(ii) e*/sinz at 0. Here, e is not zero at the point z = 0. and, since sin’ (0 =
cos0 = 1,0 is a first-order zero of sin z. Thus the residue is g'-_U/{:osU =i

(iii} 2/(2*+1) at z = 3. Here g(z) = z,h(2) = 2% + 1. Therefore, g(i) =i # 0 and
h{i) = 0. K (i) = 2¢ # 0. Thus the residue at i is g(i)/h'(i) = 1/2.

(iv) z/(z* —1) at 2 = 1. Here g(z) = 2, and k(z) = 2* —1. Thus g(1) =1 #
and k(1) = 0,/'(1) =4 # 0, and so the residue is 1/4.

(v) z/(1 —cosz) at z = 0. Here g(0) =0 and ¢'(z) =1 # 0. so 0 is a simple zer
of g. Also h(0) = 0,A'(0) = sin0 = 0, and A"(0) = cos0 =1 # 0, s0 0 is «
double zero of h. Thus. by Proposition 4.1.3 (see also line 5 of Table 4.1 °
the residue at 0 is

g 1

7
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Double Poles The formulas for residues at double poles become more compli-
Lol and the residues a little more laborious to obtain. Probably the most useful
cmula for finding the residue in this case is the following result.

Proposition 4.1.4 Let g and h be analyhic at zo and let g(zq) # 0,h(z0) =
V() = 0, and h"(20) # 0. Then g(z)/h(z) has a second-order pole at 20 and

e residue 15
g 9'(z0)  2g(20)h" (20)
Res [ =iag] =5 — =T,
os (1) W'(z0) 3 [M'(20)]?

Proof Since g has no zero and h has a second-order zero, we know that the pole
- of second order (see the remark preceding Proposition 4.1.3). Thus we may write
= Laurent series in the form

g(Z) h2 bl 5
. =+ — Zg) + G =
R e e R e

«odd we want to compute by, We can write

9(2) = g9(z0) + ¢'(z0)(z — 20) + g”(zﬂ)(z — 2 +...

2
L’.Lti
‘I:H = . ] f)."H 2
fi:(z:] — : {Qﬂ)(z == ZD)E + J ( D)(Z —3[1)3 -+
6
T herefore,
Hz) = h.{z [H_ z_ —l—(En-% ﬂl(z—20)+ }
h” z hHI
4 [ 5 ) é )(z—zu)+...] fba + by (2 — 20) +ao(z —20)% + ... ].

We can multiply out these two convergent power series as if they were polyno-
=ials (see Worked Example 3.2.15). The result is

bk (= U M
- Jghg( 0) . {bghﬁ(fﬁg) 5 bih 2(zg)

[@=m+ ...

~ince these two power series are equal we can conclude that the coefficients are
srpual. Therefore,

b. f—” bt b B
g(z0) = _’.{‘_g(z_“) and  g¢'(z0) = )‘2!«6{30) i B 2[20).

~olving for by vields the theorem. W

Observe that for a second-order pole of the form g(z)/(z — 20)? where g(zo) # 0,
the formula in Proposition 4.1.4 simplifies to ¢'(zg), as it should (Why?).
The following result may be proved in an analogous manner.
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Proposition 4.1.5 Let g and h be analytic at zy and let g(z9) = 0,9'(z0) #
0, h(z0) = 0, (20) = 0,h"(z0) = 0, and hW'"(zy) # 0. Then g/h has ¢ second-
order pole at zy with residue

i1

39H( - Uj i §' ‘q! (3“'}}{'{-;1-"} (’zﬂJ
B(z0) 2 RGP

The proof is left for Exercise 4.

Examples

(i) e*/(z—1)? has a second-order pole at z; = 1; here we choose g(z) = ¢*, h(z) =
'z — 1)* and note that g(1) = e # 0.h(20) = 0,/ (z0) = 2(z0 — 1) = 0.
and h"(zy) = 2 # 0. Therefore, by Proposition 4.1.4, the residue at 1 i-

[(2-¢)/2] — (2/3) - [(e-0)/2%] = e.

(ii) (e* — 1)/sinz with zp = 0. Here we choose g(z) = ¢* — 1, h(z) = sin”
and then note that g(0) = 0,¢"(0) # 0,h(0) = 0,A'(z) = 3(sin® 2)(cos -
so B(0) = 0,h"(z) = 6sinz - cos® z — 3sin® z (which is equal to zero at
and finally h"'(z) = 6cos® 2z — 12sin® 2 - cos 2 — 9sin® z - cos 2z (which is 6 a
z = 00). We also compute A (0) = 0. Thus by Proposition 4.1.5, the residn:
is3-(1/6) =1/2. 4

Higher-Order Poles For poles of order greater than 2 we could develop formula-
in the same manner in which we developed the preceding ones, but they would |-
more complicated. Instead, two general methods can be nsed. The first is describe
in the next proposition.

Proposition 4.1.6 Let f have an isolated singularity at zy and let k be the smalls«
integer > 0 such that lim,_., (z — z0)" f(z) exists. Then f(z) has a pole of ord:
at zo and, if we let ¢(z) = (z — 20)* f(2), then @ can be defined uniquely al z, -
that ¢ is analytic at zy and

: =1 (z5)
Refﬁ(f‘ Z”J = W
Proof Since lim, .., (2 — 20)*f(2) exists, ¢(z) = (2 — z0)" f(2) has a removs
singularity at zg, by Proposition 3.3.4. Thus in a neighborhood of z,,

d(z) = (2 — zo)’“f(z) =bp +bp1(z—2p) +..+ bz — Z(J)k_] + aplz — A

50

bk hﬁ:— h] .
f{z]: k+( ;k_]+...+m+(&o—!—&1(3—30)+,.
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by = 0, then lim,_.. (2 — 20)" ' f(2) exists, which contradicts the hypothesis
ont k. Thus, 2 is a pole of order k. Fially, consider the expansion for ¢(z),
o differentiate it k& — 1 times at z to obtain ¢ V(z) = [(k — 1)/, W

In this theorem it is the residue fornmla that is important rather than the test
- the order. It may be easier to test the order by writing (if possible) f = g/h
il showing that kb has a zero of order k greater than that of g. Then we have a
e of order k (as was explained in the text preceding Proposition 4.1 0
Let us now suppose that the form of f makes application of Proposition 4.1.6
wconvenient. (For example, consider ¢*/sin®z with 29 = 0. Here k = 4, since
“twe ummerator has no zero and the denominator has a zero of order 4.) There
< an alternative method that generalizes Proposition 4.1.4. Suppose that f{z) =
-1/h(z) and that h(z) has a zero of order k more than g at zg; therefore, f has a
“ole of order k. We write

b b
9(2): k_ '+"'+—l")+p{z]5
— 20

(z

where p is analytic. Also, suppose that 2, is a zero of order m for g(z) and a zero
“order m + k for h(z). Then

i H{”](EU)(E u ZD}” h( ‘] i i ﬁ{n)(z‘]}(z = EU)”

!
T=TrH n=m+k

a(z) =

Ihus, we can write

o0 o
Z qfn) — )" Z ﬂ] (26) (- — )"
=1 n=m-+k

br L
.[(?—'—Zo)’c ey ("—Zr})—‘_p( )

We ean then mmultiply ont the right side of the equation as if the factors were
solynomials (because of Worked Example 3.2.15) and compare the coefhicients of
:— 20)™,(z — 20)™, ... (2 — Z0)"T*! to obtain k equations in by bs, ... bk
Finally, we can solve these eguations for by. This method is sometimes more prac-
wical than that of Proposition 4.1.6. When m = 0 (that is. when g(zg) # 0). the
cuplicit formula contained in the following proposition can be used. (The student
<hould prove this result by using the procedure just described.)

Proposition 4.1.7 Let g and h be analytic at zo, with g(zo) # 0, and essume
zp) =0=...=hF=V(2) and h'*'(zy) # 0. Then g/h has a pole of order k and
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the residue at zy, Res(g/h; zp) is given by

T
Res(g/h; z0) = [ ——————5] X

;’;-f'!"'"(Zg

Wik (2

LT(IUJ 0 0 0 g(z0)
?L“’*'ﬂ(z.;) :'?.{k:'(213} )

: (1)

(k+ 1)1 Kl _U . . g+ (z0)
h{'l‘:i 2)[:-3(;) htk' l}(fc,"[}:] hlk}(.ﬁ{}) 0 -Q{QJ(Z(])
(k+2)! (k+ 1)! k! o 2!
h_(-zk'”(,zg) h(?k EE{ZU} h_[2k 3]{20} h.““*l}{z{].) g{k_”(zaj
k-1 (k-2 (k-3 7 (k+D!  (k-—1)

where the vertical bars denote the determinant of the enclosed k x k matr.

Table 4.1.1 Techniques for Finding Residues

In this table g and f are analytic at zo and f has an isolated singularity. The most
useful and common tests are indicated by an asterisk,

Type of
Function Test Simgularity Residue at zp
1z fil z]in:: (g —=zp)f{z) =0 removable 0
—zq
- glz) g and h have zeros I
i hiz) of same order Ieiovble 9
lim (z—zo)f{z) =10 . )
*3.  Fflz] SRR simple pole Hm (2 —z2p)f(z
i exists and is #£ 0 z—+zp ;
giz) glza) # 0, h(za) =0, \ g(zo)
! & : : ; simple pole
hiz) h'{za) # 0 e h(zn)
- 9(2) g has zero of order k, T N gt*) (=
& 5 h has Zeie of order -+ 1 ey e+ 1) ey
" glza) # 0 ' 3 af =
6. 9(z) h{za) = 0= K'(z0) second-order pole 2—'(%7{--29) RS
J‘J[Z] h.”{zu} ?é 0 h'(zq) 3
g 9(z) £0 ond-order pole g’
* B glzo) # second-order pole  g'(zy)
7=z _
" glza) = 0,¢'(z0) # 0, ity A
8, gtz hizo) = 0= h'{zu) second-order pole ! %ﬂ - ==
hiz) = W (z0), W' (20) # 0 W(z) 2
k is the smallest integer such (h—1
9. f(z) that zli_p;}[} ¢(zn) exists where pole of order k i :D“ z
zvzp 1
dlz) = (z—20)* f{2)
Bt
> G R T litn = b5
%10 .i.'{vl & hes !JL'“_) Uf. QIR ¢ pole of order k s—zn (k-1
h(z) h has zero of order &+ 1 2
where ¢ =

5 ,t,r(-":u) -_y"i' U. h-l:z;]) =
i == oo = hE={z3) pole ol order k see Propositios

h(:) —A): hk(Z{]] 7é {)
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Examples
.2

(z— 1);(; + 1)

The pole is of order 3. We use Proposition 4.1.6. In this case,

(1) Find the residue of at zg =1,

.2
z = 1
#2) = ==
50
g4 1Y) .-2% — 2° 2 123 1
d)![:z):(_'_l) 7 - :z+ :1_—_=
GTIE GHIE L Erp
and
¢"(2) = 2 G that ¢"(1) = -
' (z+1)*

Since k = 3, the residue is (1/2)(1/4) = 1/8.

i) Find the residue of ¢*/sin” z at z = 0.
Here k& = 3 and we shall use Proposition 4.1.7, with g(z) = ¢* and h(z) =
sin® 2. We need to compute h"(0), h®)(0), and A)(0). These are, by
straightforward computation, #(0) = 6, " (0) = 0, and KN 0) = —60:;
thus, B /3! = 1.h() /4] = 0, and A /5! = —1/2. Also g"(0)/1! = 1/1!, so
the residue is

ary b ] @ i 0 0 1
(E) x p I 1=}~ 1 1 |=1
1 1
~3 ¥ 3 == U 3
(The last colummn is subtracted from the first.) ¢

Essential Singularities In the case of an essential singularity there are no simple
formulas like the preceding ones, so we must rely on our ability to find the Laurent
cxpansion. For example, consider

T z? 1
flz) = el#T172) = % . ¢!/ (1+ +?+ )(1+;+2!22+...).

(Gathering terms involving 1/z, we get

S ot o,
z 21~ 2131 -~ 314!
' We multiply out as in the procedure of Worked Example 3.2.15, a method that is

nstified by a more general result that is outlined in Exercise 12.) The residue is
thus

Rea(Fi0)= Lo o :
el = 1 o5y * g 3 T

We do not attempt to sum the series explicitly.
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Worked Examples

| o)

Example 4.1.8 Compute the residue of = dtz=0.
sin“ z

f]

Solution Since both numerator and denominator have a zero of order 2. the
singularity is removable, and so the residue is zero.

Example 4.1.9 Find the residues of all singularities of

8in 2
tanz = ——.
Cos 2

Solution 1 The singularities of tan z oceur when cosz = (0. The zeros of cos -

are
e i-']:'r
hp = A 2 R . 2 . '2 - L]

and these are the only zeros of cosz. We conclude that the singularities of tan
ocenur at the points z,, = (2n+1)m/2, where n is an integer. We choase g(z) = sin
and h(z) = cosz. At any z,,h'{z,) = £1 # 0, so each z, is a simple pole of tan -
Thus we may use formula 4 of Table 4.1.1 to obtain

g(zn)
Res(tan 2; 2, ) = ) = —~]
Solution 2 We know that
sinz = (—1)"sin(z —wn)=(—1)"" ' cos (.: — 7N — ;_r)
i+ . nt1 -1 ) \2k
(-1 cos(z = za) = (=)™ D (= = 2n)
k=0
and
cosz = (=1)"cos(z—mn)=(=1)"*'sin (; - T — Z—l)
= (=1)'sin(z —z,) = (—1)" i ._[:.__l)k (2= z;, )Rkt
X ; A ~1t J }‘_Q ('2;1' i 1)' - “n .

As before, the poles are simnple, so the series for fan z 15 of the form

O
IFJ|
tanz = ——

- &

vk
i E aplz — 2z, )",
R S
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< sinz = tan 2z cos z becomes

n+] 2k
Z B k), —~2p)

. - s n = (_.,1}-‘\“- o V2R
= L_%AFZM — 2n) jl[(—l) Zm(z_‘m)a ]

k=0 k=0

Cancelling (—=1)" from each side, this hecomes

R
_[1_(2- +'-'ﬂ._\] +-| . { bI _zn}-l'---}
2 & Zn
L = vn)s
P S [{v_wn) - 6 }
1 .
2 II.Jl —!-—ﬂ.g{z = ;"ﬂ) + (:"?-'[ == E)(Z = E.n_)z feaa

omparing the first terms, we get b = —

2
o o == .
Example 4.1.10 Evaluate the residue of W ah 2=%.
Solution 1 {22+ 1)? has a zero of order 2 at i and 4% — 1 # 0, s0 (2% = 1)/(2"
2as a pole of order 2: thus, to find residue we use formula 6 of Table 4.1.1. ‘W(
hoose g(z) = 22 — 1, which satisfies g(i) = —2 and g'(i) = 2i. We also take

f :) (22 + 1) and note that h'(z) = 42(2* + 1), so h(i) = W (i) = 0. Also,
2) = 4(z* + 1) + 822 = 1222 + 4, so h" (i) = —8 and h"'(z) = 24z; therefore,
(i) = 244. Thus. the residue is
2.9 2 (—2)-24i

i O O W
8 3 64

Solution 2 We know from algebra (or integration techniques from calculus) that
— 1)/(#? 4+ 1)? has a partial-fraction expansion of the form

22— 1 _AE+B_| u +(..'z—I—D+ b
(ZZ+12 (=42 (z2—19) (a2+9% (2+7)
solving for the coefficients gives the identity
. | 1 1 o4 1 1
(212 2(z—iR " 2(z+9%
The second term is analytic at z = i, so the Laurent series is of the form

e |
FE S

r=={)

The residue is the coefficient of (z — ) ', which, since this term is missing, is 0.
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Exercises
1. Find the residues of the following functions at the indicated points:

e* —1

sin 2

(a)

d < g = @I

3. If f(2) has residue b; at z = 2y, show by example that [f(z)]* need not L
residue b7 at 2z = zg.

4. Deduce Proposition 4.1.5 from Proposition 4.1.4.

5.* Explain what is wrong with the following reasoning. Let

Since f(z) has a pole at z = 0, the residue at that point is the coefficien: «
1/z, namely 1. Compute the residue correctly.

6. Complete the proofl of Proposition 4.1.7.

7. Find all singular points of the following three functions and compute -
residues at those points:

1
() :':—3(:; + 4)
I

(b) 24922 +1
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%.* Find all singular points of the following functions and compute the residues
at those points:

1

gF==]

1
(b) sin—
2z

(a)

0. Find the residue of 1/(z%sinz) at z = 0.

10. If f; and f; have residues ry and 73 at zg, show that the residue of f; + fo at
Zo 18 + 1o

11.* If f; and fo have simple poles at zp, show that fi f2 has a second-order pole
at zg. Derive a formula for the residue.

12, Let
f(z) PIL. S +ag + ai }+
= i@ ailz— 2
TP = 0 1 0
and
dye dy
= ...+ — s + g+l —2p)+. ..
g(z) -+ [z—zg}k T} + s L) (1( U.:]

be Laurent expansions for f and g valid for 0 < |z — 2| < 7. Show that the
Laurent expansion for fg is obtained by formally multiplying these series. Do
this by proving the following result: If 3°°° @, and 3 " ; by are absolutely

convergent. then
() (25
ni=t)

n=>0 n=l{)

where ¢, = ) 7 @;b,—;: moreover, the serics S 4 Cn is absolutely conver-
gent. Hint: Show that

TL n ri i i
St 23S sl | Sl (Zm)
i=0 J=0 k=0 3=0 k=0

and use this to deduce that ¥ ¢, converges absolutely. Estimate the error
between

F=0 k=0 =0 k=0
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13. Compute the residue of the following functions at their singularities:

T

(1—2)®

(b)

¢ z
o
(d) 2(1 —z)*
14. Find the residues of (2% — 1)/[cos(m2) + 1] at each of its singularities. (See
Review Exercise 29 of Chapter 3.)

4.2 Residue Theorem

The Residue Theorem, which is proved in this section, includes Cauchy’s Theoremn:
and Cauchy’s Integral Formula as special cases. It is one of the main results of
complex analysis and leads quickly to interesting applications, some of which are
considered in £4.3. The main tools needed to prove the theorem are Canuchy s
Theorem (2.2.1 and 2.3.14) and the Laurent Expansion Theorem 3.3.1.

The precise proof of the Residue Theorem is preceded by two intuitive proofs
that only use the material in §2.2 and the following property of the residue at z-

2mi Res(fi20) = / Jz)dz

where « is a small cirele around zg (see Proposition 3.3.3). For most practics

examples the intnitive proofs are perfectly adequate, but, as was evident in $2.2. &
is dittienlt to formulate a general theorem to which the argument rigorously applies

Statement of the Residue Theorem We begin with a statement of the Residi.
Theorem followed by two intuitive proofs and then a precise proof.

Theorem 4.2.1 (Residue Theorem) Lel A be a region and let zy,... .z, ©
be n distinct points in A. Let [ be analylic on A\{z1,2a.....2,}; that is, let f ¢
analylic on A except for isolated singularilies at z, ... .z,. Let v be a elosed cus
i A homotopic ta a point in A. Assume that no z; lies on ~. Then

/ f(z)dz = 2wi Z[H.e.‘.-s(f: i (: 2),s {4.2.3

where Res( f: z;) is the residue of [ at 2 and 1(7; z;) is the index (winding nimbe-
of v unth respect to z; (see §2.4).
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Figure 4.2.1: Residue theorem: [ f = 2mi[Res(f;21) + Res(f:22) + Res(f; za)].

In most practical examples, v will be a simple closed curve traversed counter-
ockwise, and thus (5;2) will be 1 or 0 according to whether z; lies inside 5 or
mtside ~. This is illustrated in Figure 4.2.1.

The same policy regarding computation of the index I(y; 2) nsed in §2.4 will be

inllowed in this section. An intuitive proof is acceptable as Tong as such statements

an be substantiated with homotopy arguments when asked for. For example.
I{v:20) = +1 provided v can be shown to be homotopic in C\{zp} to a circle
A(t) = z5 +re?,0 < 8 < 2r.

A general formulation of the Residue Theorem for simple closed eurves may be

stated as follows:

If ~ is a simple closed curve in the region A whose inside lies in A

and if f is analytic on A\{zy.... .2, }. then L, [ is 2mi times the sum
of the residues of f inside ~ when v is lraversed in the counterclockwise
direction.

This is the classical way of stating the Residue Theorem. but our original statement,
Theorem 4.2.1) is preferred by some because it does not restrict us to simple closed
curves and does not rely on the difficult Jordan curve theorem (see Definition 2.4.1).
Two short intuitive proofs of the Residue Theorem are now given for simple
closed curves. They will be illustrated by an example showing that. in practical
cases, such proofs can be made quite precise.

First Intuitive Proof of the Residue Theorem for Simple Closed Curves

Sinee ~ is contractible in A to a point in A, the inside of 5 lies in A. Suppose that

each 2z lies in the inside of 4. Around each z; draw a circle 7; small enough to

be inside v and surround none of the other 2. Apply Worked Example 2.2.9 (the

Voo . A il e H [ - il citee Foia +1¢

Generalized Deformation Theorem) to obtain ,'ﬁ s T ,'; [. since f is analytic
i Y, ¥1s--- 2 7n and the region between them (Figure 4.2.2).

Suppose that v, %i.... .7, are all traversed in the counterclockwise direction.

3 A T G L 2 * & H . HI " AR SEET . fmrar. VT k i B
As shown in Proposition 3.3.3, J-}-.,, [ =2mi Res(f:2;),s0 | f=2mi ¥y Bostfoa,
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Figure 4.2.2: First intuitive proof of the Residue Theorem.

which is the statement of the Residue Theorem since I(y;z) = 1 for z inside v and
I{y;2) = 0for z outside v. W

Second Intuitive Proof of the Residue Theorem for Simple Closed Curves
This proof proceeds in the same manner as the preceding one except that a differen:
justification is given that [ f= %" ﬁv- f. The circles are connected as shown
F SRR

Figure 4.2.3. to obtain a new curve .

Figure 4.2.3: Second intnitive proof of the Residue Theorem.

Thus, v and 4 are homotopic in A{zy,..., 2,4}, and so, by the Deformation T«

- 9 n i . N

orem, _LT § = ﬁr f. But fw F= 25 ﬁv [, since the portions along the connecr
curves cancel out. W

Why do these proofs fail to be precise? First. we assumed that = is simod
Second, we use the Jordan curve theorem (which we did not prove) to be 2t
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- discuss the inside and outside of v and the fact that I(y;2) = 1 for z inside
- and I(vy:z) = 0 for z outside 7. TFinally, in the first intuitive proof, we used
Sorked Example 2.2.9, which was established only informally, to Justify that _j:r e

::'21 f"r". f

0

where v is a circle with center 0 and radius 2.

Example Fvaluate f

Aar
2 3
42 1

The function 1/(z? — 1) has simple poles at —1,1. We evalnate the integral
==ing the Residue Theorem:

" dz , 1 |
/732_1 = 2% {R.es (;—;—l,*]) + Res (z2 - 1,1)}

e B
Rl T

In this example it is clear what we mean by the inside and outside of ~, and we
tnow that —1 and 1 have an index +1 with respect to 7.

The figure in this example corresponding to Figure 4.2.2 in the general discussion
< obtained by drawing two circles v, and 7, of radius 1/4. say, around —1 and 1,
respectively, as in Figure 4.2.4,

Figure 4.2.4: Justifying that [_r I = J',” f+ j“ra " A

The only statement in the preceding proofs of the Residue Theorem that was

not precise was
[o=[1+] 1
L Ei 2
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In this example, this may be justified by considering the curve in Figure 4.2.5(i)
aned showing that it is homotopic in C\{1, ~1} to a point. This is geometrically
clear; a homotopy is indicated in Figure 4.2.5(ii) rmd (iii). @

y y y

(i {ii) it}

Figure 4.2.5: A curve that is homotopic to a point.

Precise Proof of the Residue Theorem Since z; is an isolated singularity of
f, we can write a convergent Laurent series expansion

fi%) :nz::U“r?('C_ %) +mz_: {2_ 2)™

in some deleted neighborhood of z; of the form {z | r > |z —z;| > 0} for some r > (.
By Proposition 3.3.2 and Exercise 15 of §3.3, the singular part of the Laurent series
expansion

in &)

b-‘-”
8=, o
=1 *
converges on C\{z;}, uniformly outside any circle |z — ;| = € > (), Hence 5;(z)

analytic on C\{z;} (see Theorem 3.1.8).
Congider the function

g(z) = [(z) E Si(z).
=1
Since [ is analytic on A\{z,,...2,} and since each S;(z} is analytic on CY{z;}. ¢y
analytic on A\{z),..: .2, }.
All the z’s are removable singularities of g becanse on a deleted neighborhoo
{z|r >z — 2] > 0}, which does not contain any of the singularities, we have
%
f2) = 3 anlz —2)" + Si(2),

r=f1
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=)

iz i—1 i)
9(2) = Y anlz —2)" = 3_8i() = 3 Sil2).
n=h i=1 J=it+1

<ince the functions 5, j # i, are analytic on C\{z;}, we know that lim._.., glz)
cxists and equals ap — 37154 S;(2:). Consequently, z; is a removable singularity

if g.
Because g can be defined at the points z; in such a way that ¢ is analytic on all
i A. we can apply the Cauchy Theorem 2.3.14 to obtain J.. g = 0. Heuce

Next consider the integral [ . Si. The function S;(z) is of the form

o0 b‘”_

m=1

which, as we have noted, converges nniformly outside a small disk centered at z;.
Thus the convergence is uniform on . (Since C\{7([e,b])} is an open sct, each z
Has a small disk around it not meeting 4.) By Proposition 3.1.9,

- ol S

=1~
1 B d [3_ z"_)l—rn.
(z—z)™ dz 1-m ?

But for m > 1 and 2 # z;.

so by Proposition 2.1.7 and the fact that v is a closed curve, all terms are zero
oxcept the term in which m = 1. Thus,

Py ® .
fS;:/ 4 d.zzbl[ dz.
e ‘,TZ—Z,' _T.':'—Z.i

By definition of the index, this is equal to by - 2mi - L7 z;) = 2wi[Res(f; 20) | L(7: 2i)-
Thus.

T

[) f=3, /» i = ;2“"’"[&95(.)";3;'}]1(?; )

§=

and the theorem is proved. B
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Residues and Behavior at Infinity If a function [ is analytic for all large
enough z (that is, outside some large cirele), then it is analytic in a deleted neigh-
borhood of oc in the sense of the Riemann sphere and the point at > as defined
in §1.4. We can think of oo as an isolated singularity of f, perhaps removable. Let
F(z) = f(1/z). If z =0, we set 1/2z = o5. (Equivalently, 1/2 — oo as z — 0).
Thus, it makes sense to discuss the behavior of f at oo in terms of the behavior of
F'at 0.

Definition 4.2.2 Lel F(z) = f(1/z). Then we say that
(1) f has a pole of order k at > if F has a pole of order k at 0;
(ii) f has a zero of order k at oc if F' has a zero of order k at 0.
(iii) We define Res(f;00) = — Res((1/2°)F(2);0).

Notice in particular that a polynomial of degree b has a pole of order & at ~c.
This agrees with what we saw in the proof of the Fundamental Theorem of Algebra
in §2.4. As z — o0, a polynomial of degree k behaves much like 2%, See also Worked
Example 4.2.7. The definition of residue at oo may seem a bit strange, but it is
designed to make the next two propositions work out correctly.

Proposition 4.2.3 Suppose there is an Ry > 0 such that f is analytic on the se
{z € C sueh that |z| > Ry}. If R > Ry, and T denotes the circle of radius R
centered at O traversed once counterclockwise, then [1 = =2ni Res( f; 00).

Proof Letr = 1/R. and let v be the circle of radius r centered at 0, and traverse
counterclockwise. If z is inside ~, then 1/z is outside I', so the function g(z) =
f(1/2)/z* is analytic everywhere inside 4 except at 0. Thus,
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The next-to-last equality comes from the 27 periodicity of e*. W

The choice of the minus sign comes from the fact that as we proceed along -
simple closed curve in C in the counterclockwise direction, the region we norma
think of as the inside lies to the left. (Look at any of the figures in this seetio
The point at oo lies to the left if we proceed in the opposite direction along 1«
curve. Hence the minus sign. For the curves in the last proof, if 2 proceeds i 1«
counterclockwise direction along I', then 1/z proceeds in the clockwise direct
along ~v. Since [ is analytic outside I' except possibly at oc, Proposition 4.2.3 =
be interpreted as saying that (1/2wi) [, [ is the negative of the residue of f out=.i
I'. This is correct more generally,
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Proposition 4.2.4 Let vy be a simple closed curve inC traversed once counterclock-
cwse. Let f be analytic along v and have only finitely many singularities outside 7.

Enen

/f = — i Z{msidues of [ outside v including at oc}.
.

idea of the Proof Apply the Residue Theorem to a composite curve such as
“hat in Figure 4.2.6. Choose I' to be a circle large enough to contain v and all the
“uite singularities of f in its interior. The reader is asked to supply the remaining
“orails of an informal proof in Exercise 14. B

Figure 4.2.6: Curve used in the proof of the Residue Theorem for the exterior of a

i

curve.

Worked Examples
Example 4.2.5 Fuvaluate the integral

/ dz
$ 2041

where v consists of the portion of the x axis from —2 to +2 and the semicircle in
the upper half plane from 2 to —2 centered at ().

Solution The singular points of the integrand occur at the fourth roots of —1,

namely,
{,_ﬂiffl‘ ﬁt:,—+'.!rr)1‘.lf4 = E.‘hﬂjd_l E_{?.’-i—-irr)i,f'-i LN ﬁsmzﬂ and thr+h'nj-i,,f¢ s e?:ri,h;

(sce Figure 4.2.7).
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Figure 4.2.7: The curve v in Example 4.2.5.

By the Residue Theorem, the required integral equals

I 1 kY s 1 - T
2mi [H,(f:—j (-ﬁi—_’_—] Em,hL) ] (nl,f_ e 1) + Res (T_‘_l‘ 1’93“‘”) r(,} ﬁ.i:r;f-i)

- s "3 v e
+ Res (.,4 7 ?r.-"‘””fj’) 1 ("‘,r,f:ﬁm’“i) + Res (ﬁ,r:ﬁ”“) ¥, (* SULES 1)] ;

It is intuitively clear that

F ]

=t

Iv;e™N) =1 and I(3;¥) =1,

whereas the other two indexes are zero. This can be more carefully justified as
follows: «y is homotopic to a circle 3 around ™91 traversed counterclockwise. To
see this, reparametrize 4 so that it is defined on the interval [0,27], A suitabl
homotopy is then (s, t) = (1 — t)v(s) + t7(s). which is illustrated in Figure 4.2 5

We know that [(5;e¢™/%) = 1 by Worked Example 2.1.12, and that I(7; e™/1) =
I(vy;e™l 4) by the Deformation Theorem. Thus I(v;e™/ *} = 1, and, similarls
I(~; .ﬂﬁ“”) = 1. Furthermore. 4 can be contracted to the origin along the radii o
the semicircle, so by Cauchy’s Theorem, I(v;e*™ /) = 0 and I(~;¢™™/1) = (.

To calculate
: 1 iS4
Res (—31 i < g7 ) ;

observe that ¢™/1 is a simple pole of the function 1/(2* +1), so we can use formuls
4 of Table 4.1.1 to obtain

i /4 i/ 4
]. Loy | ('r“"' €
Res ( e 5 :

- i((mm):; = Apmi 1
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Figure 4.2.8: Homotopy between 7 and 7.

similarly,

; L amia _ 1 ™ g—m/4
Rﬁh(ai i L ) T Aemiap - 4

Therefore,

-

f = E(P"““ — ™4y = sin = = Wﬁ-
. ;

LAl 4 T2

We do not actually have to use such a detailed method to calculate the indexes
winding numbers). We simply use our intuition to calculate the number of times
the curve in question winds around the given point in the counterclockwise direc-
tion. Keep in mind that the justification for this intuition consists of an argument
like the preceding one.

Example 4.2.6 FEvaluate
1+ &
4 1—cos2
where ~ is the circle of radius 7 around zero.

Solution The singularities of (1 + 2)/(1 — cos z) occur where 1 — cosz = 0. But
(% + ¢7#)/2 = | implies that (¢7%)? — 2(¢™*) + 1 = 0, that is, that (€' — W~ =

0. and hence ¢ = 1. Therefore, the singularities occur at z = 2mn for n =
P . [ T 5 B TSN The only singularities of (1+2)/(1 — cos z) that lie inside
the circle of radins 7 are z; = 0, 20 = 27, and z3 = —2r (sce Figure 4.2.9). Also,

d(1 - cos z) /dz = sin z, which is zera at 0, —2m, 273 and d?(1 — cosz)/dz® = cos z,
which is nonzero at 0, —27. and 27, so these singularities are poles of order 2.
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Figure 4.2.9: The curve v contains three singularities.

The residue at one of these poles z; is, by formula 6 of Table 4.4.1,

59 (20) 2 g(z0)h" (20)
h'(z0) 3 [W'(20)]% °

In this case, g(z) = 1 4 z so that g'(2) = 1; also, h(z) = | — cos z so that h/(z) =
sin z, h"(z) = cos z, and A'"'(2) = —sinz. Thus, h"'(z) = 0 for 2 = 21, 23, 23, so the
formula for the residue becomes 2¢'(2y)/h"”(zn). Hence,

2
cos(2m)

"J
=2, s(fi23) = ——— =2
. Res(f; z3) cos(—27)

Res(f;z) = - 2, Res(fiz:)=

cos (} J

Thus, by the Residue Theorem,

1+ 2 .
/ -+—dz = 2wi[Res(f; z1) + Res([f; 22) + Res(f; z3)] = 12mi.
vl —COBZ

Notice that we have implicitly used the fact that [{v:2z) = 0 for z outside ~ an
I(7; z) = 1 for z inside .

Example 4.2.7 Show that if p(z) is a polynomial of degree at least 2, then the su~
of the residues of 1/p(z) at all the zeros of p must be (.

Solution 1 Suppose the degree of p is n so that we can write

Tt
ple) = Z arz® with a, #0, where n> 2.
k=0
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We know p can have at most n different zeros, so if 7y is a circle of large enough
—lins @ centered at 0, it surrounds all the finite singularities of 1/p(z). Thus,

) . ‘ :
L e =k Z (t‘l‘;.bldllﬂh of;]) :

p(z)
.l this holds for all large enough R. But for large R,

1”4?1 'I.| 4 |U-'n—‘2| 2 |‘!_I'll_|_ = iﬁ'ﬂ|

R R TR T2

5

T
2} = |z Jhn o f (S e 24
p(z)] = ~”§ak¢ > R (janl ‘ 1 e +...+Rn)
: la"ﬂ—l| |ﬂ'-n—2l |U-'G| n |a"ﬂ—|
> R llag.]— | ——— ekl = e TG
- |ﬂn| ( R + RZ * + Rn T 2
el so
| 2t 4
o {iz E = = 1 *
- Lp(z) Rrlay|/2 R 1an|
hus,

e 1 2
‘Z (TEEH]dU{-‘.F- uf;)‘ < m

Letting R — 50, we obtain | Y (vesidues of 1/p)| < 0. Therefore, the sum is 0.

Solution 2 (This solution makes use of residues at infinity.) With ~ as before,
there are no finite singularities of 1/p outside 7, so

1 1 1 1
dz = —2mi Res (—; x-) = 2wt Res (—(—‘—iu) :
L P() P #pllia)

1 1 1 1 ZP 1

a6z ... +an =

Bat

}3(1/2) 22 - g -|*ﬂ;zl+...+ %E‘,“ z?

Since n > 2. the singularity at z = 0 is removable, so the residue is 0 and hence
the integral is 0. But the integral is equal to the sum of the residues of 1/p at the
zeros of p.
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Exercises
- dz : : :
1. Evaluate / GFIp’ where (a) v is a circle of radius 2. center 0, and (b) ~
Jy kZ +

iy a square with vertices 0, 1, 1 + 14, 4.

2.* Deduce Cauchy’s Integral Formula from the Residue Theorem.
3. Evaluate | ——————dz, where v is the wnit circle.
Jy 22 +22+5

S ' . _
4. Evaluate - dz. where ~ is the circle of radius 9 and center 0.
e85 —
S 8

et |

. Evaluate / tan z dz, where v is the circle of radius 8 centered at 0.

R . 9
. bz — 2 : . . SR

6. * Show that / ( —l—j-d,: = l0m¢, where 7 is any circle of radius greater than
W

| and center ().

) LT - ;
7. Evaluate the contour integral / ~—dz, where (a) v is the square with the
oo o
four vertices —1 — 4,1 — 2.1 + 4 and —1 + 4 and (b) v is the ellipse v(t) =

acost + thsint, where a, b > 0, and 0 < ¢ < 27,

8. Let f be analytic on C except for poles at 1 and —1. Assume that Res(f: 1)
~Res(f:—1). Let A = {z | = ¢ [-1.1]}. Show that there is an analvti
tunction h on A such that h'(z) = f(z).

“e

. Evaluate the following integrals:

' dz
(a) /..a|=.t 2(1— 2)3

. efdz
s _—
(b) /|| S

16.* Evaluate the following integrals:
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Let f: A — B be analytic. one-to-one. and onto, and let f(z) #0for z € A.
Let 7 be a curve in A and let 4 = [o7. Alsolet g be continuous on 5. Show

that
/(QO.fJ-f"= [.‘ff-

What does this result become in the case where f(z) = 1/2?

12. Show that if lim, . o[—2f(2)] exists. it equals the residue of [ at co.
13. (a) Find the residue of (z — 1)%/2(z + 2P s =&
(b) Give two methods of evaluating
/ (2 — 1)3
Jo#(z +2)°

where ~ is the circle with center 0 and radius 3.

dz,

14, Show informally that if 4 is a simple closed curve traveled counterclockwise.
then

/ I =-—2mi E {residues of f outside v including o}
o F

15. Choose a branch of vz2 — 1 that is analytic on C except for the segment
[~ 1. 1] on the real axis. Evaluate

where = is the circle of radius 2 centered at 0.

4.3 Evaluation of Definite Integrals

The Residue Theorem says that an integral around a closed curve can often be
evaluated by computations involving the integrand at a few points inside the curve.
The Deformation Theorem then savs that the resulting value does not change as the
curve is shifted so Tong as no singnlarities of the integrand are crossed in the process.
These two results make the calenlus of residues a powerful tool for the evaluation of
cortain definite integrals. some of which may have no obvious connection to complex
analysis,

For example, the change of variable = = e might convert an integral over the
real interval —r < @ < 7 into one around the unit circle in the complex plane. In
this section we will apply residue caleulus to this type of iutegral and to improper
integrals of the forms [ f(x)dr or [Z f(z)dr. Some examples and devices
for evaluating integrals mvolving “multiple-valued” functions such as roots and
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logarithms are also given. The techniques developed throughout this section are
summarized in Table 4.3.1 toward the end of the section. This table should not be
used too literally i all cases. Indeed, it is valuable to understand the techniques and
estimates used to establish the formmlas since the same ideas can often be used when
the formulas obtained here do not directly apply. Miscellaneous examples working
out important special cases and illustrating how the methods may be modified to
handle nonstandard problems are given in the Student Guide and the Instructors
Supplement.

Rational Functions of Sine and Cosine Perhaps the most straightforward
type of real definite integral to which we may apply the residue methods are those
for which a simple change of variable converts the integral to one over a closed
curve. The interval of integration becomes a parameter interval for the curve. This
method applies particularly well to integrands involving sine and cosine over a
period interval such as [—m, 7] or [0, 27]. The change of variable z = ¢ converts
each of these to an integral over the unit circle, while sin# and cosf become the

fractions

and cosfl =

i e —e®  z—(1/2) e 24 (1/2)

2 2i 2 - 2
We now give an example to show how this procedure works.

Example 4.3.1 Let a be a positive real constant not equal to 1 and evaluate

[Z‘J 40
I'= 2
Jo 1+a%2—2acosb

Solution Let 2z = ¢ for 0 < 8 < 2rr, and let v be the unit circle centered at the
origin. Then dz = i¢'?df = izdf. The change of variables suggested above gives

1 dz. 1 dz
I:/ j*gﬁ(z—i—i)w:? z+a%z—az?—a
- / tdz _f idz
Sy (z—a)az=1) [, a(z—a)(z— (1/a))

The integrand has simple poles at z = a and at z = 1/a. The residues at thes
points are

i W .
= (r}..(z —a)(z—(1/a))’ ﬂl) T me=1

bR ((L(Z—n.)(:—(l/ﬂ-)):i) N ﬁ

If 0 < a < 1, then a is inside v and 1/a is outside. Thus,

. ? s 27
I =2 T e

1 —a?

z=1/a




b
.
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£
E
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' 5 > 1, then a is outside 4 and 1/a is inside. So

. i 27
I=2m(1_az)=uzul- L ]

Note that there are no values of 8 for which the denominator in this example
~unishes. In these situations, we can always do such a change of variable. The

=wthod may be formulated in general terms as follows.

Proposition 4.3.2 Let R(x,y) be a rational function of = and y whose denomi-
~tar does not vanish on the unit circle. Then

L
[ R(cos 8, sin @) df = 2iri Z [residues of f(z) inside the unit cirele] ,

W)
o= (323 (1)

Proof Since R is a rational function, so is f. Therefore, there are a finite number
¢ poles and no other singularities. The hypothesis on R ensures that none of them
¢ on the unit circle, and the same change of variable as in the example shows that

EAIETE

2m
/ R(cos,sinf) df = [f(z)dz,
0 Iy

where ~ is the unit circle centered at the origin traveled once counterclockwise. The
sroposition follows from the Residue Theorem. W

If one forgets the formula for f in this proposition, one can always proceed as
‘1 the example writing sin@ and cos# in terms of e and then making the change
»f variable.

Improper Integrals lmproper integrals of the types mentioned in the introduc-
tion to §1.1 are defined in caleculus; we now recall these definitions. First of all,

rhase along half lines are defined as limits:
b

[L flz)ds= E!jinmfﬂ J(x)dx and f_m flz)de = Al;l{ﬂm. J(x) da.

—A

Integrals over the whole line are defined by splitting the line into two rays and
requiring that both portions of the integral exist as finite numbers.

[_c:, fEpde= /_ : f () de + L " Ha)id
B

{
= limf f{;t.')d:z:—i—B]im fx) dx.
—4

A—oo =00 fq
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An important point is that both limits are assumed to exist independently.

The existence of such integrals (i.e.. the existence of these limits as finite num-
bers) may often be established by comparison to simpler integrals. This is also a
calculus (or real analysis) theorem.

Proposition 4.3.3 Suppose |f(z)| < g(x) for all & > a and that [ g(z)dz con-
verges to a finite number G. Then HFE‘ integral I " flz)dr also converges and
J fﬂm flz)dz| < G. Similar conelusions hold for integrals along a left half line or
over the whole real line.

Idea of the Proof The integral j x)| dr converges to a number no larger

than G since the numbers .-‘a |f(z) da: are increasing as B increases and remain
bounded above by . Having thus established the result for positive functions,
the convergence of [ f(z)dr then follows in much the same way that absolute
convergence of a series implies its convergence. The idea is that if [ is real valued.
then |j'| and | f| = f are both positive functions dominated by 2g, and [ f = [,
JUf] = f). T fis complex mluml we can work with its real and imaginary parts
since |RP( ) < |f| € gand |[Im(f)] <|f| <g. The final inequality follows since

B b B
] flr)da g/ |f{.‘t,‘)|d.?;_<§/ glz)de =G

foreach 5. H

Once we know that the limits for the half line integrals exist independently. then
we can use any convenient special form of the limit to evaluate it.

oG 18] =3
/ flelde = Alim / flx)dr+ lim f(z) dz

—rx s Ji
== lim f ) da
A-—so0, B—oo

= lim flx) d
R /g

The symmetric limit in the last line is a very convenient form. as we shall soon se
It is important to remember that the existence of this special symmetric form
the limit does not imply that of the more general one —a lot of cancellation mic!
occur. However, if the general one exists, then this special one must as well and !
equal to it. The intermediate form J'_BJ‘ fla)dr is more subtle. At first glance
looks the same as the general defining form, but it is not quite. It is a nontrivie
observation that they are equivalent. We prove the following lemma in the Interis
Supplement.

Lemma 4.3.4 Iflima_. g—oe ! 4 Jlx)dx exists, then {_fll f(x) dx exists ans
equal to this limit.
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As we shall see in the following subsections, these observations about improper
~reorals allow us to evaluate them by building the appropriate interval, [~ R, R) or
- 4. Bl, into a closed curve and then letting the ends tend to infinity.

integrals on the Whole Real Line Now we consider integrals of the form
2 f(x) da in which the integrand is well enough behaved to allow the application
‘ residne methods. For the integral to converge, the integrand must approach 0
~ r approaches infinity in both directions along the real axis. With restraints on
we srowth of f in other directions, we can make progress. We will illustrate this
- examples that will motivate some general methods.

o 9

M

Example 4.3.5 Fuvaluate / dr.

sl
Solution  First of all, observe that the improper integral |7 [#?/(1 + ¢*)] dz con-
crges. One way to see this is to note first that the integrand is even and continuous,
<~ it suffices to show that [ [e?/(1 +a")] dx converges. This integral converges
« comparison with [[°[1/#%|dz = limp_.~(—(1/B) + 1) = 1. Since our integral
Lnverges we can use a symmetric limit to evaluate it; let the desired integral be
tenoted [ and write
St

S F g
I= ] ——— = Hm / da.
oy LA Booo f_p 14 at

o0 ==

Fhe interval of integration, [—R, R], may be considered as a path yx along that
sart of the real axis in € from —R to R. It may be extended to a simple closed
curve Ty = g + s by returning from R to —R along the semicircle pg = {2 €
Z | Im(2) = 0 and |z| = R} in the upper half plane as sketched in Figure 4.3.1.

y Y
4

) (ii)

Figure 4.3.1: Curves for two solutions to Example 4.3.5

Along g, the integrand is the same as the function f(z) = z%/(1 + 2*) which
is analvtic everywhere except for simple poles at the fourth roots of —1

7 = g ! 2y = e : ET:T-:-,“}

£

— ﬁﬁ:l??.f-fi : 7=

3

"}
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Of these, z, and 2o are in the upper half plane and z3 and z4 are in the lower. If
R > 1, then z; and z; are inside I'g while 23 and z4 are outside. The residues at
these points may be evaluated from

.

2 ]

Res(fizp) = — = —,
(f h) .E 33&:

The Residue Theorem says that

2mi : .
f(z)dz = 2mi (Res(f: z1) + Res(f; 22)) = —:—? (r’"”“ ¥ r.?_S'T"‘M)

5
1 =

This is true for everv R > 1. For the two pieces of the path we have

; R 2
]m J(z)dz = ]_R i dr,

while along pur we have |z| = R > 1 so that

R R
= <
PN = T = ==

fw flz)dz| <

This last quantity tends to 0 as R — oc, so limp_. j;m
pieces together we find that

Thus,
2 3
R lenth(,ug) JTR

o

f(z)dz = 0. Putting the

" ;
— = Hm flz)de= 11m f f(z)dz+ hm / f(z)dz
ﬁ R0 Jry T

R g2 a2
=0+ lim f - ! j - d.
R—no R ]_ + —0 1 + ir:

We conclude that
oo .2 :
wls i
/ = —=.
(- o V2

The path vz could also be extended to a simple closed curve Ag = v + vy
returning from R to —R through the lower half plane along the semicircle -
{z € C|Im(z) £0and |2 = R}. If R > 1 we now have z3 and 24 inside t5
contour Ap and z; and 2, outside. Notice however that the curve goes arcume
these points in a clockwise (negative) orientation.




T
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The Residue Theorem 4.2.1 gives

21 ol ;
f(2)dz = —2mi (Res(f; z3) + Res(fi24)) = — T@ (e_d”f" —|—e_7’”f4)

2mi —17‘:{2 mi/4 —ifd
S ( +ie )

2mi T

= ———(i)2cos(7/4) = T

4
I'he same estimates apply to |f(z)| along vg as along pgr and the length of this
<emicircle is also mR. The same argument shows that the integral along this arc
cends to 0 as B — o¢. Therefore, we have

= ;
— = lim flz)dz = l]l'ﬂ f f(z)dz + lim / flz)dz
\/E R—oc Ky R—oo YR

kR 2 2
=0+ lim f 2 da‘:[ ¥ da.
R—mx .R1+$4 J—na 1‘1‘1'4

We econclude that
/oc '.1'!2 w
— il = —,
o 1+t V2

st as before. @

Some simple checks, such as determining that in this example the integral must
e real and positive since the integrand is nonnegative and real on the real axis,
~an often detect computational errors. This example could also have been done by
the method of partial fractions decomposition of the integrand, but many of the
mntegrals we will meet later cannot be done by such techniques.

The key elements needed to make this evaluation work were

|. An estimate to establish convergence of the improper integral so that a sym-
metric limit could be used for its evaluation

b

Finitely many singularities in the upper (or lower) half plane with none on
the real axis so that all could be enclosed in I'y (or Ag) for large enough R
and the residues evaluated

3. An estimate showing that the integral along the upper (or lower) semicircle
tends to 0 as R tends to oo

['he same argument can be carried through provided we have these elements,

Proposition 4.3.6 (i) Supposc f is analytic on an open set containing the closed
upper half plane H = {z € C | Im(z2) > 0} except for a finite number of iso-
lated singularities none of which lie on the real axis, and that there are positive
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real constants M, p, and Rg withp > 1 and |f(z)| < M/iz|? whenever z € H
and |z| = Ry. Then

/-- | flx)dr = 2mi Z {residues of f in H}.

(i) If the conditions of (i) hold with H replaced by the closed lower half plane
L={zeC|Im(z) <0}, then

/ Fle)dy = —2mi Z {residues of f in L}.

fs ]

(iii) Both of these formulas hold if f = P/Q where P and Q are polynomials. the
degree of @ is at least 2 greater than that of P, and Q) has no real zeros.

Proof The arguments for (i) and (ii) go exactly as in the example. In (i), work
with the curve I'p = v + ppg for B > Ry, In (i) use Ay = 75 + vy, There
is no trouble between — Ry and Ry, and the inproper integrals from —o¢ to — £y
and from Fg to o¢ converge by comparison to the convergent improper integral
]}Z(l JxP)dx. For R > Ry we have

/ i
Jpen

Each of these tends to 0 as R — 20 since p > 1. The rest of the arguments go

mht

I

"

| r
and / flz)dz| <
| 1o

exactly as in the example.

Finally suppose that f = P/Q as in (iii). We shall complete the proof by
establishing an inequality |f(z)] < M/|z|* for |z| large. If P is of degree n and ¢
is of degree i+ p with p > 2, then we know that there is an M, > 0 such tha
|P{z)| < M|z} for |z| > 1 and an My > 0 and Ry > 1 such that |[Q(z)| = Malz|"
for |z| > Ry. (See the proof of the Fundamental Theorem of Algebra (2.4.9).) Thu-

P{z)
Q(z)

whenever > Ry > 1 since p > 2. The proofl is completed using the choic
M=M /My, R

M, 1 My 1
fn BE < e
— My |z|P T Mg |2?

-

Rational functions such as that of Example 4.3.5 are probably the most read:
recognized integrands to which Proposition 4.3.6 or related methods apply. b
there are others. Consider the following example.

Example 4.3.7 Let a be a nonzero real constant and cvaluate

' cosar
= .
.
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41 first glance it may be “obvious” that everything should work. The numerator
‘ the integrand is bounded by 1 along the real axis, so the improper integral
verges by comparison to the arctangent integral [~ _(1/(1+ 2*))de = =. This
wach is correct. However, if we attempt to extend into the complex plane using
saz)/(1 + 2%) as the integrand, we do not have the needed growth conditions
cither half plane. The function cosaz = (6'** + e~ '%%) /2 grows exponentially as
w= proceed outward along either the positive or negative imaginary axes, cosiay =
oy ey /2 If @ > 0, the first term shrinks exponentially along the positive
waginary axis while the second grows and the opposite occurs along the negative
waginary axis. If @ < 0, the situation is reversed. This gives the clue as to how to
~weced. Convert the problem to one involving complex exponentials first.

o s I T =0 _!‘JEIIJ.'
f ﬂ% dr = lim / Re | — —; | dit = Re / Eizd.:r)
sl R | p 15&E= S Lo

This is an integral to which we can apply Proposition 4.3.6. The integrand, g(z) =

/(1 + 2?) is analytic on the whole plane except for simple poles at z; = i and
3 i. Of these, i is in the upper half plane and —# in the lower. The residues
¢ these points may be evaluated from

T
e
Res(g: z) = :
22k
Therefore,
E,_f.u.'f' e 4 ) E—ia'i 0
Res(g;i) = — = —— and Res(g; —i) = = -
(g 2i 2i =) Tab —2i
With ¢ = Im(z), we have
[t_".".n.zi - ‘Fz’-m-.r—ay‘ — T RY
' Y = D¢ oY

= — <
l9(2)) L+22 — R?2-1— R?
srovided |z| > R > /2. The numerator is bounded by 2 if the exponent is negative,
I'hns we have the conditions of Proposition 4.3.6 in the upper half plane if @ > 0
snd in the lower half plane it a < 0.

For a > 0 we conclude

=

0 . VO ?i.n..:! . . B
/ —(Tif dr = Re (/_ ﬁ dir) = Re (2mi Res(g;i)) = Re (27”' _52',_)

— L

For a < 0 we conclude

/ | SO dz = Re (] T i d;?') = Re (—2wiRes(g: —i)) = Re ( 'm_f—‘)l‘>

oo 1422 s 1+ &2 2i

i
=
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We could also handle the case @ < 0 by using the fact that cosine is an even funetion
and appealing to the case for positive constants

= cosax " cos(—ax) T "
——— = e = —— =7g"
— T ¥ 1+ o

(5=,

as before. In either case, our final result is

™ cosax T
— = ——. &

2 Jal
s Ao fd elel

Fourier Transforms The Fourier transform ol a function f: B — Cis a new
function defined for a number w, either real or complex. by the improper integral

_I_ L o

Y

The Fourier transform is important in differential equations (see Exercise 24), the-
oretical physics, quantum mechanics, and many other areas of mathematics and
science, and there is an enormous body of literature concerning it. (There are
variations in its definition. The factor of 1/v/27 may be missing and the exponent
. - . . v ge 4] s . 55w
might be —2wiwz.) Thus, integrals of the form [~ f(x)e ¥ dr are of definite
interest. If w is real and f{z) is real for real x, then the real and imaginary parts
form the Fourier cosine and sine transforms of [:

flw) = (FHw) f(z)e ™" da.

/"; f(x) cos(wz) dx = Re (f(w})
j_: f(z) sin(wz) dz = —Im (_f{w)) ,

Example 4.3.7 showed how residue methods can be nsed to evaluate integrals
this type. The key to the argument there was that with a real the exponential fact:
e4% remained bounded in either the upper or lower half plane. However, somewha:
more is true. The absolute value of this factor is ¢ ¥, which shrinks exponential
as we move away from the real axis into the upper half plane if a > 0 and th«
lower half plane if a < 0. If we take advantage of this we can evaluate the integr-
with much more mild conditions on f. To do so we will use a rectangular contons
instead of a semicirele. Lemma 4.3.4 will be used to establish the convergence
the integral and to evaluate it as the lunit of ‘I'BA as A and B tend independen:
to infinity.

Example 4.3.8 Let w be a nonzero real constant and evaluate

oo (,—iw:.t
— @i
i A=




Y
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Solution This is an integral of the Fourier transform type with f(z) = 1/(1+iz).
[he integrand is g(z) = f(z)e ™=, Along the real axis we have

g(2)| = |e ™| /1 +iz| = 1/V/1 + 22

I his decreases too slowly to apply Proposition 4.3.6, and, in fact, the integral
:___L lg(x)| dx diverges. Therefore, a simple comparison test will not suffice to
<tablish convergence of our integral. Instead we will appeal to Lemma 4.3.4 and
btain our result as

o0 _—iur B o —iwzx
e . e
—diz = lim — di.
S A—oo,B—oc J_ 4 1+ iz

mee [f(2)| =1/ 1 +iz] € 1/(|z| — 1) for |z| > 1, this factor does shrink toward 0.
For each € > 0, there is an R(¢) such that |f(z)| < € whenever |z] > R{e). As in
ample 4.3.7, the exponential factor will behave well on a half plane. Which half
slane depends on the sign of w. If 2 = @ + iy with x and y real, then ‘e_”‘”
r'_i“’I+“’y‘ = ¢“¥  Therefore,

¥

dpey

w < 0 implies er"“”‘ =¢“Y <1 in the upper half plane H

w>0 implies |e7* =e“Y <1 in the lower half plane £.

The integrand is analytic except for a simple pole at i where the residue is

. t,—iu:z . e—-iwz
Res(g:1) = Res ( : , ;-z) =
the—i) i

=1
e
Let

€

Y4 = the sum of the residues in H = —
i

¥ = the sum of the residues in £ = (.

If A and B are both larger that R(¢) and larger that 1, we can consider the rect-
angnlar paths indicated in Figure 4.3.2.

In each case the portion v is the segment of the real axis from —A to B. This
is closed as a rectangle I' = v + g1 + p2 + ps counterclockwise through the upper
half plane and as a rectangle A = v + v + v + v3 clockwise through the lower half
plane. In each case the distance C from the real axis will be selected larger than
R(¢) and depending appropriately on A and B. So long as it is larger than 1 we
will have

] g=2mily = 27xe” and / g= —2mixe = 0.
P A

B —iwr
/ = : d;;-:/g:??r‘ixﬁ—([ _i}"|‘f Q+f Q)
_A].-'f-?..']’? Sy o 4y ] Ha
:--Q?Fiﬂg—(/ g+/y+/ 9)'
vy ¥2 vy

Thus,
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Y Y
T
Ci Ko —A | 7 B
- eI - g Do
\
|
M My Vv, | v,
|
! 4 / : 1
! I
| Y ! V,
et e B - . o T - ’ . i
—A i B =i

Figure 4.3.2: Paths for Example 4.3.8.

Once A, B. and (' are large enough so that further increases enclose no more
singularities, then Yo and X, no longer change. The existence of the limit can
be established and the integral evaluated by showing that one or the other of the
quantities in parentheses tends to 0.

First suppose w < 0. In that case we have good behavior in the upper hall
plane, so we use I'. We estimate the contribution along each of the picces, Along
ui, 2= B+, so

|
1

Similarly,

i
|

(7 &
. / f(B + :i-g;)(:_":"[f3+":'y} i dy' = / ce*Yody = i{rz{:""’ w4 |_r
Jo W w

J0
& £
/ i 5/ ee™¥ dy < Tt
o (1 |""|

Thus, these two contributions are small if A and B are larger than R(e). Having set
A and B, we now adjust €' to make the horizontal contribution small also. Alone
iy we have z = & +¢C. Requiring C' > R(¢), we have

I
K2

Recalling that w < 0, we can select C larger than 1, larger than R(e) and lars
enough so that (A+ B)e““ < 1. We find that for A and B larger than 1 and larg

than R(e),
. e |/ 2
[ glx)dr — 2mity| < f gl / g +,/ gl = [ 7 p+1)e&
J—A 1 i Ha 1o paz |""’.|
0o —dw B —iwx
: ¢
f £ = lim / — dir = 2miXe = 2me”.

Thus, the limit exists and for w < ) and we have
oo 1 +ix A-ceBooo ) 4 14z

0
[ f(=A+iy)e A1) i dy
S

A =)
- / flx 4 iC)e =) da| < j ce““ dr < e(A+ B)e*“.
B ~A
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The computation is quite similar for w > 0 except that now we nusc the rectangle
A in the lower half plane.

RS

LIIT[H].:]J'I')- 4
</ q
g

ol

Recalling that w > 0, we can select (' larger than 1, larger than I2(¢). and large
enough so that (A4 + B)e ™ < 1. We find that for A and B larger than 1 and
larger than R(¢),

o)
’ e G ¢
< / ¥V dy = _.(l W (_.LL.I:] &£,

=i w w

s
/ (B +iy)e B lidy
0

0 ¢
g] fe“"-“'(fyif.

s —

_C_l
1]

and

==t B 5
f(T . ic)ﬁ--iw[m—.ﬁ(‘}d;ﬁ i:f fe—-’_’,};.-.- dr < E(A b2 BJ r,—-u(_,.

—A

J 8

e l . ;
. Tl | 2
l/ g{a:)dwﬂ—?*xnl}ﬁ% < [ _r;r‘ + / gl + ] {r] S (_| - I) ‘.
J—A | o o Ay s w
Thus, the limit exists and for w > 0 we have
O E—-ima‘ B P—z':u:r.'
/ — dp = litn / ——dr = =2l =0
Jioe 144 A—soo B—oo J_ 4 14 iz

Thus, our final result is

/”“ g twe 2re”., i<l
___'_- d:r —i i . .

i 1+ 0, Hw=0

Notice that the transform integral we have just computed depends discontinu-
ously on w with a jump discontinuity at w = 0. Some insight may be gained by
considering the real and imaginary parts of the integrand at that point:

e 1 8 1 2 i
/ —dx = / =it — / —da
Joa1+ix Ji T+ a1+

For the first integral we have

2 2

-

L
1 i3 T
/ s dv = arctan(B) — arctan(—A) — — — (——) =T
Al i
as A — oo and B — oc. In the second integral. the portions over the left hall
line and the right half line both diverge, the first to —oc and the second to +oc.
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Thus, the improper integral f_lx (z/(1 4 #%)) dax does not converge. However, the
integrand is an odd function of z, so the symmetric imit limg . o j:‘?ﬂ(r;’ (14a2?%)) dx
does exist and is 0. In this sense we get a principal value for our divergent integral.
That value is 7, which is exactly the midpoint of the jump discontinuity. We will
see further variations on the principal value idea in the next subsection where we
examine what to do with singularities on the path of integration.

The method of the last example can be employed whenever one has integrals of
the type j_\:’u flz)e ** dr with fairly mild restrictions on f. The key ingredients
of the argument were

1. f(z) is analytic on an open sel containing the npper half plane if w < 0 and
the lower half plane if w > 0 except for finitely many isolated singularities.
none of which are on the real axis.

2. f(z) — 0 as z — 0 in that half plane in the sense that for each e > () there is
an R(e) such that | f(z)| < ¢ whenever |z| > R{e) and z is in that half plane.

Other than these properties, we used nothing special about f to show that the
value of the integral was 27 times the sum of the residues of the integrand in the
appropriate half plane. In our example, the conditions held in both half planes.
The argument carries through with no change to give the general result.

Proposition 4.3.9 Under either of the situalions (i) or (i) described below. the
improper integral [7_ f(x)e™* dx converges to the value given by the correspond-
ing formula. If f(x) is veal for real &, then the inlegrals fj;u ) cos(wa) de and
I fm f(x) sin{wx) de are equal respectively to its real part and the negative of ifs
imaginary part.

(i) w < 0: Suppose that [ is analytic on an open sel conlaining the closed uppe
half plane H = {z € C | Im(z) = 0} exeept for a finite number of isolatec
singularities none of which are on the real axis. Suppose also that f(z) —
as z — oc in that half plane in the sense that for each € > 0 there is an R«
such that | f(z)| < € whenever |z| = R(¢) and z € H. Then

f fla)e ™ dx = 2miX {residues of f(2)e ™% in H}

(it} w > 0: If the conditions of (i) hold with H replaced by the closed lower h
plane L = {z € C | Im(z) <0}, then

/ flx)e ™ dr = —2miX {residues of f(z)e™"“* in L}

=

(iii) Both (i) and (it) are valid if f = P/Q where P and Q are polynomials.
degree of Q is greater than that of P, and () has no zeros on the real aris




i e e
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[he constructions, estimates, and arguments for (i) and (i) are exactly like those
in the example. That example is an illustration of (iii), and the general argument
for (iii) uses the same idea as that for part (iii) of Proposition 4.3.6 except that
now the degree of @ need only be at least 1 more than that of P. We can therefore
omit the details of the general argument.

A caution in the use of these theorems is needed. Note that [~ f(x) cos(wa) dw
s not the sum of residues of f(z) cos(wz) in an appropriate half plane. This formula
s [alse. As was pointed out in the discussion of Example 4.3.7, the hypotheses of
the theorems need not apply, even if |f(z)| < M/ |22

Semicireular paths conld also be used for establishing the result about Fourier
mtegrals if one first establishes a lemma about them.

Jordan’s Lemma Suppose f(z) — 0 as |2| — oo uniformly in arg z for 0 < argz <

= and that there is a positive constant ¢ such that f(z) is analytic for |z| > ¢ and

0<argz<m. Ifw<0, then [, e~ f(z)dz — 0 as p — oo where 7, s the
Jv, :

semicirele v,(0) = pe' for 0 <@ <,

See, for example, E. T. Whittaker and G. N. Watson, A Course of Modern
Analysis, Fourth Edition (London: Cambridge University Press, 1927), p. 115, for
a proof,

Cauchy Principal Value So far we have required that our integrands be analytic
on the path of integration. There are two situations in which we might want to relax
this. In the first there are singularities on the path, and in the second, branch cuts
are involved. As an example of the first kind, suppose we slightly alter Example
1.3.5 and ask for the value of

™ .

PG it

Now the integrand has simple poles at the cube roots of —1, one of which is on the
real axis. Arguments very much like those for Propositions 4.3.6 and 4.3.9 will still
work, but the paths must be altered to accommodate singularities on the real axis,
and they will contribute to the value of the integral.

If f(x) is continuous on the real line except at xg, the integral f_ﬁ;_ f(x) da need
not be defined. Consider

a£p—e Lo )
f Jlz)dzx + / fle)dx with e >0 and n > (0.
0 Jirnn

In the usual definition from caleulus for the improper integral, both of these im-
proper integrals must exist, and then the limits must exist separately as € — 0 and
1 — 0. In that case we say the improper integral is convergent. Some care is in

order. For exawmple.
5 e 1 1
.[ _ngﬂ."l."f"/l I—.;df:—iz"kﬁzn
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while
T el 1 1 3
— dx —idr = — = —_—

Thus, the value of the integral can depend on how we let ¢ and n approach 0. In this
example the separate integrals fﬂx'{if:r“'i) dx and fijx( 1/2%) da are not convergent.

I cases such as these it is sometimes useful to define a principal value for the
integral by using the symmetric way of letting ¢ and n approach 0. We keep ¢ =y
as in the first evaluation above. By doing so we can apply the Residue Theorem
to the evaluation of such integrals. We allow for a finite number of discontinuitics
on the real axis by requiring f to be continuous on R except for a finite nuunber of
points @y < @ < 2y < -+ <y I [T17° fla) da and J[;K—e J{x) dx each converge
for every € > 0, and if

E e

J.iu&i f flax)dx + / ] fla)de+ -+ [ Flayde +j Fleyds
o o Joa e FEn_14e Lt

o0

exists and is finite, then we shall call this limit the Cauchy principal value and
denote it by P. V. [T f(z)dz. Observe that if the integral is convergent at all these
points, we recover the usual value for the improper integral J_xx flx) drx. However
as we have seen, the Cauchy principal value can exist even when the integrals are
not convergent in the usual sense.

To apply residue methods to such integrals. we require that f(z) be analytic o
an appropriate half plane except for a finite number of isolated singularities soms
of which may lie on the real axis, say at ©; < 29 < 73 < -+ < 1,. We modify the
curves nsed earlier as shown in Figure 4.3.3.

! ¥
¢ |

L

{a) The curve I (b) The curve Ay

Figure 4.3.3: Modification of paths to allow for singularities on the axis.

The radins R of the large semicircle is chosen sufficiently large and the rad
r of the small semicireles sufficiently small so that the semicircles do not oves
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and all singularities off the axis in the appropriate half plane are enclosed so that
further shrinking r or increasing R leaves the integral around the whole path equal
1o +2mi times the sum of the residues in that half plane off the axis. Conditions
n [ such as those in Proposition 4.3.6 will then guarantee that the integral along
the large semicircle will tend to 0 as B — oc. The rectangular paths used for
mtegrals of Fourier type are modified in a similar way, and conditions such as those
1 Proposition 4.3.9 will guarantee that the integral along the three sides of the
roctangle in the half plane tend to 0 as those sides are pushed out toward infinity
i the smme way that they were there. If we can ensure that the limits of the
mitecrals along the small semicircles exist and are finite as r tends to 0, then the
principal value will exist and we can caleulate its value. In many cases these limits
ire handled by the following lemma.

Lemma 4.3.10 Let [(z) be analytic with a simple pole at zo and 7y, be an arc of
@ civele of radius v and angle o centered at zg. (See Figure 4.3.4. ) Then

lli‘ﬂ'(lj‘/ f = aiRes(f; 20)-

Figure 4.3.4: Integrate part way around a simple pole.

Proof For z near 25 we have f(z) = b;/(z — 2p) + h(z) where h is analytic and
b = Res( f: z0). Therefore,

b
/ flz)dz 7/ 1 f:’z+/ hiz)dz.
r " = —%n o

Since h is analytic, it is certainly bounded near zo. We write this as |h(z)| < M
for |z — 20| < R. Provided r < R, we have

[ hiz)dz

!

< M length{~,) = Mar — 0 as r— 0.

This leaves the first integral on the right in which we may put z = 2 + re'? for
g < 0 < a, + o along 4, to find

‘r]] k- tk !.JI

] oAl .
—dz = —_ire'? df = by«
o Z— 2 i f.f,r.H
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independent of r for small r. Thus lim,_. [_r f =wiRes(f:zy), as claimed. W

With this lemma in hand we have all the pieces we need for the required mod-
ifications to Propositions 4.3.6 and 4.3.9. With appropriate growth conditions in
the upper half plane we have the following.

Proposition 4.3.11 Let Hy be the open upper half plane {z € C | lm(z) > 0}, and
let f be analytic on an open set containing its elosure H = {z € T | lm(z) = 0}
except for finitely many isolated singularities. Suppose that of these &y, ..., @, are
on the real axis and are sumple poles. Then if either

(i) f satisfies the conditions of part (i) of Proposition 4.3.6 (except for the poles
on the axis) or

(i) f(z) = e “*g(z) with w < 0 and g satisfying part (i) of Proposition 4.3.9,

then the principal value integral exists and

PN, f Tiz)idz = 2w Z {residues of f in Ho} + wi Z Res(f;z;)

=1

Proof For part (i). let I'p = pp+py +- -+ i +7p be the closed curve indicated
in the left sketch in the figure. Here jig is the large semicircle of radius R from F
to —R through the upper half plane. i, for 1 < j < n are the small semicireles of
radius » around the poles on the axis, and vg consists of the straight line portions
along the real axis. The radius R is selected large enough and r small enongh
g0 that the semicircles do not overlap and I'p surrounds all of the singularitie
in the open upper half plane. Notice that I'p surrounds these singularities in th

counterclockwise sense but that the singularities on the axis are outside the curm

and the small semicireles are oriented clockwise with respect to the poles at the

centers. As a result the lemma gives lim, g _f”_l f = —miRes(f;x;). The impropes

integrals along each end of the axis, | ::{ f(z)dr and fJ OT o flr) dx, each convers
for every r > 0 by comparison because of the estimate | f(z)| < M/|z|? for large
The same estimate shows that _[1“_” f — 0 as R — oo just as in Proposition 4.3 ¢
From the Residue Theorem we have

waﬁz {residues of f in Ho} = / j'z/ [+ / J+ Z/ I
L By TR q=1"Hg

Thus,

/ f= 2ﬁi:-z [residues of f in Hp} — / T Z / i
e YRR P} Ha

s
— 2mi Z {residues of f in Ho} — 0+ mi Z Res(f;x;)

=
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s R — oo and r — 0. Thus, the principal value limit exists with the value elaimed.

The argument for (i) is analogous except that the rectangular paths of Propo-
sition 4.3.9. modified by appropriate small semicircles, are used. The convergence
of the integral along each of the infinite segments along the axis follows as it did in
Proposition 4.3.9 by a slight modification of Lemma 4.3.4. B

The result for the lower half plane is similar except for some minus signs.
Proposition 4.3.12 Let Ly be the open lower half plane {z € C | Im(z) < 0}, and
let f be analytic on an open set containing its closure L = {z € C|Im(z) <0}
ercept for finitely many isolated singularities. Suppose thal of these xy, ..., Ty ove
on the real axis and are simple poles. Then if either

(i) f satisfies the conditions of part (i) of Proposition 4.3.6 (except for the poles
on the axis) or

(i) f(z) =e “#g(z) with w > 0 and g salisfying part (ii) of Proposition 4.3.9,
then the principal value integral exists and

o) T
P.V. f(z)dz = —2mi Z {residues of f in Lo} — ;riZRms(j’;:trj-)

The proof of this is basically the same as that for Proposition 4.3.11 except that
the curve through the lower half plane is used as indicated in the right sketch in the
ficure. Notice that now the curve as a whole is negatively oriented (clockwise) with
respect to the singularities in its interior, but the small semicircles around the poles
on the axis proceed counterclockuwise with respect to their centers. The portion v
along the axis is the same as before and still proceeds from left to right. Thus.

f = —Zmiz {residues of f in Lo} — / Jit= Zf T
R CER =1

which converges to

—2;-11?.2 {residues of [ in Ly} —0— mi Zﬂ.e.s(f:;cj-)

=1

as R — oc and r — 0. Thus, the principal value limit exists with the value claimed.
The argument for (ii) is modified in the same way. B

The challenge problem with which we began this subsection illustrates both of
these propositions.

Example 4.3.13 Discuss and find the principal value for the improper sntegral
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Solution The integrand f(z) = z/(2* + 1) behaves like 1/2° for large z. so there
is no trouble with the integral for large x. However, there are simple poles at the
cube roots of —1. one of which, —1, lies on the axis. Near that point the function
behaves like —1/(3(x+1)). So the improper integral as such diverges. The change
of sign across —1 suggests cancellation, which might make the principal value limit
exist, The last two propositions say it does. The poles are at 2 = —1, 25 = ™/,

L~

and z3 =€ . They are simple, and the residues are given by

z | 1
Res(f;z1) = 5.2

E=Z) Qj'::A-

Theretore,

. | N " i |
Res(f: —1) = = | Res(f;6™/3) = Z ¢=™3: Rey(f;e ™) = :—jr,’"”"s.
The integrand is a rational lunction with the degree of the denominator 2 larger than
that of the munerator. so we have the growth condition required by Proposition
4.3.6 in both half planes. Using Proposition 4.3.11 in the upper hall plane. the

principal value is

o=

- o ; 1 :
B. Y. / LA dr = 2riRes(f;e™?) + wiRes(f; —1) = Qfmli gl AR

24 1]
Tt 5 1 ﬁ ] i T
\/.3.

"EY g F) ET

Using Proposition 4.3.12 in the lower half plane. we get the same result.

I _ S
P. V./ ;{Lr = —2niRes( fre ™Y 3 — i Res(f; —1) = —2ri- emi/3 4 0
a4+ 1 ' ' ' 3 3

i I 3 mi g
g8 _—+\i:?' Fo=— ¢
3 2" 9 3 V3

The next example shows an interesting application of these ideas.

Example 4.3.14 Show that the following improper integral converges and find

vilue, e
P gina
/ — dir
Ao &

Solution Let fi{z) be defined by h(x) = (sinx)/x for & # 0 and A(0) = 1. T!
h is continnous everywhere and in particular at . Since the integrand is eve
we will have _j;;x[(_siu-.'x.'};’.?:] dr = (1/2) jxx h(a) dae provided we can show that
latter integral converges. Except al 0, the integrand is the imaginary part of
According to Proposition 4.3.11, the principal value integral of this exists, and

de = ‘._,r'.n ei.l'
P.V. / — dir = wi Res (— :_l]) = qT4.
T i

.
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Since this limit exists, so does that of its imaginary part

F‘.V./ —— rLr:P.V./ W) dx = 7.

ey, B Heiod

The proof of the existence of this principal value integral included the fact that
the improper integrals [[(sinx)/x]dx and [0 [(sinr) /] de converge for each
bositive . There is no problem with the integral at infinity. Since h is continuous
41 0. we conclude that the improper integral on the whole line converges and must

he equal to the principal value. Thus,

= sinr L. e
A hlt_J dz = 5 / Bia)ida = g #

Integrals Involving Branch Cuts The values of the integrals we have stud-
ied so far in this chapter resulted from the residues of the integrand. Integrands
involving noninteger powers or logarithms may also bring in the change in value
from one side of a branch cut to the other. The next two examples illustrate this
phenomenon.

The integral [ 21 () da is referred to as a Mellin transform. One uses
the phrase “transform of " since it can be considered as changing the function f
t0 4 new function of the variable a on the range of a for which the improper integral
converges. For example, with e = 4/3 and f(x) = 1/(1+x%), the integral becomes

/ ve da
1]

1+ a2

This can be evaluated by residue calculus and the solution illustrates the general
method.

"2 B oye

Example 4.3.15 Evaluate the integral j i

din:
0 1 ‘| :J‘.‘2

Solution The integral is along the positive real axis. The idea is to make this a
branch eut for the cube root and take advantage of the differing values on opposite
sides of the cut. For integrand we take g(z) = ¢/z /(1 + 2?) with the root defined
by {/peid = pl/3¢#/3 for 0 < @ < 2m. This is analytic off the positive real axis with
simiple poles at 7. The residues are

\"f/; Erri,’fi 3 g r.‘%:.—i.,fﬁ

Res(g:i) = TR and  Res(y; i) = ;- pani

Letting ¥ denote the sum of the residues, we get

| - . f:,m'...-"ij
P (f:.,m-/i.r = E;S'rr*a.f[n) SR N

2i
For 0 < r < 1 and B > 1 we can form a curve I' = 41 +9» + 72 + 7, enclosing {hese
poles as indicated in Fignre 4.3.5. The left figure shows a preliminary version and
the right a refinement.

(r'm‘fﬁ - r-'_m’ﬁ) N sin(w/6) = —l”m'/'ay"lg.
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Figure 4.3.5: Contours for the Mellin transform integral.

e v, (preliminary) proceeds from r to R along the “top side of” the positive
real axi§. That is, z=1z, r <z < A.

e ~vp (preliminary) proceeds from R around to R counterclockwise along ths
circle of radius R centered at 0.

e 7o (preliminary) proceeds from R back to r along the “bottom side of” tl.
positive real axis. That is, z = ze*™.

e +,. (preliminary) proceeds from r around to r clockwise along the circle o
radius r centered at (.

The paths v, and 7, incorporate the integral along the positive real axis, which we
want. They do not cancel out since the argument of z is taken to be 0 along the firs:
and 27 on the other. Taking cube roots creates different values. The computatios
is much easier to understand with the curves in this position but is open to the
objection that the curve lies on the boundary of the region of analyticity and o
within it. This objection will be overcome by switching to the reflined curve in why
~y and 4, proceed along the rays we” and xe*™ "¢ for a small angle » instead
exactly along the axis. The arcs 45 and v, are as before except for omitting a shers
arc across the real axis. We will then take a limit as 7 — 0.

Begin by looking at the intuitive, unrefined, computation. Along the componezs
curves we compute as follows. On v, z = o and

" =+ A, (0 O T P
M i &
/ g= / --—-f.-;d:r—+] Lgd-:r as 1 — 0 and B — oc.
oy S I + i rind (1] ]' + &€




i
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On g, |zl = R, and

RY32xR
TR 1= — l

Thus,
/ g—10 as R— .
S

r H‘:i 2'.rr? 3 W
&Y
= [ e* " dp.
[2 R 1_|_ [ -“J-"r;

dr asr — 0 and R — o0. On .,

On v, 2 = xe®™* and

a

z| = r, and

This converges to — i / 3
£ 1 4+ r

A1/3
[ 915%40 as r— Q0.
i - F

I

Therefore, -fw g—0 asr —0.Asr — 0and R — oo, we thus find that the

integral [, g converges to

‘Eﬂt"i) \/_ dr = ?—J.,’.'}{(J—?r-éf.?; L {)'?ri,l’?:) [ ';’/I dx
J )

. 1427 1+ 22

0+04+(1—

dz.

= 2™/ sin(ﬂ’,/.?.}/

0

But we know that [.g = 2miX for 0 <r < 1and R > 1. Thus,
s & # T e ‘.‘rf..,-"':’-
o l+x sin(z/3)

This is almost the formulation that will be taken by the more general result. To
bring it into a form using the parameter a (here 4 /3), it is convenient to introduce
minus signs in numerator and denominator and present it as

== S Y = 4wi /3
% PRI e
g 14 sin(4w /3)

For our current example we find

VOO0 \r/— . ( ﬂ_{__.,—fr-i,f:j) ( ﬁrv:,r':l) Pt
L.y = = ¥ = : = .
Jo 1+ 1+ a2 V3 /2 2 V3

To handle the objection that 57 and 42 lie on the boundary, consider the modified
curves involving the small angle 5. There we argue as follows,
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On 71, 2 = ze™ and

r}f i3 i 3,
. Aotn i
= e TR e gtmi/3 e
2 1—|—L(— m 75 | + r2e2nt
2

On vy, 2= =)t and

- o1l F o (2r—n)i/3 I
/ g = / I_ - "_r_"___ i ',[Err—-ru-i.rf.?, i _F,f-lllllfr—‘?,l:li;’:i/ - \/I i
. ; 2 22—t T 2. 2y "
i g 14 az=e=t n . 1+ i

ForeachO<r <1, R>1,and 0 <9y < w/2, we know

2miX _-/ :;+[ gr—l—ff}—l—/

Let € > 0. The estimates on the integrals along vp and ~,. are still valid and ar
independent of 7 since the only changes have been to shorten the curves somewhar
Also. we know that the improper integral we are studying converges absolutel:
(Use the comparison test with the convergent integral ][}l Vadr + f]x a5/ d;

Thus, we can select r and R so that
| pR ars Wl I
| g A
/ —\i‘—? tﬂi“ il / L) !f..'i"" < E
Jor I + o 410 I |' il ‘

[ df<a |[o
Sy TR

with the first two estimates valid for every 5 between (0 and 7/2. On the resulti
interval [r. R]. the integrands on 1 and 42 converge uniformly as 4 — 0. Therefor
we can select 1 small enough so that

w M ¥
/ J'—/ dr| <e and / gt/ d Y__dr || < e
s 143"
We are left with
o II" -;fl
{ g —
‘xﬁ Jr \/ J /J E + .F_

g i g s 3 J I o
2= / L, d — / L} dir| + / i ghnifd [ i} elr
Fi el Jo 1422 | - by S 2

R S o e |
T - a .
4+ | [ =B el L di || = 6e
S 1+ P T2

Since this can be done for every € == 0, we conclude that

o O 5
iy o= 1 =e®®8) ~dx
Ji | ‘|‘ r?

G 1 ,7 e ] - e
Tl = (1.— &™) / 1\{7&2 da = —Zie™ % sin(7n /3) 1 _\{ .
J0 & Jo
as before.  #

In the example just completed, we were working with @ = 4/3 and f
1/(1 4 2*). The general result is as follows.
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Proposition 4.3.16 Let [ be analytic on © cxcept for a finite number of isolated
singularities none of which lie on the strictly positive real azis (that is, all lie in the
complement of the set {o +iy |y =0 and x > 0}). Let a > 0 with the restriction
that it is not an integer, and suppose bolh of the following conditions hold:

(i) There are constants My > 0, Ry > 0, and b > a such that |f(z)] < My /2"
for l&| = Ri.

(i) There are constants My > 0, Iy > 0, and d with 0 < d < a such lhal
|f(2)] < Ma/|21% for 0 < |z| = Ra.

Then the integral f{]qc 2 f(a) da exists in the sense of being absolutely convergent
aed

_—TTn

/ .fﬂ. ]f(_.',l') nlr. = _TI'E'.
]

sin ma

E {residues of 2L flhh
The sum is over the singularities of f excluding the residue ot 0 and z°°' =
plo=1) o8z yuing the branch with 0 < argz < 27.

The proof follows the solntion of the example and is a typical approach for dealing
with brauch points. The estimates [f(z)] < M, /|z|t for large |z| and |f(z)] <
My /1z|? for small |z| serve to make the improper integral absolutely convergent
and to establish the necessary estimates along v and ~,.. The following corollary,
which the reader should verify, discusses the case in which [ is a rational funetion
as it was in the example.

Corollary 4.3.17 The hypotheses of Proposition 4.3.16 hold if f(z) = P(2}/Q(z)
for polynomials P of degree p and Q of degree q satisfying both of the followeng
conditions:

(i) 0<a<g—p-

(ii) If ng is the order of the zero of (2 at 0 (with the convention that ng = 0 1
i Q

Q(0) # 0), and if np is the order of the zero of P at {), then ng —np < a.
(This condition holds, for instanice, if ng =0.)

Logarithms The curve used above worked well for roots since the values on
opposite sides of the ent differed by a multiplicative constant. For logarithms it
may not work as well since the values on opposite sides of the cut differ by an
additive constant of 2mi. The terms involving log |z| are likely to be the same and
cancel. Variations on the idea may work.

Example 4.3.18 Show that for p > 0 and q > 0 we have

> log(px) 7
2 L= =} ;
j} Tt 0g(pq)
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Solution We can try working with the integrand g(z) = log(pz)/(¢* + 2?) . Log-
arithm can be defined by log(pe') = In(p) + i with the argument 0 Ldk@n in any
convenient interval of length 27, If we select 0 < # < 27, then ¢ is analytic off the
positive real axis, which is a branch cut. If we try the curves used above. the terms
involving the logarithm along the positive real axis cancel and we are lefl. without
a solution. If we use hall circles instead as indicated in the figure, we do better.
The integrand has a simple pole at ig in the upper half plane and the residue there
15

Beslgria)i= IUP,'(:’:ENI} _ log(pg) i (wi/2) _ lfﬂ@t:) .

2iq 2iq 2qi 4

With 0 < 7 < ¢ < R. build a simple closed curve y =1+ II 4 ITT 4+ IV as in Figure
4.3.6 enclosing only this pole using the following segments:

e I proceeds from r to R along the “top side of” the positive real axis. That is.
5 = gl {
o II proceeds from R around to —R counterclockwise along the semicirele of

radius A centered at 0.

o IIT proceeds from —R back to —r along the negative real axis. That is.
z = te™

IV proceeds from —r around to r clockwise along the semicircle of radius r
centered at 0.

Figure 4.3.6: Contour used for Example 4.3.18,

From the Residue Theorem
¢ o : iy .
j g = 2miRes(g;iq) = — log(pg) + — 1.
A ¢
i

Along the segments T and TIT we have

log(y
= 3'
/ o / q* + 13
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which tends to

s ]

| b

/ og(p_r_;l dev asr—0and R — oa.
0 "12 + x2

and
' T log(pa " log{—px H log(pr) + i
j 9:/ —f“—ldm=[ g—gif—.)‘ﬁ(—d*"}:f —gf—}z—di”'
111 J_p @°+Z Jr @+ ~) r g+

which tends to

=] e ey 1
_/ 102!%(PJ‘§ dx + m’f : dr as r—0 and R — .
o ¢°t=x g @+t

Along the arcs we have
™ log(Re®)
1[ gl = [ e el 5 z)n-.*..Rf:?Srjﬁ
0 o ¢+ Rer
which tends to zero as R — oo, and

. TR
log(re*) .
fw mEEn i 0| =

H i - |
/ R+ ,ﬂ,.‘ L e
1 R.E =g qz
i)

fo-
STV

a0

G2 —r?

/w A 'f-re.'*gfft?’
0

qi‘ + 72 E-?i.l‘]

which also tends to zero as r — 0. We actually nsed L'Hopital’s rule to evaluate
the limits. Putting the preceding pieces together we find that

T Wl
—lelpg)+ —i= f g=fa+ ] 9+ | 9+ | &
q 2q o Ji il 1 v

which tends to
* log ; * log(pr o= |
/ (;g(p 1‘3 dz 410+ f —z—-&’(p}i el 4+ mi [ ) dz+0
0o ¢ TE o ¢t Jo ¢*+T

as v — 0 and R — oo. Thus,

g ]

T 9= . > log(pz) ,/“ 1

—log(pg) + —i=2 , = dx + wi ; 5 dr.

q e(pg) 2q ¢ [u q? + a* b g+Et
Comparing real and imaginary parts we find that

/' " log(pr) Bt log(pg)
J, 2q

g2 + x?

and

s l T
/ 5 20’1‘:.— "
n G+ 2q

The techniques we have developed so far are summarized i Table 4.3.1.
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Table 4.3.1 Evaluation of Definite Integrals

(2 Formula / Flayde = 2w Z {residues of f in upper half plane}

Condition  No poles of f[2} om real axis; finite number of poles in T;
J(z)] < J'Lfﬂ.";" for large

=1

o j"{_.f}

—na Q(x)
Condition  F, ¢ polvnomials; deg Q@ > 2 + deg P; no real zeros of ().

tdr = 2 Z {residues of P/€) in upper half plane}

2, Formula

3a. Formula / ETHEE Ptadare e B Z residues of e "% f(2) in upper half plane

Condition w < ﬂ |f(z)] < M/|z} for |z| large and no poles of f on real axis:
ar fiz) = = Pz )/ (z) where deg Q(z) > 1 + deg P(z) and @ has no real zeros
If w > 0, use — 3 {residues in lower half plane}

o & Al
b, Formula f cos(wa) f(w)dn = Re T; / sinfwz) f{e)de = —Im [
T —
If w > 0, use lower half plane as above,
Condition  f real on real axis,

am
4 Farmula / flcos 8, sin#)df = 2me E_ {residues of [ inside unit cirele}
0

rii= (5 (oo 5) e (o~ 1))

Clondition i rational and R{cos#, sin#) continuous in #. (No poles on unit circle.)

o0 e mad S : I
3 = — / j;f_l—l-r{:r)di: e e L Z { residues of z j_i‘.-} at }

Jo sin(ma) poles of f excluding ()
using the branch 0 < arg z < 2.

Condition a > 0 and f has lnite number of poles, none on positive real axis;
|f(z)] < M/{z|".b > a. for |z| large; and |f(2)] € M/|z|?,d < a. for |2 —
or
= P/Q, and € has no zeros on positive real axis.

O<a<degQ) —deg P and ng — np < a, where ng = order of the zen
at () and np = order of the zero of P at 0,

: " P e . [ residues in upper A
6. Formula / " .Jr{-f Jdir = 2mi }_, { half plane + 3 L{Lealduuﬁ on T oA

Condition  Same as entry 1 except that simple poles are allowed on & axis,

il o ) residnes in upper ; ;
"—'-"E J'.E esidues on o
e Formula /1 00x) div = 274 { g e S [residues on

Condition  Same as entry 2 except that simple poles are allowed on o axis.

o0
#a. Formula (1) g O / g WEHaydr =1 =

— - ]t_ & —ilbs - .‘:- . ' l s lhet 2
St 1e‘=1dmb o f(z) N ’T"")_ residuc s of ¢
in upper half plane On 2 axis
(i) w>0:1=
X "‘.'I ; l"'l-{'l — Lt : e L ..-'-- g o — s
_ e Z ft‘ﬂfj ues of & ftz) | i L le~_.1|_hlu-,_ of ¢
in lower half plane OT T axis

Condition  Same as entry 3 except that simple poles are allowed on & axis,

a5 -~
b, Formula / cas{wae ) fle)de = Re ! / sin{wr)f{r)de = — lin{
— S

If w > 0, use lower half plane as in entry 8a.
Condition [ real on real axis: simple poles allowed on real axis in entry Sa.



T e

{ 3 Evaluation of Definite Integrals 297

There are many improper integrals which converge but which do not fit the
standard patterns we have developed in this section. We will see in the worked
sxamples a few ways of modifying these techniques to meet special cases.

One very important special example is the normal probability function

Pl e S,
2w
This function behaves very well along the real line, shrinking faster for large & than
my rational function. But e” =* does not have good limiting behavior for large z
i either half plane. Along the 45" lines, its absolute value is constantly 1, while
t srows faster than any polynomial in both directions along the imaginary axis.
Nevertheless, we can evaluate the integral,

Proposition 4.3.19 (Gaussian Integral) We have
/ e~ 12 dy = /2.

['his formula is important in probability and statistics and in other areas of math-
cinatics and applications. We will meet it again in Chapter 7 where we will see a
nethod of evaluating it using the gamma function. The most elementary method
for establishing the preceding formula nses a double integral and polar coordinates.
See Exercise 21 of this section or Chapter 9 of J. Marsden and M. Hoffman, Elemen-
tary Classical Analysis, Second Edition (New York: W. H. Freeman and Company,
1993). A method nsing residues is outlined in Exercise 25.! In the worked exam-
ples we will use this result and the methods of this section to see that the normal
probability [unction is equal to its own Fourier transtor.

Worked Examples

Some of the following integrals cannot be directly evaluated by any of the formulas
that we have so far developed. The basic techniques used in the solution of this
problem, however, are similar to those we have already applied.

5 |
— ik,
/—-—x_ 1+'.I'2ﬂ'

Solution This integral could be evaluated using Proposition 4.3.6, but we would
have to consider all the poles in the upper half plane. Tf we use instead the contonr
indicated in Figure 4.3.7, we need consider only one pole.

Example 4.3.20 Euvaluate

where n > 1 is a positive integer.

I Another residue method cvaluates it by relating it to the Fresnel integrals, [7_ sin(z?) dx
and [*_cos(z?)dr. This method and several others, together with historical comments, are
discussed in the Internet Supplement and also in D. Mitrinovie and .J. Keckic, The Cauchy Method
of Resiudues (Dortrecht. The Netherlands: D. Reidel Publishing Company, 1984}, pp. 158-164.
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I

® xiita
win

Figure 4.3.7: Contour for Worked Example 4.3.20.

The only singularity of f(z) = 1/(1 + 2*") inside this contour is a simple pole
at /2" where the residue is —e™/2" /2. Thus,

TE : :
T o [ 14 ] g
I I 1T
1

T
B Tin 1 3 0 1
i —— ——— i Rl L
-/D 1 o} 3:2?1 T+ /U 1 _”21’?.l._-:,_2w.'a.(v'I 5 + /R ]| + .rﬂ'ric?,,*r'i :

win

R

; 1 1 ;

= — ™/ ———dr + iR g
= (1—-¢™ ”)ﬂ 7 xmd.r.+1 o Qnﬁznmﬁ? dd.

The second integral is no larger in absolute value than (7/n)R/(R*" — 1), whic!
goes to 0 as R — oc. Letting B — oc. we obtain

o0 1 i e?rz.;"?n - T
o s
o 1+ nl—g™n  2n 2n

Example 4.3.21 Use residues to prove that

8o 5

/x dix -
1 et —1

Solution Recall that a suitable domain of /22 — 1 consists of C minus the ha
lines x > 1 and # < —1. Consider the curve v in Figure 4.3.8, consisting of th
incomplete circles of radius r around 0 and radius € around 1 and —1 and horizon: «
lines a distance § from the real axis.

The funetion 1/(2v/2% — 1) is defined and analytic in the region C minus the h= ¢
lines x > 1 and x < —1 except for a simple pole at 0. To see this, consider /22 —
written as the product \/z — 14/z + 1 in which the first factor uses a branch of 1
square root defined with a branch cut from +1 to —oc by

f(2) = Ve =T = /fe— Tjeboste-1l/2
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Figure 4.3.8: The curve v used for Worked Example 4.3.21.

for —7 < arg(z — 1) < = and the second factor uses a branch of square root defined
with a branch cut from —1 to +oc by

glz) =vVz+1=/|z + 1|etlarst=+1)1/2

for 0 < arg(z + 1) < 7 (see Figure 4.3.9).

The product f(z)g(z) gives a square root for 22 — 1 that appears to be analytic
only on the plane with the whole real axis deleted. Crossing the branch cut for
either factor changes the sign of that factor. Thus, the product, changes sign if we
cross the axis at a point z with x| > 1. However, crossing in the region —1 < x <1
changes both factors, so the product does not change but is continuous across this
segment. Thus, it is analytic across this segment by the corollary to Morera’'a
theorem established in Worked Example 2.4.17. We may use this function to define
our integrand in a way that is analytic on the set C\{z |Imz =0 and |Rez| > 1}
By the Residue Theorem,

dz |
O iR ———i0 ] = 2
.[;-2\/32—1 (z\/zﬂ—l )

The student should verify that (a) the integral over the incomplete circle of
radius r approaches zero as r — oc (the integrand is less than or equal to M/|z|?
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Y ¥
i 4
S !
ey I —. X . , TR — e T
1 ’ 1 -1 | 1
i
|
) | t3i)

Figure 4.3.9: Branch cuts needed for v22 — 1: (i) for v/z — 1; (ii) for vz + 1.

for |z| large), (b) the integral over the incomplete circles of radins e approaches zero
as € — 0 (the integral is bounded by a constant times e//e = /¢ on those circles).
and (c) for fixed € and r the integral over the horizontal lines approaches

& dx
_1 / R ————— ——
Jite zv/x? — 1

These three facts, together with the previously established fact

dz

e e B
do 2% =1
show that
oW, f
/ .. —
Ji vz —1

Our tinal worked example is an important Fourier transform which does nos
follow directly from the methods we have developed, but does from a very simili:
construction.

Example 4.3.22 Show that the normal probability function,
1 214
flz)= s

—
Vv 2T

is equal to ils own Fourier transform. That is, f(w) = [(w) for all real w.

Solution We can manipulate the integral giving the Fourier transform of [
competing the square in the exponent:

H

flw)=

I L i o 1 e = i N2 g
T g e =g~ R g METRYE

l
\/’T—ﬂ.[_xﬁe ‘ o
I{w),
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where I(w) = [~ e (e+iw)®/2 gy We know from the Gaussian integral that I{0) =

V27, so our conclusion will follow if we can show that I(w) = I(0) for every
. 52 /¢

ceal w. To see this, consider the integral of g(z) = e * /% around a rectangle

I' =1+ 11+ 11T + IV such as that shown in Figure 4.3.10.

Y
1
—R +wi i P i+ wi
1
 BAY 11
" %
-k 1 R

Figure 4.3.10: Contour for the Fourier transform of the normal probability function.

We know that 0= [.g= o+ J 9+ fing+ Ji g si nce g is an entire funetion.
Along the horizontal sides where = = » and 2z = x + w, we have g — I0)
H.nril,"m g — —I{w) as B — oo. Our conclusion will follow as soon as we show that

i ;9 and fi 4 tend to 0 as B — oc. We do that for the right side, II, and for w = 0.

The other cases are similar.

Lt ) 5.
/U‘ [ e~ (R+iy) /25 dy
J11

‘- 0

@
B - Y S By T 1 9 4 19
E/ e 212 dy = we Rifegii? 50 a8 R —is

25
3 b
/ e B f.if,—aﬂg,rr_y ,-’.21 “:y

W (¥

0
This establishes our assertion. 4
Exercises
s dr
1. Evaluate i,
Joe T5— 2044
R e A £ 2iq
_ sin” i ; - — e
2. Prove that [ —dn = = Hint: Consider / —z—d;r and apply
& 2 o B

J0
Proposition 4.3.11.

H; 16 !
3. Evaluate [ : for 0 < b < a.

Jo (a+beos0)?

e 1;’7
4;* Evaluate] B

g L+a8
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(s ¥ -
COS T
5. Ewvaluate /

dr.
Jo 14+zf

e e a—1

6. Evaluate /

)4 1+I3d:r: for 0< a< 3.

dx.

> rsinr
7. Evaluate / <
g T

8.* (a) Prove that

= cosx ; e
— = e
i O €T e™/2 4 g~ m/2

by integrating the function ¢'*/(e* + e *) around the rectangle with
vertices —r, 7, r + wi, —r + wi: let r — o0.

. b 1
(b) Use the same technique to show that | / B doy = Sl
e di
9. Evaluate P. V. ( 2z —1) where lma > ().
N —a)2(x—
o 2n)!
10. Show that f sirPhgdh = TR
A @ml)?
*  cosdzx
= I-..-' At I - - _--"-ﬁd ; I- b
11. Show that for a > 0,6 > 0, ﬂ @1 ) 4b ( + ab)e™
e 1 by

. _ b< 1,
12.* Show that for 0 < b < ,j] 2 (x + 1} Sm(brg)

e 1
13. Find P. V, —_—
]11 /_,,Q (e —1)

Ly
1

e, 1 s
14. Prove that / ( P ¥ di = ——.

0 3?2 -+ ])2

15. Find/ by (a) changing variables to y = 1/(z + vz — 1) and
ﬁ v

considering the curve in Figure 4.3.11 and finding the residue of a branch

1/v/z% — 1 at oc.

16.® Let P(z) and Q(z) be polynomials with deg (J(z) > 2+ deg P(z). Show 1.«
the sum of the residues of P(z)/Q(z) is zero.

*2C cosbr

17. Evaluate / m———(ir fora > 0,b > 0.

2
—
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13.

19.

20.

L1

22,

23.

Y

O.‘ ‘./:\—:-x
L L7

-

1
dr
Fieure 4.3.11: Coutour for evaluatin / —
g g | iy

Let f(z) be as in formula 5 of Table 4.3.1 except allow f to have a finite
number of simple poles on the (strictly) positive axis. Show that

— e~ Z {residues of z*~! f(z) at poles
sin(ma) of f off the nonnegative real axis}

P. V.‘/l 2> f(r)dy =
0

e~ T eos Ta Z {residues of (—z)*"1f(z) at poles
(

sinm of f on the positive real axis}

a—1

dx = weot(ra) for 0<a<l.

o0
Use Exercise 18 to show that P. V. /
0 -

* Establish the following formulas:
i di T
(a) ./g 1 +sin?0 ﬁ
% ptda T
b o — = — fora >0
(b) £ (22 +a%)? 4da e

> rSeine T
/ _,_,7d: e ,_]
©) ]% @I~ 2"

= rsing T 1
1 D = Vi
(r}/[; AT =g '311'1.‘/5

Prove Proposition 4.3.19 by evaluating a double integral over the whole plane
in polar coordinates.

In Worked Example 4.3.20, can the exponent 2n be replaced by any other
power p > 27

2
1 2
Evaluate j —— cos(46)dd by considering the real part of the integral
o 24cosf

2
1 : . i o
[ Y9 and then converting to an integral around the unit circle.
o 24 cosé
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24. Recall that the Fourier transform of a function g(r) is defined as

-

]- - — T
q(_u"} — E\/ of g{_{')f’ ' ﬁfi].'.

Show that if f is differentiable and the integrals for f and (f') converge, then
: 1 .
(Ff(w) = = f(w)
ol

Hint: f(z) must go to 0 in both directions along the o axis. Try integrating
by parts.

25. (a) Ewvaluate

= P
Fl—z.‘-r‘\,-"ntz

R—rCK_‘l.

dz

TR

where /i = ﬁe"“f“l and vg is as shown in Figure 4.3.12.

—1"\i+\f:;—'i;:i H+@

8] }’R

_R_VA r-VE

g 2
Figure 4.3.12: The contour used for ,r_lx e dir.

(b) Show that the integrals along the horizontal parts partially cancel «
give a multiple of [*_e~* dz. Use this to show [~_e™* dr = /7.

4.4 Evaluation of Infinite Series and
Partial-Fraction Expansions

In §4.3 we saw how to use sums of residues to evaluate integrals. In this section
give a brief discussion of some applications in the other direction: using integra.
to evaluate sums. For instance, we shall see that by applying these theorems w-
can prove that




e
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This is a famous formula of Leonhard Enler. who discovered it in the eighteenth
century by using other technigues.

Infinite Series We shall develop a general method for evaluating series of the
form > f(n), where f is a given function. We assume f is a meromorphic
fnction with a finite number of poles, none of which are integers. Suppose that
£/(#) is a meromorphic function whose only poles are simple poles at the integers.
where the residues are all 1. Thus at the integers, the residues of f(z)G(z) are f(n).
Then if v is a closed curve enclosing —N,—N +1,...,0,1,... . N, the Residue
[heorem gives

N
/G(z)f[z)dz = 27:'3'{ [ Z ff'n')} + Z{rusiducs of G(z)f(z) at poles of j}} :

fi=— N
I Lr G(z)f(z)dz has a controllable limiting behavior as v becomes large, we will

have information about the limiting behavior of 3"y f(n) as N — oo in terms
of the residues of G(z)f(z) at the poles of f. A suitable G(z) is 7w cot 2.
Of course, we always have

/ G(2)f(z)dz = ZﬁiZ{aﬂ residues of G(z) f(z) inside ~}

so that if some of the poles of f happen to be at integers, we need only move terms
around

; N
/ G(2)f(z)dz = 2mi { Z {f(n) | n is not a singularity of f}
L Ti

N
+ Z{I‘E‘-Sidl]ﬂﬂ of G(z)f(z) at singularities of f}} :

These considerations lead to the following.

Theorem 4.4.1 (Summation Theorem) Let f be analytic in C except for finately
many isolated singularities. Let Cy be a square with vertices at (N + 5) x (£1 &

i), N =1,2,3,... (Figure 4.4.1). Suppose that JFCN(W cotmz)f(z)dz — 0 as N —

. Then we have the summation formula

N
\;Ei\, _ZN:{ f(n) | n is not a singularity of f}

= - Z{ residues of (wcot wz) f(2) at the singularities of f}.

If none of the singularities of f are at integers, then impy Zf__ ~ f(n) exists,
18 finite, and

N
‘\:h—l}}x-, Z finj=— Z{rnsidu&s of ot mzf(z) at singularities of f}.

n=—2>N
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Y
4
e (N 1)
B N
Cy
[

-N N
e - e X
Nl N+

\ i
—iN e
—i(N + 1}e

Figure 4.4.1: Contour for evaluating 3> f(n).

Proof In this argument we assume none of the singularities of f are at integers
(For the more general case simply insert the qualifying phrase in the first sum and
move appropriate terms- -there can be only finitely many of them.) By the Residue
Theorem,

; " . residues of (weot wz) f(z) at the
-fC-‘N (meotnz) flz)dz = 2mi Z { integers — N, -N+1,...,0,1,... , N

i Z{ residues of (wcotwz) f(2) }

at the singularities of f

for N sufficiently large so that Cy encloses all of the singularities of f. Since
cotmz = (cos7z)/(sinwz) and (sinwz)’ # 0 at z = n, we see that n is a simpl
pole of cot mz and that Res(cot mz;n) = (cosmn)/(mcosmn) = 1 /7 (use formula 4
of Table 4.1.1). Therefore, Res((wcotwz) f(2)in) = 7f(n) Res{cot rz:n) = f(n
Thus, 3 {residues of (7 cot w2) f(z) at the integers ~N, -N+1,... ,0,1.... N} =
Z::_ ~ f(n). Taking limits on both sides of the preceding displayed equation for
the integral [ (weotwz) f(z)dz and using the fact that _fcw (reotwz) f(z)dz —
as N — o, we obtain

lim Z f(n)=-— Z{rf:z—;idues of (wcot7z) f(z) at the singularities of f}. B

It is important to notice that what we have obtained is a formula for the limi
the symmetric partial sums of Y7 f(n). This is not the same as the doubly infini:
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series itself, which demands that the upper and lower limits converge independently:

=3 N
_zx ) = .'\",}'lifIEnc ;;f(?:) llm gM fln)+ hm ; f(n).

If the doubly infinite ser 1c~; is known to converge, then our limit must give the same
answer, but limy_. Z ~ f(n) may exist when the more general limit does not.
The situation is somewhat analogous to the computation of an improper integral
by a Cauchy principal value. We may check independently that the double limit
exists, or as in our first example, we may be interested in a singly infinite series.
Note that if f is an even function, then E Cfm) = FOy+23,_, fn).

The cotangent function is not the only Ld—lll_‘lldate for a useful function for G.
Others are 2mi /(¢*™* — 1) and —2mi/(e 2™* — 1). We indicate in the exercises a
way of using 7w csc 7wz that is particularly useful for alternating series.?

Next we establish a criterion by which f can be judged to satisfy the hypotheses
of the summation theorem (4.4.1).

Proposition 4.4.2 Suppose [ is analytic on C except for isolated singularities. [f
there are constants B and M > 0 such that |zf(z)] < M whenever |z| = R, then
the hypotheses of the summation theorem (4.4.1) are satisfied.

Proof Since |zf(z)| is bounded outside R, all singularities of f are in the region
2| < R. Since they are isolated, there must be a finite number of them (Why?).
Furthermore, |f(1/z)/z| is bounded by M in the region |z| < 1/R, and so 0 is
a removable singularity of f(1/z)-1/z and we can therefore write f(1/z)-1/z =
(g + a1z 4+ agz® + ... for |z| < 1/R; hence

ag 4y ag
o, g - e +
f(2) g 22 2P

for |z| > R. By the Residue Theorem

-

=

aeotmz mTecotmz
/ — ity = Zmi {residu{: G 2T g U}
&

z
-

meot e

L Z residues of g at
=] k2 . N

Since the pole at 0 is of order 2, we can write

$ b_: b_q
DHORE 8 LR L el

Z Z

2 A more complete exposition and extensive references may be found in D. 8. Mitrinovic and J.
D. Keckié, The Cauchy Method of Residues (Dordrecht, The Netherlands: D. Reidel Publishing
Company, 1984).
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The function (mwcotmz)/z is even, that is, [reotw(—2)]/(—2z) = (mcotmz)/z, s0
uniqueness of the Laurent expansion shows that coefficients of odd powers of 2 are
zero; in particular, b_; = 0. But b, = Res/(7cotwz)/z:0]. (Instead of this trick
we could have used formula 9 of Table 4.1.1.) Also, Res[(wcotmz)/z;n| = 1/n for
n=£1,42,... ,£N (Why?), so

Z{I‘Pﬁidllt:ﬁ af (mebtme)/z s n==21,42,... . EN} =0

Consecuently.

Thus, we can write

i : ; L gy
/ (weotwz) f(z)dz = / w(cot Tz) [_f(_.:] ~ — | dz.
I Ol =
To estimate this integral, we observe that
i 11 o
@) -2 =5+F+..
for |z| > R. Since a; + asw + agw® + ... represents an analytic function for

w| € 1/R', where

lw| < 1/|R|, it is bounded. say, by M’ on the closed disk
R’ > R. This implies that

for |z| > R'. Suppose that N is sufficiently large that all points on Cy satisiy
|z| = R'. Then

: i) M’ 8(N + é}
mlecot mz £y g i 7
*[C_-\- gl [j( ) z } ;z‘ N (N + 1)?

[t is readily verified that

sup | cot W2|> -

z€C N

E,z—.-ri'N +I/2) 41

e2r(N+1/2) _ 1

sup{| cot wz| such that z lies on Oy} =

(note that on the vertical sides, |cof wz| < 1; on the horizontal sides, the muax
mum oceurs at # = 0). Hence for all & sufficiently large we obtain the inequal:
SUpP, on o | €Ot 72| < 2. The previous inequality then shows that

g

[ o) [ 1) - ] ez
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spproaches zero as N — oo, which in turn shows that

/ (meotwz) f(z)dz =0 as N —oc. W
Cr

One learns in calculus that the p series Y -, (1/n?) converges if p > 1 and
diverges if p < 1, but usually with no indication of just what that sum might be.
We encountered this sum in Chapter 3 as ((p) where ¢ is the Riemann zeta function,
an important ingredient in number theory, The case p = 2 is interesting and there
e many ways to evaluate ((2), which is a series first smmmed by Euler,

Proposition 4.4.3 The following summation formula holds:

Proof We apply the summation theorem (or its corollary) with f(z) = 1/z°
Since tan z has a simple zero at z = 0, cot z has a simple pole there. If the Laurent
expansion iscot z =0y /2 +ag + @12+ ..., then

1_z_2+z_4_ = —z—3+i— EJr.t:r +a1z+
AT A z Al o

Multiplying, collecting terms. and comparing coefficients, we find b; = 1,49 = 0.
and a; = L}&. Thus,

weotwz  w(lfmz—mz/3+...) 1 =* 1
27 22 2 z B

=)

2
weolme e
R(‘S (T,U) — T

Since the only singularity of f is at z = 0, the summation formula becomes

—1 N
m (5 2+32)-2
im — — | =t
— 20 2 n? 3
n=—N =
aud, since 1/(—n)? = 1/n?, we obtain
_"\". 2

o 1 1 &
— = limn M .
z_: o w_w_Z;u? 6
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[

Partial-Fraction Expansions If f(z) = p(z)/g(z) is a rational function. we
know a trick from algebra that is often useful in caleulus: The function f can
be expanded in “partial fractions” in terms of the zeros of the denominator. A
meromorphic function can sometimes be thought of as somewhat like a rational
function with possibly infinitely many zeros in the denominator, and one might
wonder if a similar expansion is possible. Although one should not take this analogy
too seriously, something along these lines can be done. First we give a specific
example that shows how the summation theorem can be used and that will be used
in Chapter 7. Then we will give a somewhat more general result.

Proposition 4.4.4 Let z be any complex number not equal to an integer; then bolh

o e ]
' 1 I 1 1

. . 1l e s
Z (; — 1 n) W Z (z—i—n n)

=] n=1

are absolutely convergent series and

= 3 i 1 1
+Z(:_:;.*;)+;(;+:; ' ;)-

n=1

mTeot wz =

By | -

This equation can also be writien

1 < 1 1
Tl Tes = = = g ST e a
oot T Z-} Z (:—'r1.+n)

i=—0d

where the prime indicates thal the term corresponding to n =0 s ommitted.

Proof TFor n sufficiently large, |z — n| > n/2. Therefore,

1 1 z 2|z
= = s B
z—n N (z—n)n| ne

By comparison with the convergent series

TN 2 T .
PU\m2 " e+ 1)2 0 )

Z““‘ 1 1

+ =

Lo Tk Tl
n=1

is absolutely convergent. Similarly,

= 1 1
Z(z%—n_;)

n=1

we gee that
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= ahsolutely convergent. Fix z and consider the function f(w) = 1/(w — z). This
‘unction is meromorphic; its only pole is at z, which is not an integer, and it is easy
to see that |wf(w)| is bounded for w sufficiently large (as in Proposition 4.3.6).
By Proposition 4.4.2, we see that the hypotheses of the summation theorem are
satisfied, so

N

1 ol mw
lim E = — {residue of Lo B = z} = —mecotmz.
N—o n—2z w—z
f=—IN
We note that
N N N
1 1 1 1 1 1
—_= = g el [ o =zeesl)
Z z—n z+z(z—n ?'L) Z(z—i-n n)
n=—N n=1 =l

1 o/ 1 | =/ 1 1
—-f- == —— — — | =mcotmz. M
p Z:(z—n#+ !’L)—'_Z(Z—l—n ﬂ-) "

ri=1 n=1l

We could also have obtained the expansion for cotangent from the following
theoren.

Theorem 4.4.5 (Partial-Fraction Theorem) Suppose thal [ is meromorphic
with simple poles al ay, ag, as,... with 0 < |ay| < |ag| < ... and residues by al ag.
(We are assuming [ is analytic at 0.) Suppose there is a sequence Ry, Ry, Rs, ...
with the property lim, .- R, = oo and there are simple closed eurves Cn salisfying

(i) |2| = Ry for all z on Cy.
(i1} There is o constant S with length (Cx) < SRy for all N.

(iii) There is a constant M with |f(z)| < M for all z on Cn and for all N. (The
same M should work for all N.)

Then

- I by,
=10 +Y (72 + ).

n=1

Proof If 23 # 0 is not a pole of f, let F(z) = f(z)/(z — z0). Then F has simple
poles at zy and at ay,a2,as,.... Clearly

]

Res(F; zp) = zli]};]n(z — 20)F(2) = f(20)

and

z by,
Res(F;a,) = lim (2 —ay) f(z) =

T—+ily z—Zn thy, — 20
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By the Residue Theorem,

1 f()d;,_f +z{a 4

Qi | e, 1s inside C'y
273 O & Z)

20

and, in particular,

1 f(=) n
o ' dz ) + — | @y, is inside C'y

i Jo % Z { . N
Subtracting these last two equations,

3 ; E-n fﬂ
ra’ii_[:/ .,(f(z{ dz = f(z0) — f(0) JrZ{”;m (: | an is inside C; }
Oy % T n

2mi = 4[]) Zn

Along Clwy,|z] > Ry and |z — 23| > |[Bn — |z0]). and so the integral in the last
equality is bounded above by

|L’{]Eﬂ'?r15‘
- ZJI I

|3(J| ‘?I”f )
[ length )] <
o Rwlfa’.p,;—|zu|f[ gth (Cx

This goes to 0 as N — oo, and each of the a, is eventually inside C'y. Therelore
' b by )
f(za) = f(0)= lim E —— — — | a, is inside C'y
N—roo Iy — Z kg
[ &
b” bn !JIE
- S s _|_ E i -
fhp — I Clyy g — ”n (fur

=1

I
-
=

|

L[]

Since this formula holds at all 55 for which f is analyvtic, we have establishoed ¢
theorem. W

Contours comunonly used for the C'y are cireles of radius Ry or large squars
such as those in Figure 4.4.1. The expansion given in the partial-fraction theoren
a special case of a more general result known as the Mittag-LefHer theorem? nas
after the famous Swedish mathematician Gosta Mittag-LefHer (1846-1927).

Exercises
1.* Show that Z e = (—]

(You may use the answer to Fxercis

2. Show that Z

fre=tl1

l}ﬂ.—l o TFS
{(zn J'l ~a

below).

31t may be found in P, Henrici, Applied and Compulational Comples Analysis, Vol 1 Vow
York: Wiley-Interscience, 1974), pp. 655-660, and (New York: Springer-Verlag, 1986).
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3. Show that i : T cotl + E for a>0
hat —— = —cothma + — fo ;
n?+a? 2a 2a°
: T I : : ; ¢ ;
4. Show that —— = Z ——. [Ihnt: Start with the expansion for
sin“qz £ (z—n)

meotwe.

5. Develop a method for evaluating series of the form Y~ (—1)"f(n) where
f is a meromorphic function in € with a finite number of poles none of which
lic at the integers. In other words, develop theorems analogous to the sum-
mation theorem (4.4.1) and Proposition 4.4.2. [fint: w/sinwz has poles at
the integers with Res(7/sinwz;n) = (—1)". Diseuss how you would handle
the summation if some of the poles of f did lie at the integers; sce Proposition
4.4.4.

-

i. Show that if 2z — 1 is not an integer. then

2z—1 4
COS T2 L Z { 2 — 4n? % 1 —4An2

E=
n=I1

Iint: cos(x + iy) = cosrcoshy + isinzsinhy. Use the square with corners
+N£Ni for Cy given in the partial-fraction theorem (4.4.5). Finally, combine
the n and —n terms.

7.* Use the partial-fraction theorem to show that
1 1 1 I 2z
cotz= — 4 "N—t =) ==+ TS
2 Z (: nm mr) 2 Z 22 —n2n?

where 5" means the sum is over all n # 0.
8. Provethat 1 — 1/2%2 +1/32 - 1/42 + ... = 7*/12.
9.* Try to evaluate the sum Y - (1/n?). (This problem is a hit open ended;

don’t be discouraged if vou are nut hll(.L(..':-bf ul. )

Review Exercises for Chapter 4

27
J i
1.* BEvaluate ] {7
g 2—sinf
2. Evaluat / : iz wi
. Ewvaluate dz where
oy {'t s 1)(: T 2\;]

(a) ~ is the circle with center 0 and radius 1/2 traveled once counterclock-
wise,

(b) Same as (a) but radius 3/2.
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(c) Same as (a) but radius 5/2.

= 1
3. Evaluate f = dx.
a8

4. Evaluate / SMel/2 s if € is the unit circle centered at 0 and n is a positive

Jor
nteger,
_ o sin @
5. Compute P.V. | —— — .
3 ]m w(x+ 1)(2? +1)
2 |
6. Evaluate / 5 -d.
iR

7. BEvaluate / L
Jo 2cosf+3

.* Let f be analytic on a region containing the closed upper half plane {z |
Imz > 0}. Suppose that for some constant a > 0,|f(z)| < M/{z]* for |2
large. Show that for Imz > 0,

o

o= [ {8

27
g, Evaluate [ (‘.}C}}{f:'mjtiﬂ.

J o)

2 ¥ ek o oa w " : . _
10. Show that — ! dtisl1ifk>0iszeroif k=0, andis -1 if k < (.
T Jo ;

11. Evaluate f Md.‘:
|#|=1

'_\.g
Z

e T
12.* Show that - dr = —————, where 0 < m < n.
Jo 14z nsin(mm/n)

13. Find the Laurent expansions of f(z) = —————— that are valid for

(z-1(z—2)
< 1 and (b)

0< |z 2 502, Choose zg = 0.

53] p- . '
14.* Show that f sech x dr = 5 Hint: Consider the rectangle with corness
{l
at (X R. R+ mi).
15. What is the radius of convergence of the Taylor series of 1/ cos z around = =

16. Explain what is wrong with the following reasoning. We know that o
e7108e g0 d(a?)/dz = (loga)a®. On the other hand, d(a®)/dz = za* . Thus
za® ! = a*(loga), so z = aloga.
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17. Find the residues of the following al each singularity:

2
L —ry

sin{z*?)

(b) (sin z)2

(¢) sin(e!/*)

18.* Where is Z 2"e M analytic?
yr==l)

19. Let f(z) have a zero of order k at zy. Show that Res(f'/f;z0) = k. Find
Res(f"/f'; za) and Res(f"/ f: z0).

20. Let [ be entire and suppose that Re f is a polynomial in z.y. Prove that f
is a polynomial.

21. Explain what is wrong with the following argument, then compute the residue
correctly. The expansion

i i . I 1 !
_“'+(3—1)5_{z—1]4—'_(3—1}3

H(z—12 (z—12 1+(z—1)

is the Laurent expansion; since there is no term in 1/(z — 1), the residue at
z =1 is zero.

22. Verify the maximum prineiple for harmonic functions and the mininmm prin-
ciple for harmonic functions for the harmonic function u(x,y} = #* —y* on
[0;1] x [0, 1].

1 i i .
5 dz. where v is the cirele centered at ()

23. Ewaluate the integral /
), 2z —1)z-2)

with radius 3/2.
24. Repeat Exercise 23 but with radius 1/2.

25. Determine the radius of convergence of the following series:

oQ

log(n™)
@ Y B,

Al
1

w3 (1-1)

I

26.* Establish the following:

"> sinh ax | a
- dr= —tan— for —w<d<nm.
o sinhmr 2 2

Hinl: Integrate e%*/sinh(wz) over a “square” with sides y = 0,y = L,z =
—R.x = + R, and circumvent the singularities at 0, ¢.
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27,

28.

29.

30.

33.

Chapter 4 Calculus of Residues

3
o o 1
Expand the following in Laurent series as indicated: f(z) = (1 )
—g

y =g

(a)

(b) for |:| > l*zu =0

(e} for |z + 1| < 2525 =1
(d) for 0< |z —1]| <o0j2p=1

Show that

for a>0.

/”” de  w(2a+1)
o (a+sin?0)2  4(a®+a)*?

Establish the following formulas:

" * ¢in® I
(ﬂ-) == Ld_ rh =
Ji0 & H

o pl ﬂ.brj—l
I ——dt = ——— for —1<a<l
(b) /.5 a? + b iy 2 cos(ma/2) v s

Prove that

P -
-

-
; 1.

tan z = 'ZZ 3 for z+#(n+ 3)’?1‘
5 2

[} | —

Hini: Start with the identity for cot z in Proposition 4.4.4 and use tanz =
cot z — 2ecot 2z,

. Prove that

o ( I}n
] 2
E . = q°csclma) cot(ma).
)2 :
£t (a+ )
S0
. Evalnate —.
nh
yre=1

Explain what is wrong with the following reasoning:

i 1 [ sinx | sin z
die = = dr = = lim dz,
Jo % 20 5 @ 2 Resoo fon 2

where g is the x axis from —R to R plus the circumference {z = Re
f < w}. But (sinz)/z is analytic everywhere, including zero, so by Cauchy

Theore,
9 & .
sin 2z sinr
/ dz =10 and so [ die = 0.
Y 40

af! | “
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34.* Let f(z) be analytic inside and on a simple closed contour v. For z; on 7,

and ~ differentiable near zy, show that

flz) = ~P.V. 1@ ,

m sl = 20

45. Use Exercise 34 to find sufficient conditions under which

36.

37.

38.

fa0) = Lpv. [ &0
i) Je € =2

for f(z,y) = f(z) analytic. Deduce that

w(z;0) = = P. V./ T_(C’ 2_] d¢ and v(z,0)= _}r P. V’.f u({"{])dﬁ.

i |—CK;EL__ :!‘.JC_J.

The functions u and v are called Hilbert transforms of one another.

Show that

L N P B e
z oz z—nw  ar/) —1{271‘2

-t:ln—-

! .
where Y ' means the sum is taken over all n # 0.

N .
Sinw.r

Evaluate / : dx

o sinhbx

When a nonlinear oscillator is forced with a frequency w, a measure of the
& &

oscillator’s “chaotic response” is given by! M = sech bt coswtdt. Show
0

that M = (w/2b) sech (wm/2b).

48ee J. Guckenheimer and P. Holmes, Nonlinear Oscillations, Dynamical Systemns and Befur-
cations of Vector Fields (New York: Springer-Verlag, 1983), §4.5.
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Chapter 5

Conformal Mappings

Chapter 1 included a brief investigation of some geometric aspects of analytic func-
tions. Now we return to this topic to develop some further techniques and ap-
plications. In the first section of the chapter. we seck to map a given region of
the complex plane to another given region by a one-to-one, onto, analytic func-
tion. That such mappings always exist (under suitable hypotheses on the regions
in question), at least in theory, is the statement of the famous Riemann Mapping
Theorem, which is discussed in this section; the proof is available in the Internet
Supplements. Using this theory, §5.2 discusses several concrete cases for which such
mappings can be written explicitly.

The theory of conformal mappings has several important applications to the
Dirichlet problem and to harmonic functions. These applications are used in prob-
lemns of heat conduction, electrostatics, and hydrodynamics, which will be discussed
in §5.3. The basic idea of such applications is that a conformal mapping can be
used to map a given region to a simpler region on which the problem can be solved
by inspection. By transforming back to the original region, the desired answer is
obtained.

5.1 Basic Theory of Conformal Mappings

Conformal Transformations The following definition was presented in §1.5: A
mapping f : A — B is called conformal if. for each 2y € A, f rotates tangent
vectors to curves throngh zg by a definite angle # and stretches them by a definite
tactor 7. Let us also recall the following theorem proved in §1.5.

Theorem 5.1.1 (Conformal Mapping Theorem) Let [ : A — B be analytic
and let f'(zy) # 0 for each z5 € A. Then [ is conformal.

Actually, if f merely preserves angles and if certain conditions of regularity hold,

then f must be analytic and f/(zs) # 0 (see Exercise 8). Therefore, we can say
that “conformal” means analytic with a nonzero derivative.

319
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As an-example, let A = {z >0 and Imz > 0} and B = {z | Imz > 0}.
The map [ : A — I3 defined h_v z v+ 22 is conformal, since it is analytic and
has the nonzero derivative f'(zy) = 2z5 on A, Figure 5.1.1 illustrates the theorem
by showing preservation of angles in this case. If f'(z0) = 0, angles need not be
preserved. For instance, for the map z ~ 22, the = and y axes intersect at an angle
/2 bul the images intersect at an angle 7. Such a point where f'(zy) 0 for
an analytic function f is called a singular point. Singular points are studied in
greater detail in Chapter 6.

¥

4

Figure 5.1.1: A conformal map.

Proposition 5.1.2

(i) If f + A — B is conformal and bijective (one-to-one and onto), then f!
B — A is also conformal.
(i) If f: A— B and g: B — C are conformal and bijective. then go f 1 A — €

is conformal and bijective.

Proof

(i) Since f is bijective, the mapping [~ exists. By the Inverse Function Theoremn
(l B0 ';'"_] is analytic witl | df Hw)/dw = 1/[df(z)/dz] where w = f(z)
Chus df —'(w)/dw # 0. s0 f~1 s conformal.

(ii) ‘vr‘t‘ainlv 1‘,‘0 I" is bijective and analytic. since f and g are. ['l"he inverse of ge f
is f~ .} The derivative of go f at z is ¢'(f(2)) - ['(2) # 0. Therefore
gofis LUII[UlIll‘di by delinition. W

Because of the two properties in Proposition 5.1.2 (and the obvious fact thas
the identity map = — z is conformal), we refer to the set of bijective conforma
maps of a fixed region to itsell as a group.

Property (i) can be used to solve various problems (such as the Dirichlet prob-
lom) associated with a given region A. The method will be to find a bijectiv
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conformal map f : A — B where B is a simpler region on which the problem can
be solved. To obtain the answer on A we then transform our answer [rom I to
A by f'. The Dirichlet problem involves harmonic funetions, so we should check
that harmonie functions remain harmonic when we compose them with a conformal
map. To do so, we prove the following result.

Proposition 5.1.3 Lef u be harmonie on a region B and let f @ A — B be analytic.
Then wo f 18 harmonie on A.

Proof Let z € A and w = f(z). Let U/ be an open disk in B around w and
let V = f~1(U). Tt suffices to show that u o f is harmonic on V' (Why?). By
Proposition 2.5.8, there is an analytic function g on U such that © = Reg. Then
wo f = Relgo f) (Why?), and we know that g o f is analytic by the chain rule.
Thus Re({g o f) is harmonic. W

Riemann Mapping Theorem There is a basic but more sophisticated theorem
that guarantees the existence of conformal mappings between two given regions A
and B. The validity of this theorem in several special cases is verilied in 5.2, The
seneral theorem is not always of immediate practical value, because it does not tell
us explicitly how to find conformal maps. Nevertheless. it is an important theorem
that we should be aware of. We shall prove uniqueness here but leave existence to
the Internet Supplement.’

Theorem 5.1.4 (Riemann Mapping Theorem) Let A be a connected and sim-
ply connecled region other than the whole complexr plane. Then there exists o bijec-
tive conformal map f : A — D where D = {z such that |z| < 1}. Furthermore, for
any fized zg € A, we can find an f such that f(zg) =0 and ['(z) > 0. With such
@ specification. [ 1s unique.

From this result we see that if A and B are any two siply connected regions
with A # C, B # C, then there is a bijective conformal map ¢ : A — B. Indeed, if
f:A— Dandh: B — D are conformal, we can set g = h™' o f (see Figure 5.1.2).
Two regions A and B are called conformally equivalent if there is a bijective
conformal map from A to B. Thus, the Riemann Mapping Theorem implies that
two simply connected regions (unequal to C) are conformally equivalent.

Proof of Uniqueness in Theorem 5.1.4 Suppose [ and g arce bijective con-
formal maps of A onto D with f(z5) = glza) = 0, f'(20) > 0, and ¢'(zy) > 0.
We want to show that f(z) = g(z) for all z in A. To do this, define i on D by
h(w) = g(f "(w)) for we D. Then h: D — D and h(0) = g(f HOY) =g(zq) =0.
By the Schwarz Lemma 2.5.7, [h{w)| < |w| for all w € D. Exactly the same argu-
ment applies to h=' = fog™!, so that |h1(¢)| < [¢] [or all ¢ € D. With ¢ = k(w),

18¢e also BE. Hille, Analytic Punction Theory, Vol. 1T (Boston: Ginn and Company, 1059) p.
322, ur L. Ahlfors, Compler Analysis (New York: MoeGraw-Hill, 1966), p. 222,
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Figure 5.1.2: To transform A to B we compose h~' with f.

this gives |w| < |h(w)|. Combining these inequalities, we get [h(w)| = |w| for all
w € . The Schwarz Lemma now tells us that A(w) = cw for a constant ¢ with
¢| = 1. Thus, ew = g(f~Y(w)). With 2 = f~'(w) we obtain cf(z) = g(z) for all
z € A. In particular, ef'(z) = ¢'(20). Since both f'(zg) and g'(z0) are positiv
real numbers, so is ¢. Thus, c = 1 and so f(z) = ¢(2), as desired. W

The condition f'(zg) > 0 is equivalent to saying that f'(zo) lies on the positivi
real axis; that is, arg f'(zg) = 0. Using the preceding argument, one can modify
the unicueness assertion so that f(zo) and arg f'(zo) are specified. The student is
asked to prove this in Exercise 7.

Here is another useful fact about conformal maps. Let A and B be two (con-
nected) regions with boundaries bd(A) and bd(B). Suppose that f: A — f(A) i
conformal.

If [(A) has boundary bd(B) and if, for some zy € A, we have f(zg) €
B, then flA) = B. In other words, to determine the image of a con-
formal map, we merely need to cheek the boundaries and a single point
inside.

To prove this we argue as follows. Since B is open, Bbd(B) = @. The closure of £
is B Ubd(B), so we can decompose the plane as a disjoint union C=BUbd(B
ext B, where ext B is open. Since f' never vanishes on A, the Inverse Functio:
Theorem shows that f(A) is open. Thus, f(A4) Nbd(f(A)) = @. But bd(f(A)
bd(B), so f(A) is contained in the nnion of the disjoint open sets B and ext I
Since f is continuous on the connected set A, the set f(A) is connected. Therefors
from the definition of connectedness (see Definition 1.4.12), either f(A) C B
f(A) C ext B. Because f(zy) € B. we must have f(A) C B. Since f(A) is open. =
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is open relative to B. Finally,
f(A) = f(A) N B = [f(A) N B]U[bd(B) N B]

= [f(A)n B| U [bd(f(A)) N B]
= [f(A)ubd(f(A)] N B =cl(f(A))NB

— —

so that f(A) is closed relative to B. Since B is connected, f(A) = B (see Proposi-
tion 1.4.13).

Simple connectivity is an essential hypothesis in the Riemanu Mapping Theo-
rem. Tt is ecasy to show (see Worked Example 5.1.7) that only a simply connected
region can be mapped bijectively by an analytic map onto D. On the other hand,
the anmuli 0 < |a| < 1 and 1 < |z| < 2 are not conformally equivalent; see Worked
Example 6.1.14.

Behavior on the Boundary The Riemann Mapping Theorem and most of our
other remarks about conformal maps have discussed behavior on regions that are
open, connected sets. In particular the Riemann Mapping Theorem does not say
what happens on the boundary of A or of D. Many of the applications, however,
mvolve determining behavior inside a region from information on the boundary.

In §5.2 we will look at many concrete examples involving such regions as disks,
half planes, quarter planes, and so on, and the maps will usually be well behaved
on the boundary. This is no accident, as the next theorem shows. but it is not
automatic.

The connected and simply connected open sets to which the Riemann Map-
ping Theorem applies can be rather complicated. For example, consider the set A
obtained by deleting from the square

§={z|0<Rez<?2 and 0D<Imz<2}

the vertical segments
Jp={z=1n+yi|0<y <1},

n=1.2.3.... (sce Figure 5.1.3). The Riemann Mapping Theorem guarantees that
there is a conformal map of A onto 12, but attempting to extend it continuously to
the boundary of A, particularly to 0, creates problems.? For well-behaved regions
there is a nice result, which we state withont proof.

Theorem 5.1.5 (Osgood-Caratheodory Theorem) If Ay and Ay are bounded
simply connected regions whose boundaries v and vy are simple continuous closed
curves, then any conformal map of Ay one-to-one onto As can be cxtended to a
continuous map of Ay U~ one-to-one onto Az U ¥s.

2A detailed deseription of the boundary behavior of conformal maps may Lie found in A. L
Markushevich, Theory of Functions of a Compler Variable, Volumne 3 {New York: Chelsea Pub-
lishing Company, 1977), Chapter 2.
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15 J;

b
——

Figure 5.1.3: Even though A has a wild boundary, it can be mapped conformally
to 1.

Once the boundaries are known to be mapped continuously. we can gel infor-
mation about the regions themselves. The next theorem outlines such a procedure.
The conditions are restrictive enough that we do not need to check a point 2z, € A

Theorem 5.1.6 Let A be a bounded region with f: A — C a bijective conformal
map onto its image f(A). Suppose that | extends to be continuous on cl(A) and
that [ maps the boundary of A onto a cirele of radius R. Then f(A) egquals the
inside of that circle. More generally, if B is a bounded region that, logether with
ils boundary, can be mapped conformally onto the uwnait disk and its boundary and of
[ maps bd(A) onto bd(B), then f(A) = B.

Proof DBy composing f with the conformal map b that takes B to the unit disk
it is sufficient to consider the special case in which B equals D = {z such that
z| < 1}. On bd(A), |f{z)] = 1, so by the Maxinnin Modulus Theorem, |f(z)] < |
on A. Sinece f cannot be constant, f(A) C D. In other words, at no z € A is the
maximum |f(z)| = 1 reached. We have assumed that f(bd(A)) = bd{D), but th-
is also equal to bd(f(A4)). To see this. use compactness of cl( A), continuity ol /
and DNbd(D) = f(A)Nbd(f(A)) = @. Thus our earlier argument applies to shos
that f(A)=D. N

Worked Examples

Example 5.1.7 Find a bijective conformal map that takes a bounded region Lo
unbounded region. Can you find one that takes a simply connected region to a reg
that is not simply connected?

Solution Consider f(z) = 1/zon A={z |0 < |z| < 1}. Clearly, 4 is bounde
Also. B = f(A) = {z such that |z| > 1}; f is conformal from A to B and has
inverse g '(w) = 1/w. But B is unbounded.
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The answer to the second part of the question is no. If A is simply connected
and f : A — B is a bijective conformal map, then B must be simply connected.
To show this, let ~ be a closed curve in B and let ¥ = f~' 0. Then if H({,s) is a
homotopy shrinking 4 to a point, f o H(t, s) is a homotopy shrinking vy to a point.

Example 5.1.8 Consider the harmonic function u(r,y) = ¥ +y on the region,
A={z|0<Imz < 2r}. What is the corresponding harmonic function in B =
C\ (positive real axis) when A is transformed by z — €77

Solution Let f(z) = ¢*. We know from Chapter 1 that f is one-to-one, onto
B, and that f'(z) = ¢* # 0. Thus f is conformal from A to B, and therefore. by
Proposition 5.1.3, the corresponding function on 5 is harmonic. This function is

(x,y) = u(f " (r.y)) = ullog(e + iy))
= u (log v/ + 42 +itan™" 2)
£

=log v/x? + y? +tan ' 2
I

where tan™' (y/ax) = arg(x + iy) lies in |0, 27[. Note that to check directly that
is harmonic would be slightly tedious. but we know it must be so by Proposition
0 B &

Example 5.1.9 What is the image of the region
A={z| (Rez)(lmz) > 1 and Rez > 0,Tmz > 0}

under the transformation z — 2% ¢

Solution On the right half plane {z | Rez > 0}, we know that f(z) = z?% i
conformal (Why?). To find the image of A we first find the image of the curve
ry=1. Let w= 2? = u+iv. Thenu = 2% —y?, v = 2zy. Thus the image of xy = |
is the curve © = 2. We must check the location of the image of a point in A, say,
9 1+ 9i. Here 22 = 8i, and therefore the image is the shaded region B in Figure

1.4,

(]

iy |

Exercises

1. What is the image of the first quadrant under the mapping z — 237

2. Cousider f = u+ iv where u(z,y) = 22* + y* and v = y? /x. Show that the
curves u — constant and v = constant intersect orthoponally but that [ is
not analytic.

3.* Near what points are the following maps conformal?

(fi] f{z :33 32
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i v

Figure 5.1.4: Image of the set A under the conformal map 2z — 22

(b) f(z)==2/(1+5z)

Near what poiuts are the following maps conformal?

(a) f(2) =2
(b) f(z) = (sinz)/(cosz)

Consider the harmonic function u(x,y) =1 —y+x/(x* + y*) on the upper
half plane y > 0. What is the corresponding harmonic function on the first
quadrant = > 0,y > 0, under the transformation z — 227

Let A and B be regions whose boundaries are smooth ares. Let f be conformal
on a region including AUbd({A) and map A onto B and bd(A) onto bd(3). Let
% be harmonic on B and u = hi(z) for z on the boundary of B. Let ¢ = no f
so that v equals h o f on the boundary of A. Prove that dv/dn = 0 at =, iff
Su/On = 0 at f(zo) where zg € bd(A) and @/0n denotes the derivative in the
normal direction to the boundary.

7.* Let A and B be regions as in the Riemann Mapping Theorem. Given z; <

A, wy € B, and an angle 6y, and by assuming that theorem, show that ther:
exists a conformal map [ : A — B with f(z0) = wy and arg f'(z4) = 0g; also
show that such an [ is unique.

Let f : A — B be a function such that df/dx and df/dy exist and
continuous, Suppose that f is one-to-one and onto and preserves angles
Prove that [ is analytic and conformal. Can the map in Exercise 2 preserve
all angles? Hint: Let ¢(f) be a curve with ¢(0) = zy and let d(t) = fle(t

Prove
e = LY ; A 1 (d_] .of
= 2 \ox riu oo 2 \azr " r).;r o

and examine the statement that d'(0)/¢'(0) has constant argument in orc
to establish the Caunchy-Riemann equaLlunb for f.
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9. If f: A — B is bijective and analytic with an analytic inverse, prove that f
is conformal.

10. Let @ and b be two fixed complex numbers and let f: C — C.2 = az + h.
Show that f can be written as a rotation followed by a magnification followed
by a translation.

11. The Riemann Mapping Theorem explicitly excludes the case A = C from
consideration.

(a) Is there a conformal map of € one-to-one onto the unit disk D7

(b) Is there a conformal map of D one-to-one onto C?

12. Show that every bijective conformal transformation of C onto C is of the type
described in Exercise 10.

13.* Suppose that f is a conformal map from a bounded region A onto an un-
bounded region B. Show that f cannot be extended in such a way as to be
continuous on A U bd(A). Note: The full force of conformality is not needed
in this problem.

5.2 Fractional Linear and
Schwarz-Christoffel Transformations

This section investigates some ways of obtaining specific conformal maps between
two given regions. No general prescription can be given for obtaining these maps;
however, after a little practice the student will be able to combine fractional linear
transformations (studied in this section) with other familiar transformations (like
22, ¢*, or sinz) and thus be able to handle many useful situations. To aid in this
effort, some common transformations are illustrated in Figures 5.2.10 and 5.2.11 at
the end of this section. Tn addition, the Schwarz-Christoffel Formula will be studied
briefly, even though it yiclds answers that usually can be given only in terms of
integrals.

Fractional Linear Transformations The simplest and one of the most useful
conformal mappings will be discussed first. A fractional linear transformation
(also called a bilinear transformation or Mdbius transformation) is a mapping of
the form

gz + b

cz +tl

where a. b, ¢. d are fixed complex numbers. We shall assume that ad—be # 0 because
otherwise T would be a constant (Why?) and we want to omit that case. Some
properties of these transformations will be developed in the next four propositions.
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Proposition 5.2.1 The map T defined in the preceding display is bijective and
conformal from the set

A={z|ez+d#0, thatis, z+# —d/c} onto B={w|w#a/c}

The inverse of T s also a fractional linear transformation given by
—dw+b

oW —a

T Yaw) =

Proof Certainly T' is analytic on A and S(w) = (—dw + b)/(cw — a) is analytic
on 3. The map T will be bijective if we can show that 770 S and S o T are the
identities since this means that T has § as its inverse. Indeed, this is scen in this

—dw + b
(__*) .

1 — {1

—dw + b
c'-(—( - ) +.d

U — i

~ —adw + ab + bew — ab

- —cdw + be + dew — da

(be — ad)w
be — ad

We can cancel because cw —a # 0 and be—ad # 0. Similarly, S(T(2)) = z. Finally.
T"(z) # 0 because

computation:

T(S(w)) =

H— WT 2))] = 8'(T(2) - T'(2),

rfz

soT'z)£0. N

It is sometimes convenient to adopt the convention that 7'(—d/c¢) = > (although

we must, as always, be careful to avoid the erroncons answers that we would ob-
tain il we cancelled oo/oo or 0/0). In fact, we can show that all fractional linear
transformations are conformal maps of the extended plane C to itself. Some special
cases should be noted. For example, ifa=1,¢=0, and d = 1, we get T(2) =z + b.
which is a translation or “shift” that merely translates by the vector b (see Figure
5.2.1). Incase b=c¢=0.d = 1.T bhecomes T(2) = az.

This map. multiplication by . is a rotation by arga and magnification by |a .
The student should review the geometric meaning in this case. Finally, 7(z) = 1/:
is an inversion. It is pictured in Figure 5.2.2.

Proposition 5.2.2 Any conformal map of D = {z such that |z| < 1} onto itself i
a fractional tinear transformation of the form
ip < — <0

1— 2=
for some fixed 2y € D and ¢ € [0, 2x[; moreover, any T' of this form is a conforma
map of 1) onto D,

e)=e
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i ¥
T z+h

Figure 5.2.1: Translation.

Yy

Figure 5.2.2: Inversion.

Proof First we check that for T of this form, |z| = 1 implies that |T(2)| = 1.
Indeed,

15 = 30|

=2
Tl = |———| = =7———-
= 3 2|}z — 2ol

e
But |z| =1 and so 27! = Z. Hence we get

2= 2] _

|:f — frj| i

1

7(2)| =

since [w| = |@|. The only singularity of T'is at z = %, ', which lies outside the unit
circle. Thus by the Maximum Modulus Theorem 2.5.6, T maps D to D. But by
Proposition 5.2.1,

w — [_—ewzu) ]
Bl ./

1 — (—e ¥ Z)w

rr J.(T”) = (‘—{H {

which, since it has the same form as T, is also a map from D to D. Thus, T is
conformal from D onto D.



330 Chapter 5 Conformal Mappings
Let R : D — D be any conformal map. Let zp = R~1(0) and let 8 = arg R'(z).

The map T" defined in Proposition 5.2.2 also has T'(z) = 0 and 8 = arg T"(z);
indeed.

T(z) =¢” { 1 — |zl }
(1 —Zpe)*]"

l’fig —'l— 2
1 — ZD|“? '

a real constant times ¢*®. Thus, by uniqueness of conformal maps (see the Riemann
Mapping Theorem 5.1.4 and Exercise 7, §5.1), R=T. &

which, at z = 2z, equals

The result of this is that the only way to map a disk onto itself conformally
is by means of a fractional linear transformation. These transformations have two
additional properties, as will be shown in the two results that follow.

Proposition 5.2.3 Let T be a fractional linear transformation. If L — C is a
straight line and § C C is a circle, then T(L) is either a straight line or a circle
and T'(S) is either a straight line or a circle.

A line can map either to a cirele or to a line. If we regard lines as circles of
infinite radius, then this result can be summarized by saying that circles transform
into circles.

Proof We can write T'=T, 073075 0T}, where
Ti(z) = z+d/e, Ta(z) = 1/2,T3(z) = (be —ad)z/c® and Ty(z) =z + a/c.

If ¢ = 0, we merely write 7'(z) = (a/d)z + b/d. That we can write T this wa:
is easily verified (see Exercise 11). 1t is obvious that 77, T3, and Ty map lines to
lines and circles to circles. Thus if we can verify the conclusion for T'(z) = 1/:
the proof will be complete. We know from analytic geometry that a line or circle
is determined by the equation

Az + By+C(z*+y*)=D

for constants A, B,C, D, with not all A, B, C zero. Let z = z + iy, suppose tha:
Z2#0, and let 1/2 = u + iv so that v = z/(x? + y*) and v = —y/(2% + ). Thus
the preceding equation is equivalent to

9 2y oy
Ay — Bv — D(u® +v°) = —C,|
which is also a line or a circle. B

Another property of fractional linear transformations is described in the ne«
result.
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Proposition 5.2.4 (Cross Ratios) Given two sets of distinct points zy, 2o, 23 and
wi, We, W (that is, 21 # 22,21 #F 23,22 F 23 and wy # wa, wa # ws, wy F wy, but we
could have z; = ws. and so on), there is a unigue fractional linear transformation
T taking 2 — wi, i = 1,2,3. In fact, if T(z) = w, then

W — i iy — s Fe—y BypIZg

w— sy Wy — W it < .?-_1.
Instead of trying to remember the equation m this proposition, it is often easicr

to proceed directly (see Worked Example 5.2, 12).

Proof The stated equation defines a fractional linear transformation w = T(z)
(Why?). By direct substitution we sec that it has the desired properties T'(z;) =
we.i = 1,2.3. (See Exercise 20.) Let us show that it is nunique. Define

— 2% 23— %2

r—2p 23— 41

Then S is a fractional linear transformation taking 21 to 0, 23 to 1, and 24 to oo.
(25 is the singularity of S.) Let R be auy other fractional lincar transformation
R(z) = (az + b)/(cz + d) with R(z1) = 0, R(z3) = 1, and R{zz) = ¢ (that is,
¢zo+d =0). Then az;+b=0,cz2+d =0, and (az3+b6)/(czz+d) = 1. Thus we get
a = —bfz and ¢ = —d/zz, so the Jast condition gives b(z) —23)/z1 = d(z2 — z3)/22.
Substituting in R we see, after simplification (that the student should do), that
Rk,

We use this result to prove that 7" is unigue as follows. Let T be any fractional
linear transformation taking z; to w;,i = 1,2,3. The fractional linear transforma-
tion ST takes w; = Tz to 0,ws = Tzz to 1, and ws = Tz to cc. Therefore
ST-! is uniquely determined by the preceding, computation. Hence T' 18 uniquely
determined since T = (ST-1)7'S. B

It follows that we can use a fractional linear transformation to map any three
points to any other three. Three points lie on a unique circle or line, so by Proposi-
tion 5.2.3, the transformation takes the circle (or line) through 2, 22, 23 to the circle
(or line) through wjy, wg, ws. For example, we could have the situation depicted in
Figure 5.2.3.

The inside of the disk maps to one of the two half planes. To determine which,
one can check to see where the center of the circle goes (or any other point. especially
if the center happens to go to oc). Another way to do this is by checking orientation.
As we proceed from z; through 2o to z3, located as in the figure, we go clockwise
around the circle with the disk to the right. The image must proceed from i,
through ws to wy along the line with the image of the disk to the right as gshown.
The half plane that is the image can be switched by interchanging z; and z3.
Suppose 21, 2z, 23 and wi g, wy determine circles € and Cp bounding disks [N
and Dy. If the fractional linear transformation taking 21, 22, and z3 to wy, wa, and
ws is analytic on Dy then it must map Dy onto Dy and the exterior of 7 onto
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Figure 5.2.3; Effect of a fractional linear transformation.

the exterior of Cy. 1If the zero of the denominator is in Dy then it maps D to
the exterior of Cy together with the point at infinity. Again the situation may be
determined by examining the orientation of the points along the circles and may be
reversed by changing the orientation of one of the triples of points. Many of these
ideas and technigues are illustrated in Worked Example 5.2.15.

As mentioned carlier. fractional linear transformations can be combined with
other transformations to obtain a fairly large class of conformal maps. This is also
illustrated in the worked examples,

Reflection in a Circle The idea of reflection in a circle. which was used in
the proof of the Poisson formula in §2.5, can readily be generalized to circles with
centers other than 0, 1t can be discussed purely geometrically and works well witl,
fractional linear transformations. In the spirit of this section, straight lines can b
thought of as circles of infinite radius. In this case the new notion of reflectio
becomes the usual reflection. In particular, reflection in the real axis is comples
conjugation. The key proposition is a nice illustration of the use of complex analvsi-
in an apparently completely geometric setting.

Proposition 5.2.5 Let C' be a circle (or straight line) and z a point not on (
Then all the eircles (or lines) through z which cross C' af mght angles intersect eo
other at a single point z. (If z happens to be the center of C', then Z s the poini

infinity. )

Proof While reading this prootf, please refer to Fignre 5.2.4.

Let f be any fractional linear transformation that takes €' to the real line a:
the interior of €' to the upper half plane. The family of circles passing throng!
and crossing €' at right angles must map to the family of circles that pass throus
w = f(z) and cross the real axis at right angles, since [ maps circles to circles a:
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Figure 5.2.4: The circles emanating from z cross C at right angles and all pass
through the point z.

preserves angles. But the latter family clearly all infersect at w. Thus the first
family mnst all cross cach other at the single point 2 = [Haw). W

Definition 5.2.6 Let C be a circle or straight line and z a point not on C. The
unique point % obtained in Proposition 5.2.5 s called the reflection of z in C. If
z s on C, put 7 = z.

Since fractional linear transformations take circles to circles and preserve angles,
the next assertion should not be surprising.

Proposition 5.2.7 If g is a fractional lincar transformation and C' is a cirele (or
line), then g takes the reflection of z in C to the reflection of g(z) in g(C).

This assertion may be paraphrased in the following somewhat impreeise but
easily remembered form: A fractional linear transformation preserves reflection in
circles; that is

g(2) = g(2).

Proof The family of circles through 2 orthogonal to €' is carried over to the
family of circles through g(z) orthogonal to g(C") since g takes circles to cireles and
preserves angles. Thus the intersection of the first family, which is zZ, must map to
the intersection of the second family, which is g(z). W

In fact, reflection is “almost™ a fractional linear transformation itsell,

Proposition 5.2.8 If C' is a circle {or linc). then the map z — z of reflection in
C' is a composition of fractional lincar transformations and complex conjugation.
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If C is the circle with center zo and radius R, then

o (fgz + R? — I[Zn|2)
A |

Proof As in the proof of Proposition 5.2.5, we transfer the problem to the upper
half plane H. The idea is to make use of the fact that for w € H, inversion across
the real axis is the same as complex conjugation; that is, v = w. The fractional
linear transformation

[

f R-‘;-Z"f_:_)
ol H—z—i—zo

takes the circle (' to the real line and its interior to ‘H. This map may be found
by composing the map z — (2 — 29)/R of C' to the unit circle with the map ¢ —
—i({+1)/((—1) of the unit disk to H (see Figure 5.2.10(vi)). Using Proposition 5.2.7
and the observation that & = @, we find that f(Z) = f(z). Thus. z = f* (f(;‘})
Since f~! is also a fractional linear transformation, this gives the general assertion.
To obtain the explicit formula, we solve

ATy o e H—I—z—'rn
zR—ﬁ—I—ZU —f(;’)_f(i)_ H—}, e

for z and get the result stated. W

From the formula of Proposition 5.2.8 we can readily calculate another geometric
description of z.
Proposition 5.2.9 IfC is a circle with center zy and radius R and if z # zg, then
Z 18 the point on the same ray from zg as z and s such that the producl of the
distances from zy is R?, that is,

: |7: 5 31_1-! — Rg.

lz — 2

Proof Use the fact that |2 — zg| = |2 — 20| and compute |z — 2| - |2 — Zg| using
the formula of Proposition 5.2.8. (See Exercise 23 and Figure 5.2.5) W

From the preceding characterizations, most of the following proposition should
now be clear.

Proposition 5.2.10

) £ =
(i1) The map z — 2 is not conformal, but angles are preserved in magnitude anc
reversed in direction (just as in compler conjugation).
(iii) If C is a straight line, Z is the point on the line perpendicular to C throug!
and at an equal distance on the opposite side of C.
(iv) The map z +— Z takes cireles to circles (straight lines count as cireles
infinite radius).
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Figure 5.2.5: Reflection of z in C.

Schwarz-Christoffel Formula The Schwarz-Christoffel Formula gives an inte-
gral expression for mapping the upper half plane or unit circle to the interior of a
given polygon. The case of the upper half plane will be discussed here; the case of
a circle is left as an exercise.

Proposition 5.2.11 (Schwarz-Christoffel Formula) Suppose that P is a poly-
gon in the w plane with vertices at wy,wa,... Wy and with exterior angles way,
where —1 < oy < 1 (see Figure 5.2.6).

Figure 5.2.6: Schwarz-Christoffel Formula.

Then conformal maps from A = {z | Imz > 0} onto B, the interior of P, have
the form

s@=a( [ -y ...(c:—zn_n—"“—ldc) b

=]

where a and b are constants and the integration is along any path in A joining zo € A
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to z; the principal branch is used for the powers in the integrand. Furthermore, ench
of the follounng hold.

(i} Two of the points xy.... .2y may be chosen arbitrarily.
(i1) @ and b determine the size and position of P.
(i) flms)=wid = 1o g L
(iv) f takes the point al infinily to w,,.

The geometric meaning of the constants a and b here is explained in more detail
in the following proof. It can be shown that the function f can be extended to he
continuous on the @ axis and that it maps the x axis to the polygon P. However, the
function f is not analytic on the x axis, becanse it does not preserve angles at x;.
But f will be analytic on A itself. Only the main ideas of the proof of the Schwarz-
Christoffel Formula will be given here, because to make the proof absolutely precise
would be rather tedious.

Sketch of Proof of Schwarz-Christoffel Formula The first step is to show
that if xq,... ,x,_1 have already been chosen, then [ maps the real axis to a
polygon having the correct angles. Let

H(zj = ﬂ,(: =3 3,[_} (25| . (2‘ = J-’g-;,-]} ol 0
so that on A, f'(z) = g(2). Then
arg f'(z) = argg(z) = arga — ey arg(z — o) — ... — @pyarg(z — xn_1).

At a point where f'(z) exists, arg f'(z) represents the amount f rotates tangent
vectors. Thus, as z moves along the real axis, f(z) moves along a straight lins
for z on each of the segments | — o0, 21 [,- . @ @Tiga], .+ . JEn—1,00[. As z crosses
@, arg f(2) jumps by an amount a;m. (If z —2; < O,arg(z — @;) = m if 2 —
z; > O,arg(z — 2;) = 0.) Thus the real axis is mapped to a polygon with the
correct angles. The last angle of the polygon is determined, since we must hav
Z:E:l T = 2.

Next, we adjust this polygon to obtain P. Equality of angles forces similarit.
of polygons ouly for triangles. (For example, not all rectangles are squares.) Thi-
is the basic reason why two of the points r; may be chosen arbitrarily (thres
we count the point at infinity). The positions of the other poiuts relative to thes
points control the ratios of the lengths of the sides of the image polygon. E
choosing the z; correctly we thus obtain a polygon similar to P. Another way 1
understand this problem is to consider mapping the upper halfl plane to a disk. -
know that this can be accomplished by a fractional linear transformation and th
this transformation is completely determined by its value at three of the boundsa:
points., (Two of the finite points and the value at infinity are specified.) Choosize
a and b properly means performing a scaling, a rotation, and a translation to brin:
this polygon to P. 1
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Worked Examples
Example 5.2.12 Find a conformal map taking the sel
A={z|0<argz<w/2,0< |z <1}
to the set
D = {z such that |z| < 1}.

Solution 7The answer is not given by 2 ++ 2", because this map does not map A
onto D its image omits the positive real axis.

First consider z — z?. This maps A to B where B is the intersection of D and
the upper half plane (Figure 5.2.7). Consulting Figure 5.2.10(iv), we next map B
to the first quadrant by 2 — (14 2)/(1 — z) and square to get the upper half plane,
then map z — (z —i)/(z + 1) to give the unit circle.

Figure 5.2.7: Successive transformations taking the quarter circle to a full circle.

Thus we obtain our transformation by successive substitution:

g Ltwy 1428 o (142 -
Hipy =2 Uy = = —: wg=ws;=|——] ;
! I TREDTT S e 4 4 1 —z2

1422%\* |
s ~'% (1—22) o

Uy = =

wa+ 1 | + =2 . ..
l——*é- i 5
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Therefore,

(14 2P -1 -2
(14222 +i0(1 - 22)?

f(z)

is the required transformation.

Example 5.2.13 Verify Figure 5.2.10(vi).

Solution We seek a fractional linear transformation T'(2) = (az+b)/(cz+d) such
that T(—1) = i, T{0) = —1,7T(1) = —i. Thus, (-a +b}/(—~e+d)=1,b= —d, and
(a+b)/(c+d) = —i. Solving gives —a —d =i(—c+d),b= —d,a —d = —i(c+ d).
Adding the first and last equations, we get —2d = i(—2¢) or d = ic, and subtracting
gives us a = —id. We can set. say, b = 1 (because numerator and denominator can
be multiplied by a constant) so that d = —1,a = 1,¢ = i, and thus

o we BRI z—1

s B e b

We must check that 7'(7) lies inside the unit circle. This is true because T'() = 0,
(If it lay outside, we would interchange A = —1 and B = 0.)

Example 5.2.14 Find a conformal map that takes the half plane shown in Figure
5.2.8 onto the unat disk.

Figure 5.2.8: Mapping a rotated half plane to the disk.

Solution Consider §(z) = e~*@z. This maps the region A to the upper half plar
(Why?). Then, using Figure 5.2.10(vi), we get
ez —4
T(2) = ——
() prisy+3
as the required transformation.

Example 5.2.15 Study the action of the functions f(z) = (z —1)/(2 — 3) o
g(z) = (z+1)/(32 + 1) on the unit circle, the unit disk, and the real axis.



5.2 Fractional Linear and Schwarz- Christoffel Transformations 339

Solution First we compute the images of a few likely points:

(i) f)=0 g(1)=1 (i) fiy=2—-1i g(i)=%—4i
)

Thus, [ takes the unit circle through 1.i,—1 to the circle through 0, (2/5) —
(i/5),1/2. The map g takes the unit circle to the same circle but with the orientation
reversed. f takes the unit disk to the interior of the image circle while g takes it to
the exterior. This can be determined by examining the images of 0 or by noticing
that g(—1/3) = oc.

It may not be obvious what the image circle is, but it is easier after noticing
that both f and g take the real axis onto the real axis. (The line through —1,0,1
goes to the line through 1/2,1/3,0 in the case of f and through 0,1,1/2 in the case
of g. Think about where the various pieces of the line go.) The unit circle crosses
the real axis at right angles at £1, so the image circle must cross the axis at right
angles at 0 and 1/2. Thus, it is the circle of radius 1/4 centered at 1 /4; check that
this goes through (2/5) — (1/3)i. The effects of these maps are indicated in Figure
5.2.9.

Figure 5.2.9: The maps for Worked Example 5.2.15.

Figures 5.2.10 and 5.2.11 summarize some of the common transformations for
reference purposes.
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Exercises

1. Let f(z) =(z—1)/(z+ 1). What is the image under f of

(a) the real line?

(b) the circle with center 0 and radius 27
(¢) the cirele with center 0 and radins 17
(d) the imaginary axis?

2. Let f(z) = (2 —i)/(z +i). What is the image under f of

(a) the real line?
(b) the circle with center 0 and radius 27
(¢) the circle with center 0 and radins 17

(d) the imaginary axis?

(=]

Find fractional linear transformations f satistyving f(z;) = wy for i =1,2,3 if

(a) =2y =—1,22 Zye= Bty =B = —Ljy = —3:

g = 2, i = —3 g —— l,u.‘-‘-_g == {]
4. Find fractional linear transformations [ satisfving f(z;) = w; for i = 1,2.3 i

(a) 21 =4,20 =0,23 = —liw; =0, w2 = —¥, w3 = 0.

(b)Y 21 =4,22 =0,23 = —Luy = —i,we =0, w3 = 0.

5. Find a fractional linear transformation that takes the unit disk to the upper
half plane with f(0) = 2 + 2i.

6. Find a fractional linear transformation that takes the unit disk to the righ
half plane with f(0) = 3.

1
O -

i
Lo 3+

(e

7. Find a conformal map of the unit disk onto itself that takes

8. Find a conformal map of the unit disk onto itself that takes

s | =

9. Find a conformal map of the set A = {z | |z~ 1| <« V2 and |z + 1] < V2
one-to-one onto the open first quadrant.

10. Map the region in Exercise 9 to the upper half plane.

11. Prove: Any fractional linear transformation with ¢ # 0 can be written 7
TyoTy 075 0T, where

o S ; B be — ad - 0
'11(2) =8 ;, 12(;’} = = 13(3) =S 2 2, and _fq{.’..) S

Interpret this result geometrically.
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12.* Prove that if both T and R are fractional linear transformations, then so is

16.
17.

19
20

21

24.

ToR.

Find a conformal map of the unit disk onto itself that maps 1/2 to 0.

. Show that K(z) = z/(1 — 2)? takes the open unit disk one-to-one onto the

set C\{z |Tmz =0 and Rez < —3}.

. Find all conformal maps that take the disk of radius i and center 0 onto the

unit disk.
Establish parts (iii), (iv), and (v) of Figure 5.2.10.

Prove: The most general conformal transformation that takes the upper half

plane onto the unit disk is
i 2—A
T(z) = e =],
(2) (z = A)

where Im A > (.

* Suppose that a, b, c,d are real and that ad > be; show that T(z) = (az +

b)/(cz + d) leaves the upper half plane invariant. Show that every conformal
map of the upper half plane onto itself is of this form.

Find a conformal map that takes {z | 0 < argz < #/8} onto the unit disk.

.* The cross ratio of four distinct points 27, 22, 23, 24 is defined by

Z4— 1 R3— =

[21, 22, 23, 24] = - :
24 —23 E3— 8

Show that every fractional linear transformation has the property that
[T(21), T(22), T(23), T(24)] = [21, 22, 23, 24].
Hint: Use Exercise 11.

Let «; and ~2 be two circles that intersect orthogonally. Let T be a fractional
linear transformation. What can be said about T'(y;) and T'(y2)?

.* Show that the cross ratio [z), 23,23, 24] defined in Exercise 20 is real iff

z1, %2, 23, 24 lie on a line or circle. Use this to give another proof of Proposition
B2

Complete the caleulation in the proof of Proposition 5.2.9.

Show that a fractional linear transformation 7' that is not the identity map
has at most two fixed points (that is, points z for which T(z) = z). Give an

example to show that T need not have any fixed points. Find the fixed points
of T(z) =z/(z+ 1).
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26.
27.

28.*°

29.

30.
31.

32.*

33.

Chapter 5 Conformal Mappings

. Conformally map the region A = {z | Rez < 0,0 < Imz < w} onto the first

guadrant.
Conformally map A = {z such that |z — 1| < 1} onto B = {z | Rez > 1}.

Conformally map the region C\{nonpositive real axis} onto the region A =
{z| -w<Imz <7}

Argue that the conformal maps that take |z| < 1 to the interior of a polygon
with vertices wy,...,u, and points zj,..., 2, on the unit circle |z| = 1 to
the points wy, ... ., w, are given by

f(z):u[/b((: 21T o — T £
Jo

where the a;’s are as in the Schwarz-Christoffel Formula.

Show that

d¢
} ="
/ V=D —¢)

(where ¢ is a positive real constant) maps the upper half plane to a rectan-
gle. (The integrand is called an elliptic integral and generally cannot be
computed explicitly.)

Verify part (ix) of Figure 5.2.11,

Is it possible to map the upper half plane conformally to a triangle using frac-
tional linear transformations? Devise a formula that is based on the Schwarz-
Christoffel Formula.

Verify from the Schwarz-Christoffel Formula 5.2.11 that a conformal ma;
from the upper half plane to {z | mz > 0 and —n/2 < Rez < n/2} i
-1
z+ssin " z.

bhﬂrw that f(z) = 4/z maps the region A = {z such that |z — 1| > | and
|z — 2| < 2} one-to-one onto the strip B = {A. | 1< Rez < 2}

Suppose ' and €3 are two tangent circles with €5 in the interior of €
Show that an infinite number of circles can be placed in the region betwes
' and 'y, each tangent to C'; and Cy and each tangent to the next as show:
in Figure 5.2.12. Show that the poiuts of tangency of these circles each w
the next lie on a circle. Hint: Consider Exercise 33.

5. Consider a fractional linear transformation of the form

s =a(222).

Show that
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Figure 5.2.12: A fractional linear transformation can be used to pack the disk with
circles.

(a) Circles through the points b and d are mapped to lines through the
origin.

(b) The circles of Apollonius with equation |[(z — b)/(2 — d)| = r/|a| are
mapped to cireles with center 0, radinus r.

(¢) The circles in (a) and (b), when located in the 2 plane. are called Steiner
circles. Sketch them and verify that both these circles and their images
meet in right angles.

5.3 Applications of Conformal Mappings to
Laplace’s Equation, Heat Conduction,
Electrostatics, and Hydrodynamics

We are now in a position to apply the theory of conformal maps to some physical
problems. In doing so we will solve the Dirichlet problem® and related problems
for several types of two-dimensional regions. We will then apply these results to
the three classes of physical problems mentioned in the title of this section. Only a
meager knowledge of elementary physics is needed to understand these examples.
The student is cautioned that the variety of problems that can explicitly be solved
in this way is somewhat limited and that the methods discussed apply only to
two-dimensional problems.

3The problem of finding a harmonic function on a region A whose values are specitied on the
boundary of A is called a Dirichlet problem. This problem was discussed in §2.5,
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Dirichlet and Neumann Problems Recall that a function u(z,y) is said to
satisfy Laplace’s equation (or be harmonic) on a region A when

In addition to this condition, some boundary behavior determined by the physical
problem to be solved is generally specified. These boundary conditions usually de-
termine ¢ uniquely. For example, the uniqueness theorem for the Dirichlet problem
(2.5.12) showed that a harmonic function u(x,y) whose value on the boundary of
A is specified, is uniquely determined. We shall also have occasion to consider the
boundary condition in which du/dn = gradu - m, the derivative in the direction
normal to bd(A4), is specified on the boundary. For du/dn to be well defined. the
boundary of A should be at least piecewise smooth. so that it has a well defined
normal direction. We accept as clear what is meant by the outward unit normal, n
(see Figure 5.3.1).

Figure 5.3.1: The Neumann problem.

The problem of finding a harmonic funetion w with du/On specified on th
boundary is called the Neumann problem. We cannot specify ¢ = du/0n arbi-
trarily because if such a u exists, then we claim that

u
[ r_u ~0
J~ On

where 4 is the boundary of A. To prove this, we apply Green’s theorem (see §2.2
which can be written in the divergence form (often called Gauss’ Theorem)

[X -nds :f div X dx dy
J A

where X is a given vector function with components (X 1. X?) and where the
vergence of X is defined by

ax'  ox:
= A > 53,-'
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Applying this formula to X = grad u gives

(-"j . . 4 : ?
[ sﬁds - / (grad u) - nds = ] div grad wdx dy = / Viudedy =0
o Y ‘

; (j'."l A A

bocause div grad v = V2u = 0. This proves our claim.

If we are given a boundary condition ¢ on vy with Lr ¢ = 0, then it can be
shown that the Nemmann problem indeed has a solution. We can prove uniqueness:
The solution of the Newmann problem on a bounded simply connected region is
unigue up to the addition of a constant. Let uy and g be two solutions with
Ouy/On = Ous/On on v = bd(A). Let vy and vy be harmonic conjugates of u,
and up and set u = uy — us, v = vy — va. Now du/dn = 0, and so, by Proposition
1.5.13. v is constant along 7. Thus by uniqueness of the solution to the Dirichlet
problem, v is constant on A. Therefore, since —u is the harmonic conjugate of v, u
is constant on A as well. This proves our claim.

If the boundary values specified in the Dirichlet and Neumann problems are not
continuous, the uniqueness results are still valid, in a sense, but are more difficult to
obtain. However, the student is cantioned that on an unbounded region we do not
have uniqueness. For example, let A be the upper half plane. Then w(z,y) = =
and s = 2 + y have the same boundary values (at y = 0) and are harmonic but
are not equal. To recover uniqueness for unbounded regions. a “condition at oc”
must also be specified: “u bounded on all of A” is such a condition. Some of these
conditions will be illustrated in the examples that are integrated into this section.

The Dirichlet and Neumann problems can also be combined; for example, u can
be specified on one part of the boundary and du [On can be specified on another.

Method of Solution The basic method for solving the Dirichlet and Neumann
problems in a given region A is as follows, Take the given region A and transform
it by a conformal map to a “simpler” region B on which the problem can he solved.
This procedure is justified by the fact that under a conformal map f, harmonic
functions are transformed again into harmonic functions (see Proposition 5.1.3).
When we have solved the problem on B, we can transform the answer back to A.

For the Dirichlet problem, we are given the boundary values on bd(A), which
pet mapped to the corresponding boundary values on B. (We assume that the
conformal map f is defined on the boundary.) The specification of du/dn is a bit
more complicated. However, the special case Ou/dn = 0 is easy to understand. Let
wo f = ug be the solution we seek: that is, ug(a, y) = u(f(@.y)) (see Figure 5:3.2}.
Then we claim that dug/dn = 0 iff du/dn = 0 on corresponding portions. This
follows because dug/On = 0 and du/On = 0 mean that the conjugates are constant
on those portions, and if v is the conjugate of u, then vo f = vg is the conjugate
of g, which proves the claim. These are the only types of boundary conditions for
i /on that will be dealt with in this text.

To use this method we need to be able to solve the problem in some simple
region B. We already saw in §2.5 that the unit disk is suitable for this purpose
because in that ease we have the Poisson formula for the solution of the Dirichlet
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Figure 5.3.2: Transformation of harmonic functions.

problem. However, we can sometimes get more explicit solutions than those yielded
by that formula.

The following situation is used to illustrate the method and will be used in
subsequent examples. We consider the upper hall plane H and the problem of
finding a harmonic function that takes the constant boundary values ¢; on the
interval | — oc, 2y [, the value ¢; on |z, Ealy ey a0d ¢, 00 Ty, 00| wherez) <35 €

< ., are points on the real axis. We claim that a solufion is given by the
standard upper half-plane solution:

. 1 .
w(zy) = cn + ;[(r:f,_ 1 —Cp)bn+ oo+ (€o —e1)0y]

i

where #y,... .0, are as indicated in Figure 5.3.3; 0 < 0; < .

o

Figure 5.3.3: Solving this Dirichlet problem in the upper half plane.

To see this, note that u is the real part of the analytic function

l . .
G ;[{c:n._; —en)log(z — 2y) + ...+ (cg — 1) log(z — 1))
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Also, on Jz;, @41 [, u reduces to ¢;. (The student should check this.) As mentioned
previously, the Dirichlet problem does not have a unique solution, so the guestion
arises: Why was this solution chosen? Another solution could have been obtained
by adding u(x.y) = y to the previous solution. The answer is that the u that is
given by the standard upper half plane solution is bounded (Why?) and this answer
is physically reasonable in many examples.

Thus if a problem can be transformed to the one described by Figure 5.3.3. we
can nse the standard solution. This will be done in the examples in this section.

Heat Conduction Physical laws tell us that if a two-dimensional region is main-
tained at a steady temperature 1' (that is, a temperature not changing in time,
accomplished by fixing the temperature at the walls, or by insulating them), then
T should be harmonic.”

The negative of the gradient of 7' represents the direction in which heat flows.
Thus, by using Proposition 1.5.13, we can interpret the level surfaces of the har-
monic conjugate @ of T as the lines along which heal flows and the temperature is
decreasing. Lines of constant T' are called isotherms; lines on which the conjugate

@ are constant are called flux lines (Figure 5.3.4).

rad T

~ Lines of constant T

Lines of constant ¢ = flux lines

Figure 5.3.4: Heat conduction.

4This is a consequence of conservation of energy and Gauss’ Theorem. The heat Hows in the
direction of the vector ficld = £V 1'(s = conductivity) and the energy density is cpT (e = specific
heat, p = density). Then the law of conservation of energy states that the rate of change of energy
in any planar region V' eguals the rate at which energy enters V' that is,

d T
— / el dy = — [ ~&¥VT  nds.
i Sy Jhed v

By Gauss' Theorem, this condition is equivalent to

i -
—(epT) = V=T,
et

If ¢, p, T are independent of ¢, we conclude that T'is harmonic: VI =10,
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Thus, to say that T is prescribed on a portion of the boundary means that
the portion is maintained at a preassigned temperature (for example, by a heating
device). The condition d7'/8n = 0 means that the flux line (or — grad T)) is parallel
to the boundary: in other words, the boundary is tnsulated. (No heat flows across
the boundary.)

Example 5.3.1 Let A be the first quadrant; the x axis is maintained at T = 0
while the y axis is maintained at T = 100. Find the temperature distribution in A.
( Physically, the region may be approzimated by a thin metal sheet.)

Solution We map the first quadrant to the upper half plane by z — 2* (Figure
5.3.5).

-1

Figure 5.3.5: Map the region A to the upper half plane.

It is physically reasonable that the temperature should be a bounded function
otherwise we would obtain arbitrarily high (or low) temperatures. Therefore, we
use the standard solution in the upper half plane:

l 100 ,
wle,y) = ?-;(]l‘.'ﬂarg )= = T (:’;") .

Thus, the solution we seek is
ug(z, y) = ul flz, y))

where f(z,y) = 2z = 2% — Y2 4 2ixy = (22 — 32, 2zy). Hence

LOE) 21
up(x,y) = = tan™! (.I.z _J;;z)

is the desired answer. It is understood that tan™' is taken in the interval [0~
Another form of the answer may be obtained as follows:

. 100 5 200 200 :
ug(z,y) = u(z?) = — arg(2*) = —argz = tan™" (E) .
s T 7 x

The isotherms and flux lines are indicated in Figure 5.3.6.

Example 5.3.2 Let A be the upper half of the unit disk |z| < 1. Find the tempe-
ature inside if the circular portion s insuloted: T =0 for 2 > 0 and T' = 10 “o»
a < O on the real azis.
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Figure 5.3.6: Isotherms and fiux lines for Example 5.3.1.

Solution For this type of problem where there is a portion of the boundary where
OT /On = 0 (insulated). it is convenient to map the region to a half strip. This can
be done for A by means of log z (using the principal branch): see Figure 5.3.7 (and
Figure 5.2.11(viii)).

Figure 5.3.7: Mapping the semicircular region A to the half strip B in Example
5:32.

For the strip B we obtain, by inspection, the solution

10y

To(z.y) =
(Note that along the y axis d15/dn = 9Ty /0 = 0.) Thus, our answer is
. 10 i
T(z.y) = To(log(z +iy)) = — tan™’ (?y) .

Electric Potential In physics we learn that if an electric potential ¢ is deter-
mined by static electric charges, ¢ must satisfy Laplace’s equation (that is, be
harmonic). The conjugate function @ of ¢ is interpreted as follows: Lines along
which ® is constant are lines along which forces act on test charges and are called
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flue lines. Tangent vectors to such lines are —grad¢ = E. called the electric
field (see Fignre 5.3.8). Thus the flux lines and the equipolential lines (lines of
constant ¢ ) intersect orthogonally.

- Lines of constant @

_— Lines ol constant ¢

Figure 5.3.8: Electrical potential.

The Dirichlet problem arises in electrostatics when the boundary is maintained
at a given potential (for example, by means of a battery or by grounding).

Example 5.3.3 Consider the unit circle. The electric potential is maintained at
& = 0 on the lower semicirele and al ¢ = 1 on the upper semicirele. Find ¢ inside.

Solution We can apply our general procedure for the Dirichlet problem by map-
ping the unit disk to the upper half plane. This may be done, for example, by the
fractional linear transformation given in Figure 5.2.11(vi). See Figure 5.3.9.

With

; c EEda 1G4 Lebny
UESS OSSR o 357 o Ty
we have ; ;
2y g b—a% oy
Hfe— —re &n = —;
T o)A P (x—1)2 + 2

As with temperature, it is physically reasonable that the potential be bounded. W
can use the standard solution on the upper half planc:

: 1 . 1 (v 1 v
dglu,v) =0+ — (1 —0) tan (—) =—fan " —
™ T m u

The solution on the unit disk is then

] 2% g — )
ol y) = oo [z, y) = dolu.v) = = tan ' (9—) :

2y
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Figure 5.3.9: The conformal mapping used to solve a Dirichlet problem on the disk.

The values of the arctangent must be taken between 0 and m. The equipotential
lines and flux lines are shown in Figure 5.3.10.

This example could also be solved by using Poisson’s formula. The two answers
would be equal, although this would not be obvious from their form. 4

Flax lines N

Equipotential lines

Figure 5.3.10: Equipotential and flux lines for the potential.

Example 5.3.4 The harmonic function ¢(z) = (Q/2m)log |z — 20| + K for a con-
stant K, which is the real part of (Q/2m)log(z—z0)+ K, represents the potential of a
charge Q located at zy. (This is because ¢ is a radial field such that if E = — grad ¢
is the electric force field, then the integral of E-n around a curve surrounding zo 19
Q by Gauss’ Theorem).” The constant K may be adjusted to make any convenient

5This is the potential for a charge in the plane. Tn space it corresponds to the potential
produced by a charged line.
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place such as infinity or some grounded object have potential 0. (This is reasonable
since only the force E is observed, and it is not affected by changing K.) Sketeh
the equipotential lines for two charges of like or opposile signs.

Solution The potential of two charges is obtained by adding the respective poten-
tials. Thus two charges € > 0 located at z; and zp have the electrostatic potential
(Q/2x) log(|z — z1||2 — 22|): a charge @ > 0 at 2, and a charge —@ at 2z have po-
tential (QQ/27) log(|z — z11/|z — 22/|). The equipotential lines are sketched in Figure
5.3.11. The curves ¢ = constant in the drawing on the left are called lemmniseates; in
the drawing on the right they are called circles of Apollonins. The lines of force are
the family of circles orthogonal to them that pass through the two points. Together
they form the Steiner circles discussed in Exercise 35 of §5.2. ¢

g
Lol
&

x —z,| = constant-lz —

Lines of foree

|z — 5]+t — 25]= constant

Figure 5.3.11: The field of like charges (left) and the field of opposite charges (right),

Example 5.3.5 Suppose a point charge of +1 is located af zy = % and the unit

circle is a grounded conductor maintained al potential 0. Find the potential at every
point z # zn inside the unit circle.

Solution 1. The function f(z) = (2z — 1)/(2 — z) maps the unit disk D to
itself taking 2z = £ to 0. The function u(z) = (1/27)log|z| is a solution on the
image disk (point {.-Lharge of +1 at 0 and 0 potential around the unit circle). Thus
olz) = u(f(2)) = (1/2m)log|(2z — 1)/(2 — z)| solves the original problem. (See

Figure 5.3.12.)

Solution 2. We give a second solution that illustrates the method of reflection in
a circle from §5.2 and an interesting idea from electrostatics called image charges
We need a field ¢ inside the unit disk D that has the unit circle C as an equipotential
curve. The electric force lines must be a family of curves ending at zp that cross (
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Figure 5.3.12: The conformal map f shifts the point charge from zp = % to 0.

at right angles. This can be accomplished by placing an artificial “image charge”
of —1 at the reflection 3 of 2y in C. As in the last example, the electric force lines
for such a pair of charges are the family of circles through zy and Z,. We know
from §5.2 that these cross C' at right angles as desired. See Figure 5.3.13.

¥
4
|

e X

Figure 5.3.13: Reflection and image charge.

With charges of +1 at zy = 1 and —1 at Zy = 2, we have

.
PRV Qe WY K o e
b2} = —loglz— =| — = log|z —
' or VBT gl T 5 06
1 z—.l
= — log 214K
o B z—2‘+
1 22— 1 1
- los i S,
Q?Tlob 2—.‘ 2T .ot

Setting the constant K to (1/27)log?2 makes the potential 0 around C and gives
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the same answer as the first solution. ¢

Hydrodynamics If we have a (steadv-state) incompressible, nonviscous fluid,
we are interested in finding its velocity field, V{(z,y). From vector analysis we
know that “incompressible” means that the divergence divV = 0. (We say V is
divergence free.) We shall assume that V is also a potential flow and hence
is eirculation free; that is V = grad ¢ for some ¢ called the velocity potential.
Thus, ¢ is harmonic because V2¢ = div grad ¢ = divV = (. Thus when we solve
for ¢ we ¢an obtain 'V by taking V = grad ¢.

The conjugate ¢ of the harmonic function ¢ (which will exist on any simply
connected region) is called the stream function, and the analytic function F =
&+ 4i) is called the complex potential. Lines of constant ¢ have V as their
tangents (Why?). so lines of constant ¢ may be interpreted as the lines along which
particles of fluid move; hence the name stream function (see Figure 5.3.14).

: v Streamlines

yr = constant -~\

Ty
'~
~
,

0= r:f.m:stunt—-""\\

—ae

Figure 5.3.14: Fluid Aow.

The natural boundary condition is that V should be parallel to the boundary
(The fluid flows parallel to the walls.) This means that de/dn = 0, s0 we are led
to the Nemmann problem for ¢.

Let us again consider the upper hall plane. A physically acceptable motion i-
obtained by setting V(r,y) = o = (a.0) or o{z,y) = axr = Re(wz). where a is
real. The How corresponding to V' is parallel to the z axis, with velocity «v. Notics
that now ¢ is not bounded: thus the behavior at oo for fluids, for temperature, an
for electric potential is different because of the different physical ciremmstances (s
Figure 5.3.15).

Thus, to find the flow in a region we should map the region to the upper hall
plane and use the solution é(x, ) = ax. We can specify o as the velocity at infinin
It should be clear that if f is the conformal map from the given region to the uppes
half plane, the required complex potential is given by F'(2) = af(z).
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e

Velority €

-

Complex potential = oz

Figure 5.3.15: Flow in the upper hall plane,

Example 5.3.6 Find the flow around the upper half of the unit circle if the velocity
is parallel to the x axis and is o al infinity.

Solution We shall map the exterior of the given region to the upper half plane.
Such a conformal map is z — z + 1/z (Figure 5.3.16). Thus, Fy(z) = ez is the
complex potential in the upper half plane, and so the required complex potential is

P e

Figure 5.3.16: Effect of 2z — 2+ 1 Sz

It is convenient to use polar coordinates r and @ to express ¢ and 1. Then we

get

: 1 1
o(r, f) =« ('r — —) cosf) and w(r.f) =« ('r - —) sinf.
=

T

A few streamlines are shown in Figure 5.3.17.

Note: By slightly modifying the transformation 2 — 2 + 1/z by the addi-
tion of appropriately chosen higher-order terms, the half cirele can be replaced by
something more closely resembling an airplane wing: these are called Joukowski
transformations. ¢
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)
!
¥ = constant —_ i
ﬁ \ A ! |
i 1 [ |
_—1‘//4"_//1_“ ! [}
1
.. \f‘_s:’h
\ ' i Velocity
i f *
!
I"'.
— @ = constant
il
Figure 5.3.17: Streamlines for How around a cylinder.
Exercises
1. Find a formula for determining the temperature in the region with the indi-

cated boundary values shown in Figure 5.3.18 (left).

=~
Il
e
B

| T=0

Tnsulated

Figure 5.3.18: Find the temperature for these regions (Exercises 1 and 2).

2.* Find a formula for determining the temperature in the region illustrated in

6.

Figure 5.3.18 (right). Hinl: Consider the map 2 = sin z.

Find the electric potential in the region illustrated in Figure 5.3.19 (lefi
Sketch a few equipotential cnrves.

Find the electrie potential in the region illustrated in Figure 5.3.19 (right)

Find the flow around a circular disk if the flow is at an angle # to the a axi-
with velocity o at infinity, as in Figure 5.3.20 (left).

Suppose a point with charge +1 is located at zy = (1+4)/ V2 and the positiv:
real and imaginary axes (boundaries of the first quadrant A = {2z | Re 2
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Figure 5.3.20: Flow around a disk (Exercise 5) and in a wedge (Exercise 7).

and Tmz > 0}) are a grounded conductor maintained at potential 0. Find
the potential at every point 2 +£ z; inside the region A.

7 Obtain a formula for determining the flow of a fluid in the region illustrated
in Figure 5.3.20 (right). (The velocity at oc is &)
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Review Exercises for Chapter 5

E

o

6.

10.

Consider the map z — z%. On what scts A € C is this map conformal (onto
its image)?

Verify direetly that the map 2 — 2" preserves the orthogonality between rays
from 0 and circles around 0.

Find a conformal map that takes the unit disk onto jtsell and maps /2 to 0.

Find a conformal map of the unit disk onto itself with f(§) = ~1 and f'(1) >
(.

Find a conformal map that takes the region
A = {z such that [z — 1| > 1 and |z — 2| < 2}

onto B={z|0<Rez< 1}.

* Let zq,29 € C and a € B, where a > 0. Show that

defines a circle and 2, 2o are inverse points in that circle (that is, they are
collinear with the center zg and |23 — zp| + |29 — 29| = p? where p is the radins
of the circle).

Examine the image of the set {z € C | Tmz > 0,0 € Rez < 7/2} under
the map z — sinz by considering it to be the composition of the maps z
e,z z—1fz 2+ z/24.

Let f: A— B be a conformal map, let v beacurvein 4, and let ¥ = fo~.
Show that

b
3= [ 116 .

If f preserves the lengths of all curves, argue that f(z) = ¢z + a for some
a € C and for @ € [0, 2]
Find a conformal map that takes the set

A = {z such that |z —i| < 1}

onto B = {z such that |z — 1| < 1}.
Show that the function f(z) = (2 — 1)/(z + 1) maps the region
A = {z such that |z| > 1 and |z — 1| < 2}

one-to-one onto the set B = {z |0 < Rez < 3}.
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ik

16.

i

18.

The region A in Exercise 10 is bounded by two circles, as is the region {z |
1 < |z| < 2}. Can a conformal map from this region to B be accomplished
by a [ractional linear transformation? If so, display the function. If not, why
not?

. Let T(z) = (az + b)/(¢z + d). Show that T(T(z)) = 2z (that is; T 0T =

identity) if and only if @ = —d or T'(z) = z for all 2.

. Ts it possible to find a conformal map of the interior of the unit circle onto its

exterior? Is f(z) = 1/z such a map?

. Find a conformal map of the guarter plane A = {2z | Rez > 0 and lm z > 0}

one-to-one onto the unit disk which takes 1+ to 0 with positive derivative
i

. Let £y and F, be conformal maps of the unit disk onto itself and let Fy(zg) =

< 1. Show that there is a # € [0, 27 such

Fy(zg) = 0 for some fixed 2, |z0
that Fy(z) = € Fy(2).

Suppose f is a conformal map of the upper half plane one-to-one onto itself
with f(—=1) = 0, f(0) =2, and f(1) = 8. Find F(2).

Give a complete list of all conformal maps of the first quadrant A = {2 |
Rez > 0 and lmz > 0} onto itself. (Suggestion: See Exercise 18 in §5.2.)

Describe the region A = {z such that |(z + 3)/(z — 1)| < 3}. Hint: f(z) =
(z43)/(2 — 1) takes what points to the circle jw| = 37

. Find a conformal map that takes the region in Figure 5.R.1 to the upper half

plane. Use this map to find the clectric potential ¢ with the stated boundary
conditions. Hint: Consider a branch of z — v/22 — 1 after rotating the figure
through 90°.

T

Figure 5.R.1: Boundary data for Exercise 19.

920.* Find the flow of a fluid in the region shown in Figure 5.R.2 (left).
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Figure 5.R.2: Regions for Exercise 20 (left) and Exercise 21 (right).

21. Use Exercise 19 to find the fluid flow over the obstacle in Figure 5.R.2 (right)
and plot a few streamlines.

22. Let B be the open first quadrant, that is, B = {2 | Rez > 0 and Im z > 0},
andlet S={z|0<Imz < 7}

(a) Find an analytic function that maps B one-to-one onto S.

(b) Find a function u harmonic on B and continuous on the closure of B
except at (0,0) that satisfies u(x) =0 and u(iy) = 7 for y > (.

23. Find the electric potential in the region shown in Figure 5.R.3.

. P

Figure 5.R.3: Boundary data for Exercise 23.

24. Suppose a point charge of +1 is placed at zy = ¢ in the upper half plan
and the real axis is a gronnded conductor maintained at constant potentis
0. Find the potential at every point z # i in the upper half plane.

26. Use the Schwarz-Christoffel Formula 5.2.11 to find a conformal map betweer
the two regions shown in Figure 5R4 (A= -1.B=1,B"=10.)
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Figure 5.R.4: Regions for Exercises 25 and 26.

96. Use Exercise 25 to find the flow lines over the step in the bed of the deep
channel shown on the right in Figure 5.R.4.

97. Find the temperature on the region illustrated in Figure 5.R.5 Hint: Use
L =1
=+ 811 .

Figure 5.R.5: Boundary data for Exercise 27.

28. Let g, be a sequence of analytic functions defined on a region A. Suppose that
5% | |gn(z)| converges uniformly on A. Prove that S g (2)] converges
uniformly on closed disks in A.

Cx:
cOs T
T—d’x.
g *¢43

30.® Let f be analytic on the set C\{0}. Suppose that f(z) — o0 as 2 — 0 and
f(z) — oc as z — oo. Prove that f can be written in the form

29. Evaluate by residues:

f(z) = %+...+~E}+c@+dlz+...+dszi

e

for constants ¢; and d,.

-
st

IS ana™ has radius of meergence p. what is the radius of convergence of
oo e il ? .,ﬂ-'?
Z —0 @n< Of Er{.— :

39. Find the Laurent expansion of f(z) = z1/(1—2%) that is valid on the annulus
1< |2l <00
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Chapter 6

Further Development of the
Theory

This chapter continues the development of the theory of analytic functions that
was begun in Chapters 3 and 4. The main tools we will use in this development
are Tavlor series and the residue theorem.

The first topie in this chapter is analytic continuation, that is. the attempt to
make the domain of an analytic function as large as possible. Further investigation
in the theory of analytic continuation leads naturally to the concept of a Riemann
surface, which is briefly discussed in §6.1. Additional properties of analytic func-
tions are developed in subsequent sections. Some of these properties deal with such
topics as counting zeros of an analytic function; others are peneralizations of the
Inverse Funetion Theorem 1.5.10.

6.1 Analytic Continuation and Elementary
Riemann Surfaces

The first theorem in this section is called the Principle of Analytic Continuation,
also referred to as the Identity Theorem. This theorem and its proof lead to a
discussion of Riemann surfaces. which facilitates a more satisfactory treatment of
what were previously referred to as “multiple-valued functions.” such as log z and

Jz.

Analytic Continuation The basic idea is that if two analytic functions agree
on a small portion of a (connected) region, then they agree on the whole region on
which they are both analytic. This is stated precisely in the following theorem.

Theorem 6.1.1 (Principle of Analytic Continuation —Identity Theorem)
Let f and g be analytic in o region A. Suppose that there is @ SEqUENCE 21,32, 23, .
of distinct points of A converging te 2 € A, such that f(z,) = g(zn) for all

365
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g ] DB Then f = g on all of A (see Figure 6.1.1). The conclusion is valid,

in particular, if f = g on some neighborhood of some point in A.

-

Figure 6.1.1: ldentity Theorem: If f = g at all the points 2z, 29,..., then f(z) =
g(z) for all z € A.

Proof Let h(z) = f(z) —g(z). Then h is analytic on A and h(z,) = 0 for each n.
We want to show that k(z) = 0 for all z in A. Corollary 3.2.10 on local isolation
of zeros of a nonconstant function tells us that fi(z) = 0 on some open disk around
zy. The connectedness of A will enable us to extend this conclusion to all of A. To
this end, let B ={z € A | h is 0 on a neighborhood of z}. Then B is a nonempty
subset of A since z5 € B. If w € B, then h = 0 on an open disk around w
contained in A4 and hence on a neighborhood of each point of that disk. Thus, that
disk is contained in B. Therefore, B is an open subset of A. On the other hand.
suppose i, wg, s, ... are distinct points in B converging to a point z in A. Then
I(uy) = 0 for each k and, since A is open, 2 is interior to A. Corollary 3.2.10
applies again to show that £ is 0 on a neighborhood of z. Thus z € B. This shows
that B is closed relative to A.

We have thus shown that the subset B is both open and closed relative to A and
is not empty. Since A is connected, we must have B = A (see Proposition 1.4.13)
Thus, h(z) =0 for all z in A as required. W

For example, this shows that there is exactly one analytic function on C that
agrees with e” on the & axis, namely, e*, because the r axis contains a convergenr
sequence of distinet points (for example, 1/n).

Notice that it is vital that 4 be connected. If A consisted of two disjoint disks.
the function which were 0 on one of them and 1 on the other would agree with th:
zero function on one part of A but not on the other. Recall that for us, a regior
means an open connected subset of C. Corollary 3.2.10 on the local isolation of
zeros now extends to a global form on connected sets. We formulate this in the
following corollary.

Corollary 6.1.2 The zeros (or, more generally, points where o specified value v
18 assumed) of a nonconstant analytic function are isolated in the following sens
If f is analytic and not constant in a region A and f(zy) = wy for a point 2
A, then there is @ number € > 0 such that f(z) is not equal to wy for any z in 14
deleted neighborhood {z | 0 < |z — zp| < €}.
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Proof If there were no such e, then f would agree with the constant function
defined by h(z) = wy at least on a sequence of points converging to Z. But then
it would agree with h everywhere on A by the ldentity Theorem 6.1.1 and so be
constant, W

There can be a limit point of zeros on the boundary of the region of analyticity.
(This is illustrated in Worked Example 6.1.11 with the function sin(1/z).) The
Identity Theorem says that a nonconstant function cannot have a limit point of
zeros in the interior of the region of analyticity.

Corollary 6.1.3 Let f: A — C and g : B — C be analytic on regions A and B.
Suppose that ANB # @ and [ =g on AN B. Define

_ | fz) ifzeAa
h(z)_{g(::} if2€B

Then h is analytic on AU B and is the only analytic function on AU B egualing f
on A (or g on B). We say that h is an analytic continuation of f (or g) (see
Figure 6.1.2).

Figure 6.1.2: Analytic continuation.

Proof That h is analytic is obvious becanse f and g are. Uniqueness of h results
from the Identity Theorem and from the facts that AU B is a region and that ANB
isopen. W

Analytic continuation provides a method for inereasing the domain of an an-
alytic function. However, the following phenomenon can occur. Let f on A be
continued to a region A; and let Ay be as pictured in Figure 6.1.3.

If we continue f to be analytic on Ay, then continue this new function from A, to
Ao, the result need not agree with the original function f on 4. A specific example
should clarify this point. Consider log z, the principal branch (-7 < argz < )
on the region A consisting of the right half plane union the lower half plane. The
log function may be continued uniquely to include Ay = the upper half plane in
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§

Figure 6.1.3: Continuation of a function from A to A; and from A; to As.

its domain. Similarly, we can continue the log again from the upper half plane
so as to include A, = the left half plane in its domain by choosing the branch
0 < arg z < 27. But these branches do not agree on the third quadrant; they differ
by 2w (see Figure 6.1.4). Therefore, in continuing a function we must be sure
that the function on the extending region B agrees with the original on the whole
intersection A N B and not merely on part of it.

4
4

Figure 6.1.4: Continuing the log.

It is not always possible to extend an analytic function to a larger domain. The
reader is asked in Exercise 5 to confirm that the power series > 2™ converges
to an analytic function f(z) on the open unit disk but that this function canno:
be analytically continued to any larger open set. The unit circle is called a naturs
boundary for this function. In the next two subsections we will examine technigues

by which analytic continuation may sometimes be accomplished.

Schwarz Reflection Principle There is a special case of analytic continuatios
that can be dealt with directly as follows.
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Theorem 6.1.4 (Schwarz Reflection Principle) Let A be a region in the upper
half plane whose boundary bd(A) intersects the veal azis in an interval [a, bl (or
finite union of disjoint intervais). Let f be analytic on A and continuous on the set
AU]a,bl. Let A* ={z |7 € A}, the reflection of A (see Figure 6.1.5), and define
g on A* by g(z) = f(Z). Assume that f is real on la,b]. Then g is analytic and is
the unique analytic continuation of [ to AUla,b[U A*.

Figure 6.1.5: A* is the reflection of A.

Proof Uniqueness is implied by the Identity Theorem since AU |a, b[ LU A* is con-
nected and any such extension must agree with f on the segment |a, b], which
certainly contains a convergent sequence of points logetlwr with their limit. Note
that f = g on this segment since ¥ = z = x there, and f(z) is real, so f{x) = flz) =
f(z) = g(x). The analyticity of g on A* follows from the Cauchy-Riemann equa-
tions, as established in Worked Example 1.5.19. If h is defined on AU Ja, bJ{U A* by
h(z) = f(z) on AUJa.b] and h(z) = g(z) on A*, then h is analytic on AU A" and
continuous across the mutual boundary Ja, b| since f = g on the real axis. Analyt-
icity on the whole set follows from Morera’s Theorem 2.4.10, as was established in
Worked Example 24.17. R

This result is remarkable in that we required only that f be continuous and real
on Ja, bl. Tt followed automatically that f is analytic on |a, b] when continued across
the real axis. To help see that g (and thus k) is analytic on A", consider the map
in three steps:

3% Zres f(Z) FE) v }_(E_:‘

The middle map is conformal; the first and last are anticonformal in the sense that
they reverse angles. Since angles are reversed twice, the net result is to preserve
angles. The whole map is thus conformal.
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A related reflection principle can be formulated using circles in place of the real
axis and replacing complex conjugation by reflection in the circle. The Schwarz
Reflection Principle 6.1.4 is a special case if lines are treated as circles of infinite
radius, as in Chapter 5.

Theorem 6.1.5 (Schwarz Reflection Principle for a Circle) Let A be a re-
gion in the interior or exterior of a circle O (or on one side of a line) with part of
its boundary an arc y of Cy. Suppose f s analytic on A and continuous on AU~y
and f(v) is an arc T of another circle (or line) Cy. Lel A={z]|z€ A} be the
reflection of A in C and define g on A by

glz) = IEJ

(the last ~ denotes reflection in Ca.) Then g 1s analytic and is the unigue analytic
continuation of f to AU~y U A.

Proof We assume A is interior to C; and f(A) is interior to C5. The other cases
are similar. Let T,,i = 1,2, be fractional linear transformations taking C; to the
real axis and their interiors to the upper half plane. For w in T\(A), the function
h(w) = To(f(Ty ' (w))) is analytic and by the Schwarz Reflection Principle 6.1.4,
h(w) gives an analytic continuation to Tj(A)". Using the facts that fractional linear
transformations preserve reflection in circles (Proposition 5.2.7) and that complex
conjugation is reflection in the real axis, we find that

)] = T3 (AT (2)),

s0 is an analytic continuation of f. (See Figure 6.1.6.) W

Figure 6.1.6: Analytic continuation by reflection.
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An argument similar to that used to establish Worked Example 2.4.17 and
the Schwarz Reflection Principle from Morera’s Theorem is used to establish the
following.

Theorem 6.1.6 (Analytic Continuation by Continuity) Let A and B be dis-
joint simply connected regions whose boundaries intersect in a simple smooth curve
4. Let C = A U (interior v) U B (where interior v means the image af v without
its endpoints) and suppose that

(i) Each point in interior v has a neighborhood in C.
(ii) f is analytic in A and continuous on A U 7.
(iii) ¢ is analytic in B and continuwous on B U 7.

(iv) Fort ey, we have lim f(z)= lim g(z).
z—+lzEA z—t,zeB

Then there is a function h analytic on C that agrees with f on A and g on B.

Analytic Continuation by Power Series along Curves Suppose that f is
analytic in a neighborhood U of zp and that - is a curve joining zy to another point
z' (as in Figure 6.1.7).

I’

Figure 6.1.7: Continuation by power series.

If we want to continue f to z' we can proceed as follows. For z; on v in U,
consider the Taylor series of f expanded around z;:

o0 r'FI
i -0 P
T zi)™
n!
=0
This power series may have a radius of convergence such that the power series is
analytic farther along 4 than the portion of v in U. The power series so obtained
then defines an analytic continuation of f. We can continue this way along v in
hopes of reaching z’, which will be possible if the successive radii of convergence

do not shrink to 0 before we reach 2/, If we succeed, we say f can be analytically



372 Chapter 6 Further Development of the Theory

Figure 6.1.8: Continuation can lead to sell-intersections.

continued along v. However, we must be careful because the analytic continuation
of f so defined might not be single-valued if v intersects itself (as in Figure 6.1.8).

The coefficients of the power series around the new center z; can be computed in
terms of those for the Taylor series of f around the original center z,. (See Worked
Example 6.1.13). 1f 2z’ can be reached at all by this process. then it can be reached
in a finite number of steps. This is essentially because of the Path-Covering Lemma
1.4.24 (see Exercise 7). Thus, the continuation at 2’ can be computed in terms of
the original function.!

The example 3 2™ mentioned earlier shows that it can happen that there is
no direction in which a power series can be continued. Fortunately this is not
usually the case. However, there must always be af least one direction in which
continuation is not possible.

Proposition 6.1.7 Suppose that f(2) = 3" an(z — 20)" has radius of conver-
gence R < oc. Then there must be at least one pomnt 2, with |29 — 21| = R suct
that f cannot be analytically continued to any open sel contawning 2i.

Proof Let B = {z such that |z — z| < R} aund let C be its boundary circle
{z such that |z — 29| = R}. We will show that if the assertion were false then
could be analytically continued to an open set A containing the closed disk 51U
[f this were done, Worked Example 1.4.27 would show that A contains a larger dis:
B, = {z such that |z—z| < R+¢}. (See Figure G.1.9.) We would have continued
to a larger disk with the same center. This is not possible, since it implies a vadins
of convergence larger than K. (See Worked Example 6.1.12.)

To obtain A we proceed as follows. For each w on € there would be a neighbo
hood B,, of w and an analytic continuation f, of f to A,, = BUB,,. (See Figur
6.1.10.)

1A disenssion of how one carries out this computation, including its numerical aspocts, s
found in P. Henrici, Applied and Computational Complex Analysis (New York: Wiley-Interscien
1974}, Chapter 3.
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Figure 6.1.9: If 4 is an open set containing B and its houndary, then A contains a
slightly larger disk.

Figure 6.1.10: The set A, = BU By,

Then A = (union of all the A,,) would be an open set containing B U C. We try
to define a continuation of f to A by setting g(z) = fu(z) for z in A,,. If this makes
nunambiguons sense it will eertainly be analytic on A since [, is analytic on A,,. For
¢ to make sense we need to know that if 2 is in Ay, M Ay, then [y, {7} = Fulz].
But this is true. The two functions are both analytic on the region A,, M A,, and
they are both equal to f on the open set B C Ay, N Ay,. Theretore they must
agree on the whole region. by the Identity Theorem. Thus the definition of g makes
sense. Tt does not depend on which A,, we happen to select contaiming 2. w

Consequently, the radius of convergence of an analytic continuation is largely
independent of the method used to obtain it. This agrees with what we saw in
Chapter 3, namely that the radius of convergence is the distance to the nearest
unavoidable singularity,

Proposition 6.1.8 Suppose [ is analytic on a neighborhood of a point zg of a
region A and that f can be analytically continued along every curve Joining zo to
every other point zy of A, Then the radius of convergence of the Taylor series at 2
for cach such continuation to zy is the same and is al least us great as the distance
from zy to the complement of A.
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Proof Suppose not. Then by extending the curve radially from 2z, to any point
on the circle of convergence, the continuation could be analytically continued still
further in every direction from z;, contrary to Proposition 6.1.7. W

This proposition does not claim that the continuations are all the same. They
might not be, as the example of the logarithm shows. We may merely obtain local
functions defined on disks but they need not agree on overlaps. This construction is
one basic way in which multiple-valued functions arise. A point is called a branch
point if analytic continuation around a closed curve surrounding it can produce
a different value upon return to the starting point. The following result says that
multiple-valued funetions do not arise from continuation along curves in simply
connected regions.

Proposition 6.1.9 (Monodromy Principle) Lel A be simply connected and lel
2z € A. Let [ be analytic in a neighborhood of zg. Suppose thal [ can be analytically
continued along any arc joining zy to another point = € A, Then this continuation
defines a (single-valued) analytic continuation of f on A.

Proof We need to show that if z; is another point of A, then the process of
continuation along a curve ~+ from zy to z; through A will always produce the same
value at z; regardless of what curve is nsed. To this end, let 4y and 7; be two eurves
from zp to z; in A. Since A is simply connected, they are homotopic with fixed
endpoints in A. That is, there is a continnous function H : [0, 1] x [0, 1] — A from
the unit square into A such that H(0,t) = yo(t), H(1.t) = (1), H(5,0) = 2y, and
H(s,1) = z; for all s and ¢ between 0 and 1, inclusive. The functions v,(t) = H(s. (]
are a family of curves from 25 to z; in A deforming continuously from ~y to 3. Sec
Figure 6.1.11.

Figure 6.1.11: Homotopy between v, and ;.

There is an analytic continuation f, of f from zy to z; along each curve -,
We will show that f<(z)) cannot change as s is shifted continuously from 0 to
and therefore that fo(z1) = fi(21). This is exactly what we need to establish &
theorem.
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The image of the square is a closed bounded subset of A. Thus by the Distance
Lemma 1.4.21, it lies at a positive distance p from the complement of A. By Propo-
sition 6.1.8, the radius of convergence always remains at least p as we analytically
continue [ along any of the curves vs. By the Path-Covering Lemma 1.4.24 the
continuation along any . may be completed to z; in a finite number of steps using
disks of radius p. For each s this procedure produces an analytic continuation of f
to a function f, analytic on a “tnbe” A, around ~,, as in Figure 6.1.12.

Figure 6.1.12: Bach ~,, ., 18 contained in A, .

With a bit of care we can select a finite number of points 0 = sp < §; < 82 <
< sx5 = 1 and the values of ¢ defining the centers of the disks making up the
tubes A, close enough together that v, is contained in the preceding tube Ag,
and in the succeeding tube A, ,. This is done using the nniform continuity of
H. as in the proof of the Deformation Theorem 2.3.12; see, in particular, Figure
2.3.14. The functions f,, are each analytic on the region A, N A, ., and agree
on the open set D(zg;p) C As M Agjpyy SO they agree on the whole region by
the Identity Theorem. In particular, fy, (21) = fsey.(21), 80 Jo(z1) = Ja(21) =
fe,(21) = ... = fan(z1) = fi(21). The continnation of [ along 4o to 21 agrees with
that along 4 to z; at the point z;. This is what we needed to show. W

For nonsimply connected regions, we can get different values for the continuation
of f when we traverse two different paths. This fact was already mentioned at the
beginuing of this section in connection with log 2. For example, in Figure 6.1.13,
starting with log defined near 1 and continuing along 7, we get log(—1) = i,
whereas along o, we get log(—1) = —mi. This is because the region C\{0} is not
simply connected.

Riemann Surfaces of the Log and Square Root Functions The phenomenon
just described leads one to ask if there is a definition of log that does not introduce
any artificial branch lines (which, after all, can be chosen arbitrarily). The answer
is given by a brilliant idea of Georg Riemann in his doctoral thesis in 1851 that is
briefly deseribed here.



376 Chapter i Further Development of the Theory

7

log z defined near z = 1

Figure 6.1.13: Continuation of log z along two different arcs from 1 to —1.

For the logarithm, if logz is to be single-valued, we should merely regard
and v in Figure 6.1.13 as ending up in different places. This can be pictured as in
Figure 6.1.14.

Figure 6.1.14: Riemann surface for log z.

Only a core of the spiral staircase M, with axis over the origin. is shown
should have infinite extent laterally. If we cut from 0 outward at any level anc
the one directly below it, we get a part of the surface called a sheet, the shade
portion in Figure 6.1.14. This shaded portion can be identified with the domea:
for a branch of log. Thus we have stacked up infinitely many copies of the comples
plane C joined through 0 and glued together as shown in Figure 6.1.14. The arc
~ and vy now go to different points so we can assign different values of log =
each without ambiguity.

The main property of this surface that enables us to define log z = log |2|+7 are -
as a single-valued function is that on this surface arg 2z is well defined, and
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different. sheets correspond to different intervals of length 27 in which arg = takes
its values. Thus, we can take care of multiple-valued functions by introducing an
enlarged domain on which the function becomes single-valued.

Let us briefly consider another example, the square root function: z s /2 =
Vret? Tere the situation is slightly dilferent from that for the log funetion. If
we go around the origin once, /2 takes on a different value, but if we go around
twice (increase # by 4). we arrive back at the same value, so we want to be at the
same point on the Riemann surface. The surface is illustrated in Figure 6.1.15.

L Sheet 1

Figure 6.1.15: Riemann surface for /z.

Though the sheets in this fisure appear to intersect, they are not snpposed to.
At fault is our attempt at visualization in R*. One can consider the Riemann
surface to be in B* or C2. Figure 6.1.15 is a picture of its “shadow” in B, Here is
another way to think about how the surface is related to analytic continuation. Let
v be the unit circle traveled twice counterclockwise by letting ¢ change smoothly
from 0 to 47 in () = e'. Then f(t) = ¢*/? gives a smoothly changing square root
for 4(¢). At the start, 4(0) =1 and f(0) =1 = T

As we make the first transit around the circle, y(£) sucecessively hits points 3. €,
and D, namely the points i, —1 and —i. and the function f(#) hits the corresponding
points on the image circle. At t = 2. the curve ¥(t) has returned to 1, but f(f)
has reached the other “square root.” —1.

In the second transit around the circle, v(f) revisits the points it hit on the first
cireuit, while f(t) goes through the other possible square roots in the lower halt
plane. At the end of the second cirenit v(4x) = 1, and f(4w) = 1 has returned to
the original value. (See Figure 6.1.16.)

Riemann Surfaces of the Inverse Cosine Function For more complicated
functions like cos™'(z) the Riemann surface can be constructed as follows. On
certain regions of C, cos 2 is one-to-one and we define cos ' (z) to be the inverse
function. The period strips defined in §1.3 are examples of such regions for ¢* and
log z. Such a region for cos z is shown in Figure 6.1.17.
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Figure 6.1.17: A region on which cos z is one-to-one.

The interior of each such strip is mapped conformally onto € minus the portions
] — 00, —1] and [1, 00| of the real axis with half planes corresponding to half strips
as shown in Figure 6.1.18. Each of the deleted portions is the image of two differen:
portions of the boundary of each strip. Each sheet of the Riemann surface is a cops
of C slit along these portions of the real axis. The surface is then constructed b
“gluing” the sheets together along these slits in such a way that half planes a:
joined in the same way as the corresponding preimage half strips.

A cross section of the surface over the circle ' = {z such that |z| = 2} might i»
diagrammed somewhat as in Figure 6.1.19. The black dots in the diagram at i«
right indicate the places on the surface over 2 and —2 where the circle € crosses ths
slits along which the sheets are glued. To construct the model, one would roll th
diagram at the right into a cylinder joining the top and bottom edges so that ti-
labels on the sheets match. Then one would stand the cylinder over the circle (7 =
that the rows of black dots are over 2 and —2. If we follow a suitably chosen curvs
winding around 1 and —1 passing sometimes between them and sometimes oves
the branch cuts, we may pass from any sheet to any other and obtain all possits

values of cos™! z.
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X
Figure 6.1.18: Construction of the Riemann surface for cos * z.
Y
oveT
\C z=2
—— B { X
-2\ -l 1/ g
z=-2
Figure 6.1.19: Cross section of Riemann surface for cos™! z over the circle |z] = 2.

Worked Examples

Example 6.1.10 Let [ be an entire function equaling a polynomaal on [0,1] on the
real wris. Show that f is a polynomial.

Solution Let f(z) = ag+ @i+ ...+ ayx™ on [0,1]. Then f(z) and gy + a1z +
oo @y 2™ agree for z € [0, 1]. and both are analytic on C (that is, both are entire).
By the Identity Theorem 6.1.1, they are equal on all of T, since [0, 1] contains a
convergent sequence of distinet points (for example, z, = 1/n). This proves the
assertiorn.

Example 6.1.11 Let f(z) = Y7 an(z2—20)" have a radius of convergence R > 0.

(a) Is there always a sequence z, unth |2s — 20| < R forn = 1,2,3,... and
|2, — 29| — R such that f(z;) — o0 f

(b) Can f be continued analytically to a disk |2 — 2| < R+ € for some € > 07
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Solution

(a) Such a sequence does not necessarily exist. Consider the series Y > | 2™ /n?
By the ratio test, the radius of convergence is

a (n+1)*%
lim |——|= lim ——— =1.
=0 (R TL— =
But for |z| £ 1 we have
L A 20 X |z|ﬁ oF 1
§ —| < E o a E — < E — < ¢
2| = B 7 = 2
1 :
I Tl 3 1 n 1 (f!

Thus | f(2)] i

is impnssib!u.

s bounded by Zl I/H“ on {z such that |z| < 1}, so f(z,;) — o0

(b) No. Suppose that there is an analytic function g on |z — 29| < R + € with
z) = f(z) for |z — 2| < R. Since f and g are analytic and agree on
|z—z2g| < R, the Taylor series of g, Y o an(z—20)", 2—2%| < R+te.
Hence the radius of convergence of the given series is greater than R, which

is impossible (since it equals B).

Example 6.1.12

(a) Suppose f is given by the power series f(z) = Y. a,(z — 20)" walid for
|z — 20| < R. Show that if |z; — 2| < IR, then the Taylor series for [ centered
il zy 18

= [k m) _
Zh;. —zl . where by = Z T-”'lrlj‘-_i_!“(Z']_a”)Tm

=\

(b) Work oul the first few terms, starting with the principal branch of logz o
z=1andz, = (1 +1)/2.
Solution

(a) By taking the Ath derivative of the series expansion for f about zp, we find
for |z — zy| < I that

f“':}(ZJ - Z (k+m)k+m—1)...(m+ 1)agtm(z —20)™
m=(}
= (k+m)l -
= Z ( | J aklm(’: z!:)?
m=0 Lo

Thus the Taylor series of f around z; is

ok . (& +m)! - "
Z i;Ff“‘jl:'?‘l_}(: [ :'J.)J‘ = Z Z WU‘J\—FIH[“] = q(;} i )

k=t fe=0 Lm=0




[
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This converges to f(z) when |z — z1| < R — |z1 — 20| but may actually have a
larger radius of convergence. If it does, then it gives an analytic continuation
of f by power series.

(b) The principal branch of log(1 + w) for |w| < 1 has the expansion

S (_])ﬂ“] 47
log(l +w) = Z .

1
n=l1

Settingw = z—1 gives logz = 300 [(=1)""*/n](z—1)", valid for |z—1| < 1.

=]

Thus ag = 0 and a, = (—1)""1/n for n > 0. Since z; — 2o = (1 —1)/2, we get

8

T U 7
b = = — ID{:',Q =t
¢ o 1) 2 2 4
o0 . e ) . M
i TR =1yt g ] f s
TP e e R M
m! m+ 1 2 : 2
=l =0
i T—i
iz _— = _ '|l
1—(1-— -E)/Q
and
o0 - T (2 S x> L)
(m42)! (=)™ fi-1 1 1—i
by = : — — m+1
o s T2 \ 2 2 > (m+1){
=0 m=l(l
1 1

= —tm, ]

2= ()

Example 6.1.13 (Conformal Maps of Annuli)® If 0 < r < 1, and we define
the annulus A, = {z | r < |z| < 1}, let €, = {z such that [z| = r}, and let
Cy = {s such that |z| = 1}, so that the closure of A, is cl(4,) = €. U A, UC).
Prove the following: Suppose 0 < 1< 1 and 0 < R < 1 and thal f is a one-to-one
analytic map of A, onto Ay that extends to a one-to-one continuous map of cl(A;)
onto cl(Agr). Then v = R and f must be one of two types: either (i) a rotation,
where there is a real constant # such that f(z) = €@z for all z m A,. or (ii) a
rotation and inversion, where there is a real constant 0 such that f(z) = re®/z for
all z i A,

(3

Solution The function f must either map C; to 'y and U, to CUg or interchange
the inner and outer circles. If the latter holds, then f(r/z) is another map of A,
onto Ap that does not interchange them. Thus, we may assume that [ takes Y

2There is a rich literature about conformal maps of regions that are not simply conuected. The
subject is complicated because there s no theorem as hroad in scope as the Riemann Mapping,
Theorem, In some sense the presence of more than one boundary component restricts the possible
maps. This example shows how to use the Schwarz Reflection Principle 6.1.4 to study the situation
for an anmilus.
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to ' and O, to Oy continuously. The extended Schwarz Reflection Principle 6.1.5
shows how to continue f analytically to a map from the larger annulus A,z onto
Ape so that the continuation is again continuous on the boundary and takes Cyz
to Crz. This process may be repeated indefinitely to extend f to an increasing
sequence of annuli

o€ Aue € Bow Tl
mapping respectively onto
Ap CAppo C A C ...

(See Figure 6.1.20.) Fach extension maps Cr2e to Cgze and the annuli between
them correspondingly.

Figure 6.1.20: Conformal maps of annuli.

Since R%™ — 0 as n — oo, we get lim, .o f(2) = 0. Thus 2 = 0 is a removable
singularity and setting f(0) = 0 serves to complete the extension of f to an analyti
function of the disk D) = {z such that |z| < 1} to itself with f(0) = 0. The extended
function satisfics the conditions of the Schwarz Lemma 2.5.7, so | f(z}| < |z| for all
2. Since O goes to C'yx. this forces B < r. The process could just as well have been
applied to f~!, which takes Ap to A,. This would give r < R, so r = R. Finall
this shows |f(z)| = |z| on each of the circles Cy2n, so f must be a rotation by the
Schwarz Lemma. W

Exercises

. (&) Let f(2) = ¢ \/z _ 1, If 2z, = 1/2mni, then 2, — 0 and f(z,) = 0, yet }

is not identically zero. Does this contradict the Identity Theorem 6.1 1
Why or why not?

(b) Ts the ldentity Theovem true for harmonic functions?
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9.* Let h(x) be a function of a real variable # € R. Suppose that h(z) =
Z:‘;G a,z". which converges for z in some interval | —n. [ around 0, where
n > 0. Prove that h is the restriction of some analytic function defined in a

neighborhood of 0.

3. Let f be analytic in a region A and let 21, 22 € A. Let f'(z1) # 0. Show that
f is not constant on a neighborhood of z3.

4. Let f be analytic and not identically zero on A, Show that if f(zo) = 0, there
is an integer k such that f(z) =0=... = 1 (z) and F® () #£ 0.

5.* Prove the following result of Karl Weierstrass. Let f(z) = B z™. Then
f cannot be analytically continued to any open sct properly containing A =
{z such that |2| < 1}. Hint: First consider z = re2™®/? where p and g are
integers.

6. Formulate a Schwarz Reflection Principle for harmonic funetions.

7.* Suppose that f can be continued analytically along a curve 7 in the manner
shown in Figure 6.1.21. Show that f can be continued by power series (in a
finite number of steps).

Figure 6.1.21: Analytic continuation of [ along a curve from zg to z,

8. Discuss the Riemann surface for /2% — 1.
9. Discuss the Riemann surface for {/z.

10. Discuss the relationship between Proposition 2.2.6 and the Monodromy Prin-
ciple 6.1.9.

11. Consider the power series Y o (—1)"z" defined in |2| < 1. To what domain
in C can you analytically continue this function?

12. Show that if f is an analytic map of {z | m < |z| < I} one-to-one onto
{z|rs < |z| < Ry}, which extends to a continuous map of {z [y < |z| < Ry}
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one-to-one onto {z | 7o < [z| < Ha}, then Ry/r1 = Ry/rs. Give a description
of all such functions.

13. Let A be a region. let f: A — C. and let v :la,bj— A be a smooth non-self-
intersecting curve with +/(f) # 0. Assume f is continuous on A and analytic
on A\y.

(a) Show that f is analytic.

(b) Use (a) to prove the Schwarz Reflection Principle.

6.2 Rouché’s Theorem and Principle of the
Argument

In this section we develop some properties of analytic functions that are used to
locate roots of equations within curves. The main tool will be the residue theorem.

Root and Pole Counting Formula The main results of this section will be
those mentioned in the title. Tt is convenient to begin with a formula that counts
the roots of an equation within a closed curve. A more intuitive version will he
given as a corollary of the following precise version.

Theorem 6.2.1 (Root-Pole Counting Theorem) Let f be analytic on a re-
gion A exeept for poles af by,... by, and zeros at ay,... . ay, counted wilh the
multiplicities (that is, if by is a pole of order k, then by is to be repeated k times
in the list, and similarly for the zeros a;). Let 7y be a closed curve homotopic to «
point in A and passing through none of the points a; or by. Then

J T m

/ I ( dz = 2mi |3 I(v:a;) =Y (b))
o f(“} i=1 =1

This root-pole counting formula applies in particular to meromorphic func-
tions, that is. functions defined on C except for poles (see §3.3). There can be onls
a finite number of poles in any bounded region, since poles are isolated.

Proof First, it is clear that ['(z)/f(z) = g(z) is analytic except at the points
@1y...  Gn.bi.... .0 Tf f has a zero of order k at ay, ' has a zero of order k — !
so '/} = g has a simple pole at a; and the residuc there is k. This is becaus
we can write f(z) = (2 — a;)*¢(2), as was shown in §3.2, where ¢ is analytic axn

@la;) # 0; therefore,

g Bm) e eaiael & 06
S (2 —a;)*o(z) (z —a;)*ed(z) T a;  @(z)
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Thus, the residue at a; is clearly k. Similarly, if b is a pole of order &, we can
write, near by,

where ¢ is analytic and ¢(b;) # 0 (see Proposition 3.3.4(iv)). Proceeding as we did
with the points @, we see that near .

so the residue is —k. By the residue theorem,

fg{z)dz = i Z;[Res(_g; a;)d(v;a;) + Z![Res(g;h{)]f(w;hy_} ;
¥ 3 l

! . b e N 4 .
where ¥ means the sum over the distinet points. Since the residne equals the
number of times a; oceurs and minus that number for the by, this expression becomes

T

2mi | > I(viay) Zf,b, . m

i=1

As its name implies, the root-pole counting formula may be used for counting
zeros and poles.

Corollary 6.2.2 Let v be a simple closed curve:

(i) If f is analytic on an open set containing v and ils wnlerior ercept for finitely
many zeros and poles none of which lie on 7y, then

/ —«—riz = 2ni(Z; — Py),
where Zy is the number of zeros of [ inside v and Py the number of poles of
f inside v each counted with their multiplicitics (orders).

(ii) Root Counting Formula If f is analytic on an open sel containing v and
its interior and [f(2) is never equal to w on 5, then

i f!{z) o R
L fmd = 2t Ny

where Ny is the number of roots of the equation f(z) = w inside v counled
with their multiplicities as zeros of f(z) —w.
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Proof Since v is simple the index of v with respect to a; is 1 if a; is inside ~ and
0 if it is outside. Theorem 6.2.1 thus gives part (i). Part (ii) follows by applying
part (i) to g(z) = f(z) —w. W

Principle of the Argument We now consider a useful consequence of the root-
pole counting theorem. For a closed curve -y and zp not on v, the change in argument
of z — zy as z traverses 7 is 27 - I(7y: 20). This is the intuitive basis on which the
index was developed; it is written A~ arg(z — z0) = 27 - I(7; 20) (see Figure 6.2.1).

-2

>

Aparg (z-z,) = 2x Ayarg (z—zy) =41

Figure 6.2.1: Change in the argument of z — zp when the two curves are traversed.

Next we want to define A, arg f, that is, the change in arg f(z) as z goes once
around ~. Intuitively, and for practical computations, the meaning is clear; we
merely compute arg f(v(t)) and let ¢ run from a to b if % : [a,b] — C, then look at
the difference arg f(y(b)) — arg f(~v(a)). We choose a branch of the argument such
that arg f(~(¢)) varies continuously with t. Equivalently, by changing variables, we
can let 4 = f o+ and compute As arg z. This leads to the following definition.

Definition 6.2.3 Let [ be analytic on a region A and let v be a closed curve i A
homotopic to a point and passing through no zero of f. We define

Aqyarg f =27 - I{fory;0).

(The index makes sense because O does not lie on foy.)

T

In examples, we can make use of our previous intuition about the index
compute A, arg f. The argument principle is as follows.

Theorem 6.2.4 (Principle of the Argument) Let f be analytic on a region
except for poles al by.... by, and zeros at ay,...a, counted according to the
maultiplicity. Let v be a closed curve homotopic to a point and passing through
a; orby. Then

(3 T

A arg f =27 Z I(via;) — Zl(’y:b;)
1=1

i=1
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Proof By the Root-Pole Counting Theorem 6.2.1, it suffices to show that
. s / i)
1A arg [ =

?

i
z
( \J dz
f(z)
sinee f has no zeros or poles on 7. Indeed,

T de
-i&?argf:QWi-I(foq;U):/ ——

foy &

by the formula for the index (see §2.4). Letting [a,b] — C, we have

-

“

" dz_ [P&IO®), _ [ FOE)
./.I'O’.* B }n f{ﬁf{”) "= it f("?’(”) J (f}f“

by the definition of the integral and the chain rule. The latter integral is equal to
[LIf'(2)/ f(2)ld=z by definition. (If  is only piecewise (', this holds only on each
interval where o exists, and we gel the result by addition.) W

The Principle of the Argnment 6.2.4 is usually applied in the case where is a
simple closed curve. Then we may conclude that the change in arg f(z) as we go
once around v (in a counterclockwise direction) is 2m(Zg — Py) where Zy (or Pg)
is the number of zeros (or poles) inside counted with their multiplicities. 1t is
somewhat surprising, a priori, that Z5 — P; and the argument change of f are even
related.

This may sound familiar to the alert reader who remembers a trick from calculus
called logarithmic differentiation. 1f v is a small segment of curve short enough so
that f(v) is a curve segment that lies in a half plane as in Figure 6.2.2, we can
define a branch of logarithm with the branch cut leading away from that half plane
by an appropriate choice of the reference angle for defining arg z. Then along v we
have

['(z)
J(z)

- i .
- llog f(2)] =
=0

! 4
f 7{.(:—;({2 = Alog f(z) = Alog|f(2)| +iA arg f(z).
For a closed curve ¥ we can do this along snccessive short parts of the curve using an
appropriate choice of logarithm for each. When we return to the starting point, the
contributions for A log | f(z)| will all have canceled out, but not those for A arg f(2),
since we have kept changing determinations of argument.

Rouché’s Theorem The argnment principle can be used to prove a very useful
theorem that has many applications, some of which will be given throughout the
remainder of this chapter.
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Figure 6.2.2: Logarithmic differentiation and the principle of the argument.

Theorem 6.2.5 (Rouché’s Theorem) Let [ and g be analytic on a requon A
except for a finite number of zeros and poles in A. Lel v be a closed curve in A
homotopic to a point and passing through no zero or pole of f or g. Suppose that
on v,

|f(2) = g(2)| < [£(z)].

Then (1) A arg f = A argg and (i) £y — Py = Z, — P, where Zy is given by
Ly = Z;’: (s a;), the a; being the zeros of [ counted with multiplicitics, and
with Pr, Zg, Py being defined similarly.

Proof Since f and g have no zeros on v, we can write our assumption as

| g(z)
| F(2)

Thus, g(2)/f(z) = h(z) maps v into the unit disk centered at 1 (see Figure 6.2.3).
We must have I(h o ~:0) = 0, since h o v is homotopic to the point 1 in that disk
(which does not contain 0). Thus.

1l<1 on -

/ ——= =4A argh = 2xi[(ho~;0) = 0.
=

We compute that

and thus

g'(z) f(z)
dz = s
[ 9(z) /, f(z)
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i

Figure 6.2.3: The image of 7 under h.

Hence the result follows from the Root-Pole Counting Theorem 6.2.1 and the
principle of the argument. W

An important special case of Rouché’s Theorem is the following. Let v be a
simple closed curve and let f and g be analytic inside and on vy with v passing
through no zeros of [ or g: suppose that | f(z) - g(z)| < |f(2)| on~y. Then f and g
have the same number of zeros inside . Note that if |f(2) — g(2)] < |f(2)| on 7,
then v antomatically can pass through no zeros of f or g (Why?).

Rouché’s Theorem can be used to locate the zeros of a polynomial. An illus-
tration is given in Worked Example 6.2.12. Rouché's Theorem can also be used
to give a simple proof of the Fundamental Theorem of Algebra, including the fact
that an nth-degree polynomial has exactly n roots (see Exercise 9).

Hurwitz’” Theorem One of the theoretical applications of Rouché’s Theorem
6.2.5 is the following result of Hurwitz.

Theorem 6.2.6 (Hurwitz’ Theorem) Let f, be a sequence of analytic functions
on a region A converging uniformly on cvery closed disk in A to f. Assume that
{ is not identically zero, and let zg € A. Then f(zo) = 0 iff there is a sequence
2, — zo and there is an integer N such that fu.(zn) =0 whencver n = N (that is,
a zero of f is a limit of zeros of the functions 2

The theorem will follow from the next proposition.

Proposition 6.2.7 Let f, be o sequence of functions analytic on @ region A that
converge uniformly on every closed disk in A to f. Assume [ is not identically O
and that v is a simple closed curve that together with ils interior is contained in
A and that passes through no zeros of [. Then there is an integer N(v) such that
cach fn with n > N(7) has the same number of zeros inside v as does [ ( counted
according to multiplicity ).
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Proof Since |f| is continuous and never 0 on the compact set v, it has a nonzero
minimum m on ~; let us say |[f(z)| = m > 0 for all z on 4. The curve is covered
by a finite number of closed disks, so the convergence of f, to f is uniform on ~.
Accordingly. there is an integer N () such that |f,(z) — f(2)] <m < f(z) for all z
on 7 whenever n > N(~v). Rouché’s Theorem 6.2.5 applies. and we conclude that f,,
and [ have the same number of zeros inside v, as desired. (Note that f is analytic
on A by the Analytic Convergence Theorem 3.1.8.) W

Proof of Theorem 6.2.6 Again, f is analytic on A by the Analytic Convergence
Theorem 3.1.8. Suppose f(zg) = 0. Since f is not identically 0, the zeros are
isolated by the Identity Theorem 6.1.1. There is a number 4 > 0 such that f(z)
is never () in the deleted neighborhood {2 | 0 < |z — zy| < §}. For each positive
integer k, let v be the circle {z such that |z — 29| = d/k}. Pick Ny as N(vx) by
Proposition 6.2.7. Then n > N, implies that f,, has at least one zero z,, inside .
That is fn(2z,) = 0. For n > N we have |z, — zg| < d/k. This proves the theorem
with N = N, (choose the z,, inside v forn > Ni). N

We must assume that [ is not identically zero. Counsider, for example. the
function f,(z) = e*/n, which approaches zero uniformly on closed disks (Why?)
but for which f,, has no zeros.

Corollary 6.2.8 Let [, be a sequence of functions analytic on a region A that
converge untformly on closed disks in A to f. If each [, is one-to-one on A and f
is not constant, then [ is one-to-one on A.

Proof Suppose a and h are in A and f(a) = f(b). We want to show that a = b,
Cousider g,(z) = f.(2z) — fula) and g(z) = f(z) — f(a). Then g, — g uniformly on
closed disks in A and g(b) = 0. Since g is not identically 0, Hurwitz’ Theorem 6.2.6
says there is a sequence 2, — b with g, (z,) = 0. That is, f,,(2,) = fu(a). But f,
is one-to-one, so0 z, = . Since z, — b. we must have a = b, as desired. W

It is possible for one-to-one functions to converge uniformly on closed disks to a
constant function. For example, the functions f,(z) = z/n converge uniformly on
the unit disk to the constant function f(z) = 0.

5 One-to-One Functions Analytic functions that are one-to-one find many use-
tul applications. The term schlicht (simple) function is often used. We now relat:
one-to-one functions with the Inverse Mapping Theorem. Again Rouché’s Theorem
is the appropriate tool.

Proposition 6.2.9 If f : A — C s analytic and locally one-to-one, then f'(zy) £ 0
Jor all zg € A. Il follows from the Inverse Function Theorem that f(A) is oper
and, if f is globally one-to-one, that = is analytic from f(A) to A.
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Proof Suppose that, on the contrary, for some point zy we have f'(zy) = 0. Then
f(z) = f(zo) has a zero of order k = 2 at zy. Now [ is not constant and thus the
zeros of f' are isolated. Thus, there are a 6 > 0 and an m > 0 such that on the
circle |2 — 20| = 8, |f(2) — f(20)] = m > 0 and f'(z) # 0 for D < |z — 29| < 4.
For 0 < 5 < m, we conclude that f(z) — f(z0) — 1 has k zeros inside |z — 20| =0,
by Rouché’s Theorem 6.2.5. A zero cannot be a double zero, since f'(z) # 0 for
2 — 20| < 8,2 # 20. Thus f(z) = f(z0) +7 for two distinct points z and therefore
s not one-to-one. This contradiction means that f’(z) # 0, as was to be shown.

Another basic property of one-to-one functions is the following.

Theorem 6.2.10 (One-to-One Theorem) Let f be analyfic on a region A and
let v be a closed curve homotopic to a point in A. Suppose that I(v;z) =0 or 1.
Define the set B = {z € A| I(y;2) # 0} (the “inside” of v ). If f is such that each
point of f(B) has index 1 with respect to the curve ¥ = f oy, then f is one-to-one
on B.

Proof Consider, for zyp € B and wq = [(20),

o L ey .
Ak 2 -/*r f(,:) —wgdh

By Corollary 6.2.2, N equals the number of times that f(z) = wy on B. We
therefore must show that it equals 1. Letting § = fo~v. we conclude, as in the
principle of the argument, that

1 |
N = dz,

2mi J5 2 — W

which is the index of wq with respect to 5. Thus, N =1 and therefore f(z) = wy
has exactly one solution, z = zg. This means that f is one-to-one. Ll

The one-to-one theorem becomes more intuitive if we use the Jordan curve
theorem. Let v be a simple closed curve and let B be its interior. Suppose that
the set f(B) is bounded by the curve § = fov. The hypothesis of the one-to-one
theorem will be fulfilled if 7 is a simple closed curve (since this means that f should
be one-to-one on ~). Therefore, the result may be rephrased as follows: To see of
an analytic function is one-to-one on a region, it is sufficient to check that it is
one-to-one on the boundary.

Worked Examples

Example 6.2.11 Let n be a positive integer and let a be a real number satisfying
a > e. Show that the equation ¢* = az™ has n solutions inside the unit cirele.
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Solution Let f(z) = ¢* — az™ and let g(z) = —az™. Notice that ¢ has a zero of
order n at the origin, so ¢ has exactly n roots inside the unit cirele [z] = 1. We
will be done if we show that f and ¢ have the same number of roots inside the unit
circle. To do so we shall show that

[flz) —9(2)]| < |g(2)|
for |z] = 1. However,
£() ~ g(2)] = lef] = e < e

since ] < 1. Also, |g(z)] = |az"| = a > e. so the result follows by Rouché’s
Theorem 6.2.5.

Example 6.2.12 Use Rouché’s Theorem to determine the quadrants in which the
zervos of z* 4 iz2 + 2 lie and the number of zeros that lie inside circles of varying
radéi.

Solution Let g(2) = 2*, f(2) = 2* +iz® + 2, and note that
[f(2) = g(2)| = liz? + 2| < |2* + 2
and that |g(2)| = |2/1. Hence if r = |z| > V2, we have

|f(z) —g(z)| <lg(z

Since ¢ does not vanish an any circle of positive radius, the preceding inequality
shows that f does not vauish on circles with radius > /2. Rouché’s Theorem then
shows that all four roots of f lie inside these circles, that is. inside the closed disk
2| < v2.

Next, let h(z) = z% + 2i2% = 22(2% 4 2i). Clearly, h has a double root at ) and

Wy m & e
two additional roots on the circle |z| = 2. Furthermore,

|flz) = blz)| = | =i2°42 = |27 + 24) = L2228

For any choice of v with 1 < r < +/2,h and hence f do not vanish on the circle

|z| = v and |f(z) — h(z)] < |h(z)|. Rouché’s Theorem shows that f has precisely

two zeros in |z| < r for any of these values of r. Letting r approach 1 and v2, we

see that f has two roots in the closed disk [z| > 1 and two on the circle [z| = /2.
Finally, let k(z) = 2. Then

|F(z) — (=) =

whenever |z| < 1. Arguing as before, for any » with (0 < r < 1,k and hence f do
not vanish in |z| < r. Combining these three results we find that f has two zeros
on |z| = 1 and two on |z| = V2.

Flz|? < 2= |k(z)|

+ 3'22| < |z
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Now we turn to an analysis of the quadrants in which the roots lie. For z either
real or purely imaginary, f(z) = 2! + iz2 + 2 has a nonzero imaginary part unless
2 = 0. Thus [ has no roots on the axes. Consider a large quarter circle as shown
in Figure 6.2.4. We shall compute A, arg(z' 422 + 2) and use the Principle of the
Argument 6.2.4. Along the x axis z is real and f(z) lies in the first quadrant. Also
f(0) =2, and as R — oo, arg [(R) — U since

F(R) el 42 et s
arg ) =— arg it =i —— — darg el =y
. - ® R & Rz R
tends to 0 as I — oc. Since f takes its values in the first quadrant, we conclude
that the change in the argument is zero as z moves from 0 to oc. Along the curved

portion of ~, z* clearly changes argument by 2m(= 4 X n/2). As R — tx,2r is the
limiting change in argument for f(z) as well, as we see by writing

i 7 e
filz) =2 (14—;-&;)

Yy

Figure 6.2.4: The curve v used to locate the quadrants in which the zeros of the
polynomial 2% + iz + 2 lie.

Similarly, coming down the imaginary axis there is, in the limit of large R, no
change in the argument of f. (If f(0) were not real, this device would still give the
limiting behavior of the argument at infinity and the value at zero, 50 the change
in the argument, at least up to multiples of 2, can be inferred.) We conclude that
the change in argument as we traverse 7 is 2m. From the Principle of the Argument
6.2.4, there is exactly one zero in the first quadrant. By inspection, fizr=7-=2,
50 —z is a root when z is. Thus there must be a root in each quadrant. Therefore,
we must have one of the two possibilities shown in Figure 6.2.5. The methods used
here do not enable us to tell which of these possibilities actually occurs without more
detailed analysis. We can check this example by finding the roots directly using
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the quadratic formula twice; however, in other examples a direct computation may
be impossible or impractical whereas the methods described here can nevertheless
be used.

=

- X or = X
H
!
Figure 6.2.5: Locating the roots of the polynomial z* 4 iz* + 2.
Example 6.2.13 Let f(z) =3 anz". Assume that ag =0 and a; = 1. Prove

that f is one-to-one on the unit disk {z such that |z] <1} if Y2, lay| < 1.

Solution The series for f converges for |z| < 1 since, as a consequence of the
assumed inequality >, lla;] < 1, we get |a,| < 1, and thus |a,2" < |2]™; we
know that ) |z|™ converges for |z| < 1. Thus f is analytic on {z such that |z] < 1}.

Let |zg] < 1. We want to show that f(z) = f(z0) has exactly one solution, z;.
Let g(z) = 2z — zp, which has exactly one zero. If we set fi(z) = f(z) — f(zn), then

hiz) —g(z) = Z anz" — Z Uil
n=2 n=2

To estimate this we use the following trick. Let ¢(z) = 3~ , a,2". Then

|#(2) — B(20)] < [max |¢"(C)]] - [z — 20
where the maximum is over those ¢ on the line joining 25 to 2z (Why?). However.
[ 20
') =1 man™ | < Y _nlea| <1,
=2 n=2
since || < 1. Hence
|h(2} = g(2)| = |@(z) — o(20)| < |2 — 20| = |g(2)].

Thus, by Rouché’s Theorem, h(z) = f(z) — f(2p) has exactly one solution, namels
z = zp; this proves the assertion.
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Example 6.2.14 Find the largest disk centered at 2o = 1 on which the function
f(z) = 2% is one-to-one.

Solution This problem is intended to provide a warning against a cominon error.
The derivative f'(z) = 42% is 0 only at z = 0. In particular, f '(z) is never () on the
disk D(1:1). However, we cannot conclude that f is one-to-one on this disk. In fact
it is not. f((1+1)/+v/2) = f((1 —i)/v/2) = —1. If f is to be one-to-one near a point,
the derivative must not be 0 at that peint, and f/(z) # 0 is enough to guarantee
that f is one-to-one in some neighborhood of z. Buf f' being never (0 on a large
region is not enough to force [ to be globally one-to-one on the whole regiomn. In the
present example f(re?/*) = f (re %) for any r. Therefore the function will cease
io be one-to-one as soon as the disk hits these 45° lines. This occurs for D(1; i)
when R = 1/v/2. See Figure 6.2.6.

Figure 6.2.6: The function f(z) = 2* is one-to-one on this disk.

Methods based on the one-to-one theorem (6.2.10) that involve looking at the
boundary are usually more useful than examining the derivative. If z; = rjet®
and zg = roe’® are on the cirele of radius R around 1 with 0 < B < v2. then
—~m/d < 0,0 < w/4 2} = 23 forces ry =72 and ettt — itz oo 4(f) — f,) = 2mn.
This cannot happen with ¢, and #; both between —7/4 and 7/4 unless 6; = 2.
But then z; = z3. (We have actually shown that f is one-to-one on the open guarter

plane {z | -w/4 < argz < w/4}.)

Exercises

1. How many zeros does % — 42°+ 22 — 1 have in the disk {z such that || = 1}?

9. How many zeros does z* — 5z + 1 have in the annulus {z | 1 < l2| < 2}?

3. Show that there is exactly one point z in the right half plane {z | Rez > 0},
at which z + e % = 2. Hint: Consider contours such as the one in Figure
6.2.7.
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Figure 6.2.7: Contour for Exercise 3.

NN

. Show that if p(z) = 2" +a,_12"" ' +... + a2 + ay, then there must be at
least one point z with |z| =1 and |p(z)| > 1. Hint: If |p(z)| < 1 everywhere
on {|z| = 1}, how many zeros has a,, 12" + ... + a1z +ag?

=y |

.* Let f be analytic inside and on the unit cirele |z] = 1. Suppose that 0 <
|f(z)] < 1if |z] = 1. Show that f has exactly one fized point (defined to be
a point zg such that f(zo) = zo) inside the unit circle,

6. Show that e = 5z — | has three solutions in the disk {2 such that |z| < 1}.
Hint: Think about Worked Example 6.2.11.

Show that the conclusion ol Exercise 5 still holds if the assumption 0 <
flz)] < 1 is replaced by 0 < |f(2)| < 1, allowing for the exception that the
fixed point might be on the unit circle.

=]

8 Let g, = Y1 _,2"/k!. Let D(0; R) be the disk of radius B > 0. Show that
for n large enough, g, has no zeros in D{0; ).

]

.* (Fundamental Theorem of Algebra) Use Rouché’s Theorem 6.2.5 to prove
that if f(z) =ayp +a1z+... +a,2",n > 1, and a, # 0, then f has exactly n
roots counting multiplicity.

o

). Supply the details of the following proof of Rouché’s Theorem: Under the
hypotheses of Theorem 6.2.5, the funetion H (s, t) = sg(v(8) + (1 —s) f(~(1))
is a closed curve homotopy between the curves f oy and go~ in C\{0}. It
follows that f(f o~;0) = (g o 7:0). The conclusion of Rouché’s Theorem
follows from this and the argument principle.

11.* Extend the Root-Pole Counting Theorem 6.2.1 to include the following result.
If f is analytic on A except for zeros at a,... ,a, and poles at by.... b,
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12.

13.

14.

1 6.

LE:

(each repeated according to its multiplicity), if h is analytic on A. and if
v is a closed curve homotopic to a point in A, passing through none of
A1y ver o QpyP1oe.. o by, then

[ L h(z)dz = 2mi Z h{ai) I (7y; ai) — Z h(be ) I (i bre) | -
oy f{Z} it k=1

Supply the details of the following proof (due to Caratheodory) of Rouché’s
Theorem: The function

B =

1 /‘AHTZ}%-(l—-*}fTZ}dT
2t |, gz) + (= NfGz)

is a continuous function of A for 0 < A < 1. But its value is always an integer,

80
Zy—Py=F) =F(Q1)=2,—P,.

If f(z) is a polynomial, use Fxercise 11 to prove that

L [ J(z)

271 ). f(2)

is the sum of the zeros of [ if the circle v is large enongh.

zidz

(a) Let f: A — B be analytic, one-to-one, and onto. Let w € B and let v
be a small circle centered at z5 in A. Use Exercise 11 to prove that

; /“‘fr("]: dz
2mi J., flz) —w -

fHw) =

for w sufficiently close to f{zg).

| f'(z)
e
%iiﬂﬂ—w

() Explain the meaning of

5. Let f(z) be a polynomial of degree n,n > 1. Show that f maps C onto C.

TE

Suppose g,(2) = X 1o 1/(k!z¥), and let ¢ > 0. For large enough n, are all
the zeros of g, in the disk D(0:¢)?

If f(2) is analytic and has n zeros inside the simple closed curve v, must it
follow that f'(z) has n — 1 zeros inside 7

18.* Locate the zeros (as was done in Worked Example 6.2.12) for the polynomial

24 5=0
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19. Find an r > 0 such that the polynomial z* — 42° + 2z — 4 has exactly two roots
inside the cirele |z| = r.

20. Let f be analytic inside and on |z| = R and let f(0) # 0. Let M = max |f(z))|
on |z| = R. Show that the number of zeros of [ inside |2| = R/3 does not
exceed

| M
log2 " IFO)]

Hint: Let h(z) = f(2)/[(z — 21) - (2 — 2,,)] where z; are the zeros of f inside
|z| = R/3 and apply the Maximum Modulus Theorem 2.5.6 to h.

21.* Show that z — 22 + 3z is one-to-one on the set {z such that |z| < 1}.

22, What is the largest disk around zy = 0 on which the function in Exercise 21
is one-to-one?’

23.* Prove that the following statement is false: For every function f analytic on
the Ien'mulus L < |2| < 2, there is a polynomial p such that |f(z) — p(z)| < }
for |z| =1.

24, Let f be analytic on C and let |f(z)| < 54/|z| for all [z] = 1. Prove that [ is
constant.

6.3 Mapping Properties of Analytic Functions

Further local properties of analytic functions (that is, properties that depend only
on the values of f(z) for z in a neighborhood of a given point zp) will be proved in
this section. Alternative proofs will be given here of the Inverse Function Theorem
1.5.10, the Maximum Modulus Theorem 2.5.6, and the Open Mapping Theorem
(stated formally for the first time in this section, but previously mentioned in Exer-
cise 8, §1.5). We can prove these theorems and also obtain information concerning
the behavior of a function near a point by using the root counting formula (see

Corollary 6.2.2):

1

!
s f -—L-(idz = number of solutions of f(z) = w inside ~,
2mi J, flz) —w

where the roots are counted with multiplicity.

Local Behavior of Analytic Functions If f(z3) = wg with multiplicity & iz
the sense that f(z) — wg has a zero of order k at z;, then we shall show that ¢
is locally k-to-one near zy. First consider the special example f(z) = 2F. This
function has a zero of order k at zp = 0 (here wy = 0). For all w near 0,2 =

has exactly k solutions near 0.




6.3 Mapping Properties of Analytic Functions 399

To see that this behavior is inherited by a more general function f for which
f(z0) = wy with multiplicity k. consider the power series expansion of f around zp:

o0

f(z) —wo = Z anl(z — 20)™.

n=Kk

For |z — 2| that are small enough, we might guess (correctly) that the behavior of
the lowest-degree nonvanishing term. ag(z — z)®, will dominate.

Theorem 6.3.1 (Mapping Theorem: Informal Version) Suppose f lakes on
the value wy at zo with multiplicity k. Then for all w sufficiently near wo, the
function f takes on the value w exactly k times near zo (counting mulliplicities).
For all w still nearer wq. the k roots of f(z) = w near z, are distinct.

The more precise statement is the following.

Theorem 6.3.2 (Mapping Theorem) Let [ be analytic and not constant on a
region A and let zg € A. Suppose that f(z) — wo has a zero of order k > 1 at 2.
Then there is an n > 0 such that for any € €]0,7], there is a § > 0 such that if
lw —wg| < &, then f(z) — w has ezactly k roots (counted wnth their multiplicities)
in the disk |z — zq| < € (see Figure 6.3.1).

Figure 6.3.1: This function is two-to-one near zo.

In fact, there is a A > 0 (probably smaller than 1) such that for any € €0, Al
there is a 0 > 0 such that if 0 < |w —wg| < &, then f(z) —w has ezactly k distinct
roots in the disk 0 < |z — 20| < €.

Proof Since [ is not coustant, the zeros of f(z) — wy are isolated. Thus there is
an 1 > 0 such that for |z — zp| < 1, f(2) — wy has no zeros other than zy. On the
compact set {z such that |z — 25| = €} (the circle y in Figure 6.3.1), f(z) —wo is
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continuous and never zero. Hence there is a ¢ > () such that |f(z
for |z — zg] = €. Thus if w satisfies |w — wy| < 4, then for |z — 25| = €, the following
hold:

(1) flz) —we#0

(i1) f(z) —w # 0 (since f(z) = w would mean that |w — uy| > §)
(iii) |(f(z) —w) — (f(2) —wo)| = |w —wo| < < |f(2) — wo|

By Rouché’s Theorem 6.2.5, f(z) — w has the same number of zeros, counting
multiplicities, as f(z) — wy inside the cirele |2 — zp| = ¢. Thus we have proved
the first part of the theorem. To prove the second part, notice that [’ is not
identically zero on A (because f is assumed to not be constant). The zeros of f
are thus isolated. Therefore, for some A < 7, neither f(z) —wy nor f'(z) is zero in
|z — 20| < A except at zg. Observe that f(z) — w still has the same number of roots
as f(z) — wq for any w near enough to wy, but now the roots must be first-order,
hence distinet, since f’ is nonzero. W

Open Mapping and Inverse Function Theorems The Mapping Theorem
tells us that on some disk centered at zy. f is exactly k-to-one. The theorem may not
be directly helpful in finding the size of this disk (see the examples and exercises at
the end of this section), but often knowledge of its existence can lead to interesting
results.

A function f : A — C is called open iff, for every open set U C A, f(U/) is
open. By the definition of an open set, this statement is equivalent to: For every
e > 0 sufficiently small, there is a § > 0 such that |w — wp| < § implies that there
is a z,|z — 20| < € with w = f(2). In other words, if f hits wg, it hits every w
sufficiently near wy. Careful reading of the definition of open set and examination
of Figure 6.3.1 show that the Mapping Theorem implies the next theorem:

Theorem 6.3.3 (Open Mapping Theorem) Let A C C be open and f : A -
be nonconstant and analytic. Then [ is an open mapping; that is, the image nf any
open set under f is open.

Using the Mapping Theorem 6.3.2, we can also get an alternative proof of the
Inverse Function Theorem 1.5.10.

Theorem 6.3.4 (Inverse Function Theorem) Lel [ : A — C be analytic, let
zy € A, and suppose that f'(zq) #£ 0. Then there is a neighborhood U of zy and «
neighborhood V' of wy = f(zg) such that f : U — V is one-to-one and onto anc
Ff1 V= U is analytic.

Proof The function f(z) — wp has a simple zero at zy since ['(zq) # 0. We can

use Theorem 6.3.2 to find e > 0 and ¢ > 0 such that each w with |w — un| < & has
exactly one preimage « with |z — zp| < ¢. Let V = {w such that |w
and let U be the inverse image of V' under the map [ restricted to {z h'lli.-h thar

-::.'t
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|2 — 29| < €} (the shaded region of Figure 6.3.1). By the Mapping Theorem, f maps
U onc-to-one onto V. Since f is continuous, I/ is a neighborhood of zp. By the
Open Mapping Theorem, f = (f~')~! is an open map, so f~' is continuous from
V to U. To show that it is analytic, use

7 e i M.—,
1) =55 / N 17 i

(see Exercise 14 at the end of §6.2). This is analytic in w from Worked Example
24.15. N

These ideas can be used as the basis for another proof of the Maximum Modulus
Theorem (see §2.5), as follows.

Theorem 6.3.5 (Maximum Modulus Theorem) Let f be analytic on a region
(open connected set) A. If |f| has a local mazimum at zy € A, then f is constant.

Proof Suppose that [ is not constant and that z; € A. Since f is an open map.
for juw — f(z)| sufficiently small there is a 2 near zy with w = f(z). Choose w with
lw| > |f(z0)]. Specifically, choose w = (1 + d/2)f(z0) if f(20) # 0 and w = 6/2 if
f(20) = 0 for § small. Then it is clear that f does not have a relative maximum at
zo. B

A similar proof shows that if f(zo) # 0, then f has no minimum at z, unless f
is constant. The Maximum Modulus Principle 2.5.6 follows, as in §2.5.

Worked Examples

Example 6.3.6 Prove the following: If f is analytic near zy € A and if f(z)—f(z0)
has a zero of order k at zy, where 1 < k < oo, then there is an analytic function
h(z) such that f(z) = f(zo) + [h(2)]* for = near zo. and b is locally one-to-one.

Solution Since k < o, f is not constant. Since f(z) — f(20) has a zero of order
k al zg, we can write f(z) — f(z0) = (z — 20)%é(z), where ¢(z0) # 0 and ¢ is
analytic. For 2 near z.¢(z) lies in a small disk around ¢(zp) not containing 0, by
continuity. On such a disk we can define {/¢(2) and let h(z) = (z — 20} v/ ¢(2).
Then #'(z) # 0, so by the Inverse Function Theorem, h is locally one-to-one. See
Figure 6.3.2.

Example 6.3.7 Determine the largest disk around zo = 0 on which the function
flz) =1+ z+ 2% is one-lo-one.
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Figure 6.3.2: Worked Example 6.3.6 with k = 3.

Solution Since f/(0) = 1, f(z) — 1 has a simple zero at 0, and the Mapping
Theorem (6.3.2) shows that f is one-to-one on some disk around zp = 0. Because
f(z) =1 =z+ 2% = z(1+ 2), which has roots at 0 and —1, we know that f(z) — 1
has only one root in the disk {z such that |z| < 1}, This disk is the disk in the
first part of the Mapping Theorem, but that does not guarantee that f is one-to-
one on the disk; in fact, it is not. The Mapping Theorem shows only that [ is
one-to-one on the subregion of the disk shaded in Figure 6.3.1, the preimage of
{w such that |w — wg| < §}. We can find out what causes this phenomenon by
plotting the image of the unit circle. In this case f(z) = 1 + 2 + z%, 20 = 0, and
wg = 1. Thus,

=1 1(d- )= (14 5) - (1+55)

fl1)=3
-t 1(2+ )= (+20) ()
f(=1)=1

f(e™ ) =0
rem=o (g )= (=) (=38

Plotting these points, we find that the image of the unit circle is as shown in Figure
6.3.3.
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— B9

Figure 6.3.3: Tmage of the unit circle under f(z) =1+ z+ 2%

The index of the image curve with respect to the small shaded region is 2.
Ther efore each p(}int here is hit twice by points in the unit disk; for example,
J'(=3)=0and f(—5 The Mapping Theorem shows that f is two-to-one on
qmall nmghborhoodu; Uf —11 Thus f will not be one-to-one on any disk containing

a neighborhood of _E

Consider the disk D(0:7) = {z such that |z| < r}. The boundary curve is the
circle 7, = {z such that |z| = r}. As r gets smaller, the troublemaking loop in
the image curve shrinks. For some critical ry it disappears. For r > 19, f is not
one-to-one on ~,. For r < rg, f is one-to-one on 7. By the One-to-one Theorem
(6.2.10), f is thus one-to-one on D(0;7), and the desired disk is D(0; rg). To find
7o, suppose that re? and re¥ lie on 4, and that f(re®®) = f(re'*). Then

]+?‘F*H+JJ i26 l—f—re“"%_r r._,t?'u'?_

Hence €' + re®? = ¢ + re'?¥ 50

T.I,,_'é(ﬂ—l—i,'f')(eifﬂ—w,ﬁj 2 ei{'&ﬁ'-—ﬂ}) = e-i(ﬁ--f-w]f'z[:Hw'('c;"—ﬂ'],fi‘ B ei[ﬂ—\{J)XZ)‘

Thus,

; g ; R 6 — 1
rel@ O/ 2gin(f — o) = —sin ( : - ) ;

In other words,

o ne e f — . 8-
pret0+¥)/2 gy i €os ¥ = — BN ¥ ;
2 2 2

One of two things must happen: either sin[(#—1)/2] = 0, in which case f—1p = 2mn
for some integer 1, and thus re’® = re'¥, or cos[(f — 1)/2] = —(1/2r)e HERN,
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e > i— the latter can happen for v = —#; for example, at r = 1, it occurs
at the points €23 and ™3, I r < % this same condition cannot hold, since
|cos[(8—)/2]| < 1. Ifr = % it can happen only for 8 = ¢ = w. The critical radius
is therefore ro = 3. Hence f is one-to-one on the disk D(0; 1) = {z such that |z| <
%} but not on any larger open disk. (D(0; 5) is the largest disk around z; = 0 on
which f/(z) is never zero. It is not generally true that this will also be the disk on
which f is one-to-one (see Exercise 3)).

Exercises

l. Let f(z) =2+ #2. For each z, specified, find the largest disk centered at =
on which f is one-to-one:

(‘d.) Zn = (3] {b\l Zn = |

B

.* What is the largest disk around z5 = 1 on which f{z) = ¢* is one-to-one?

3. Let f be analytic on D = {z such that |z — zy| < r}. Let f(zp) = wy and
suppose that f(z) — wyg has no roots in D other than zo and that f'(2) is
never zero in ). Show that it is not necessarily true that f is one-to-one on
D. Hint: Consider 2°.
4. What is the largest disk centered at z; = 1 on which f(2) = 2% is one-to-one?
Hint: See Exercise 3.

4 If f is analytic on A.0 € A, and f'(0) # 0, then prove that near 0 we can
write f(z") = f(0) + [h(2)]" for some analytic function A that is one-to-one
near (. Hint: Use Worked Example 6.3.6.

wn

6. Let w: A — R be harmonic and nonconstant on a region A. Prove that u is
a1 open mapping,.

=1

Use Exercise 6 to prove the maximum and minimum principles for harmonic
functions (see §2.5).

8. Let f be entire and have the property that if B C C is any bounded set.
then f~'(B) is bounded (or perhaps empty). Show that for any w € C, there
exists z € C such that f(z) = w. Hint: Show that f(C) is both open and
closed and deduce that f(C) = C. Apply this result to polynomials to deduce
vet another prool of the Fundamental Theorem of Algebra.

9, Show that the equation z = ¢* ", a > 1, has exactly one solution inside the
nnit circle.

10). Consider Worked Example 6.3.6 and take the case where & = 4. Visualize the
local mapping in three steps as follows:

23 b= (z— z0) v o(2); by g=1§ s—w =38+ f(za).

Sketch this mapping.
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11. Suppose f is analytic in a region A containing the closed wnit disk D =
{2 such that |2| < 1} and that |f(z)| > 2 whenever |2| = 1. If f(0) = 1, show
that f has a zero in .

12. Let f(z) = Z;’o a,z" have a radius of convergence R. Suppose that |a;| =
S o nlan|r" ! for some 0 < r < R. Show that f is one-to-one on {2z such that |z| <
r} unless f is constant. Compare your method with that used to solve Worked
Example 6.2.13.

Review Exercises for Chapter 6

l. Let f be analytic on {z such that {z| < 1} and let f(1/n) =0.n=1,2,....
What can be said about f7

{S]

2. Suppose that f and g are analytic on the disk A = {2 such that |z] < 2} and
that neither f(z) nor g(z) is ever 0 for z € A, If

- ; i ;
ff(Un)  ¢'(1/n) for n=1.234...,

f(i/m) ~ g(1/n)
show there is a constant ¢ such that f(z) = eg(2) forall z € A, Hint: Consider
(f/9) (1/n).

. Suppose that f is an entire function and that there is a bonnded sequence of
distinet real mumbers a;. a2, as. ... such that f(ag) is real for each k.

Ten

(a) Show that f(r) is real for all real .
(b) Suppose a1 > az > az > ... > 0 and limp_.~ @z = 0. Show that if
flaons1) = flazy) for all n, then f must be constant.

4. I f is analytic on the set {z such that |z| < 1} and f(1 — 1/n) = 0.n =
o208 000 does it follow that [ = 07

.* Let f be analytic and bounded on {z | Im z < 1} and suppose that [ is real
on the real axis. Show that [ is constant.

a1 }

6. Let f be analytic and bounded on |z 47| > % and real on | - 1, 1[. Show that
f is constant. Hint: Use the Schwarz Reflection Principle 6.1.4 from §6.1.

. Let f be entire and suppose that for z = x real, f(x + 1) = f(x). Show that
flz+1)=f(z) forall ze C.

=J

8.* Show that for n > 2, all the roots of 2™ — (z* + z 4+ 1)/4 = 0 lie inside the
unit circle.

9. Suppose that f is analytic in C except for poles at n£in = 0,21, 42, ...,
What is the length of the longest interval |y — R, wo + R[ in R on which
flag) + fzo)(e —z0) + f'(xo)z —z0)2/2+ ...+ FEN wsi(w—za)® R+ . ...

converges !
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10. Let f: A — B be analytic and onto; assume that 21,29 € A, 25 # 22, implies
that f(z) # f(22). Prove that f ! is analytic.

11. Let f be apolynomial. Show that the integral of f'/ f around every sufliciently
large circle centered at the origin is 27 times the degree of f.

12.* (a) Prove Vitali’s Convergence Theorem. Let f, be analytic on a domain A
such that

i. For each closed disk B in A there is a constant Mp such that
|fn(2)] < Mp forallz € B andn=1,2.3,....
ii. There is a sequence of distinet points z, of A converging to 2z, € A
such that ims oo frlzs) ewists for k=1,2,....
Then f. converges uniformly on every closed disk in A: the limit is an
analytic function. Hint: First take the case of a disk B with radins R
and z — zp = the center of B. Use the Schwarz Lemma to show that
| fn(2) = fulzi)| < 2M|z — 2|/ R. Then show that

AM |z — 2
o) - Fualooll € L2 4 12 60) — frle)

and deduce that f,(z0) converges. Let

lE) =

and conclude that g,(zy) converges. Show that in general, if

o

. Wy
fn{zj = § un.k[:‘; _"-‘L}:] s
k=0

then a,; — ax as n — oc. Deduce that f.(z) converges uniformly
in |z — 29| < R —e. Then use connectedness of A to deduce uniform
convergence on any closed disk.

(b) Show that if condition (i) is omitted, the conclusion is false. (Let f,,(z) =
z'.'?..:l

13. Let f be analytic on a region 4 and let v be a closed curve in A homotopic

to & point. Show that
i ) .
Re ([ — | =0.
v

14. Let f(z) be analytic on {z | 0 < |z| < 2} and suppose that for n =0,1,2,...
] 2" f(z)dz =0.
zl=1

Show that f has a removable singularity at z = 0.
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15.
16.* Let |f(z)] < 1 when |z| = 1 and let f(0)

17.

19.

Let f be analytic and bounded on A = {z such that |z| < 1}. Show that if f
< 1}, then f is one-to-one on A.

-~
o

is one-to-one on {z | 0 <

= 5 with f analytic. Prove that
z|+1) for [2| < 4 and |f(2)| < 1for § < |2| £ L.

1f(2)| < 33

Let f and g be continuous for |z| < 1 and analytic for 2| < 1. Suppose that
f = g on the unit circle. Prove that [ = g.

. If f(z) is analytic for |z| < 1 and if |[f(2)] < 1/(1 — |z|), show that the

coefficients of the expansion f(z) =Y., anz" are subject to the inequality

I_ m
lan| < (n4+1) (1 + ;) < efn+1).

Which of the following statements is/are true?

(a) The radius of convergence of 320 /2722 is 1/1/2.

(b) An entire function that is constant on the unit circle is a constant.

(¢) The residue of 1/[z'%(z — 2)] at the origin is —(2)"°.

(d) If f, is a sequence of entire functions converging to a function f and if
the convergence is uniform on the unit circle, then f is analytic in the
open unit disk.

T de 27

@ | =t
Js a+cosf a°-—1

(f) For sufficiently large r,sinz maps the exterior of the disk of radius
r({z such that |z| > r}) into any preassigned neighborhood of oco.

(g) Let f : C — C be analytic in the open unit disk and let f have a
nonremovable singularity at i. Then the radius of convergence of the
Taylor series of f at 01s 1.

(h) Let f: C — C be analytic and nonconstant and let D be a domain in
C. Then f maps the boundary of D into the boundary of f(D).

(i) Let f be analytic on {z | 0 < |z| < 1} and suppose that [f(z)] <
log(1/]z]). Then f has a removable singularity at 0.

(j) Suppose that f : C — C is entire and that f has exactly k zeros in the
open unit disk but none on the unit circle. Then there exists an € > 0
such that any entire function g that satisfies | f(z) — g(2)| < e for [z[ =1
must also have exactly & zeros in the open unit disk.

20. Prove the Phragmén-Lindelof Theorem:

(a) Suppose that f is analytic in @ domain that includes the strip
7={2eC|0<Rez<1}.

IFlim, oo zeq f(2) =0 and if |f(it)] <1 and |f(1 +it)| £ 1 for all real
t, then |f(2)| <1 forall z € G.
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(b) If g is analytic in a domamn containing G, if im. . e g(z) =0, and
if lgit)] < M and |g(1 + it)] <N for all real t, then
lg(2)] € M1-Re=yRez

Hint: Apply the result of (a) to f(z) = g(z)/M'—*N*=.
21. Ts it correct to say that 1/4/z has a pole at z = 07

22.* Prove that for the principal value of the logarithm, |logz| < r/(1 —r) if
1—zl<r<l.

23. (a) Let f: C — C be continuous on C and analytic on C\R. Is f actually
entire?

(b) Let f =C — C be analytic on C\R. Is [ entire?

24. Let P(z) be a polynomial. Prove that

f P(z)dz = =27 P'(0).
lzj=1

25. Find the radins of convergence of the series Y 2"2",

26. Show that f(z) = (2% +1)/(2* — 1) is one-to-one on {z | lmz > 0}. Is it
one-to-one on any larger set?




Chapter 7

Asymptotic Methods

This chapter gives an introduction to the theory of asymptotic methods, that is,
to various approximation techniques for limits. The chapter begins with infinite
products and the gammna function. These topics arc of interest in their own right,
and they provide motivation for the general study of asymptotic expansions, which
is begun in §7.2. One of the main techniques used in this analysis, the method of
steepest descent, and its variant, the method of stationary phase, are also considered
and are applied to Stirling’s formula and to Bessel functions in §7.3.

7.1 Infinite Products and the Gamma Function

To study the gamma function and subsequent topics, we first develop some basic
properties of infinite products, which are somewhat analogous to the infinite sums
considered in §3.1. For motivation, note that any polynomial p(z) can be writien
in the form

T
p2)=ailz—ay)...(2 - an) =4, H{z —- i)
j=1

where a1, ... ,a, are the roots of p(z) = an2" + ...+ a12 + ag and [] stands for
“take the product of” in the same way as Y stands for “take the sum of.” It is
natural to attempt to generalize this expression to entire functions. in which case
the product becomes infinite.

Infinite Products Let z;, zo. ... be a sequence of complex munbers. We consider

(142:)=(L+=z )1+ 22)....
1

=

We write 1+ z,, beeanse if the product is to converge, it is plausible that the general
term should approach 1, that is, z, — 0. Roughly speaking, this is because if we

409
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take the logarithms of both sides, then for convergence of the resulting sum, the
nth term, log(l + z,) should go to zero (by the nth term test for series) and this
means that z, should go to zero.

Some technicalities are involved when z,, = —1 because the corresponding log-
arithms become infinite. We want to allow the product to be zero vet be able to
impose some convergence condition. The following definition fits our needs.

Definition 7.1.1 The product [])— (1 + z,) is said fo converge if only a finite
number of z, equal —1 and if the quantity

Ti
H (I+2x)= (1 +2m)..« (L +25)
k=m
(where z. # —1 for k > m), converges as n — 00, to a nonzero number. We set

[ 4] m

| I(l 4+ z,) = lim | | (14 2z).
00
=1 k=1
(This product will be zero if some z = —1 and nonzero otherwise. )

For example, consider

ﬁ _1y_1.23
n af T 3 4
=2
The nth pariial product is
1 2 =w—-1 1
g ot Ly
2 3 n n

Thus, the product does not converge, because we have demanded convergence to a
nonzero munber. In these circumstances, we would say that the product diverges
to zero. If we started at n = 1. the product would still diverge. One reason for
this terminology and convention is that the sequence of logarithms of the partiz
products diverges to —oc.

By starting a given product beyond the point where some 2z, = —1, we can
assume that z,, # —1 for all 2. Such an assumption imposes no real restrictions i«
the tests for convergence.

Theorem 7.1.2 (Convergence Theorem for Products)
(i) IFI152 (14 2,) converges, then z;, — 0.

(i) Suppose that |z,| < 1 foralln =1,2,... so that z, # —1. Then [[asi (12,
converges if and only if 37— log(1+z2,) converges. Here, log is the princips

n=1
branch; |z.| < 1 implies that log(1 + z,,) is defined.
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(iii) [T, (1+ |zn]) converges off 52 | |za| converges. We say that T (14 2)
converges absolutely in this case.

(iv) If [To— (L + |2n|) converges, then I, (1 + 2n) converges.

Criteria (iii) and (iv) are particularly important and are easy to apply. The
proof of this theorem appears at the end of this section, but the plausibility of
the theorem is discussed now. Criterion (i) was explained at the beginning of this
section. To explain (i), note that if we let S, = 3" log(1+2;) and P, = T3 (1+2),
then P, = ¢”». That (ii) is plausible follows from this equation. Indeed, if S,, — 5.
it is clear that P, — 5. Once (ii) is shown, (i) and (iv) follow. The following
corollary is implicit in the preceding discussion.

Corollary 7.1.3 If |z,] < 1 and > log(1 + z,) converges to S, then [J(1 + z»)
converges to e,

This corollary is sometimes useful, but when it is applied to concrete problems,
the sum of logarithms can be difficult to handle.

Let f,.(z) be a sequence of functions defined on a set B ¢ €. How we should
define the concept of the uniform convergence of [157(1 + f.) should be fairly clear.
We do this next.

Definition 7.1.4 The product
[102+ fa2)]
n=1

is said to converge uniformly on B iff. for some m, fulz) # =1 forn > m and
all z € B, if the sequence P, (2) = [1i_,,[1 + fr(2)] converges uniformly on B to

some P(z), and if P(z) # 0 for all z € B (see §3.1 for the definition of uniform
convergence of a sequence of functions).

The next result follows from the Analytic Convergence Theorem 3.1.8.

Theorem 7.1.5 (Analyticity of Infinite Products) Suppose that falz) is a se-
quence of analytic functions on an open set A and that [Tl + fu(z)] converges
uniformly to f(z) on every closed disk in A. Then f (z) is analytic on A. Such
uniform convergence holds if | fa(2)] <1 for n > m and if cither

S logl(14+ ful@)] or Y a3l

=71 n=1
converges uniformly (on closed disks in each case )

To check the validity of this statement, one must check that the proof of the
convergence theorem for products works for uniform convergence; this is left as an
eXereise.
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Canonical Products The following theorem is a special case of a result by Weier-
strass that constructs the most general entire function with a given set of zeros.
The special case described here is applicable to many examples. yet it illustrates the
main ideas of the general case. (For a statement of the general case, see Exercises
10 and 14 at the end of this section.)

Theorem 7.1.6 (Theorem on Canonical Products) Let ay,a.... be a given
sequence (possibly finite) of nonzero complex numbers such that

> a)

> b
— < 0.
[t |2

n=I

If g(z) is any entive function, then the function

) = :Ei(llsfﬂ N = _: _zlf:'.l.“ S
Flz) = H( u..n>P (7.1.1)

n=1

is entire. The product converges uniformly on closed disks, has zeros al ay, a3, .
and has a zero of order k al z = 0, but it has no olther zeros. Furthermorve, of [ is
any entire function having these properlies, it can be written in the same form. In
particular, | is entive with no zeros if and only if f has the form f(z) = e9'%) for
some entire function . The product

00 =
I I ] = ; (;’:_l";ﬂ'n
fip

is called a eanonical product.

The proof appears at the end of this section. The result is plausible if we note
that the product vanishes exactly when z is equal to some a, and that zF has a
zero of order k at (. The finiteness condition on the a,, guarantees convergence of
the produet, as is shown in the proof (see Exercise 10 for more general conditions ).
Also, ¢9%%) vanishes nowhere, since ¢ s ( for all w € C. We note that the points
(1. @z, ... need not be distinet; each may be repeated hnitely many times. If a,, is
repeated [ times, f will have a zero of order [ at a,,.

The Theorem on Canonical Products 7.1.6 will be applied several times in the
remainder of this section. For example. Worked Example 7.1.10 proves that

o i
sinwz = w2 | | ('I — —) gri, (7.1.2
n

== 0o, nEl

Gamma Function The gamma function is a useful solution to an interpolation
problem that has been studied since the 1700s. Here is the problem: Find a contim
uons function of a real or complex variable that agrees with the factorial function «
the integers. The gamma function, ['(z) is one solution. It is analytic on C exceps
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for simple poles at 0, —1,-2,..., and ['(n+1) = n! for n =0,1.2,.... The impor-
tance of this function was realized by Euler and Gauss as early as the eighteenth
century.

Two equivalent definitions of the gamma function will be given: the first will
be in terms of infinite products, the second in terms of an integral formula. These
two formulas are due to Euler, with significant contributions made by Gauss and
Legendre. The main facts that are included in the following discussion and in the
end-of-section exercises are summarized in Table 7.1.1 at the end of this section.

For the first definition, we begin with an associated function that is defined by
the canonical product

Glz) = ﬁ (1+ F:) o= #m, (7.1.3)
n=1

By the Theoretn on Canonical Products 7.1.6, this function is entire, with sirple

zeros at the negative integers —1, =2, -3, ... This function satisfies the identity
. sinwz
2G(2)G(~z) = (7.14)
g
because of equation (7.1.2). Consider the function
H(z)=G(z—1), (7.1:5)
which has zeros at 0,—1,—-2,.... By the Theorem on Canonical Products, we can
write
' = z
H(z) =e90) 2 H (l i —) e~ = 299G () (7.1.6)
: n

for an entire function g(z).
It will now be shown that g(z) is constant. Using the convergence theorem for
products, we get

o

log H{z) = logz + gz} + Z [log (1 - %) - i] "
n=1

Since the convergence is uniform on closed disks, we can differentiate term by term:

d 1 = 1 |
loe fl(z) = - + ¢ . ==, =i
dz og H1z) : g &)+ ; (z +n -n.) (71.7)
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Similarly, by (7.1.3),

dl-G(~—1)—i 1 1 _1_1_‘2“‘: 1 1
dz RELE - z—14n n) 2z 1n= z4n mna+1

=1 1
1 e 1 | | 1
— el | _—— —_—
z +Z(:+n 'r.',)_l_z(n 'u,—l—l)
=1 n=1
; R | 1
= = e 7.1.8
z+z(z—l—'n. 'n) ( )

n=1
Comparing (7.1.7) and (7.1.8) and using (7.1.5), we see that g'(z) = 0. so g(z)
15 constant. (Part (ii) of the convergence theorem for products is valid only for
|z| < 1, but this region of validity suffices since two entire functions that agree on
|z| < 1 are equal by Taylor’s theorem or the identity theorem:.)

The constant value g(z) = v is called Euler’s constant. We can determine an
expression for it as follows. By (7.1.3), (7.1.5), and (7.1.6), we get

G(z—1) = ze"G(z), (7.1.9)
and therefore if we let z = 1, then G(0) = 1 = ¢¥G(1). Thus. by (7.1.3),

ey - 1 1 —1/m - n+1 —1/n
€ B H 'I—E [= —H i (= i
1

1

Noting that

s

H kj P-_l'fk = g . ﬁ + —l . ﬂ-——l— ].E_]_}-’“2_];""_‘"_1;“
k - 1 2 3 n
k=1
- (-”._|_ 1)8—1—-1,."2--...—“-”
= '”-(f_l_-ll'fg_"'_lf’n _I_E_?_l_]'p'r'z_...—lfnll
we g&‘t E_-’J" o Ii-nlu':.—rl—x_; .;1_(,_3—1—1../:2—...—1.;'-:1_ T&kll‘hg ngﬁ. we ﬁn(f fh_ﬂt
; 1 |
= lm [1+=-+...+——logn]. (7.1.10
iy 2 n

Our arguments show that this limit exists and is finite. Numerically, one finds from
(7.1.10) that v =~ 0.57716. . ..
The gamma function is defined by

n

. ~1

I'(z) = [2e7?G(2)] ! = !zed”‘_‘ H (l + f—) ﬁ_””} . (7.1.11
n=1

Since G is entire, with simple zeros at —1, -2, ..., we conclude that T'(z) is mero-

morphic, with simple poles at 0,—1,—2..... From (7.1.9), G(z — 1) = ze"{|:

50

I(z+1)=20(z) for z#0,-1,-2,..., (7.1.12
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which is called the functional equation for the gamma function (see Exercise
7). Also, I'(1) = 1, since I'(z) = [z¢7°G(2)]" " and G(1) =77 by our construction
of 4. Thus, from (7.1.12) we see that I'(2) = 1- 1,IT(3)=2-1,T(4)=3-2-1, and
generally that, as carlier advertised,

T{n+1)=nl (7.1.13)

This formnla leads to interesting approximations of n!, which are derived in §7.3
(Figure 7.1.1 shows a graph of I'(x) for = real.)

I'(x)
&% gt i 8 =
=1.46
Figure 7.1.1: The graph of I'(x) for & real.
From the equation zG(2)G(—2) = (sinmz) /7, we get
PEAT(1 = 7} = o, (7.1.14)
sinz
We claim that I'(z) # 0 for all z,2 # 0,—1,-2,.... Indeed. if T'(z) = 0. we would

have the contradiction m = T(z)I'(1 — z)sinwz = 0 as long as z # S G BE o .
(These are the points at which sin w2 vanishes, so cross multiplication is invalid at
those points.) We also know that I'(z) # 0ifz =1,2,3..., since I'n+1l)=nlin=
0,1,2,..... This proves the claim.

If welet z=1/21in (7.1.14), we get [[(1/2)]? = 7. But I'(1/2) > 0. To see this,
note that I'(z) is real for real positive z; we have shown that I' has no zeros and
that T(n + 1) = n! > 0. Therefore, since T'(x} is continuous for 2 €10, 00| (because
I' is analytic), it follows from the intermediate value theorem that ['(x) > 0 for
all z €]0,00] (as in Figure 7.1.1). Thus, I'(1/2) = /7 (rather than the other
possibility, —/m).

Euler’s Formula Euler’s formula for the gamma function is

; 7% =1 , nln® G
F(Z)Z;HKH;) (“‘ﬁ) ]:-;EIP&;(2-+-1)...(:+-n.)‘ Pty

n=l1
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This formula is proven as tollows. By definition,

I. g : o ! n
i s g ( lim e'!” Vit in=log ”')") Llﬂl"i: H (1 + %) rf""f'k‘l

2) O

k=1
i n "
— = lim r,(l-}-l;"2+...—|—i/’u—]c}p;'n.]z (1 i) r}—z_fk
NG H " is
L =1
r n -
= & Hm (I -1)
TL—+03G H + ,ii'.
L k=1
sinee n~* = ¢~ *6™%, Thus, we get
] n—1 1 =y W =
_ = z lim 1+~ (1 —)
I'(z) n—0c [R];[l ( F.T) E T k

s {42 [T+ (1) 7]

The first equality in (7.1.15) now follows. The student 1s asked to prove the second
in Exercise 11.

Gauss' Formula Another important property of the gamma function is given in
the Gauss formula: For any fixed positive integer n > 2,

I'(z)T (z + i) ] (; + b l) = {QWJ['”—1:‘;"2?-&{UEJ_'”":I“(H;}, (7.1.16)

T n

To prove this formula we first note that we can write Euler’s formula as
(1 — 1)lm=m

. ! (o — 1)!m*
Mfg) = | —— = ln
(2) -nirﬂx-z(z+ 1) ...{z+m—1){(z+m) o5 2(z+1)...(z24+m—1)

. (rn— 1) (mn)”
- hIll :
m—oc z(z 4+ 1} ...(z +mn— 1)

(The first line follows since m/(z + m) tends to 1 as m — oc. We define f(z) as
follows:

sy = ™) (z+ 1) ...0 (2 + 251)

il nl'(nz)

(m—1)m*" ki

R i e
T _I_—Lﬁ 0 lllllm—,vo (.H %](z+§+[)___[;3+ﬁ+m—l]
Ii Crngi— 1) ()™=
MMy s nz{nz+1)...(nzdnm—1)
[(m — DY Pm = D2pmn—n2)(nz + 1) ... (nz + mn — 1)

O (Tt .

m—2< (i — 1)) H:;n] (nz+k)(nz+hk+n)...(nz4+ k+mn—n)
= lim [{-,--u. — IJ!EHm{u—1”2.”,””_1

m-ne (nm — 1)!
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Thus, f is constant. Setting z = 1/n gives
1 2 Fr—=1
=T = =) > 1),

ﬂ.-n. —~1

S50

[F(2))? =

i Tain 2= L ain P=hE
S111 5 Sl == ... S11 e

using (7.1.14). From the fact that

T, 2w n=L)x n

I

sin — sin — ... sin =y Wi BE=LE

i n n 2

(see Exercise 28, §1.2), we get

0 v

n
Since f(z) > 0,

B g?w)[n—l)fz

The Ganss formula therefore follows.

417

If we take the special case of (7.1.16), in which n = 2, we obtain the Legendre

duplication formula:

i 1
223'— |.1"[:;_.’]J_"- (2-’ - ;) i \/ET‘[:QZ)

(7.1.17)

Residues of the Gamma Function We claim that the residue of T'(2) al = =

—m,m =0,1,2,... is (—1)"/m!. Indeed, note that

z El=+4-2
(3’ -+ TH.)]_“(:-.) = {: —|—}n)£( T 1) T (: e "'”J.} ( 1 ]

z zlz4+1)

More generally, we find that

Iz +m+1)
Hz+1)...(z+m—1)

(z+m)T(z) =

Letting 2 — —m, we get

I'(1) i

—m(—m+1)...(=1)  m!

as required.
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Integral Formula for the Gamma Function There is an important expression
for I'(z) as an integral. For Re z > 0, we shall establish the following formula known
as FBuler’s integral for T'(z):

I"(z}:[ gkl (7.1.18)
J0

One might suspect that this expression can be evaluated by the methods of Chapter
4. Unfortunately, those methods are not applicable (the reader should contemplate
why this is the case), so another method is needed to prove (7.1.18). To do this.

we start by defining
\ n. S .
Filz)= l — — | t* 7 dt.
I n

nln®

:z(z—l—lJ...(z+n}'

We claim that

E,(z) (7.1.19)

By Euler’s formula, we will then have proved that F, (z) — ['(z) as n — occ. To
prove (7.1.19), we note that by changing variables and letting { = ns,

1
Falz)=n" / (1 —g)"s° 'ds.
Jo

Now integrate this expression successively by parts, the first step being

_ 1 n [ :
Fu(z) =n® |=s*(1-s)" [} 4 / (1-— S}”_lszris] =n*2 / (1—s)""'s%ds.
2 z fs z

S0

-

Repeating this procedure, we integrate by parts n times and get

n-(n—1)...1 /l grtn—igo n!n?
2z+1)...(e+n—-1) Jg ° T z2(z+1)...(z2+n)

Fuolz) =n®

which establishes (7.1.19).
A theorem learned in calculus (usually in sections on exponential growth or

compound interest) states that

T

5L
(1——) — et as n—oo. (7.1.20)

If we let n — o¢ in (7.1.19), the validity of (7.1.18) seems assured. However, such
a conclusion is not so easily justified. To do this, we proceed as follows. From
(7.1.15) and (7.1.19) we know that

T f' L
I'fz) = lim 1 —= ) & (7.1.21)
n—nt fq Vi
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Let f(z) = [;° e~*t*~'df. This integral converges, since Erteet gt and
Rez > 0 (use the comparison test and compare this integral with jf‘" e tPdt and

jul #Pdt, where p > —1). We shall need to know “how fast” [1— (t/n)]” — ¢™". The
following inequalitics hold:

i ENT et
0<e*—(1——] X for 0<t<n. (7.1.22)
i) TL

(This follows from a calenlus lemma whose proof is asked for in Exercise 15.)
From (7.1.21) and the definition of f we have

f(z) = T(z) = lim {/ | [F—*— (1-7) [emtaes [ ftz—l.ﬂ}. (7.1.23)
n—=o0 _(! T =

To show that this limit is zero, note that jT:x e~ t2=1dt — 0 as n — oo. Indeed if

t > 1, then |e”%*~!| < e~*t™ where m is an integer and m > Rez > 0. But from

caleulus (or directly using integration by parts), we know that [™ e "™dt < oc,

i £ "
80 _fn e t™dt — 0 as n — o0. It remains to be shown that

T f i X
/ [ﬁ'_"— (1 ——) ]t‘_‘di‘. — 0 as n— o0
Jo n

By inequality (7.1.22),

f [t—'_' — (1 - l) ] Dl
0 T

which approaches zero as n — oo because the integral converges. This completes
the proof of (7.1.18); that is, for Rez > 0.

I'(z) =/ -c"ttz_idt.

]

n _—tiRez+1 @
e °f 1
gf —-—(irg—/ gipReEtlge
0

In fact, if we examine that proof, we see that provided 0 < e < R.¢e < |z| € R, and
(—w/2)+6 < argz < (7/2)— 46,4 > 0, the convergence is uniform in z (see Exercise
18).

Proof of Theorem 7.1.2: Convergence Theorem for Products

(i) We can assume that z, # —1 for all n. Let F;, = [Tiee; (1 + zx): therefore, by
assumption, P, — P for some P # 0. Thus, P, /F,-1 — 1 by the quotient
theorem for limits. But P, /P, = 1+ 2. Therefore, z;, — 0.

(ii) Let Sn=>3 ., log(l %+ 2;) and let P, = i (1 + 21), so that P, = eSn It
is clear that if 9, converges, then P, also converges because e® is continuous.
Conversely, suppose that P, — P # 0. To show that 8, converges, it suffices
to show that for n sufficiently large, all S, lie in a period strip (on which e
has a continuous inverse).
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(iii)

(iv)
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We cannot write log P, = > 1 log(1 + z), because P, could be on the
negative real axis. Instead, for purposes of this proof. let us choose the branch
of log such that P lies in its domain A, Now P, — P.s0 P, € A if n is large
and therefore we can write S,, = log P, +k,,-2mi for an integer k,,. Subtracting
this equation for n + 1 from that for n gives

(11'1'11-4-! = JE'T‘n :] L2mi = ]0?)( I + “ntl ) - {l()g I)u.—i—l = lf‘.'f_',' Pn.)'
Since the left side of the equation is purely imaginary,
(Rn+1 — k) - 2mi = ifarg(l + zn41) — arg Poyy +arg By).

By (). zg41 — 0, an so arg(l + z,+1) — 0. Also, arg P, — arg P, and
therefore by, — k, — 0 as n — oo. Since the k,'s are integers, thev must
equal a fixed integer k for n large. Thus S, = log P, + k- 2mi, 50, as n —
o, Sy + S=log P+ k 2mi.

By (ii). it suffices to show that for a,, > 0,3, converges ifl ¥ log(1 4+ z,,)
converges. To prepare for the proof, note that for [z] < 1.

z* :‘i log(1 z > -2
lUgfl+Z)=Z—E+3—..., 50 U?,(—z-l-_zzl_%_l_?_

which has a removable singularity at 2 = 0 and thus lim. _g(log{1+2))/z = 1.
Suppose that > x, converges. Since x, — 0, given ¢ > (), we have

0<log(l 4 z,) < (14 €z,

for sufficiently large n. By the comparison test. > log(l + z,,) converges. If
we use (1 — e)r, <log(l 4+ &, ). we obtain the converse.

Suppose that J[(1 + |z,|) converges. Then by (ii), > log(1 + |z,.|) converges.
(We begin with terms such that the conditions in (ii) hold.) TIn fact, the
argument in (iii) shows that 3 log(l + z,,) converges absolutely and hence
converges, Thus by (ii), [[(1 + z,) converges. N

Proof of Theorem 7.1.6: Canonical Products First we show that the fune-
tion [](1 — z/a,)e*/*" is entire. For each R > 0, let Dg = {z such that |z| < R}.
the closed disk of radius K. Since a,, — o¢, only a Anite mumber of a,,’s lie in Dy,
say, ay,....ax—1. Therefore, for z € Dg, only a finite number of terms (1 —z/u,,
vanish. We will use the following lemma.

Lemma 7.1.7 I[f 1 +w = (1 — a)e* and |a| < 1, then |w| < |al?/(1 - |al).

Proof Writing e¢“ as a series, we get
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Thus, since |a| < 1.

" -
|?i‘| = |“—a]ca—1|§l—n.——|—,__+u|a:m_|_“_
2 7!
12
< la*+laf*+...= |i17[
1 - |al

The next step in the proof is to show that the series

i wy(2) = i Kl . ”i> alon _ 1]

=1 n=1

converges uniformly and absolutely ou Dy . This will show that

Cl: ~
11 (1 5 _) g2l
iy

is entire (by Theorem 7.1.5).

Indeed. for n > N, |z/a,| < 1 if |2] € R/2. and so from the preceding lemma,

since (2| < R/2 and |a,| = R for n > N. Thus,

B2 L
BpEs S 1'1:{” -
2 M |* '

|l (2)] <

By assumption, 3 M, converges, and so by the Weierstrass M test, > an,(z) con-
verges uniformly and absolutely. Thus, the function fi, defined by

filz) = z* H[l - (afun)_;ﬁ“’“”

n=1

is entire. From the definition of the product it is clear that fi has exactly the
required zeros. Thus, so does e9fy. If f has the given zeros, then [/ will be
entire and have no zeros (by Proposition 4.1.1). Therefore, we need only prove the
following lemma.

Lemma 7.1.8 Let h(z) be entire with no zeros. Then there is an entire function
g(z) such that h = e9.

Proof This follows from Proposition 2.4.12 since the entire complex plane C is
simply conneeted. W



422 Chapter 7 Asymptolic Methods

Table 7.1.1 The Gamma Function
Definition
1
Tiz)= s
(2) zen® [Hn (142 )e—zf"]
where
x 1 1
A= lim [1+=+...+——logn | = 0.577.
n— 2 i
Properties
1. T is meromorphic with simple poles at 0. -1, -2,....

9. T(z+1)=2l(2), 2 £0,~1,-2,....
3. Tin+ ll=nlin=0,1,2,:=
4. T(2)['{(1 —z) =«/sinnz.

5. I'(z) # 0 for all 2
1:3+5,.. [2n—
6. T’ (%) =i I (n—l— l) = e 1}\/1?

:élj[(n )(1+§)]J

R :
&=y . e

1 e | i
9. T(z)I (z e —) " (,3 g ) = (2m) (=21 D =m0y,

] (i

8 2P P (z+ ) Vvrl(22

11. The residue of I' at —m equals (—1)™/m!.

" OO

12. (Euler'’s integral) I'(z) = t*~le~'dt for Rez > (. The convergence is

0
uniform and absolute for —w/2+ 6 < argz < 7/2—46,0 > 0, and for e < |z} <
R, where ) < e < R.

g I (1 1 /'C’C et s
_ = iy - = = it
18 = =1 z+z(n. :-:+‘n) Ja ( : 1=8%]"
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3= WLT

Figure 7.1.2: Contour for Hankel’s formula.

1

14. (Hankel’s formula) I'(z) = — =
isinmz

[ (—t)* le~'dt. (C as in Figure 7.1.2.)
%
1 i

15. = —
I'(z) 2Zn

/ (—t)"%etdt. (C as in Figure 7.1.2.)
c

16. T(z + 1) = /2r22t1/2¢ % for |2| large, Rez > 0. (This is Stirling’s formula,
to be proved in §7.3.)

Worked Examples

Example 7.1.9 For what z does (1+2z) [T, (1+ =2") converge absolutely? Show
that the product equals 1/(1 — z).

Solution By Theorem 7.1.2(iii). we have absolute convergence HEY L, 22" con-
verges absolutely. This is the case for |z| < 1, since the radius of convergence of
the series is 1. Thus, the product converges absolutely for |2] < 1.
Our product is (1+2)(1+2%)(1 + (1 +2%) ... Notice that (1+2)(1+ gt
1424 22 +2% and
(1+2) (1 +2)1+2)=1+242+2° s

Generally,

T
(1+3}H(1+32k) o l_l_z _}_ 32—|— .'.+22m—e-l_l.
k=1

This series converges to 1/(1 — z) as n — oc since it is the power series around
z =10 for 1/(1 -2}
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Example 7.1.10 Prove thal
= ] 22
ginz =2z l = ——=].
ife=y

=l

Solution The zeros of sinz occur at 0 and +nm; let us define a; = 7, a2
All the zeros are simple, and > 1/|a,|* converges
can write

M3 = 27,04 = =27 0nns
I'herefore, by the Theorem on Canonical Products 7.1.6. we

= -
sinz = py’«z}z I I Yisw e E:z,'rrr..“
g

n=1
— FQ{‘:’]--. [(] == E) E':f’ﬁ] [(1"’5)!‘ "f""-il
w T
e 2 ) .‘2’.."127!':[ I:(l i) J—zﬁin:’ ;
[( 2 : " 2T %

.

) Hx' 22

. glz) . i

= (8 "] 1 — y
( .”gﬂ.a)

=1

(gathering the terms in pairs). Tt remains to be shown that 9%} = 1, which requires

an unusual technigque
Let
G 2
_a(z),
Po(z) = "%z H ( h ng.zr,r-z)
k=1
so that P, (z) — sinz (uniformly on disks). and hence I’/ (z) — cos z. Thus
I)J’ = .
u(?) — ootz for z#£0,+7, 2%, ...

Pa(z)
i)

g(z) + log ¢+Zlug( e

But
P’(z) d d
= —logP,(2) = —
Pn(r} 1z P (2) dz
— e T
o g o 22 — k22
However, from §4.4,
e ‘-
tLzi= _+Z T
n—=1

and so g(z) is a constant, say ¢. Therefore

-

for 2 # nw. Thus, ¢'(z) =
. o 2
SIIL Z & H 1 Z
=i e .
ném?

Letting = — 0, the left side approaches 1, while the right side approaches ¢ (Why

T'hus € = 1 and we get the desired formula
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Exercises
- 1 1
1. Show ths L—== ) 2= =
W al H ( n,"!) 5
=2
o -
2 1
2. Show that 11—} = -
SR ;E[)( n(n+ 1_]) 3

3.* Show that [[°°, (1+ z,) converges absolutely if 37", log(1+ 2,) converges
absolutely.

1.* Complete the proof of the analyticity of infinite products (7.1.5).

5. Use Worked Example 7.1.10 to establish Wallis’ formula,

- , s 2 2
6. Show that H l == ) — 3
1t 4

n==2

7.* Prove formula 2 of Table 7.1.1.

8. Show that [[°°, (1+2,) converges (assnming that z, # —1) iff, for any € > 0,

=l
there is an N such that n > N implies that

A+ 2a) ... (I + 2nap) — 1 <€ forall p=0,1,2,....
Hint: Use the Cauchy Criterion 3.1.5 for sequences.
4.* Prove formula 4 of Table 7.1.1.

C od

10. Let ay.ds,... be nonzero complex numbers and assume >~ 1/]aq 1% con-
verges, where h > 0 is a fixed integer. Show that the most general entire
function having zeros at a;.as, ... and a zero of order kat 0is

0G
f{gj — pdlz) H {(1 . i) fl,[:fu,.—}-{zfn\..]2,."2-4-...-|--{z,r’a.,,}""fh] 1
1 o

where cach of the points a; may be repeated finitely often. Hint: Prove
" 5 20 P 5

the following lemma: If 1 4+ w = (1 — a)e*t® /2 ta * for |a| < 1, then

| < lal**1 /(1 — |a]).

11. Prove formula 8 of Table 7.1.1.

12.* Using Euler’s formula (formula 7 of Table 7.1.1), prove that [{z+1) = zI'(2).
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13. Show that in the neighborhood |z + m| < 1 for m a fixed positive integer,

(_]_)m
By
m!(z +m)
is analytic (that is, has a removable singularity at z = —m).

14. (a) (Weierstrass factorization theorem) Lot

2 e h
E[zhj s (1 = 2)(:!3+z /24 fh.
Show that the most general entire function having zeros at ay,as.....

each repeated according to its multiplicity, where a,, — o¢ and having a
zero of order k at 0, is

f(z) = e9t2) 2k H E (—Z-n) ;

o,
n=1 =

(b) Conclude that every meromorphic function is the quotient of two entire
functions.

15.* Prove that, for 0 < ¢t < n,

16. Prove that, for Rez > 0,

1-'# = = T l—za‘.

vl el dt.

I'(z) a t 1sg®

Hint: If Re2 > 0, then 1/(z +n) = fgwc””“'”)dt. Use v = limy, 51 4
...+ 1/n —logn) and Table 7.1.1, line 13.

L] L
t

17. Let ~ be a circle of radius § around zp = 0. Show that er I'(z)dz = 2mi.
18. Establish the uniform convergence in formula 12 of Table 7.1.1.

19.* Prove Hankel’s formula (formula 14 of Table 7.1.1):

—1
— — —E) "%t
e 2isinmz ‘/C( e

For what z is this formula valid? Using I'(z)['(1 — 2) = n/sin7z, conclude
that

1 i

s —t =R ','_td:f.
I(z) 2= (_3( ) e
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20. Suppose one started by defining I'(z) = [, t*'e~'dt for Rez > 0.

(a) Show that I'(z) is analytic on Rez > 0 by showing that j[]” 2~
converges uniformly on closed disks as n — o0.

(b) Show that I'(z +1) = 2T'(2),Rez > 0.

(¢) Use (b) and analytic continuation to prove that ['(z) can be extended
to a meromorphic function having simple poles at 0, —1,-2,.... Hint:
The procedure used is analogous to that used in proving the Schwarz
Reflection Principle; see §6.1.

21.* Show that

20 . o R
/ ¢ 7 dy=+/T and that f e dy = ?

—a —

by using the gamma function. Hint: Relate these equations using integration
by parts and T'(1/2) = /.

7.2 Asymptotic Expansions and the
Method of Steepest Descent

Asymptotic expansions provide a method of using the partial sums of a series to
approximate the values of a function f(z) for large z. A striking aspect is that the
series itself might not converge to the function and might actually diverge. If we
use only one term we say that we have an asymptotic approximation or asymptotic
formula for f. Stirling’s formula for the gamma function is such a formula. This
result, proved in §7.3, states that

I'(z) ~ e *2*V2/2r  for large x.

The expression on the right side may be easier to handle than the T function
itself and has important applications in fields such as probability and statistical
mechanics. Another famous example is the prime mumber theorem, which asserts
that if w(x) is the number of primes less than or equal to the real number z, then

&

w(x) ~ .
i log x

Exactly what such a formula means and in what sense it is an approximation will be

developed in this section. The theory of asymptotic expansions considered in this

section will be applied in the next, where Stirling’s formula is proved and Bessel

functions are studied.

There are methods for studying the asymptotic behavior of functions f(z) other
than those we shall develop. For example, if f satisfies a differential equation, then
this equation frequently can be used to obtain an asymptotic formula. The reader
who wishes to delve more deeply into these topics should consult the references
listed in the Preface.
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“Big Oh” and “Little oh” Notation Some notation is useful for keeping track
of relationships in behavior between two functions. Suppose f(7) and g(z) are
defined for z in some set A. We say f(z) is O(g(z)) (prononunced “f(z) is *big oh’ of
g(2)7) for z in A if there is a constant C such that |f(z)| < Clg(2)| forall z € A. We
usnally write f(z) = O{g(z)), although this is somewhat an abuse of notation since
the object on the right is a statement of relationship and not a specific quantity
to which f(z) is equal. Tor example, sinr = O(x) for z in R, since elementary
sinx| < || for all @. Note that f(z) = O(1) just means that

calculus shows that
f(z) is bounded.

More useful notation for us will be “little oh.,” which requires some sort of
limiting behavior for its definition. Roughly speaking, the notation f(z) = o(g(z))
means that f(z)/¢(z) tends to 0 as z — z5 or 2 — o, ete. (We say “roughly™ only
because ¢(z) could vanish,) For example,

l1—cosz=o0(xr) as = — o0
log & = o(x) a8 r—o0

.F'H.

g 1
& =n —— as I —.00 .EUI' Iy 1.

We will be concerned primarily with 2 — o0 in a sector o < arg(z) < 3. For
the remainder of this section, unless specified otherwise, the symbols will thus be

defined as follows:

e f(z) = O(g(z)) means There are coustants R and M such that whenever
|z| = R and a < arg(z) < 3,|f(2)| € Mlg(z)|.

o f(z) = olglz)) means For each € > 0. there is an I? such that whenever
|z| = R and a < arg(z) < 3, |f(2)| < €lg(2)].

In some cases we will be interested only in behavior along the positive real axis and
will then take a = 3 = 0. Notice that if f(z) is O(1/2"*"'), then it is o(1/2™), but
Lhe converse is not generally true.

Asymptotic Expansions Chapter 3 was concerned with representing a func-
tion by an infinite series that converges to the value of the function and it caretully
avoided divergent series. Nonetheless, divergent series can sometimes be useful.
thongh one must be very careful in their interpretation. We will sce that it is pos-
sible to associate with a function an infinite series which may or may not converge.
but whose partial sums can be made to yield good approximations to the value of
the function.

Consider a series of the form
L
ol

-

and let

4 L8] Ly
S, =ap+—+...+—.

T
o

L
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Thus. S,, is well defined for z # 0 but we do not demand that S converge. The
correct way to say that S is asymptotic to a given function f is as follows.

Definition 7.2.1 We say that f ~ S, or that [ is asymptotic to S, or that S is
an asymptolic expansion of f, if

f B SF'N. =0 (%)

for arg z lying in a specified range [ex, 3] (see Figure 7.2.1).

g

Figure 7.2.1: Asymptotic expansion.

Although S may be divergent, the partial sums may result in accurate APProxi-
mations of [, the error being approximately 1/z". This will be illustrated with an
example in the following paragraphs.

If we allowed the full range [—m. 7] for argz. we might expect ap + a1/2 +
s/ + ... to converge if f(z) were analytic outside a large circle, because [ has
a convergent Laurent series of that form. However, [ usually has poles z, — o©
(such as T'(z), which has poles at 0, —1,—2,... ), and therefore in many examples.
we do not have a Laurent series that is valid on the exterior of any circle. If f has
poles 2, — oc in the sector argz € |a. 3] and f ~ S, then 5 cannot converge at
any zp. If it did, then § would converge uniformly for all |z| > |z0| + 1. (See §3.3.)
Definition 7.2.1 and the mniform convergence of S, to § would say that for large
enough |z| in that sector, we have | f(z) — S(z)| < 1. But this cannot hold near the
poles of f.

The following example should help to clarify the concept of asymptotic expan-
sion.

Example 7.2.2 Show that for @ real and positive.

% : 1 & g
[ t et = — =+ = — =+
o x

22 " gpd
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Solution Define
flz) = f e A
b
(This is not the gamma function!) Integration by parts gives

S (1)1 (n —1)! e [ e
AN Ty iy o i |
HEl= e g s = +(=1) 'n/ tn_,_ldt.

We claim that
1 1 21 3
p)~8Sz)=———=+———+....
f@) (=) z @B & B
Note that the series diverges. Here the sector is o« = 3 = 0; that is, we are restricting
z to the positive real axis.
Indeed, if

we have

o0 e;r--t 00 T .,:.,;r—f
T . g i LY | = nl — .
U@ -Sa@ll =t [ Cae=nt [ (3) T

il o n! > 7!
< n! [ dt < — / ==
L o t £ LEE T

which approaches zero as # — o0o. Thus f(x) — S,.(z) is o(1/2™), so f ~ § as
required. Even though n! grows quickly, we still have an accurate approximation
because

@) - 5@ < o =0 (5 ).

o+l
and if x is, say greater than n, then n!/z"*! is very small. ¢
The next proposition gives some basic properties of asymptotic expansions.
Proposition 7.2.3 (i) If
f(z)~5(z)=a0+“—;+g+... ,

then

1)~ 5a(2) = 0 ()

and conversely.
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(it) If

15} (1 553
e et e
z 22

and

s L2 | as
jwﬂ.{]+—"‘|"—2—|-...,
z A

then a; = @;. (Asymptotic expansions are unique. )

(iii) If
f~ag+ i A E'; +
b Z
and
b b

g"‘—'b[}-i-'-;-l-z—z—l—...,

both being valid in the same range of arg z, then in that range

f+gn~(ag+bo) + (o jbl} e

22
and

1
ﬂkbn—k-

]2

. &
Jg~eg+ +;§+... where c¢p =

Z

Eo
I

0
(Asymptotic series may be added and multiplied.)
(iv) Two different functions can have the same asymptotic expansion.

(v) Let ¢ : [a,00[— R be continuous and suppose that ¢(x) = o(l/z"),n > 2.

Then
T 1
f d(t)dt = o (In_l ) .

Proof

(i) Since f ~ S, we have, by definition, f —Sn41 = o(1/2™*1). Therefore, we get

: » ; 4 1 Op41 1
.f — 8, = J _Sn-l-l 2 3 Sn—i-l —Sp =0 (zn+1) i En_ﬁ =0 ('znT) :
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(i) We shall show that a, = @, by induction on n. First, by the definition of
f~8 flz)—ag — 0as z — oo, 80 ay = lim._. f(z). Thus ay = ag. Suppose
we have proven that ag = ag,... .4, = d,. We shall show that a, 1 = G,1.
Given € > 0, there is an R such that if |z] > R, we have

Ak [f(z) — (ag—i— aTl + .04 ﬂﬂ'“) 6

-;-'r?-ll

P

and

a a ]
gl [_f(:}— (dg—l—%—l-----l- nﬂ) <€

»141
.

Therefore. by the triangle inequality,

|ﬂn+l S &r¢+1|

== |zn+1i|un-|-1 _&11+li

|zn+1|
< e+ 6= 2e.

Thus |@n+1 — @n+1| < 2¢€ for any € > 0. Hence a1 = @y11.

(iii) Let Sn(z) =ag +... +a,/z" and Sn(2) = by + ... + by /2™. We must show
that f+ ¢ — (S, + Sx) = o{1/2"). To do this, write

F4g—1(Sn+8.)=(f —8n)+ (g —5,) =o(1/2") +0(1/2") = o(1/2™).
To establish the formula for the product. note that
cgteifz4 ... Fep/2t = 8.5+ ol1 /"),
since 8,5, = ¢g + ¢1/2 + ... + ¢, /2" plus higher-order terms. Thus,
fo—(co+ecr+...+ep/2")= fg— GG o(1/z").

Now write fg — 9,5, = (f —S.)g+ S.(g— S,) and note that both terms are
o(1/2z™), since g and S,, are bounded as z — oc.

(iv) On R, the function e~ * is o(1/2") as x — oo for any n. Thus if f ~ a; +
ai/z+ag/z?+..., then f(z) +e " ~ag+ai/e+az/a* +... as well,

(v) Since ¢(t) = o(1/t"), lim,,—o t"@(t) = 0. Given € > 0, there is an 29 > 0
such that ¢ > z; implies [t"¢(t)| < e. Thus for z > zq,

e oo 1
] o(t)di <.§/ dt = — Gommsyt
T a 4 n—=1 z%

e 4]
an / -:}'b(f.)dt’ <e

Therefore, limy ..o 2"~ [ @(t)dt = 0,50 [T o(t)dt =o(1/z""1). N

so for x > @y,
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Asymptotic Formulas and Asymptotic Equivalence If a function has an
asymptotic series as just described, then the partial sums of that series can be used
to obtain approximations to the function for large z. However, the applicability of
this method is a bit restricted. If f has the asymptotic series

5]

@y
f(z)NS{:} :(I'U+_"i" ""E+- 3
2z
then f(z) —ag = o(1); that is, im, .o f(2) = ao, s0 f has a finite limit at infinity
in the specified sector. This is too restrictive, since we are commonly interested
in functions that grow as x grows, such as the two examples mentioned at the

beginning of this section, I'(z) and n(z). To remedy this, we write
. {1y 1y
f(z) ~g(z) (ai'!_"T‘F?—z“ +)

to mean that

In other words, if g(z) # 0, then

z 7 a:
Jﬂ( \»] 2 aD + .._]. _j _|_ M-
gl(z) z z

the hope being that g(z) is an easier function to handle for large z than is f.
Incorporating the factor ag into g, we have

f(z)wg(z](i+%+§%+...>.

The first term gives a function g(z) with f(z) = g(2)[1 + O(1/z)], or, slightly more
generally, f(z) = g(2)[1+0(1)]. In this case we say that f and g are asymptotically
equivalent.

Definition 7.2.4 Twe functions f(z) and g(z) are asymptotically equivalent if
J(2) = g(2)[1 + o(1)]. In this case we write f(z) ~ g(z).

Notice that if g(z) # 0, this says f(2)/g(z)—1 = o(1) so that lim, .o [f(2)/g(2)] =
1 in the specified sector. The expression g(z) is thought of as giving an asymptotic
formula for f(z). It is in this seuse that Stirling's formula and the prime number
theorem are to be interpreted.

The goal is to use g(#z) to approximate f(z) for large 2. However, the approx-
imation need not be improving as z — oo in the sense we have been using so far.
That is, the absolute value of the error Af = g(z) — f(z) need not be shrinking.
Instead it is the relative error or percentage error, the error expressed as a
fraction of the true value, which has to be shrinking. The relative error is

Af N g(z) — f(z) _g(z) L.

i f(z) f(z)
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and this goes to 0 as z goes to infinity in the specified sector since it is o(1).

The following simple example should clarify the points made in the preceding
paragraph. Let f(z) = ze®*/(1 +z). Then f(z) ~ g( z) = ¢*, The asymptotic error
incurred by using g(z) to approximate f(z) is Af = e* — j(z) = ¢*/(1 + z). This
error goes to infinity as z grows along the positive rea] axis. However, the relative
error, the absolute error expressed as a fraction of the true value, is

Af e* 14z
f 1+z zef
which does go to 0 as z grows.

As we have noted, one function might have two different-looking asymptotic
formulas even though the ratio of the two will tend to | as z grows in the specified

sector.
Many of the functions one wishes to study either arise as or can be converted

1

to integrals of the form
fz) = / e*Mg(£)de.
i |

The I' function is of this form:

oo = &
I'(2) :/ = [ e*loBte~tay,
0 Jo

We will pursue this idea in §7.3 to obtain Stirling’s formula from a result at the
end of this section. The plan is to find a point & on the curve such that the factor
e*M&) is fairly large there but becomes small away from & along the curve for large
». Then most of the contribution to the integral will come from the part of the
curve near & and we may be able to estimate it in terms of the behavior of i and
g near &. First we turn our attention to some cases in which £ is simple enough
that we can obtain all terms of the series.

Laplace Transforms The Laplace transform is a construction very much like the
Fourier transform we met earlier. Provided the integral makes sense, the Laplace
transform of a function g defined on the positive real axis is

i) = [ et

0
We will devote considerable attention to this construction and some of its applica-
tions in Chapter 8. Here we will see how asymptotic series might shed some light
on the behavior of §(z) for large z.

Proposition 7.2.5 Suppose g is analytic in a region containing the posilive real
axis and is bounded on the positive real awis. Let the Taylor series for g centered
at 0 be 3% an2™ and let §(z) =[5~ e *'g(t)dt. Then

ag  ap  2as nla,

§(2)W?+§+'z.—d+---+zn+]

as z — oo,argz = (.
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Proof Let h(z) = [g(z) — (a0 + @1z + ... + an—12""")]/2z". Then h is bounded
on the positive real axis because first, g is bounded, second, the polynomial term
in the numerator has degree less than n, and third, the limit as z tends to 0 is a,.
Thus there is a constant M such that

|_qf‘t) = ((Lg +a1t+...+an_.|tﬂ'_1)| < Mt"

for all £ > 0 and so, for real z,

/ e *gt) = (ap +art +...+ aﬂ_lt"_l)]dt‘ < M’f e FHdt.
L D U

Thus,

mn—1

glz) — u,k/- e =tk dt
by

k=0

o
E: J]l»‘ir/ E—zttn.dt_
4]

Letting = = zt, we get

n—1
~ 1 i -
z) — E e——— e Tadx
9(2) Ak ./u =

k=0

1 20
< M—— e “z"de,
M zﬂ+l 0

n—1 ,
g I'(k+1 'n+1) Mn! 1
a(z) — Zak(.,k—-jt-ll <M (zfs“ Tt T . (;) ,
k=0

which is what we wanted. W

The assumption of analyticity for the function g fits nicely into the theme of this
text and makes the simple proof just given possible. It is worth noting, and impor-
tant for many applications, that the same result holds with different assumptions
on g. Analyticity is not so essential as that g be infinitely differentiable.

Proposition 7.2.6 Suppose g is infinitely differentiable on the positive real axis
and that g and each of its derivatives are of exponential order. That is, there
are constants A, and B, such that |g™ ()| € A,ePt for t > 0. Let §(z) =
Jy e *g(t)dt. Then

1)

g(0)  ¢'(0)  g"(0) g™ (0)
N e T et e

g(z)

as z —o00,argz = (.

Proof Fix n > 0 and suppose z > max(Bg, By,... ,By). Then repeated integra-
e—-ztg[k}(t}

tion by parts gives
n—1 14 1 o0
stan = - A = —#tg(m) ($)gt
hel 2 (TIE‘T':I’C' [ 2k ::{JD P ./o )

(k) o0
B Z g o) 1 i
== zk-H ~+ ; i e q ik (t)df,
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since e ?tg¥)(T)| < Age!Pr==T and this last term goes to 0 as T grows. There-
fore,

L e (o) . An
Zﬂm(zj . Sn(zﬂ < f |f;"'2tg{ﬂ](t}|df oF / Aﬂefﬂn—zﬂd_t T (R
i} 0 z— By

and this goes to 0 as z grows, as we need, W

The second result (7.2.6) applies to infinitely differentiable functions that are
not analytic, as well as to functions such as polynomials, which are not bounded.
The first (7.2.5) includes funetions such as g(t) = sin et” whose derivative is not of
exponential order.

Watson’s Theorem The argument used for Proposition 7.2.5 will also establish
an expansion with a slightly more complicated function for f.

Theorem 7.2.7 (Watson’s Theorem) Let g(z) be analytic and bounded on a
dowmnain containing the real axs. Set

f(z) = f e g (y)dy

- 4]

for z real. Then

f[:yjmw“zrr ug+% u;»'i-3+a{3«]-3-5¢
of N \/E ;

z 3-2 zS i = = a
(o)
as z — oo, arg z = 0, where g(z) = Y5 an2" near zero.

Proof We first observe that the function

. - h
} (,.,} e !f(z) adl (ﬂ-u + @12 + 0. Flap 12" 1)
g e zﬂ?a

is bounded on the real axis since ¢ is bounded and since h(z) — ag, as z — 0.

Therefore, we obtain

<M [ e‘;-’*’:*"gy"""‘dy.

W — 0

o
sy g
‘/ e m[-q(y) = (G-g + a1y + ... Tt aap 13;21 ! }]du

Now we use the fact that for z > 0,

e = 3 Ek—' 1
f e~ 22 dy — 27 -1-3...
—o

and

e ‘, ;

W]
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(see Exercise T) to obtain

/’-’“ Al ((mv’ﬁ% L aV2r | an/Ir-1-3

#A/2 1 L1412 »241/2

o

l) -
<U\/— 2n. 1)1

l*’?

am—1+1/2

L A2n—2 27 1:3...(2n— 3))

from which the theorem follows. B

Method of Steepest Descent Finally we turn to situations in which /1 may
be more complicated and in which more sophisticated techniques are needed. One
of these is called the method of steepest descent or the saddle-point method. Tt
was discovered by P. Debye around 1909 in connection with some high frequency
approximations i optics,

We seek an expansion of the form

.!'(»*'-‘Jwyiz)(l +Ujl + z—2+)

for a particularly simple function g(z), and we shall be mainly interested in ob-
taining the first term. The method described here works well if f has r.lw. special
form f(z) = ,r #MEde. We shall use contours ~v(t) defined for all t € R, We can
integrate over Sut‘h infinite contours in the same manner as we would lrl’r{‘g,mLL over
ordinary ones, as long as we check convergence of the integrals.

Theorem 7.2.8 (Steepest Descent Theorem) Let v :] — oc,oc[—+ C be o C7
curve. (v may also be defined only on a finite interval.) Let ¢y = ~(to) be a point
on 7 and let h(¢) be a function conlinuous along v and analytic at (y. Make the
follouring hypotheses: For |z| = R and arg z fized,

1) fiz) = ,'w e*"8)d¢ converges absolutely.

(ii) R'(o) = 0; A" (Cn) # 0.

(iti) Tm[zh(()] is constant for { on ~ in some neighborbood of Co.
(iv) Re[zh(C)] has a strict mazimum at Cy along the entire curve .
Then

ﬁEh{CH}\/ﬁ
vz —h"(Cy)

as z — oo, argz fived. The sign of the square rootl is chosen such that

V=R (Co) -7 (te) > 0.

The proof of this theorem is given in the Internet Supplement for this chapter.

fz) ~
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Remarks

(1)

(i)

(i)

To achieve conditions (i) to (iv) it may be necessary to deform v by applying
Cauchy’s Theorem. A path 7 verifying these conditions is called a path of
steepest descent.

The asymptotic expansion in the conclusion of the theorem depends only on
h(¢o) and h”(¢g), not on the behavior of h elsewhere on v (except, of course,
that f must satisfv the hypotheses of the theorem). Higher-order derivatives
would be used if further terms in the expansion were needed.

The origin of the term “steepest descent” can be traced to conditions (iii) and
(iv) in the following way. Recall that Im[z/(¢)] = »(¢) and Re[zh(()| = u(()
are harmonie conjugates, and recall the fact that v is constant on + means
that » is changing fastest in the direction of . Since {p is a maximum.

u(¢) = Re[zh(()] is decreasing fastest when moving away from (o in the
direction of ~. Hence the curve «v is the path of steepest descent. The term
“saddle-point method” origina.'r.mi as follows. The function u(¢) = Re[zh(¢)]
has a maximum on v at (g. But A"((y) # 0 implies that « is not constant.
so (p must be a saddle point of u since harmonic functions never have local
maxima or minima (see Figure 7.2.2).

=

P T———

Figure 7.2.2: Saddle-point method.

v en the correct sien for the s ot may be determined by examining
Often tl t sign for tl uare root may be deter d by g

the sign of the integral defining f(z).

To obtain the higher-order terms in the expansion

Biee B 0 ( R )
z) o~ T
Vz =G
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one must be able to compute more terms in the series ¢ = (o + ayw + asw? + ...
in the preceding proof. In simple cases, these higher-order terms can be evaluated
explicitly, as in Watson's Theorem 7.2.7. The details of the method of obtaining
higher-order terms will not be given here, because such terms are needed only in
refined caleulations. The leading term given in the steepest descent theorem is the
important one.

The applications of this theorem given in §7.3 deal primarily with the case in
which z is real and positive. Clearly, in that case conditions (iii) and (iv) of the
theorem can be written equivalently with or without the z.

A proof similar to the proof of the Steepest Descent Theorem shows the following
(see Exercises 8 and 10).

Theorem 7.2.9 (Generalized Steepest Descent Theorem) Let the conditions
of the steepest descent theorem (7.2.8) hold but let f have the form

Fiys [ M@ g(c)de

where g(C) is a bounded continuous function on ~y with g(Co) # 0. Then

ezh(f,-u}\/ﬁg((ﬂ)
—h"(Cy) .

f(z) ~

Method of Stationary Phase If the exponent in the integrand of Theorem
7.2.8 is purely imaginary, we can obtain a related result known as the method of
stationary phase. This method was developed in part by Lord Kelvin in 1887
and will be applied to the study of Bessel functions in §7.3.

Theorem 7.2.10 (Stationary Phase Theorem ) Let [a.b] be a bounded inter-
val on the real axis. Let h(t) be analytic in a neighborhood of [a.b] and be real
for real t. Let g(t) be a real- or complez-valued function on |a, b} with continuous
derivative. Suppose

b
f(z) :/ =MW g(t)dt.

If /(1) = 0 at ezactly one point ty in Ja,b] and h"(lg) # 0, then as z — oo on the
positive real axis, we have

f(z) ~ rﬁim(m)V!_Eﬂ_c-**'”*”“q[tn).
' A/ ER (o) :

The plus signs are used if h"(tn) > 0, and the minus signs are used if h"(to) < 0.
The asymptotic formula for f can also be written as

b (w4
/ Enzh(r}ﬂ(t)dg = 27e g(tﬂ) \
i £h"(to)

lim /ze #h(to)

T—+- 00
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We note that by breaking g into its real and imaginary parts, it is sufficient to prove
the theorem for ¢ real-valued. Also note that we did not require g(to) # 0.

The name “stationary phase” comes from the interpretation that the integrand
is a complex quantity with amplitude (magnitude) g(t) and phase angle zA(t). The
intuition behind the formula is that the main contribution to the integral should
come from the neighborhood of #3, where the phase angle is varying as slowly as
possible. To see why. think of the integral in terms of its real and imaginary parts:

b b
f(z)= / g(t) cos(zh(t))dt + 4 / g(t) sin(zh(t))dt.

a Ja
If z is very large, then zh(t) is changing rapidly in regions where h'(t) is not zero.
Thus, cos(zh(t)) and sin(zh(t)) are oscillating rapidly. Figure 7.2.3 illustrates this
with h(t) = #* by the graphs of cos(108%) and cos(20t*). If ¢ is at all reasonable,
the resulting oscillations of the integral should tend to cancel out except near the
points where h'(t) = ().

Hl+x @

~x (b)

Figure 7.2.3: Graphs of (a) y = cos(10t?) and (b) y = cos(20t?).

The endpoints of the interval of integration might also be expected to contribute.
but it turns out that this contribution is at worst proportional to 1/z and so will
not interfere with the result we hope to prove: The integral behaves about like
1//z.

We should be able to estimate the integral for large z by using only a portion
of the path near tg. Tn this short interval we approximate g(t) by the constant
g(to) and h(t) by its second-order Taylor approximation h(ty) + [ (ta) /2](t — tp)*
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to obtain
flz) = =" g to) [ giah" (o) (t—10)* /2 gy

where the integral is over some short interval centered at fy. Changing variables
produces

'.r'::h(fn) ( \/2 i
> S JI o
f(z) = V‘ ;F?”{tu j =

The integral is taken over an interval of the form [—A/z, Ay/z]. The real and
imaginary parts of the integral

/ﬁ”g dir = fcoa(.rg}d:r%-ij sin(e?) da

are called Presnel integrals. Residue methods may be used to show that each
integral taken over the whole real line converges to y/m/2. The details are given in
the Internet Supplement for Chapter 4. Therefore, as z goes to infinity. the integral
for f converges to \/m/2(1 4 i) = me™/4. This leaves us with exactly the result
we wish. with obvious modifications for the case in which A" (#y) < 0.

We will see something of the applicability of this formula in §7.3 when we study
the Bessel functions. Kelvin used it in 1891 to study the pattern of bow and stern
waves from a moving ship. Tn any particular application the amplitude g(t ) is
usually well behaved. But turning the intuitive derivation just given into a proof
is a bit tricky. The first step requires that the function g be smooth enough so
that when multiplied by the rapidly oscillating cos(zh(t)) and sin(zh(t)), it gives
something for which the integral effectively cancels away from tg and for which any
cancellation is not so effective near tg. This may not happen if ¢ itsell has a lot of
oscillation at very high frequencies, Continuity alone is not enough to prevent this,
as can be seen from the following example.

Example 7.2.11 Find a continuous function g for which the conclusion of the
Stationary Phase Theorem 7.2.10 s [alse.

Solution Let o(t) = S22, (1/k?) cos(k®t). This series converges uniformly and
absolutely for £ € R sinee thv Rth term is :lummatpd hﬁ, 1/k2. Thus, ¢ is contimmous.
Define g(t) on the interval I = [—v/2m, V27 by g ‘Hcf)(t when £ > 0 and by

g(t) = 0 when t < 0 and consider the integral

flz) = /e_“—“”"jg;(_t]df
JI
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This fits the pattern of (7.2.10) with h(t) = 2 to =0, and K'(0) < 0. Hnisa
positive integer, we have

S0

fin) = /e_”“ g(t)dt = / ¢TI (1) 2tdt
JT

(% 4]

2 _ 27 1
= / e "o(r)dr = [ e """ — cos(k®z) | dx
0 Jo ke
k=1

27 )
- / e~ cos(kPx)da
Jo

I
M]3
o

T

1
k

1

o

2 27
j cos(nz) cos(k®zx)dr — i / sin(n) c:-:}s(kﬁm)ds-:] :
0 Jo

=
Il

These integrals are all 0 except the first in the single case k% = n, and that one is 7.
Thus, f(k%) = m/k*. In other words. for positive integer z we have f(z) = 0 unless
= is a sixth power, in which case f(z) = m/¢z. Thus, /zf(z) does not remain
bounded., so the conelusion of Theorem 7.2.10 cannot hold. ¢

The funetion ¢ in this example is not smooth enough to make Theorem 7.2.10
work. Tt has too much influence from its high-frequency components, and some
condition is needed to prevent this, The requirement of a continuous first derivative
(in the sense of one real variable) specified in Theorem 7.2.10 is one such condition.
It implies a property, called bounded variation. which is phrased specifically in
terms of the oscillations of g and which is important in the theory of integration.
A fow of the ideas about this property and a proof of Theorem 7.2.10 are given in
the Internet Supplement to this chapter.

Worked Examples

Example 7.2.12 Suppose that f(z) = 1(z) + J(z). that I(z)/J(z) = 0(1/zM) for
every positive mteger M, and that

{1 (15
J(.:’-) NQ{Z) (ﬂ.{}‘l‘ —:-I'"_—z':,_j +...) 5

=

Show that

wamﬂ@+%+%+m)

-

Solution Since 1(z)/J(z) = O(1/2"), we know that zM1(z)/.J(z) stays bounded,
and therefore zM—11(2)/J(z) — 0. Thus I(2)/J(z) = o(1/z") for every integer
N > 0. In other words, there is a function By (z) such that ¥ I(2) = Bn(z)J(2)

D A Al LT i
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and By(z) — 0 as z — oc. Now compute

o zN o
[l = [ 1s]
2~ d(z) N _{{_:_) - - ”
s BN(Z}Q(:J e L(?«'} @

The first. term goes to 0. since By(z) — 0 and J(z)/g(z) — ag. The second term
goes to 0, since J(z) ~ g(2)(ag + a1/z + az/z* 4 ...). This completes the proof.

Example 7.2.13 Let h(() = ¢* and (o = 0. Find a curve v satisfying the hy-
potheses of the steepest descent theorem. [(In other words, find a path of steepest
descent. ) Take arg z = 0; that is, z is real, 2 > 0.

Solution Let h(¢) = u + iv, so that if { = & + ip,u = £ — ¢* and v = 2.
The discussion following the steepest descent theorem indicated that the path of
steepest descent is defined by © = constant (since in our case z is real, z > ). Thus
the line of steepest descent through (o = 0 is either £ = 0 or 5 = 0. Since u must
have a maximum at (; = 0. the curve 7 is defined by £ =0. ¢

Example 7.2.14 Prove that
Lo @) /e
s Bl Vi [ Jn'_ = i ; =
f(z) = /_% ¢ cosy dy T 1 5 TamgE
as z — oojargz = 0.
ST T

Solution We apply Watson's Theorem 7.2.7. Write cosy = 1 — % + 4 — ...,
Therefore, ay = 1, a2 = 2—} g4 = ﬁ, .., and thus

2w 1 1-3 2m ; 1
~af— (1l ——— —... ) = Bl e I Y
J(z) P (1 TR ) 2 ( 57 T 1 ) ¢

Exercises

1. Show that if f(z) = O(h(z)) and g(z) = O(h(z)) and @ and b are constants,
then af(z) + bg(z) = O(h(z)).

2. Show that asymptotic equivalence is an equivalence relation in the sense that
the following three properties hold:

(a) Reflexive: f ~ f.
(b) Symmetric: It f ~ g, then g ~ f.
(¢) Transitive: If f ~ g and g ~ h. then f ~ h.
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3.% If f(x) ~ag/az®+ ag/x® + ... for & € [0, o], show that

o
452} s
2) = t)dt ~ = b R
.q{\'-t} -/J. f( +2 9+3r3+

4, Let f(z) = [ > et /tdt. Use integration by parts to show

- | 1 1+2

5.* Show that

sl gl 4!
f(:?f)Z/ B =gy =,
J0

1+ ¢2 N I

6. Let g(z) be analytic at 2o and let g'(20) = 0 and g''(z¢) # 0, so that near
20,9(2) — 9(z0) = [w(z)]? for w analytic, w'(z0) # 0. Prove that there are ex-
actly two perpendicular eurves on which Re g (alternatively, Iin ¢) are constant
through zg, (Recall that Proposition 1.5.12 shows that it f'(z0) # 0,Re f has
exactly one level curve through zp.) Show also that lines of constant Re g and
lm g imtersect at 45°.

7. (a) (See Exercise 21, §7.1.) Show that if z > 0, then for integers k > 0,

fmf a3,k gy — 3 G5, 3k =1]

ko172

and

f (—2:1; ,iyz-‘\'i‘]d‘}_{_]

-
(h) Show that for integers m = 0,

= E 2m — 1 !
f (:*-"’jygmd,y = \/7_;-1 3-5...(2m — 1) (Qm) v

2”‘ ml22m

and

m ¥
/ e—ygyzm—l—ldy =1
=m0

8. Let hy(t) = v/n e="™" The area under the graph of h,(t) is /7 and for any
¢ > 0,ha(t) — 0 uniformly outside | — e, el. Such a sequence is called an
approzimating § sequence. See Figure 7.2.4.
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Figure 7.2.4: Approximating & sequence,

(a) Show that if g(t) is continuous and 0 < N < o¢, then

N
OO ONG

as o — Xk

(b) Show that if g(f) is continuous and bounded, then
| sttty — g1y

a8 1 — 00,

9. The expansion

/'lf Let =t ~ S
Lo T T

was discussed in Example 7.2.2. Compute S4(10) and S5(10) numerically and
find an upper bound for the respective errors. Discuss how the errors change
in S, (x) as n and x increase. For example, for a given r, are errors reduced
if we take n very large?

10.* Sketch the proof of the generalized steepest descent theorem (7.2.9) using
Exercise 8 (you will need to read the relevant internet supplement).

11. Find an asymptotic expansion for

e 2 yr
flz) = [ e~ /2 ginydy.
of =

(Assume that 2 — o0, 2 > 0.)

12. Show that if f(z) = O(¢(z)) and g(z) = o(h(z)), then f(z)g(z) = o(®(z)h{z)).
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13. Find the path of steepest descent through o = 0 if h(t) = cost. (Take z real,

z > 0)

14.* Prove that [, e~ dy = /7, where C' is the 45° line with equation z = t 4 if,
where —o¢ < t < oo, by showing that

Hint: Show that f.? e 5 di — 0 as © — oo where v, is the vertical line
joining x to T + .

15. Repeat Exercise 13 but assume that z lies on the positive imaginary axis.

16. Show that the first term in Watson’s Theorem may be obtained as a special
case of the generalized steepest descent theorem if g > 0 on the real axis.

17. Find the asymptotic formula for f when the path found in Exercise 13 is used
in the steepest descent theorem.

18, Use the steepest descent theorem to obtain the asymptotic formula for f using
the path v described in Worked Example 7.2.13.

19.* Find the asymptotic formula for f when the path + found in Exercise 15 is
used in the steepest descent theorem and h(t) = 2.ty = 0 is chosen.

7.3 Stirling’s Formula and Bessel Functions

Tn this section the method of steepest descent will be used to prove Stirling’s formula
for the gamma function I'(z). Some properties of Bessel functions Jn(z), which are
defined forn = ... ,—1.0,1...., will also be developed and the method of stationary
phase will be used to obtain an asymptotic formula for these functions.

Stirling’s Formula We begin with the important asymptotic expansion for the
gamma function.
Theorem 7.3.1 (Stirling’s Formula)
N(z+1) ~ V2rzit/ 22
as z — oc on the positive real aris.

An extension of the proof given below shows that this result also holds for
—7w /248 <argz <7w/2— 6 for any é > 0 (see Figure 7.3.1).
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Figure 7.3.1: Region of validity for Stirling’s formula.

Proof Recall from formula 12 in Table 7.1.1 that for Rez > 0, we have Euler’s
integral

F(;):f et e
0

We are concerned with the case in which 2 is real and positive. We will first rewrite
the integral so that the steepest descent theorem (7.2.8) applies. To do this, we
make the change of variables t = 27 to get

e w]

=0
F(Z‘I‘l_} :f e—tt.‘:dt - zz-l—l / EﬂngT_T}dT.
1] S

f e*h(€) g
:

h(€) =logC —¢

and # is the positive real axis, [0, co|. We must check hypotheses (i) to (iv) of the
method of steepest descent (Theorem 7.2.8). Let ¢y = 1. Clearly,

h.-(Cn) = —11 h;{(:(]j =0 and h-”((n} 5’£‘ 0.

Therefore, hypotheses (i) and (ii) of the method hold. Also, h(¢) is real on v, so
(iii) is valid. To prove (iv). we know that Re[zh(t)] = xh(t) has a maximum iff h(t)
does. But A(t) has a maximum of —1 at (o = 1 on v (see Figure 7.3.2).

Thus, I'(z +1)/2*"" has the form

where
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h{!,l

Figure 7.3.2: Graph of h(t) = logt — .

Thus (iv) holds. Therefore.

[{z+1) e*hiGo) : 52

N Y e R
Hence ['(z 4 1) ~ 2**1/2¢~%3/27, as required. W

If z = ret were not real, the 2 axis would no longer be the path of steepest
descent and the path of integration would have to be deformed into such a path
using Cauchy's Theorem.

If one examines this method more carefully, one finds that the first few terms
in the expansion are

I 1 1
Tz 4+ 1) ~mABrz* 1 2e2 | 1 4+ — + )
21 - 13, " 28822 ' ‘

more precisely,

T 1 1 1
s ) .-ﬂ,dz{l,’é —Z |1 _ )
Tz 4 1) = ¥2mz*H/%¢ [ i o 288z3+0(_33)}

When solving particular problems, the first term usually is the most important one.
Since I'(z + 1) = zT(z), we obtain I'(z) ~ e™ 2"~ L/2(27)/2, mentioned earlier.

Bessel Functions The remainder of this section discusses some basic properties
of Bessel functions and how the method of stationary phase can be applied to
obtain an asymptotic formula. Bessel functions (the main properties of which arc
listed in Table 7.3.1 at the end of this section) arise naturally in solutions to certain
partial differential equations, such as Laplace’s equation, when these equations arc
expressed in terms of cylindrical coordinates. Bessel functions can be defined in
several different ways. We will find the following definition convenient,
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Definition 7.3.2 Let z € C be fived and consider the function
f(¢) = e (C=1/C)/2

Ezpand f(¢) in a Laurent series around 0. The coefficient of (" where n is positive
or negative is denoted J,(z) and is called the Bessel function of order n. We call
26 10/2 the generating function.

The definition may be written as follows:

o

T——x

From the formula for the coefficients of a Laurent expansion (see Theorem 3.3.1).
we see that
I —1— i 8 ) I e A
.)'.”_[;J = 2_ g Loz(-1/¢)/ d(
e Sy

where ~ is any circle aronnd 0. If we use the unit circle ¢ = & and write ot the
integral explicitly, we get

1 2
fﬂ{z} = == E_{”'l'])mft'izsi" ”f’ﬁﬁdﬁ
2
4§ 0
E 7 il E 7 _usamesvn
= — plesim —m;‘dﬁ S e ﬁ—s,.bm +ni do
2 Jy 2 Jy
1

b

= = / cos(nf — zsind)do,
0

which we call the cosine representation for J,,. Although J,(z) will be defined
for noninteger values of n later, this equation is valid only if n is an integer and

Jn(2)

< | for z real. The graphs of Ja(z) and Ji(x) are shown in

it shows that
Figure 7.3.3.

Figure 7.3.3: Bessel functions Jo(z). .Jy(z).
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Next it will be shown that .J,,(z) is entire, and a method will be deseribed for
finding its power series. To carry out these tasks, it is convenient to change variables
by ¢ — 2¢/z and obtain, for each fixed z, the exponential representation:

= 1 Z\" =T . 3:2
Julz) = i (_‘j) /w(: exp ( ) EE) dg.

Writing the exponential as a power series gives

_22 32 34
(!Xp(—“l?) =1—'L‘1'E+m"

"I'his series converges uniformly in ¢ on v (Why?), so we can integrate term by term
(se¢ Theorem 3.1.9) and obtain

1 2o (=1)F payniek et .
%m“zmgakr(ﬂ Lgmmﬁ-

If n > 0, the residue of €¢/¢"tFH at ¢ =01is 1/(n + k)! (Why?), so

b (_l)k{z}n+2k

Jn(2) = LZ ont2kgl(n + k)!
'='U

-

ST 22 34
= ]~ + — ...
2%n! [ 2.1(n+1) 24-1-2(n+1)(n+2)

which is the power series representation for J,. Thus, J,,(2) is entire for n > 0
and has a zero of order n at z = (0.
Similarly, for n < 0, one finds that

e (_1)L1_nz—71+2k
Ja(z) = Z - n-l—ﬂi(k' — n)lk!

k=0

(see Exercise 11). Tt follows that for n <0,
Ju(z) = (=1)"J_n(2)-

The relationship of Bessel functions to differential equations is as follows: J;,(2)
is a solution of Bessel’s equation:

: n -J'n, '2
dJ+1d +O_%)%:&

dz? 2 dz

-

This equation is obtained by differentiating the cosine or exponential representation
for J,,(z) and inserting the result into Bessel's equation (see Exercise 1). Note that
both .J,, and J_,, satisfv Bessel's equation.
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1f » > 0 but n is not an integer, we can still make sense of J,,(z) in the power
series representation by setting

oo (__ I)kzﬂ-+2k
J:n(z) = Z 2n.4.2kk!r(n L A + 1) :

k=0

Some basic identities can be obtained from the following relations for z # 0:

d [T -1
d_.__,Ez J”(Z)] =—Z T:.—|—1{.Z).

This can be proven directly by differentiating the power series. The student is
requested to establish such a proof in Exercise 4.
If we differentiate z7™.J,,(z) in this identity, we obtain

[Jﬂ(z)J — Jut1(2).

Writing —n for n, we get

d z
_h[-:n'}—n(z]] —& J—ﬂ—H(”J
Biit L@ ={=11 0z}, ¥
d
a;:izn ”?1(3)] = 'vﬂJn—I [:,,,}_,
that is,
i - n
@-fn(«) = Jn—i(") i _"Tﬂ(z)

Combining these equations, we get

d

!
ad'-n(z} = §{Jn—](3) — Jnt1(2)]:

These are called the recurrence relations for Bessel functions. For example, if
we know .J,, and J,_,, this relation determines .J,+1.
We conclude with the asymptotic formula for J,(z).

Theorem 7.3.3 (Asymptotic Formula for Bessel Functions) The following for-
mula holds for any integer n:

& a o
Jn(2) ~ \/; [ccas (z — ? = I)]

as z — ), z real and greater than zero. (This relation is also valid for |arg z| < 7.)
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Proof We use the Stationary Phase Theorem 7.2.10 and the cosine representation

Jﬂ{z) - 21 (/ﬁ (”izaiug_ﬂi{)rjﬂ 4 /F E—i:f Si.u(;‘-—nfﬁdb') )
T \Jo J0

First. consider the function

T
f(;') - / eizsinﬁ—niﬂdﬁl

Ay

In the notation of the Stationary Phase Theorem, let h(t) = sint and g(t) =
e " Clearly h is analytic and real for real t, and ¢ is C''. The interval |a, b
is [0,7], and #'(t) = cost vanishes only at 5 = w/2. At this point, h"(ty) =
—~sin{n/2) = —1 < 0. Thus, we use the minus sign in the asymptotic formula for

iz, — Wi 4
f{‘w) = ﬂ i naw /2 _ Eﬁi{z—rmf?-n/d}_
! v’,g \/ =

Similarly, if we set g(z) = JUT g izeino+ini g we get

_{,‘(2’) - 246:—{(:—11?1'.[2 - wfd].

(A proof of this is reguested in Exercise 9.) Adding the asymptotic expressions for

f and g, we obtain
| 2m T T
Jn(z) ~ (E) 1'{' == 2 cos (:, S e z) _‘

which is the result claimed. B

. ZIVINE

Thus, for large x. J,(z) behaves like \/2/mz[cos(x — #)], where # is called the
phase shift.

Table 7.3.1 Summary of Summary of Properties of Bessel Functions

T

1. g z
i k2] =— j cos(nf — zsinf)df, where n is an integer.
0

2. |Ja(2)| £ 1 for 2 real.
o0 . e
. v {_l}kzn.+2h |
g Bl =Y R " 2 O

k=0

4. J, is entire and has a zero of order n at z = 0; Jp(0) = 1.

5. Jalel=E1)%J_nlz):
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fi. Bessel's equation:

21, 1dJ, n?
I _!___.,.i "‘rr:U
dz? z dz +( 32)
i —# 1 (]
7. Sl )] = 2 "niale)
d 1
&. EJH(:) = E-JH(::] o 'Iﬂ{ i{z]'

d Jﬂ—l(z} i -I;;_._]_(ZJ
9. _o}- = -
dz (2) 2

5% nwoT —
10, Jn(2) ~ \{ . COS (, — Tf - 1‘) as z — 00, z real and positive.

Exercises

1. Prove that .J,,(2) satisfies Bessel's equation (formula 6 of Table i 5§ 2

)]
7 +0 ()]

3. Prove that Ji(z) = —Jy(z) using the cosine representation.

2. Show that

—

|

Tl 1y = Vo T3¢ [l +0 (

and that

T(z+1) = v2rz* T 22 [1 +

as 2 — oc. (z is real and greater than zero.)

4. Prove that dlz~"J.(2)]/dz = —27"Jp41(2) for all n.
5. Prove that Ja(2) = J{(z) — Ji(z)/=.

6. Use the recurrence relations for Bessel functions and Rolle’s theorem from
calculus to show that between two consecutive real positive zeros of J,, (),
there is exactly one zero of J,.i(x). Show that J,(z) and J, ) (x) have no
COMINOI roots.

7. Prove that Jy,5(z) = \/2/mz(sinz), using the definition of J,(z) for noninte-
gral n.

8. Verify that the asymptotic expansion for Jy,(z) is consistent with Bessel's
equation.
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9.* Complete the proof that

dnl2) ~o \/gcos (z - %?I - :?)

= 2
f e—izEing4nib g LT —i(z—nw/2-w/4)
0

S
-

by showing that

(The left side of the expression is called a Hankel function.)
10. Verify that ¢(x) = J,,(kz) is a solution of

!’12

d','f, Woar T ¥ =
&tmw(m x)uﬁ(.v)—ﬂ

with ¢(0) = 0, @(a) = 0, where ka is any of the zeros of J, for n # 0.

11.* Establish the power series representation of J, for n < 0.

Review Exercises for Chapter 7
1. Establish the convergence of and evaluate the infinite product

1 (++7m7m)

=

Establish the convergence of and evaluate the infinite product

ﬁ nZ+3n+2
n? +3n ]

n=1

. Use Worked Example 7.1.10 to show that

2-(3) 6) ) (&) () () -

4. Use Worked Example 7.1.10 to show that

A OEE EHE-

5. On what region is each of the following absolutely convergent?

(o) T (1~ )
(b) II77 (1 —n~%)

[I%
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6. Let H,, = Z;::—l 1/k™. Prove that

e —1\"
logT(1 +2) = —yz+ Z ( -]—Hﬂz“

for |z| < 1, where 7 is Euler's constant.

¥, Teb flz) = [ et sin? #dt. Use the method of stationary phase to find an
asymptotic formula for f(z) as z — oo, z real and positive.

8. Prove that

s (S0 s
T(z) =) — iy T Q@)

ri==()

where Q(z) is entire. In addition, show that
o0
Q(2) :/ t*Letdt.
1

9. Express the integral [~ e—t" dt in terms of the gamma function. Hint: Change
to the variable y = t*.

10. Show that |d*.J,(z)/dz*| <1,k =0,1,2,..., for any n, 2 real.

11.* Prove that T' (5 +iy) — 0 as y — 0,

12. Show that limg._.o Ju(z) = 0.

13. Obtain an asymptotic expansion for [ eV 2 cosy?dy (as z — oo,z > 0).
14. Prove that 2"J,, (z) = Jni P2y R =12

15.* Prove that J,,(iy) ~ i"e¥//2my (as y — oo,y > 0).

16.* In this exercise you are asked to develop some properties of the Legendre
functions (see Review Exercise 34, Chapter 3). These functions are encoun-
tered in the study of differential equations (specifically Laplace’s equation in
three dimensions. which describes a wide range of physical phenomena) when
spherical coordinates are nsed.!

(a) For -1 <x < 1, set

1 [:!,2 N l)n
P,(z) = 2‘“"‘1176]; it — :F}n+1df’

where ~ is the contour as shown in the following figure. By differentiating
under the integral sign, show that P, () solves Legendre’s equation:

-2y - 2zy +n(n+1)y=20.

I Clonsul, for example, G. F. D, Duff and D. Naylor, Differential Equations of Applied Math-
emalbics (New York: Wiley, 1965).
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(d)

Chapter 7 Asymptotic Methods

o — i i e e PFTETAN A
-1 x 1

! -

I

y

For an integer n, derive Rodrigues’ formula:

1 d"

2 n
2nn) don C R

Py(x) =

This formula provides an analytic extension P, (z).
Show that

1 g® 1
nl di® (12 — 2ta + 1)1/2 |,

j?n[:'r} .

=1

and deduce from Taylor’s theorem that

(1 2#1441!3 ZP KB

Develop recurrence relations for the coefficients of solutions of Legendre’s
equation. Use these relations to show that entire solutions must be of
the form
o P
wix) = z apz®  for n even, and p(x) = Z bzt for n odd.
k=0 k=0

Show that these series are actually polynomials, that is, that ag and b,
vanish for large k.

Using (c), show that nf(x) = 2n— 1)xPe_i{x) — (n— 1) P_2(x).
Prove that Py(x) = 1, Pi(2) = 2, and Pa(z) = (32% — 1)/2.
Show that
1 _
0 n# m
Pala ) Poaids = { 9 , ?_é _
d i Gy n=m

ITint: Use (b) to prove the case where n # m; use (¢) to prove the case
where i = .

17. Obtain the asymptotic formula P,(z) ~ [(2n)!12%(n!)?]z" as z — oo, using
part (b) of Exercise 16.




Chapter 8

Laplace Transform and
Applications

This final chapter gives an introduction to the Laplace transform and some of its
applications. §8.1 introduces two key properties that make the Laplace transform
useful for differential cquations: First, it behaves well with respect to differentiation,
and second, a function can be recovered if its Laplace transform is known. The
closely related Fourier transform also enjoys these properties. It was discussed in
§4.3: see also the Internet Supplement for this chapter. §8.2 develops technigues
for inverting Laplace transforms, while §8.3 considers some applications of Laplace
transforms to ordinary differential equations.

8.1 Basic Properties of Laplace Transforms

The Laplace transform provides a powerful technique used in both pure and applied
mathematics. For example, i control theory it has been an indispensable tool.!
It is important, therefore, to have a good grasp of both its basic theory and its
usefulness. Counsider a (real- or complex-valued) function f(1) defined on [0, ol
The Laplace transform of [ is defined to be the function f of a complex variable
z given by

fla)= /1 et f(t)dL.

S0

The Laplace transform f is defined for those z € C for which the integral converges.

Other common notations for f are £L(f) or simply F.
For technical reasons. it will be convenient to impose a mild restriction on the
fanctions we consider. We require that f : [0,00[— C (or R) be of ezponential

lSee, for example, J. (. Willems and J. W. Polderman, An Introduciion to Mathernatical
Systerns Theory und Contrel: A Behavioral Approach (New York: Springer-Verlag, Texts in
Applied Mathematics, 1997},
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order. This means that there are constants A > 0, B € R, such that

f(t)] < Ae'®

for all £ > 0. In other words, [ should not grow too fast: for example, any poly-
nomial satisfies this condition (Why?). All functions considered in the remainder
of this chapter will be assumed to be of exponential order. It will also be assumed
that on any finite interval [0, a], f is bounded and integrable. (If, for example, we
assume that f is piecewise continuous, this last condition will hold.)

Abscissa of Convergence The first important result in this chapter concerns
the nature of the set on which f(z) is defined and is analytic.

Theorem 8.1.1 (Convergence Theorem for Laplace Transforms) Assume that
fi[0,00][— C (or R) is of exponential order and let

i e

f(z) =f e~ f(t)dt.
0

There exists a unigue number o, —oc < o < oc, such that this integral converges if

Rez > o and diverges if Re z < 0. Furthermore, [ is analytic on the sef

A={z|Rez >c}
and we have

d N v o)

i ) e = / te ™= f(t)dt
dz 0

for Rez > o. The number o is called the abscissa of convergence, and if we

define the number p by

p=inf{B € R | there exists an 4 > 0 such that [f(1)| < Ae"*},

then o < p.

The set {z | Rez > o} is called the half-plane of convergence. (If 0 = —x¢,
this set is all of C.) See Figure 8.1.1. In general, it is difficult to tell whether
f(z) will converge for z on the vertical line Rez = . If there is any danger of
confusion we can write o(f) for o or p(f) for p. A convenient way to compute o(f)
is described in Worked Examples 8.1.12 and 8.1.13.

The proof of this theorem and more detailed convergence results are given at
the end of this section. The basic idea is that if Rez > p, then A and B may be
selected with p < B < Rez and |f(t)| < AeB'. The improper integral for f(z)
converges by comparison with [ AelZ=Rezlt gy,

The map f — f is linear in the sense that (af + bg) = af + bg, valid for
Rez > max [o(f),o(g)]. It is also true that the map is one-to-one; that is, f=3
implies that f = ¢; in other words, a function ¢(z) is the Laplace transform of at
most one function.
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_f diverges

Figure 8.1.1: Half plane of convergence of the Laplace transform.

Theorem 8.1.2 (Laplace Transforms) Suppose that the functions f and h are
continuous and that f(z) = h(z) for Rez > 7o for some yg. Then f(t) = hit) for
all't € [0,00] .

This theorem is not as simple as it seems. We do not have enough matheratical
tools to give a complete proof, but the main ideas are given at the end of the section.
Using ideas from integration theory, we could extend the result of the uniqueness
theorem to discontinuous functions as well, but we would have to modify what we
mean by “equality of functions.” For example, if f(t) is changed at a single value
of t, then f is unchanged.

The uniqueness theorem enables us to give a meaningful answer to the problem
“Given g(z), find f(#) such that f — g." because it makes clear that there can be
at most one such (continuous) f. We call f the tnverse Laplace transform of
g; methods for finding f when g is given are considered in §8.2.

Laplace Transforms of Derivatives The main utility of Laplace transforms
is that they enable us to transform differential problems into algebraic problems.
When the latter are solved, the answers to the original problems are obtained
by using the inverse Laplace transform. The procedure is based on the following
theorem.

Proposition 8.1.3 Let f(t) be continuous on [0,00] and piecewise 1, that is,
piecewise continuously differentiable. Then for Rez > p (as defined in the conver-
gence theorem (8.1.1)),

(%) (2) = 2f(2) - 1(0).
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Proof By definition.

df Nies o —zfg_f_
(3?){“}_]0 e~ — ()t

Integrating by parts, we get
4 o
lim (e_”f(tﬂ“") +/ ze *Uf(t)di.
fo— o0 0

By definition of p,|e™B% . f(1g)] < A for some B < Rez. Thus, we get
||’.’._‘"t“ ,f(tl]H - :E_t‘z" B}tu“ﬁ—ﬁi‘n ) f”ﬂ” < 8—[Rez—B)tu A,

which approaches 0 as ty — oc. Therefore, we get —f(0) +zf(z), as asserted. M

While (df /dt)(z) exists for Rez > p, its abscissa of convergence might be smaller
than p.
If we apply the preceding proposition to d*f/di*, we obtain

o A Lo df
(F) (2) = 2°/(2) = 2f(0) — —(0).
The formula for df /dz in the convergence theorem (8.1.1) is related to the formula

glz) = df(z)/dz, where g(t)= —tf(t).

In Exercise 19 the student is asked to prove the next proposition, which contains a
similar formula for integrals.

Proposition 8.1.4 Let g(t) = j(: f(r)dr. Then for Re z > max{0, p(f)],

/

(=)

“

g(z) =

Shifting Theorems Table 8.1.1 at the end of this section lists some formulas that
are useful for computing f(z). The proofs of these formulas are straightforward
and are included in the exercises and examples. However, three of the formulas
are sufficiently important to be given separate explanation, which is done in the
following three theorems.

Theorem 8.1.5 (First Shifting Theorem) Fiz a € C and let g(t) = e f(1).
Then for Rez > o(f) — Rea, we have

i(2) = f(z+a).
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Proof By definition,

Q(:)=/l € ”(f‘”"f{ijdtzf“ g~ (=Halt £(ydt = f(z +a),
0

h]

which is valid if Re(z +a) >o. 1

Theorem 8.1.6 (Second Shifting Theorem) Let H(t) =0 ift < 0 and Hit)=
Lif t = 0, which is called the Heawviside, or unit step, function. Also, let a > 0
and let g(t) = f(t —a)H(t —a); that is, g(t) =0 1ift < a while g(t) = [(t —a) if
t > a. (See Figure 8.1.2.) Then for Rez > . we have

glz) = e f(2).

fit) gft)
1" A
|

! {0 omeame
' I

i 1

Figure 8.1.2: The function g in the second shifting theorem.

Proof By definition and because g =0 for 0 < { < a,

o e
glz) = / e~ Fg(t)dt _] e Tt —a)dt.
1 i

Letting T = t — a. we got

L) = /-;x_- .‘J_zir-l-a.}f“,.)d?_ - E_M‘_)E(Z}. B

l!'

From the second shifting theorem, we can dednee that if @ > 0 and g(t) =
J()H(t — a), then §(2) = e "*F(z) where F(t) = flt+a).t >0 (see Figure 8.1:3).

Convolutions The convolution of two functions f(t) and g(t) is defined for
t >0 by

(f > g)(t) = f flt —7)-g(r)dr
0

where we set f(t) = 0 if t < 0. Thus, the integration is really only from 0 to ¢. The
convolution operation is related to Laplace transforms in the following way.
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3 h

—,
m
T e

a___
!
Y

Figure 8.1.3: F' is obtained from f by shifting and truncating.

Theorem 8.1.7 (Convolution Theorem) The equalities fxg =g = [ and
(f * 9)(2) = £(2) - 3(2)
whenever Re z > max[p(f), p(g)]-

In brief, this theorem states that the Laplace transform of a convolution of two
functions is the product of their Laplace transforms. It is precisely this property
that makes the convolution an operation of interest to us.

Proof We have
*q) cxJ.—"Zt A | — . V7| dt
(f y](z) /0 € L/D flt—) g('r} T] t

/00 [[m goTg— =) T)g(T:ldT] dt.
0 0

For Rez > max|p(f), p(¢)] the integrals for f(z) and §(z) converge absolutely, so
we can interchange the order of integration® to obtain

Letting s = t — 7 and remembering that f(s) =0if s <0, we get

[G " e f)g(rydr = f(z) - d(z). ®

By changing variables, it is not difficult to verify that fxg = g% f, but such
verification also follows from what we have done if f and g are continuous. We
have

(Frg)=F-g=3-f=(axf).
Thus, (f * g — g * f) = 0, so by uniqueness theorem (8.1.2), fxg—g+* f=0.

2This is a theorem concerning integration theory from advanced calculus. See, for instance,
1. Marsden and M. Hoffman, Elementary Classical Analysis, Second Edition (New York: W. H.
Freeman and Company, 1993), Chapter 9.

T

T e
e

s e e s
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Technical Proofs of Theorems To prove the convergence theorem (8.1.1), we
shall use the following important result.

Lemma 8.1.8 Suppose that f(z) = fﬂm e~ f(t)dt converges for z = zy. Assume
that 0 < 0 < w/2 and define the set

Sy = {2 such that |arg(z — z)| < 8}

(see Figure 8.1.4). Then f converges uniformly on Sp.

e R

Figure 8.1.4: Sector of uniform convergence.

Proof Let
K@) = f " sl £ (t)dt — [ o0t f(¢)df

i} ()

so that h — 0 as o — oc. We must show that for every e > 0, there is a ty such
that t1,ts > tg implies that

te
[ e_z“’f{_t)dt* <€
Ji,

for all z € Sp. It follows that f: e~ f(t)dt converges uniformly on Sp as & — o<,
by the Cauchy Criterion. We will make use of the function h(x) as follows. Write

t2 ta
[ o= ztf(t)dt - / e—{z—za)t[n_-ﬂtf(t)]dt.
£1 ¢

Integrating by parts, we get

ta
em(rmmlapgy) — e=(Emmlti (1) + (2 — zg)/ e~ (2200t h(t)dt.
t1
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Given ¢ > 0, choose tg such that [A(t)| < €/3 and |h(t)| < € = ¢/(6sech) if
t > tg. Then for {2 > i,

c

le~==t2h(ta)] < [h(ta)] < 3

since [e~(—20)ta| = g~ (Re z~Rezo)t2 < | hecause Re z > Re zg. Similarly, for £ > tp,
—{Z—Z(}J:I E
|E h(ﬂl)! < 3
We must still estimate the last term:

fa fa
(z— zp) / e 12 "";”}t.’z.{t.]dt‘ < |lz— zg|e’f e~ E=Taltygy.
L

t1

where z = Rez and z9 = Re . If z = 2y, this term is zero. If z # 2p, then x # xy
(see the figure), and we get

z— 2p - b e z—= £
¢ ——I | (e (z—zolts _ (= I”Jt“’) < 25"—"-—| [ll < 2 sect) = -
x — Iy & —To 3

(see Figure 8.1.5). Note that the restriction 0 < 6 < m/2 is necessary for secf =
1/ cos @ to be finite.

lz — 2] ;«éﬁfiﬁ%.
.
’&f | |
o z -2y
E —_— = e
T—%, o < sect
Zy

Figure 8.1.5: Some geometry in the region Sp.

Combining the preceding inequalities, we get

£
\f E_""""f(t)dt.‘ <e€

if 41,10 >t for all z € Sy, thus completing the proof of the lemma. ¥
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Proof of the Convergence Theorem 8.1.1 Let

g = inf {.;f: R / e T f(t)dt cmwerges} ,

S

where inf stands for “greatest lower bmmd Note from Lemma 8.1.8 that if f(zq)
converges, then. for Rez > Rezp, f z) converges because z lies in some Sp for zp
(Why?).

Let Re z > o. By the definition of o, there is an zg < Re z such that the integral
_J‘;b e~ *0! f()dt converges. Hence f(z) converges by Lemma 8.1.8. Conversely,
assume Rez < o and Rez < x < o. If f(z) converges, then so does f(z), and
therefore o < x gives a contradiction. Thus f(z) does not converges if Rez < 0.

We use the Analytic C Onvu gence Theorem 3.1.8, to show that f 18 &na]ytl(' on
the set {z | Rez > a}. Let g.(z) = [; e = f(t)dt. Then gn(z) — f(2). By Worked
Example 2.4.15, g,, is analytic WIT.ll g (z) = — [ te~* f(t)dt. We must thW that
I — _)F uniformly on closed disks in {z | Rez > o}. But each disk lies in some S
relative to some zy with Re zg > o (Figure 8.1.6).

o

Figure 8.1.6: Fach disk lies in Sy for some 0,0 < 8 < /2.

Thus, by the Analytic Convergence Theorem 3.1.8, f is analytic on the set
{z|Rez >0o} and

() (z)=— / te " f(t)dt.
Jo
1t follows that this integral representation for the derivative of f converges for
Rez > o, as do all the iterated derivatives.

It remains to be shown that ¢ < p. To prove this we need to show that o < B
if |f(2)] < AeP’. This will hold, by what we have proven, if f(2) converges for
Rez > B. Indeed, we show absolute convergence, Note that

|B—z£f(tjl |P {z— 8}t —Bl‘f | - e—{H_ez B)tA
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Since the integral [~ e~ *'dt = 1/ converges for a > 0, it follows that the integral
57 e=# f(t)dt converges absolutely. B

To prove that f — h implies that f = h for continuous functions f and h, it
suffices, by considering f — h, to prove the following gpecial case of Theorem 8.1.2.

Proposition 8.1.9 Suppose that [ is continuous and that for some real yy, f () =
0 whenever Rez > yo. Then f(t) =0 for all t € [0,00].

The crucial lemma we use to prove this is the following.

Lemma 8.1.10 Let f be continuous on [0, 1] and suppose that fJ t" f(t)dt = 0 for
alln=0.1,2,.... Then f=0.

This assertion is reasonable since it follows that ,u: P(t)f(t)dt = 0 for any
polynomial P.

Proof The precise proof depends on the Weierstrass approzimation theorem.,
which states that any continuous function is the uniform limit of polynomials.”

By this theorem we get _ﬁ; g(t)f(t)dt = 0 for any continuous g. The result follows
by taking g(t) = f(t) and applying the fact that if the integral of a nonnegative
continuous function is zero, then the function is zero. ¥

Proof of Proposition 8.1.9 Suppose that

f(z) = fn .ra_z*f(t}dt =0

whenever Rez > o. Fix @ > yo real and let s = ¢7". By changing variables to
express the integrals in terms of s and letting z = &g +n for n=10,1;2,:..; we get

o0 0 «1
. 1
= / Mot (1Yl = / §"s™ f(—logs) (——) ds = ] s"h(s)ds = 0,

Jo J1 s 0

where h(s) = s*0~1 f(—logs) = e~ *'™ f(t). By the Lemma, h must be identically
zero, and f must be also since the exponential function is never zero. W

It is useful to note that f(z) — 0 as Rez — oo. This follows from the argument
used to prove Theorem 8.1.1 (see Review Exercise 10).

3Qee, for example, J. Marsden and M. Hoflman, Elementary Classical Analysts, Second Edition
(New York: W. H. Freeman and Company, 1993), Chapter 5.
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Table 8.1.1 Some Common Laplace Transforms

Definition

Properties
1. §(z) = ——f(z) where g(t) = tf(t).

2. (af +by) = af + bg.

3. (g) (2) = 2f(z) — f(0). (Assume that f is piecewise C'.)

4, §(z) = g;f(z) where g(t) zﬁ flr)dr.

5. §(z) = f(z + a) where g(t) = e~ f(t).

6. g(z) = e **f(z), where a > 0, and

g(t) = f(t—a) for t>a and 0 if t<a.

7. §(z) = e **F(z), where a > 0, F(t) = f(t +a), and

glt)=f(t) if t>a and 0 if 0<t<a.

8. (f*g)(z) = f(2) - §(z), where the convolution is defined by

(Fra)(e) = [ P F= gl

9. If f(t) = e, then f(z) = and o(f) = — Rea.

Z=a

10. For f(t) = cosat, f(z) = and o(f) = |Imal.

B Egd

11. If f(t) = sinat, f(z) = Zﬂ‘j-_a? and o(f) = |Imal.

T(a+1)

12. If f(t) =1t%,a> —1, f(2) = i and a(f) = 0.

13. If f(t) = 1, f(z) = ]; and o(f) = 0.
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Worked Examples
Example 8.1.11 Prove formula 9 in Table 8.1.1 and find o(f) in that case.

Solution By definition,

(5 &

B O o0 r:—l,r.u—rzjf 1
f(z}:] e“"e‘“dt:/ glote gy =~ | = :
il

Jo @tz | Z

The evaluation at { = oc is justified by noting that lime .. e (€7 = 0 provided
Re(a + z) > 0, since |e (#+2)| = ¢~ Rela+=)t — ( a5 § — oc. Thus, the formula is
valid if Rez > —Rea. i i

Note that the formula for f is valid only for Re z > — Rea, although f coincides

there with a function that is analytic except at z = —a. This situation is similar to
that for the gamma function (see formula 12 of Table 7.1.1).
Finally, we show that for f(t) = e “,0(f) = —Rea. We have already shown

that o(f) < — Rea. But the integral diverges at z = a, so a(f) = = Rea, and thus
o(f) = —Rea. If a = 0, this example specializes to formula 13 of Table 8.1.1.

Example 8.1.12 Suppose thal we have computed f (z) and found it to converge for
Rez > 4. Suppose also that [ comneides with an analytic function that has a pole
on the line Re z = ~. Show that o(f) = .

Solution We know that o(f) <~ by the basic property of o in the convergence
theorem. Also, since f is analytic for Rez > o, there can be no poles in the region
: | Rez > o}, If of) were < . there would be a pole in this region. Hence

a(f) = 7 (see Figure 8.1.7).

g i

@
g[‘oies of f- ‘é

nvergences

Figure 8.1.7: Location of poles of f

Example 8.1.13 Let f(i) = cosht. Compule f and a(f).
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Solution f(t) = cosht = (e’ + e *)/2. Thus, by formulas 2 and 9 of Table 8.1.1,

zjl_'ﬁ 2—1 241} #2-=1

Here o(f) = 1 by Worked Example 8.1.12; o(¢*) = 1 and ogle ) =—1,s00(f) <1
but it cannot be < 1 since f has a pole at z = 1.

Exercises

In Exercises 1 through 9. compute the Laplace transform of f (t) and find the
abscissa of convergence.

1. f(t)=1*+2
2. f(t) =sinht

3. f(t)=1t+e " +sint

0 0=<it=1
4 f)=4 1 1<t<?
0 t=2

5. f(t) = (t+ L)%, n a positive integer

6. f(t)=sintif0<t<mand O t>m

7. f(t) =tsinatf

8 f(t) = tsinhat

9. f(l) = teosat
10. Use the shifting theorems to show the following:

(a) Tf f(#) = e *" cosbt, then

) = (z +a)2+ b
(b) If f(t) = e~*t", then
Fla) = [(n+1)

(.Z L @)'15-5-1 )

What is o(f) in each case?
11. Prove formula 10 of Table 8.1.1.

12. Prove formmla 11 of Table &.1.1.
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13.* Prove formula 12 of Table 8.1.1.
14. Prove formmla 13 of Table 8.1.1.

15.® Suppose that f is periodic with period p (that is, f(t 4 p) = f(t) for all
t > 0). Prove that

B —=l
L [Test (e
flg = 2T

is valid if Rez > 0. Hini: Write out f{z} as an infinite sum.

16. Use Exercise 15 to prove that

- | e
2 1 —e 2

where f(t) is the pulse function illustrated in Figure 8.1.8.

B ,,!_““J“‘
1]
1

Figure 8.1.8: The unit pulse function.

17. Let g(t) = f; ¢—%sin sds. Compute §(z). Compute f(z) if f(t) = tg(t).

18. Let f(t) = (sinaf)/t. Show that f(z) = tan~Y(a/2).

19.* Prove Proposition 8.1.4. First establish that p(g) < max[0, p(f )]

20. Give a direct proof that f* g = g * f (see the Convolution Theorem 8.1.7).
21.* Let f(t) = e~ ,¢ > 0. Show that o(f) = —oc.

22, Referring to the Convergence Theorem 8.1.1, show that, in general, o £ p.
Hint: Consider f(t) = ¢'sine? and show that o =0,p = 1.
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8.2 Complex Inversion Formula

To be able to recover a function from its Laplace transform, it is important to be
able to compute f(#) when f(2) is known. One technique for such a computation,
using the complex inversion formule, will be established in this section. Using the
formulas of Table 8.1.1 in reverse gives nseful alternative techniques. (See Worked
Examples 8.2.4 and 8.2.5.)

Main Inversion Formula The complex inversion formula, one of the key results
for the Laplace transform, draws on many of the main points developed in the first
four chapters of this book.

Theorem 8.2.1 Suppose that F(z) is analytic on C except for a finite number of
isolated singularitics and that for some real number o, F is analytic on the half plane
1z | Rez > o}. Suppose also that there are positive constants M, R. and (3 such that
|F(2)| < M/|2|% whenever |2| > R (this is true, for example, if F(z) = P(z 1/Q(=)
for polynomials P and Q with deg(Q) > 1+ deg(P)). Fort >0, let

fk) = Z{rnﬂicjues of e**F(z) at each of its singularities in C}.
Then f(z) = F(z) for Rez > a. We call this the complex inversion formula.

Proof Let o > ¢ and consider a large rectangle I' with sides along the lines
Rez = —x,Rez =y, Im 2z = gy, and Im z = —y, selected large enough so that all
the singularities of I are inside I' and |z| > R everywhere on I'. Split T" into a sum
of two rectangular paths v and 5 by a vertical line through Rez = a. (See Figure
8.2.1.)

The proof of the complex inversion formula could just as well be carried out
using a large circle instead of the rectangle I'. In fact, in the last paragraph of the
proof, I' is briefly deformed to such a cirele. However, the rectangular path will be
useful in Corollary 8.2.2, in which it plays a role like that of the rectangular path
in the proof of Proposition 4.3.9 concerning the evaluation of Fourier transforms.

Since all singularities of £' are inside 5, the definition of f gives

/ e*'F(z)dz = 2mi Z{I'(?Siduﬂﬂ of e*' F(2)} = 2mif(2),
Iy

o
L]

21rrf(,¢) = lim / e [/ {J‘“"F((,)d(_:l dt = lim // e(g_Z}tF{{f]dtd[:.
r=e2dn ESoR 0

g

We may interchange the order of integration, because both integrals are over finite
intervals. Therefore,

2mif(z) = lim /(efc_z)r—l) ;1“)&!{.

r '-‘.'BC‘
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Y

4 [

g | | —
e
i
® '|
i

S —_ - I - | x
—x, \ o ' - *a

I
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Singularities of F |
, |
@@\J -
[
|
|

- Yy .: —?_—"F"
|

& |
r

Figure 8.2.1: The large contour is the sum of the smaller two: ' = v+ 7.

With z fixed in the half plane Rez > «, the term e $=2)" approaches 0 and the
integrand converges uniformly to —I° (€)/(C —z) on v. We abtain

: F(Q) [F(C} ) o
2mi = f e f g J ——2d
if(2) ) - '%(‘._;ff .L*C—ZL’

= 2miF(z) — [I 55‘:1(5'&?

provided I' is large enough so that z is inside 7. Finally,

F(¢) 1 _f M . 2rMp
fe=2%| < fomme=a %1 -

which is obtained by choosing T' large enough so that it lies outside the circle
|| = p > R with all the singularitics of F(£)/(¢ — z) inside this circle, and then
deforming T' to this circle. This last expression goes to 0 as p — oc. Thus, letting
I' expand outward toward oc, we obtain f(z) = F(z). Since a > o is arbitrary, the
complex inversion formula holds for any z in the half plane Rez >0. W

" e

Corollary 8.2.2 Let the conditions of the complex inversion formula hold. If F(z)
is analytic for Rez > o and has a singularity on the line Rez = o, then (i) the
abscissa of convergence of f is o, and (ii)

l YO0 1 oo .
) = F(2)de= o= [ TR (a+ iy)dy
i g /o ) L
for any constant o > a. The first integral is taken along the vertical line Re z = «a
and converges as an improper ftiemann integral; the second integral is used as
alternative notation for the first.
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Proof

(i) The complex inversion formula shows that o(f) € a since f (z) converges for
Rez > o. If o(f) were < o, then f(2) would be analytic for Rez > a(f)
by the Convergence Theorem 8.1.1. But F has a singularity at a point z; on
the line Rez = o. so there is a sequence of points z;, 22, 23,... converging
to zy with F(z,) — oo. Since f(z) = F(z) for Rez > o, and since both are
analytic in a deloted neighborhood of zy, they would be equal in that deleted
nmghborhuﬁd by the principle of analytic continuation. This would mean that

flzn) — oc. But that is impossible, since f(z) is analytic on Rez > o(f).

Thus, e(f) < ¢ is not possible, so o(f) = &.

(ii) From the complex inversion formula, 27if(t) = = [, e*"F(z)dz. This integral
converges to the integral in the statement, vxactly as in the proof of Propo-
sition 4.3.9, as @.y;, and yp — oo. Since y; and y2 go independently to oo,
this establishes convergence of the improper integral. (The situation here is
rotated by 90° from that of Proposition 4.3.9.) B

In working examples, all conditions of the theorem must be checked. If they do
not hold. these formmlas for f(¢) may not be valid (see Example 8.2.5). The complex
inversion formula is sometimes more convenient than Table 8.1.1 for computing
inverse Laplace transforms since it is systematic and requires no guesswork as to
which fornmla is appropriate. However, the table may be useful in cases in which
hypotheses of the theorem do not apply or are inconvenient to check.

Heaviside Expansion Theorem Now we apply the complex inversion formula
to the case in which F(z) = P(z)/Q(z) where P and @ are polynomials. We give
a simple case here.

Theorem 8.2.3 Let P(z) and Q(z) be polynomials with deg @ > deg P+ 1. Sup-
pose that the zeros of Q are located at the points zi,... ,2Zm and are simple zeros.

Then the inverse Laplace transform of F(z) = P(2)/Q(z) is given by the Heaviside
erpansion formula:

T P[:,ZFJ
= a2yt
0= 2 Gy
Furthermore, o(f) = max{Rez; |i=1,2,... ,m}.

Proof Since degQ > deg P + 1, the conditions of the complex inversion formula
(8.2.1) are met (compare Proposition 4.3.9). Thus,

flt) = Z {residues of e* SE;; } 2
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But the poles are all simple and so. by formula 4 of Table 4.1.1, we have

(4P@, Y _ pe P&
RE“’(‘ Qf_z}”“) Q)

The formula for o(f) is a consequence of Corollary 8.2.2. H

Worked Examples
Example 8.2.4 If f(z) = 1/(z — 3). find f(2).
Solution Refer to formula 9 of Table 8.1.1, Let a = —3; then we get f(t) =

e Alternatively, we could get the same result by using the Heaviside expansion
formula. In this example, o(f) =

Example 8.2.5 [If f(z) = log(z% + z), what is f(t)?

Solution If f were such a function and g(t) = tf(t), then by formula 1 of Table
8.1.1, we would have

]
e
_|_

e d = d ; 5
& =— )= = Mgt )=

5]
(]

_|_

G

To find g(t) we could use partial fractions.
a2 +1 1 1

§(z) = — T

22 + 2 z zH1

Therefore g(t) = —1 — e ¢, and so

flty =~ 01+,

Although this argument seems satisfactory, it is deceptive because there is in fact
no f(t) whose Laplace transform is log(z*% + z). If there were, then this procedure .
would show that f(t) = —(1 4 ¢~7)/t is the only possibility. However, the integral

fﬁ e~ £(t) dl

canmot converge for any real # because e~ is larger than 1/2 near 0 and |f(t)[ >
1/t. But 1/t is not integrable. Thus [ does not exist in any sense we have studied.
The argument above does not actually find such an f. It assumes that there is one
and shows that there is only one possibility. But that one does not work, See also
the remark at the end of §8.1.

Gudinicisbsscabolii o

Example 8.2.6 Compute the inverse Laplace transform of

e

(z+1)2(22 + 32— 10)

F(z) =

Then compute a([f), the abscissa of convergence of [.
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Solution In this case the hypotheses of the complex inversion formula clearly
hold. Thus

ﬁzfz g"‘"f"*
= g of : == :
flt) Z {I(Hldilﬁ“w ol Tz 12(2% + 32— 10) (z+ 1)2(z+5)(z — 2)}

The poles are at z = —1.z = —b, and z = 2. The pole at —1is double. whereas the
others are simple. By formula 7 of Table 4.1.1, the residue at —1 is ¢'(—1), where

etz

i
Thus. we obtain

- t —1 ) O Y - : =k
te & (e ) 2 1)+3]:i(tﬁ_f—t"f—|—€—)-

12 T T 144 12 12

The residue at —5 is e~ - 5/16 - T; the residue at 2 is ¢*' - 2/9 - 7. Thus,

| g St Gpdt
Rl (T B S R 20
1) 12(*r v +12) 16-7 ' 63

By Corollary 8.2.2, o(f) = 2.

Exercises

1. Compute the inverse Laplace transform of each of the following.

(a) F(z2) = ——.

2% 1
oo 1
2
fo) Flg) =

2. Check formulas 10 and 11 of Table 8.1.1 using Theorem 8.2.1.

3. Explain what is wrong with the following reasoning. Let g(t) = 0 on [0, L
and be 1 on [1,50). Then, by formulas 6 and 13 of Table 8.1.1, glz)=e"%/z.
By the complex imversion formula, g(t) = Res(e¢®*=1) /7;0) = 1. Therefore,
b=k

4.* Prove a Heaviside expansion formula for P/Q when ( has donble zeros.

o

5. Compute the inverse Laplace transform of each of the following:

® e+
(b) sinh z
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Hit-1) y'(t)

»

Figure 8.3.1: At t = 1,y receives an impulse.

Solution Let us find the solution with y(0) = 0,%(0) = 0. Taking Laplace
transforms,
2*§(2) +229(2) + 24(2) = f(2),
s0 §(2) = f(2)/(2* + 22 + 2). The inverse Laplace transform of 1/(22 + 2z + 2) is
ezﬁ. ezgf.
g{t) = i .
9(t) Sz +1)  Hat-1)

where 2|, zy are the two roots of 22 + 22 + 2, namely, —1 +i. Simplifying, g(t) =
e 'sint. Thus. by formula 8 of Table 8.1.1,

y(t) = (g = f)(t) = /{ fit —7)g(r)dr = [ Flt=r)e~" snsdr.

) }

This is the particular solution we sought. 4
senerally such particular solutions to differential equations of the form
a--”y[lul + ke + (1]"1',-' == fu
where ay.... ,a, are constants, may be expressed in the form of a convolution. To

obtain a solution with the values y(0).y'(0).... .y~ (0) preseribed. we can add
a particular solution y, satisfying

4p(0) = 0,55(0) = 0... .y, (0) = 0

to a solution ¥, of the homogeneous equation in which f is set equal to zero and
with y.(0). y.(0), ... ,yf-.”_'}(ﬂ_} preseribed. The sum y, + ¥, is the solution sought.
(These statenients are easily chocked.)

The method of Laplace transforms is a systematic method for handling eonstant
coefficient differential equations. (Of course, these equations can be handled by
other means as well.) If the coefficients are not constant, the method fails, because
transformation of a product then involves a convolution, and then solving for y(z)
becomes difficult.
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Applying this again gives

dzy 2= ' 2~
) ) = i) = 23(0) ~ 4 0 = 23) - 1

Therefore, our equation becomes z2g(z) — 14 4z2y(z) + 3g(z) =0, so

M() l | 1 1 1 1
7 z :r—--—: o = S
¥ 2+4z+8 (z2+1)(z+3) 2z+1

2z4+ 3

By the inversion formula, the inverse Laplace transform of this function is

=t

y(t) = Z {re-.siduus ol m at. — 1, —3} ;

Thus,

it g

y(t) = - 5

(We could also apply line 9 of Table 8.1.1 to the partial fraction expansion.) This is
the desired solution, as can be checked directly by substitution into the differential
equation. ¢

Example 8.3.2 Solve the equation y'(t) — y(t) = H(t —1),t = 0, y(0) = 0, where
H is the Heaviside function.

Solution Take the Laplace transforms of both sides of the equation. We gel
2ij(2) — y(0) — §(z) =e %/ 2.

Therefore, §i(z) = e~ */z(z — 1). The inverse Laplace transform of 1/[z(z —1)] is
| — et so that of e=%/[z(z — 1)] is, by formula 6 of Table 8.1.1,

_ 0 0<t<l
Y= _14ett t>1

Note that the complex inversion formula does not apply as stated. This solution
(see Figure 8.3.1) is not differentiable and thus cannot be considered a solution
in the strict sense. However, it is a solution in a aeneralized sense, as previously
explained. In Figure 8.3.1, the discontinuity in H(t— 1) canses the sudden jump in
' (t). We say that y(#) receives an “impulse” at t = 1. ¢

Example 8.3.3 Find a particular solution of y"(1) + 24 (1) + 2y(t) = flL).
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4. Let f(t) be a bounded function of . Show that o(f) < 0.

5. Compute the Laplace transform and the abscissa of convergence for

6. If f(#) = 0 for t < 0, then f(y) = (1/vV2m)f(iy) is called the Fourier
transform of . Using Corollary 8.2.2, show that, under suitable conditions.

fla) = fly)e™vdy.

1 o0
=L
(This result is called the Inversion Theorem for Fourier transforms.)
7. Compute the inverse Laplace transform and the abscissa of convergence for
o2
2241

F(z)=

&.* Compute the inverse Laplace transforn and the abscissa of convergence for
1

i

0. Compute the inverse Laplace transform and the abscissa of convergence for
2z T
Fz}) = 7+

¥ =y

P

C T B S LR TR

10. (a) Let f(z) be the Laplace transtorm of f(t). Show that f(z) — 0 as
Rez — oc.
(b) Use (a) to show that, under suitable conditions, zf(z) — f(0) as Re z —

&
k|
3

3
3
5
A
]
|
Ea

(¢) Can a nonzero polynomial be the Laplace transform of any f(#)?
(d) Can a nonzero entire function I be the Laplace transform of a function
f?

11. Solve the following differential equations using Laplace transforms:

(a) ¥ +8y+15=0,y(0) =1,y'(0) =0
(b) ¥ +y=3,90)=0
12.* Suppose that, f(¢) > 0 and is infinitely differentiable. Prove that (—1)%f)(z) >
0.k=0,1,2,..., for z > 0. (The converse, called Bernstein's Theorem, is

also true but is more difficult to prove.)
13. Solve the following differential equations using Laplace transforms:

(a) y"+y=H({t—1),y(0)=0.4(0) =0
(b) "+ 2y +y=0.9(0)=1,4(0) =1
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Exercises

Solve the differential equations in Exercises 1 through 6 using Laplace transforms.
Ly —4y =0,y(0) =2,5/(0) =1
9, 4" 4+ 6y —T=0,9(0) =1,5(0) =0
3.0y +9y=H(t—1),y(0) =y'(0) =0

4. ' +y=¢€',y(0)=0

(i |

ot

Yy +y+ / y(r)dr = f(t) where y(0) = 1 and where f(t) =0for 0 <t <1
0

ort>2and fit)=1if1 <t <2

6. v’ +9y = H(t), y(0) = y'(0) =0

7. Solve the following systems of equations for y1 (1), y2(t) by using Laplace trans-

forms,
(a)
w+ym=0 _. A
{ o+ yi =0 where y1(0) = 1,y2(0) = 0.
(b)

vttty =0 e oy
{ 1+ yp =3 where y;(0) = 0, 2(0) = 0.

8. Solve: ¥ +y = cost, y(0) = L.
9.* Solve: ¢’ +y = tsint, y(0) = 0,y'(0) = 1.

10. Study the solution of 3" + wiy = sinwt, y(0) = y'(0) = 0, and examine the
behavior of solutions for various w, especially those near w = wp. Interpret
these solutions in terms of forced oscillations.

Review Exercises for Chapter 8

1. Compute the Laplace transform and the abscissa of convergence for f(t) =
H(t—1)sin(t —1).

2.* Compute the Laplace transform and the abscissa of convergence for f(f) =
H{t —1) 4+ 3e= U440,

3. Compute the Laplace transform and the abscissa of convergence for

t 0<i<]
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4. Let f({) be a bounded function of . Show that a(f) < 0.

5. Compute the Laplace transform and the abscissa of convergence for

6. If f(t) = 0 for t < 0, then f(y) = (1/v/27)f(iy) is called the Fourier
transform of f. Using Corollary 8.2.2, show that, under suitable conditions,

I P ;
(y)e=vdy.
T f_m Hu)e™tdy

(This result is called the Inversion Theorem for Fourier transforms.)

fl@)=

7. Compute the inverse Laplace transform and the abscissa of converoence for
P i

6—.3
F{z) = :
8.* Compute the inverse Laplace transform and the abscissa of convergence for
1
F{z) =
e

z e * '

F(z)= :

(2) (z+1)2 & z

" 5 |

10. (a) Let f(z) be the Laplace transform of f(f). Show that f(z) — 0 as
Rez — ox. %

(b) Use (a) to show that, under suitable conditions, 2 f (z) — f(0) as Rez — §

o, 3

(¢) Can a nonzero polynomial be the Laplace transform of any f(t)?
(d) Can a nonzero entire function F be the Laplace transform of a function
f(t)?
11. Solve the [ollowing differential equations using Laplace transforms:
(a) ¥ +8y+15=0,y(0) =1,3/(0) =0
(b) ¥ +y=3,y0)=0
12.* Suppose that f(¢) > 0 and is infinitely differentiable. Prove that (—1)% f(5)(z) =
0 k=0,1,2,..., for z > 0. (The converse, called Bernstein’s Theorem., is
also true but is more difficult to prove.)

13. Solve the following differential equations using Laplace transforms:

(a) ¥"+y=H({—1),y0)=0,4(0) =0
(b) ¥ +2y +y=0,450)=1,5'(0) = 1




Answers to Odd-Numbered
Exercises

1.1 Introduction to Complex Numbers

11 10 3 a2
1. (a) 6+ 4 ) — i — (o) = — =i . =425
(a) 6 Wl i i = z=£(2 1)
! x? — 7 211
5. Re {—O = —t:—;‘; Im [l:| = - é’_
22 (22 + y2)= z% (z? + y*)?
| i 17 2 1 — 3
Re |- ] = - = +12' = I —] == —¢—,
3z 42 (3ar + 22 + 0y Az+2 (3x+2)2 + 92
7. NGy let z =w =1, 9, If 2 = o+ iy, then Re(iz) = Reliz —y) = -y = — Im(z), and

Im(iz) = lm(ix — y) = @ = Re(z).

11. The proof of the associative law for multiplication was outlined in the text. Here is how Lo
show that addition is commutative: if 2 = & + iy and w = u + v, where .y, u, and v are

real. then z and w correspond to (x, ) and (u, v} respectively, and thus
4w = (my) +(wv) =(x+uy + )
=(u+zvty)=(uwv)+zy =w+z

13. Show that a = (=% — y*)/(x® + p?) and b= 2y /(x® + y?) and then goipbT =1,

15. A complex number z can be written as z = & -+ iy with = and y real in only one way,
corresponding to the vector (i, y). The real numbers werc Lo correspond to vectors of the
form (a,0). so y = 0 and therefore = =z = Rez.

17, (a) —4 (b} @

;
V14vVE+Va+2v2 | -1-v2+Va+2/2
- 2374 i 9a/a

19. (a) Y1+ Vi=x

- _— ; -
R 514 4~ 252 1 —v2+ V4 —2v2
ar \jfl +Vi= v/ i_":"" 2% ()_-L;L; f

—— e e

f [ 7.
1 7 2— ;
(b) V14+i==% \vl.'ll +0\/E + -;Z\"."I % L (¢) See Worked Example 1.1.6.

1.2 Properties of Complex Numbers

{5 g 2; k A 27 gi ;
T, (;,q.:] z =2 ((;:m L -+ 181N —-T- ) : k=10, l,z,-‘j.fl
5 o

. ir 2wk ix  Owk
(h}::cos(—gn 'F%)"‘iﬁi!l(;—l- 4—)1 E=101,2.3

481
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3. (3-8 /(1 )10
5. cosbr =cos®x — 10cos? x - sin®x + Scosz - sintx
sinfa = sin® @ — 10cos® x - sin’ o + Scos? x -sinx
¥ 2/377/5 9. Use the identity (1 —w)(1 + w4+ w? + ... w1 =1 —w"
11. We use properties of the complex conjugate as [ollows:
la — b2 + |a+b]* = (a — b)(a — b) + (a + b)(a+b)
= (a—b)a—b)+(a+b)a+b
= |.'1|" — ab— ba+ |f:|?' + lal® + ab + ba + fb|2
= 2(jal? + [bl*)
13. All the points must have the same argument and so lie on the same ray from the origin,
15, No; take z = i. In fact, 2° = |2|? if and only if z is real.
17. Each side is a positive real number whose square is a(a’)? + «2(V)® + (¢')*b* + b2 (b)2.
19. |z —(8+5i)| =3 21. The real axis. 23. 1+ |a.|
25. Using deMoivre's formula and 1 +w+ ...+ w™ = (1 —w" ) /(1 —w),
L T
Z cos kfé = Re [Z{cu&ﬁ + isin n‘?)k
k=l k=1
‘l =T ’ . -1 - % T 1
s (cosd + miln.ﬁ?) =y 1 —cos{n+ 1)8 — isin(n 4 1)8
1 —-cosf —isint 1 —cosf —isinf
1 —cos0 — cos(n+ 1)0 + cos(n + 1)8cos# + sin{n + 1)#sin 0
B 2—2¢cosl
o 208 nfl — cos(rn + 1)6
s 2(1 — cos )
1 4 28in(0/2) sinln + %)1‘3’ 1 sin{n + %}H‘
= - = - + —
2 2(1 —cos @) 2 2sin(8/2)
. . z4 — 2 23 =20 .,
27, (a) (22 —=1)/(33 — 21 ) 18 real. (b) ( ) : ( ) is real.
Zy — I 23— =1
29, Multiply by 1 — w and use Exercise 9 to show that the sum is —n /(1 — w).
1.3 Some Elementary Functions |
; ” b o 1 1
1. {a) e“{cos1 +2sinl) (b) =(sinl) | —4+e)+i-(cosl) e - ~ :
2 € 2 e :
1
3. (.-:]z=_—!:(4+2'rm—r I::-gz) §
(b} z = +[27n — ilog{d 4 V15)], noting that log(4 — v/ 15) = —log(4 + v/ 15).
5. (a) logl = 27nd (b) logi = wi/2 + 2mwnid
7. (a) e T/ 2p—2mn _ o—2m{n—1/4)
1 7 1
fh) /2 1eE 2 ana=m/t l:[:(.l:-i (2 log 2 + 1) +isin (E log2 4 E)]
9. z = nr for any integer n
11. Since |e*| = ef®* |e*| goes to 0 along rays pointing into the left half plane. Tt is 1 along
the imaginary axis, and it goes to +oc along rays into the right hall plane.
13. (a) e —¥ (cos 2oy + i sin 2zy) (b} e~ ¥{cosx +isinx)

P R ] u
c .'3”(‘& 45 cos — - —f8in — )
[: ) e + y'Z 52 + y
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15.

j ki

ha
=1

29,

31.
33

Using the definition of the sine and cosine of a complex variable gives

ifm/2—2) —ifw f2—2) —fz __ i —mi
) . et — g W ! s elfe
sin(m/2—z) = = — T2 =
l.,—\Ez +8‘£E
= ————=005%
2

The other two assertions follow in a similar way.
From Example 1.3.17, sinz = sinzcosh y + icoswsinhy, so

. [ . ] “ . [
fginz{® =sin” weosh® y + cos™ @ sinh? y

sin?(z)(1+ sinth? y) + cos® @sinh® y
— sin? = + sinh® y > sinh® y,

so | sin z| > |sinh y|. The other inequality follows in a similar manner.

. No. not even for real @ and b. Let a = 2.6 = —1, Then [a"| = |27 = %, but |a]? = 2,

. W|z| =1, then 2 = &' for some @, 80 s+ 1/z = el Lo = 20050, As # varies from 0 to

27, this covers the interval [~2, 2] twice.

. Sinee |1/z| = 1/|z|. the map interchanges the inside and outside of the unit cirele. Circles

of radius + are mapped to circles of radius 1/r. If z = rei?, then 1/z = (1/r)e™", so the
ray defined by argz = # is mapped to the ray with argument —#.

5. This holds iff blog a has its imaginary part in [~ w[. Otherwise. the formula reads log a¥ =

bloga -+ 2wk,

. These are the nth roots of 1, since (w*)" = [(e2Ti/n)kn — p2mki — 1. They are all different,

since wl = w® implies 27531/ = 1. By Proposition 1.3.2(vii), this forces {k —j)in to
be an integer.

sinz = 0 i and only if &' = ¢ '* or 27 = |, By Proposition 1.3.2(vii), this happens
exactly when 2iz = 2o, or 2 = nr.

The maximm is cosh(2r) = 268 attained at = = 2wi, w + 2w, and 2w + 2.

(8) =24 —id.5 (b) = 1.17 —4(1.19) + 2mrni (c) = 96.16 — i1644.43

No, sinz is not oneto-one on 0 < Rez < 2m. For example, sin{0} = sin(x) = 0. Tf
sin 2 = sinw, then

z — 1 Z A
U5 ——

2 B

0 =sginz —sinw = 2s5in

and by Exercise 29 and a similar result for cosine, either z —u = 2w (for ke =0, £1,5£2,..4)
orz+w=nxr (for n = +1,+3,45,...). Using Exercise 34 and this result, for each zp € C
there is precisely one w with —w/2 < Rew < w/2 such that sinw = zp, provided, for
example, that the portion of the boundary of this strip lying below the real axis is amithed.
Taking this value of w defines a branch of sin 1z, The others are given by the above
formulas for z —w and z + w. The discussion for eos™! is analogous.

1.4 Continuous Functions

1

e

Since |w[? = (Rew)? + (Imw)?, all three assertions follow from the observation that if
a>0and b >0, then a < va? + 62 <a+h

. Bince f is continuous, there is a 6 > 0 such that |z — zp| < & implies that |f(z) — flzo)| <

|f(20)|/2. Thus f(z) # 0, for if f(z) were equal to 0. then |f(z0)| would be less than
[f(20)|/2, which is absurd.

Let {ay.a3.... ,6,} be a finite set of points and let zp be in its eomplement, Let d, =
|z0—ay | and let § = min{d; /2,... ,8,/2}. Then no aj can liein D{z, ), since 8 < |zo—agl-
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T. Lete >0and d = ¢ If |z—2p| < 6, then |f{z) — flzn)| = 12— 20| = [(z —2z0)| = |2— 20| < ¢
Thus for any zq € C, limz—zy f(2) = flz0).
9. C\{27ni | n is an integer} 11. [z} <1

13. (a) Open, not closed (b) Neither open nor closed (¢} Not open, closed

15. (a) Connected and compact (b) Compact, not connected
(¢} Connected, not compact (d) Neither compact nor connected

17. 2 € C\f"HA) i 2 & [~ 1(A) iff f(=) & A iff f(z) € C\Aiff z € [~ (C\A)

19. If the Uf,7s are open sets and z € UaUsy, then z € Uy, for some ag. Since Ly is open,
there is an € > (1 such that D{z;¢) C Uy, C U,Us. This shows the union is open, since
this argument holds for any such z.

2. M1, D(0;1/n) = {0}, and this set is not apen.

23, Let K > 0. We need to show that there is an N such that 12" /n| > R whenever n >

N. A little algebra shows this is equivalent to (nB)'/™ < |z]. L'Hopital's rule shows
that limy, .oc(nR)!/™ = 1. (Take logarithms first and use L'Hopital’s rule to show that
log(nR)Y/™ — 0.) Since |z] > 1, we have the inequality we need for large enough n.

1.5 Basic Properties of Analytic Functions

1

11.

(a)} Analytic on all of C. The derivative is 3(z + 1}%.

(b} Analytic on C\{0}. The derivative is 1 — 1/z2.

(¢) Analytic on C\{1}. The derivative is —10[1/(z — 1)]''.

(d) Analytic on C\{e?™/3, ¢47i/3 1 /2 —iy/2}. The derivative is
—[1/(z% — 1)%(22 + 2)%) - [(2? — 1)22 + 32%(22 + 2)).

{a) If n > 0, it is analytic everywhere. If n < 0, it is analytic everywhere except at 0. The
derivative is nz"~1.  (b) Analytic on C\{0,7 — i}. The derivative is

Bk Le Yol
K {z+1fz}3( 32)'

{c) Analytic except at the nth roots of 2, ¥/2¢276/" The derivative is

(1l—mn)z"—2

{zﬂ. i 2}2 7

(a) Locally, f rotates by ## = 00 and multiplies lengths by 1.
(b} Locally, f rotates by an angle # = 0 and stretches lengths by a factor 3.
(¢) Locally, f rotates by an angle 7 and stretches lengths by a factor 2.
(F o f)(z) = (F ) (fz)f'(2). But (f~' o f)(z) = z, s0 (f o [)!(z) = 1. Hence
(FI(F(2) - (=) =1
flz) = 22 +32+2 = (@? —y? + 32+ 2) + i(2zy + 3y), so Bu/Bxr = 2x + 3 = Bv/dy and
dufdy = -2y = —dv/o.

Since @ = reoafl and y = rsind, the chain rule gives

hi e + A u Hu
— =gosf0— +s8inf— and — = —ru1n9—+r cosfl— .
ar dx oy bali] ar ay

Solving for Ju/dx and Ou/dy gives

ean Ou  sind du Ju . 8u cos# du

— =pogl— = —  and  —— =sginf— —,

i ir r 08 dy ir r  Of
Similarly,

90 ) inf} v b0 ; A

et =maﬁ'{ L and i zsinﬁgﬂ-}- cosﬂﬂ

T W By B oR
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13.

L.

10,

1%

21:
23,

25

27.

29.

31.

s0 the Canchy-HRiemann equations become

Héﬁu sinf du slnﬁ'ﬁv = cos @
s— — — — = - —
CRVOr T » 0P or ' r o8
and
i Gi?u n cos il du ( )Sﬁr’)-v ol sin ) &v
in #— Sl _— oy
ar r of ar r o8
o " = g . on 1w oo
Multiplying the first by cos# and the second by sin# and adding gives ar = Sirmi-
5
(o8 1 u
larly, — = —— —.
;- r 0
The definitions give
%] i) 10 1 [&h v 1 fdu v
..—'{= i-‘—.—‘r)=— T—i—f'i,-‘——.((._}j-l-i,—-—)
iz dr i dy 2 oz dr i \dy thy

B = b =

(iju Ei‘v)+_] (r‘}u +(’iu)
e Hi e [ e s
ar dy 2 \dx Oy

Thus, the Cauchy-Ricmann equations, du/dx = dv/dy and /By = —dv/dz. are equivi-
lent to saying that the complex quantity df /0% is zero.

If f = wu-+iv, then dufdr = 0 = fhu /By since u is constant. By the Cauchy-Riemann
equations, du/dy = dufdx = 0 and Ov/dr = —du/dy = 0. Thus, f'(z) = D/ Gx +
i(Ov/Ox) = 0 everywhere on A. Since A is connected, f is constant.

By the Cauchy-Riemann equations, Hu/Br = Bv/dy. Hence 20v/dy = 0. so du fdx and
& /oy are identically O on A, Thus, u depends only on y and v depends only on . But then
Hu/By can depend only on y and dv/dx only on z. Since Ju /By = —0v/dzr for all x and
y, /By and —dv /02 equal the same real constant c. Thus u = ey +di and v = —ex +da.
Therefore, f = u + iv = —ic(x +iy) + (d1 + id2).

(a) C\{1} (b) Yes (¢} » axis {1}, unit circle \{1} {d) a0°

(,:\{ 1. ‘,:2115;'3. e Zwi,f:}}

(a) u is the imaginary part of the analytic function f(z) = z* + 3z + 1, so u is harmonic
on .

(b) Either check the second derivatives directly in Laplace’s equation or notice that « is
the real part of f(z) = 1/(z — 1) to see that u is harmonic on V1)

Locally in B.w = Reg. where g is analytic. Then w o f = Re(go f). But go f is analytic,
so w o f is harmonic.
u  u i - . ; £
(a) — + =5 =¢“cosy — ¢ cosy =0 for all (z,y) (b) We need dv/dy = du/fdr =
ax? Y2 '
e* cosy; thus, v(x, y) = ¢ siny+g(x). Then e siny+g'(z) = dv/0r = —Ou/dy = e"siny.
Thus ¢'(x) = 0, so g is constant. To obtain u(0,0) = 0, take v(z,y) = e siny.
{c) ef = e” cosy + ie” siny. By parts (a) and (b), the real and imaginary parts satisfv the
conditions of the Cauchy-Riemann Theorem 1.5.8, so [ is analytic.
(a) No. Counterexample: u(z,y) = 12 —y? and v(z, y) = x are harmonic, but u(v(z, y), 0) =
22 is not harmonic.  (b) No. Counterexample: u(z) = v(z) =z, Then u(z)-v(z) =a* is
not harmonic. (¢} Yes
Write
s é
= and V= o
6.'::
so [ = [ 4+ iV. By assumption, U and V' have continuous partial derivatives. By the
assumption of continuous second partials for u and v, we get
Fu F*u auv. oV

T TR e, =,
Ba0y  ayoz’ " oy Bz’

U P nat
oy
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one of the Cauchy-Riemann equations for f. The other equation comes from

el B 921 - @ 5, _Hu) _ oM
oy

or Oz Ay By

fis thus analytic by the Clauchy-Riemann Theorem,

- e

1.6 Differentiation of the Elementary Functions

1. (a) Analytic for all z; the derivative is 2z + 1.
{b) Analytic on C\{0}; the derivative is —1/2%.
(c) Analytic on C\{z = (2k + 1)m/2 | k = 0.£1,£2,:£3, ... }; the derivative is 1/ cos? 2.
(d) Analytic on C\{1}. The derivative is

223 322 _ 1 23 4]
(z_—]}ﬂtmp = B

3 (a) 1. {b) The limit does not exist. 5. No. 7. Yes:

9. (a) Analytic on C\{+1}. The derivative is — (2% + 1) /(2% — 1)2,
(b) Analytic on C\{0}. The derivative is (1 — 1/23)e*+1/2,

11. The minimum is 1/e, at = = +4.

=2 . e . . . A : x :
13. The map 2z — 2% is a composition of entire functions and so is entire. The function
228 = 22 10E2 iy analytic on the region of analyticity of the logarithm chosen.

Review Exercises for Chapter 1
_ 1 :
1. (a) €" = cos(1) +isin(1); (b) log{l +i) = 3 log2 + ? + 27ni, n an integer

1 1
() sini = :'5 (e‘— —) (d)exp[2log(—1)] =1
£

T T 1 i i g =1 i
3. E,r.;,‘l{r ], TG + E!Wr/lbi-.,. PLNA o s PR
’ V2 v2/' V2 V2

. g =1 % ; g 1 i
.E‘rr?,,-’lb(_].}.eﬁr:;lh (__ = _1_) e llai_?-_}.gﬂr.xlb (_ _ )
' V2 2 ' V2 V2

B, z2=2mn ﬂ:ilt)gf\,f.:i 4+ 2/2)
7. (a) The real axis (b) A circle, centered at (17,0) of radius g

! .2
9. (a) (5 + 8) = 322 onalof €. (B) ( ::_ 1) s [;;jz“_z a5 c\{_l'ﬁw;f:l\ﬁ—wi,ss .

() [exp(z? — 1) = 4z% exp(z? — 1) on all of €. (d) [sin(log 2%)]" = Ecos{]:}g 2°), onall ©
except the entire imaginary axis,

11. (a) Analytic on ©\{0}; (e'/=) = —el/=/22,
(b) Analyticon C\{z = (#/2) +2%xn | n=0,£L.+£2,43, ...
(1/(1 —sinz)?) = 2[-::0»«_.:«:)/[1 - sm %
(e) C\{xai}; [e** /(a? +2?)]) = [(a® + 2%)ae?® — 2ze%%]/(a? + 22)2.

13. (a) No. (b} Yes. (c) Yes. 15, If and only if f is constant. 17, w =y = —1

19. Note that v(z,y) = 0 on 4. Therefore, dv/dx = Jv/dy = 0, and the Canchy-Riemann
ecuations give Ju/dhe = du/dy = 0. Thus, ' is identically 0 on the connectod set. AL Hence,
by Proposition 1.5.5, [ is constant on A.

21. By hypothesis, (d/dz)(f(z) — logz) = 0. Now use Proposition 1.5.5,

— 4
23. }lzn)ﬂ {2-[_}__%3‘-“ -—ZD = f'(20) where f{z) = 2™
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25.

27,
31.
33.
36,

a7.

Fix a branch of log, for example, the principal branch, which is analytic on C\ {nonpositive
real axis}. Write z¥ = €* log 2 which is analytic on the region of analyticity of logarithm
chosen. The derivative is z%{1 + log z).

s — 2¢im/2 9gTTi/6 2g11mi/6 99 They are the real and imaginary parts of 23,

(a) O. (b) Differentiable at all points z € C.
2y 9*u u  H*u . ;
S = —fy, —— = By, 80 — + — = 0. By w,y) = rd — 3xy?.
() 53 g =G o et 5 (b) vim,y) == Y
z=1,—1,—i.1.
flz) = f(22) = f{42) = ... = f(2"z) for any 2 and positive integer n. Letting w = 2"z,

we get flw/2") = f(w) for all n. Letting n — o< and using the continuity of f at 0 gives
F(0) = f(w). Since this can be done for any w in C, f is constant.

2.1 Contour Integrals

ca

1k

13,

. (a) 2+ (i/2) (b) §lcos(2+ 2i) — cos(2i)] {(c} O

The principal branch of the logarithm is a function that is analytic on an open set containing
~ and whose derivative is 1/z. BSince v is closed, the value of the integral is 0, by the
Fundamental Theorem of Caleulus for contour integrals, 25

No: for example, let f(z) = z,7(t) = it for t € [0, 1]. Then

: 1
/ R f = f 0)-idt=0.
Sy §

¥

However,
3 1 tg 1 1
f-:.e/ J'—ﬂf[ itidt=Re | —— =—
o %o 2
() 24 (b) —i/3 4. For |z| = 1 we have
1
! === | - E 1 - =1,
|2~|— 22 2422 — 2|22
gince |z + 22| = |21| — |22|- Hence
dz ‘
U < =w
d iz : d dz i
{a}_/ --z-:‘2m':f :—I:U: / |—z|-:U'. [ —l=g% B)—-3
|zi=1 = l=]=1 |%§ =1 & Jlzl=11 = 3
U 15. If z = "% is on ~, then
e |a¥2 e — gind win
Lb"-.lb :!si]hz|§!t | e |=E 3 <e.
| z2 2 2

Since + has length 27, the estimate follows from Proposition 2.1.6.

2.2 Cauchy’s Theorem—A First Look

1.

e

2.
T

(a) —6 (b) O (c) 0 (d) 0 0, by Cauchy’s Theorem applied to z = 2o + re'?,

The integral is zeto iff v encircles neither or both roots —(1/2) & (V3/2)iof 22 +2+1=0.
No: let f(z) = 2. v(t) = e®.t € [0,2x] (the unit circle}, Then J.,? Re f(z)dz = mi, while
! 2 .
—q
3

o

11. 4xi

I Im f(z)dz = —m. g, =

oo
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A Closer Look at Cauchy’s Theorem

. Tf it were, then the circle |z| = 1 would be homotopic to a point in T\{0} so that

-rlz —ydz/z = 0. But [ _, dz/z = 2mi. This contradiction shows that C\{0} is not
simply connected.

Let v : [a,8] — A be a closed curve in A, Define a homotopy H : |a,b] x [0.1] — A by
H(t, s) = sy(t) + (1 — 8)zg, which is clearly continuous and maps into A since A is starlike
at zg. Thus v is homotopic by H to the constant map at zp.

The set (7 containsg the segment between each of its points and 0. Sample of part of a proof;
Consider a point ¢ for which 0 < Rece < land 0 < Tme < 4. If 2 = 8¢+ (1 — 8)0 = s8¢
with 0 < 8 < 1 is on the segment between ¢ and 0, then Rez = Re(sc) = sRee and
Imz=5s8Tme, s0 that 0 < Rez < 1 and 0 < Imz2 < 3. Thus z € (&, Points in other parts
of G are handled similarly.

. (a) 2m (b) 0 () O (d) =i 9. (a) 2mi (b) 27

Cauchy’s Integral Formula
(a) 2wi (b) 2mi

The Cauchy inequalities (2.4.7) show that f¥)(z) is identically 0 for k > n. The conclusion
follows from Exercise 20 of §1.5.

() 0 (b) —mi/3

Using the Caunchy inequalities, |f(0)| < 1/R for every R < 1. lence |['(0)] < 1. This is
the best possible bound, as is clear from the example f(z) = 2.

Let 4 be the circle F(t) = z; +re', 0 < ¢ < 27, |20 — 21| < r. The curve 5 is homotopic to 5
by H(t,s) = s(z) +re't) + (1 —s)(z0 +re'?). Since 21 is not in the image of the homotopy,

1 1 1 1
i) = [ = — = 1.

2wt s =2 2wi Js 2 — 21

By Proposition 1.5.3, [ is analytic on A\{zu}, so it is continuous there. Since

flz0) = F'(z0) = lim Fi8) = Fize) = lim f(z).
£z z — 2 x|
[ is also continueus at zg. By Corollary 2.4.11 to Morera’s Theorem, f is analytic on A.
fa) O (b) O (c) O (d) =e/2 15. dmi
L/f isentire and |1/ f(2)] < 1on C, so 1/ f (and hence f) is constant by Liouville’s theorem.

(a) m/2 4 i(w/2) (b) 0

. Start with Clauchy's Integral Formula 2.4.4 for f({z1), f(ze) and f/(zq).

Maximum Modulus Theorem and Harmonic Functions

. e 3 Let A=0\{0}, f(2) = e

Note that f—g is continuous on cl{ A) and analytic on A, Also, (f —g)(z) = 0for 2z € bd({4),
and so by the Maximum Modulus Theorem, (f — g){z) = 0 for all z € A. In other words,
f(z) = glz) for all z € A. Hence f = g on all of cl(A) = A Ubhd(A4).

2 a .
|7 | attains a maximum value of e at £1.

{a) v{a,y) = —coshrcosy on C (b) v = arctan{y/2) or —arctan{xz/y) on T minus the
negative real axis {e) w{x,y) =eFsiny on C
(Note that an arbitrary constant may be added to each.)
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11,

13,

15.

17.

If 2 =+ iy, Ree® = e* cosy and Ime® = e®siny. The normal vector to the level curves
of these functions is given by the gradient vectors

(6% cosy, —esiny) and (e" siny, e’ cosy).
Since these are orthogonal, the curves are also orthogonal.
Since f is analytic and nonconstant on 4, 2p cannot be a relative maximum. Thus, in every
neighborhood of zg, and, in particnlar, in the ¢ disk defined by |z —zo| < ¢, there is a point.
= with |f(z)] > |f(z0)]- 1f f(z0) # 0, then by continuity, f(z) # 0 in some small disk D
centered at zg. Thus 1/f(z) is analytic on D). By the last argument. there is a ¢ close to
zp such that

1 \ ‘ 1
‘—, o I
FC) fzo) |
Therefore, |f(C)] < | f(zo)]-
lg(0)] = [0] = 0, and so g(0) = 0. Also, |g(z)| = || < 1 for all z in the digk defined by
|z| < 1. Thus, Schwarz’s Lemma applies, and so g(z) = ez with |¢| = 1.
4]

Review Exercises for Chapter 2

.

13

15.

Lt
19,
23,

-] T L

(a) O (h) 0 (c) 2mi (d) 2micos(1)

For 7y > 12 > 1, v, is homotopic in {z such that |z > 1} t0 ¥y, 50 the integrals are equal.
—-2/3

If z; € A, Jet v be a path in A from zg to z;. By the Distance Lemma 1.4.21, there is a
§ > 0 such that the set 3 = {z | there is a point w on v with |z —w| < 4} © A. The
Maximum Modulus Theorem shows that [ is constant on this bounded subregion and in
particnlar f(z1) = f(zo). Since z; was arbitrary, f is constant on A.

Lifw z
vlw y) = {*r]lj;g—l—uz on Ch{1} 11. Consider / E—erz to obtain 2.

A=
iy logi=i(w/2) + 2win;  log(—1) = —i{w/2) + 2min;
jlosl—1) — = 7*K/2 where k is any odd integer.

By the Cauchy Integral Formulas, ' is analytic on A. Since [ is nonzero in A, f'/f s
analytic on A and the integral is 0 by the Cauchy Integral Theorem.

No; let v be the unit circle. Then [ xdr 4 zdy = m.
(a) No {(b) Yes {c) Yes 21. 2ei7/8 2¢07/8 and Qeidni2
By the Mean Value Property 2.5.9 for harmonic functions,

1 I :
2(0) = — [ ul Be®)db.
‘ 2w Jo

By Poisson’s formula (2.5.13},

o 27T o
u(ret®) = R =7 / - W) —f}.
ar  Jo R2—2Rrcos(¢—8)+7r?

Using these equalitics, we get

HE e it Rz _ oa | pldm i R,w
s / e — o < ufz) < —T--—-/ r”‘{4L}—dl‘1|;
2r My 2w 0

RZ 4 9Rr + r2 B2 — 2Rr+ 12
that is.
(R4r(—7) 1 f:hr 5 if (R—-r)(R+r) 1 ['2“ 0
- (Rei®)dg < o AE— T .3 ol Rei®Vdo.
RO BT Oy TR NSRS R ) Jo e

Therefore,

R— |z R+ |z
ors |=:|,u{0) <ufz) < ;‘. = : }!1([]).

]
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17.

3.2

oy}

11.

13
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Convergent Series of Analytic Functions

. {a) Does not converge (b) 0.

The limit is 1 and the convergence is not uniform.

If |z| < r, then |2 — 0] < ™, so |2" — 0] < ¢ whenever n > (loge)/(logr). These n work
for all z in ., so the convergence is nniform. The convergence is not uniform on D(0;1).
For example, if z = r, the required minimum n is {loge)/(logr), which becomes arbitrarily
large as r gets close to 1.

Neither of these series converges absolutely. However, both the real and imaginary parts
of each are alternating series whose terms decrease in absolute value monotonically to zero
and thus are convergent (by the alternating series test from caleulus).

The sequence of partial sums converges uniformly: thus it converges to a continuous function
and the assertion follows.

. Let D be any closed disk in A. Then there exists an r > 1 such that [z > r for all z € D,

Hence |1/z"| < (1/r)" for all z € D. But 3__;(1/r)" converges, since 1/r < 1. Thus
"2 1/2"™ converges absolutely and uniformly on D. Since 1/2™ is analytic on 4, the

Analvtic Convergence Theorem 3.1.8 shows that 37 | 1/2" is analytic on A.

Let D be a closed disk in A and let & be its distance from the boundary Imz = =1. For

z=x+iy € D, prove that [e” " sin(nz)| <e WE

. By Worked Example 3.1.15, {(z) = 7, n7* converges uniformly on closed disks in A and
. 5 =k * &

thus it is analytic on A with {'(z) = E:j__i{—— logn)n™*, which also converges uniformly
on closed disks in A and thus is analytic. By induction, (**)(z) = 5797 (—logn)kn—*

"n=

converges uniformly on closed disks in A and thus is analytic. Therefore. ( —1¥EER (2) =
372 (logn)®n—" is also analytic.

=1

Noilet fulz) = 3ok ¢ /K% 19. {z| |22 -1 <1} ={z| |- | < §}

Power Series and Taylor’s Theorem

. f(a) 1 (b) e (c) e (d) 1.

(a) e =37 (e/n!)(z — 1)™, which converges everywhere.
(b) 1/2 =322 ,(~1)"(z — 1)": the series converges for [z — 1] < 1.
(a) B2 = sin(1) + [cos(1) — sin(1)](z — 1)
-4 [i'n‘.f—) - cms{]_}—‘ (2—1)% + [ cos(1) — ila-.-;in(l}] (z—1)%+...
e 1 1
b) z%e® = = gkl c) e® ginz = e e e
(h) z%¢ ngn!z fc) efginz=2z+z —1—3 3F F
(a) Z 22" nl (h) :}::[J — i gnrlyian g, val—-1=i- :—5-22 - %z‘! + ...
m=_{ n=i

For sinh z, the odd derivatives are 1 and the even derivatives are 0 at = = 0. Thus by
Taylor's theorem,

i w2r—1
z

- n
ginh z = 2

The argument for cosh z is similar.
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15, If |z| < R, then ¥ a,z" converges absolutely; that is; 3 |aq||z|" converges. However,
l(Rean)2"| < |aa||z"], so

Z |(Rean )z"| < Z fan |21

and hence 3 (Rea, )2" converges. Since Y (Reay)z™ converges for any |z| < R, the radius
of convergence must be > R,

17. The region for the first series is 4 = {z such that |Im(z)| < log2}. The second series is
not analytic anywhere. (Use [e~™¥ —e™¥|/2 < |sinnz| < (e7™ 4"V} /2, where y = Im 2).

19. (a) Suppose that the Taylor series for [, 3 4 £ (20} (2 — 20)™ /n!; has radius of conver-

gence K and converges to a function g{z) on D{zy; R). Let Ry be the radius of D. By
Taylor's theorem (3.2.7), the restriction of g to 1) is equal to f and R > Rg. The function
g is analytic and so continnons on D(zg; R). If R were > Ry, then g would be continuous
and hence bounded on the compact closed disk ¢l (D) = {z such that |z — zg| € Ho}. But
g and f are the same on D, and f is not bounded on D, so R is not greater than fy and
thus £ = Hy.
(b) Branches of log(1 4 z) may be defined with the plane cut along any ray from —1 to oc.
For the principal branch this is along the negative real axis. These determinations differ
by an additive constant depending on the angle between the ray and the real axis. The
serics expansions around zp = —2 + ¢ differ only in the constant terms and so have the
same radius of convergence, which we may call R If we choose the ray leading from —1
directly away from zg, then D(zq; \/_) lies in the region of analyticity, so I > v2., But
D = D(zg: 1) is the largest disk centered at zj contained in the region of analyticity of the
prineipal branch of log(1 + z), and V2 > L.

21. Suppose |k{z)| < M for zin B, and let € > 0. If g{z) = 3_, ¢;(2). then uniform convergence
given an N such that |g(z) — 327 gi(z)| < ¢/M whenever n. > N and m > N. Thus,

=41

T

ho(z) - Y h()gile) %g{z}— 3 wla)] <.

i=m+1 i=rnt1

24, [Z Hy ‘ = (22— 2206 = (20— 22 )Z H,(x

=1k n=ll
Therefore.
e 2y #n
‘Z e ﬂzﬂzcun x}— - ZZ:I 2Hy-1(2) oy
Pl el :
Hi(x)+ Z Hiyeal ) = 20 Hol(x) + Z[Q;sﬂ-n (x) = 2nHu—y (2} 2" /nl
n=1 n! n=1
Equating coefficients gives the desired results.
5 R 5e?* — 2z 1
25, flz)=14224 2"+ - Zt=
f(z) 22 ; 4 i ! S 4

3.3 Laurent Series and Classification of Singularities

1 1 1 . ¥ ’
1. (a) ——=—4+——=—....0< |z <0 (b}——l-}z—22+z‘5—z‘1+....U'~i|$|<1
z 3lz3  BlA lz] :
{c)z—39+23_34+25__,_1|;;|<1 (d),_?.+:+2_| _~+‘1;z -+~ .U<|z|<3c=.

3. zfz4+ 1) =1/(1 4+ 1/z) = Z{—l)”{]]z]'” Z{—l)nz_” for |z] > 1.

re=I[] ri=I)
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5. Let 73 be a radial segment from =~ to v1 not passing through z. Let v = 2 + 92 — 91 — ~n
as indicated in the Figure. Let 45 be a small circle about z lying between ~; and ~o and
not crossing g, Then +yy is clearly homotopic to 5 in the region of analyticity of f(t) and
of f(t)/(t — z). Hence, by the Cauchy Integral Formula,

1 f t 1
gigee B [ M 2 F FE
Inidyet— 2 2mh gy T — 2
1 : J 1 !
e [ By L | Mg L) L0y 1 M,
2t fq, t—2 2mE S t— 2 2wt Jo, t—z i Jog t—2
% / g 1 B
2-:7:.,721‘.—2 271 Joyy t—2

7. Use the fact that there is an analytic function ¢ defined on a neighborhood of 2y such that
B(z0) £ 0 and f(2) = ¢l2)/(z — zn)*.
9. {ﬂ} No “3) No {l_“'} Yis

. i X 3 1 s, TR SO T ST
. —— S =) gtz = - — —z — —z" — —z* o
et =<1 Z 2 12 720 z 3 45 945
15. Bince 377 bn/(z — 20)™ converges for |z — zp| = (R +1)/2> R,

buf(z —20)" — Ofor |z —z0| = (R + r)/2.

That is, 2" |by |/ (F++)" — 0 and so is bounded. Therefore, by the Abel-Weierstrass lemma,
3o balz — 20)" converges uniformly and absolutely on
Ay ={zsuch that |z — 2| < p} if p < 2/(R +r).

Taking p = 1/r < 2/(R4 7). 3.1 bu(z — 20)" converges uniformly and absclutely on
{z such that |z — 20| < 1/r}. In particular, 3 7% ; |bal/r™ converges. If = € F}, then
lz—zp| = 1; 50

bn o
(z—p P
Thus, > 57 | by /{2 — 2p)™ converges uniformly on F, by the M test.

< lbul
r i

17. cos(1l/z) has a zero of order 1 at
1 2n 4+ 1)w
L _BEmtlm, e
z b

that is, at
B 2
T 2a4)r

Thus. 1/ cos(1/2) has simple poles at these points and z = () is not an isolated singularity,

19. (a) % (b) % @1  (d)0.
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Review Exercises for Chapter 3

el 1 i .
b s e B e e B B i i Y
=2 F

=1 T n=1

1
|

Suppose that w £ C,w # 0. Solve €!/* = w for 2 as follows:
1
log |w| + i(argw + 27n)

L .
— = logw = log [w| + i(argw + 27n); 2=
A
Infinitely many of these solutions lie in any deleted neighborhood of the origin.
1 )
9. (a) = b) 1
() 5 (b)

11. The coetheients for either series are given by
. 1 FiE)
L el e
2mi ey €
where + is the circle of radius 2 centered at the origin.

13. The Schwarz Lemima applies to give |f(z)] < |z| for all |z] < 1. Also, [f(z)| = |z| for any
|z| < 1 implies that f(2) = ez for a constant ¢ with |¢| = 1.

Do [ ; 1 N S By = 1 1 1 1
15, —2mif3 17. [.rn'::: 24—+ —. .. (:}—2—3—;4——_—; P

3.’

19, Yes, You could base yvour argument on the fact that a composition ol analytic functions is
analytic.

21. Since f is bounded near zp, zg is neither a pole nor an essential singularity. 23, 2x

25, (a) Polesof order 1 at z =1 and 2 =5  (b) Removable singularity at = =0
(¢] Pole of order 1 at 2 =0  {d) Pole of order 1 at z =

27, 2

29, (a) ag = —2%,a1 = O,as = (4 — 72}/8 (b} The denominator has zeros of order 2 at the
odd integers. The munerator has zeros of order 1 at +1. so the function has simple poles

al £+1 and poles of order 2 at all the other odd integers.
(¢) The closest singularities to 0 are at =1. The radius of convergence is 1.

! 25 e—?.l:n—l‘ll'?
31, No sinz. 33. (a) 2xn (b) By = — e S 35. 1
2r Jp et —1
7. ag+ 2+ 22+ 2V 425 4 21 | . where ag = f(0). Show uniqueness by showing that the

coefficients are uniquely determined.

U (0
39. |f(z) = lim Qaj" for all z. But

W b=l k!
f“"(ﬂ o Ifl“(U}l s o Lo
Z Z FEX TS Y glall e
k={} & k=D =i}

so the limit is no maere than e!3|.

4.1 Calculation of Residues
1. (&) 0 (bJ1 (c)—1 (d) % fe) 0. 3. Let f(z)=1/2 5, The correct vesidue is 2.
7. (a) Res(f;0) = Res(f:—4) = 4- (b) Res(f;—1)=10

I'M-

(c) R.t‘.‘-i(f; %/'_}] — 3-5/3 R.{}H{'f:_ Q,.'gemwa} - 3—5;’.’](_',—4wif'ti_ H.es(f; ‘:j/ge-lrri,-’.]] g Bfdp—dwif3
9, 1/6, 11. Res(f1 f2;20) = a1 Res{ fa; z0) + a2 Res(f112g) where a; is the constant term in
the expansion of f;.

13. ()0 (b) —e/2 (c)Res(f;0) =1,Res(fi1) = —1 ({(d) Res(f:0) = L,Res(f.1) = —&/2.
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4.2 Residue Theorem
L (@0 (0 30 5 —12r T7.(2)0 (b)0 9. (a)2mi (b) 2mi

15 1
X — / a (—) =5 = [g[u.']du:, where ¥ is the curve 1/7.
oo Z JH

z

13. . {a) —1 {(b) 2m 15, —mi
4.3 Evaluation of Definite Integrals

wi e J3 frm| . |m|
L. 7/v/3 3. — ; 5. e Iml/v2 (l:rm — +sin
4 @@ 23 vz T

7. me /2 9. —7if(a—1)*
11. The function is even and line 3 of Table 4.3.1 applies. 13. 0

15. —wi/2 (or wi/2 if a different branch is used). Construct v'z# — 1 much as in Example 4.3.15,
but make the branch cut for the factor +/z — 1 go from 1 to —a0 and that for vz + 1 from
—1 to —eo. Crossing the real axis at z with || > 1 requires crossing either both cuts or
neither. The product is analytic on C\{z | Imz = 0 and |Re z| < 1}, as in Example 4.3.15.

17, we %% /a 19. Use Exercise 18; Res{{—2)*"1f(2): 1) = —(e™ )1,

21, After checking that all the integrals exist and the operations are justified. compute

(o) ([ a) = [ us

L 2 2
/ / ~rdidr = 2% f e rdr=—ne " =-n{0l—-1)=mx,

0 ¥

M0 J o= dy = T
23. 27(97V3 — 168)/3 25, (a) V/mi

4.4 Infinite Series and Partial-Fraction Expansions

1. As in the proof of Proposition 4.4.2,

weotwe .

—  —dz —0az N — <.

. A4
Cy

o

The rcsldue at no# 0 is 1/n?. Compute the first few h.-"I'HIH af the Laurent series colz =

1)z — —z = l % ... to find that the residue at 0 is —=* /45, so
- S S
lim |—— +4 — + = ‘lim - — 42 el (1
N-Soo 45 “Z::] nt n;i {—n)d N—roc 45 ngl TF:’)

and thus 37 1/nt = 74 /90.

3. Apply the summation theorem 4.4.1 and Proposition 4.4.2,

cot Tz %
Res St il 8 41 | = —— cothma
22 4 g2’ 2a
{check this}, so
T o 1 1 3% 1
—cothma = — = -+ 2 e
a : Z B SR Z G

=% =1
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L

Thus,
i 1 1 L
e = ——— 4+ —gothwe
i) n? 4 a* 202  Za :
and
O =
1 1 1 1 s
—_——=— —— = 4+ — cothra.
Z n? 4 a? a? Z n? 4+ @? 202 2a :
n=0 n=1
i =

Z (—1)" f(n) = —[sum of residues of mesermz f(z) at the poles of f]. Here f should obey
n=—>00
some conditions like: There exist an B > 0 and an M > 0 such that for |z| > B, |f(z)] £
M/|z|* where & > 1. If some of the poles of f should lie at the integers, the technigue

could still be nsed. After verifying that

/ Eﬁdz —0 as N — oo
Sy ST

we would conclude that

o0

D G ()

A= — o0
(where the sum is over integers n which are not poles of f) is the sum of the residues of
qeserz f(z) at the poles of f.

Consider f(z) = cotz — 1/z. Then lim; ¢ f(z) = 0 and f is analytic at 0. Check that it
has simple poles at z = ni for n # 0 with residue 1 at each. Let Cy be the square with

corners at (N + £)w(£1+i). Along Cn we have cotz = —cot(—z), and —z is on C'y when
> is. Thus it suffices to check |cot z| for any y =Imz = 0. ¥z =ua+iy,y > 0. then
pis @ iz e‘.-"i:r:—‘zy 41 a9
|“"'z| = iz g iz i eZz’r—?y (= 'i_‘ — |_;_32r',,':: '3; ==

on the upper horizontal of the square y = (n + %}Tﬂ' > 1, and so |cotz| < 2/(1 - e %) L

On the vertical sides, @ = (N + %}'R’. and so ¢4 = —1. and
|
|eotz| € |———| < 2
‘ —e2¥ — 1|

In any case, |f(z)] < 4+ 2/x for z on Oy, and so with R = (N + 2yw, M =4+ 2/w, and
§ = 8, the conditions of the partial-fraction theorem (4.4.5) are met and the data on poles
and residues may be entered to give the desired formula.

An exact answer to this seemingly simple problem is not known. The sum is ({3} wherc
¢ is the Riemann zeta function, important in analysis and number theory and a source of
several famous open problems in mathematics. The method of the snmmation theorem
{(4.4.1) may be used for summing ¢(p) = $°3°(1/nP) for even p as in Proposition 4.4.3 and
Exercise 1. One gets

Bam

Sy o f_qymat] 2rre
glam) = (-1 @mP" o e

where the Ba,,'s are the Bernoulli numbers involved in the expansion of the cotangent
function. (See also Review Exercise 33 of Chapter 3.) This method fails for odd p hasically
because 1/(—n)P + 1/nP = 0, not 2/nP. An approximate value is ({3) = 1.2020569, but
until recently it was not even known if ((3) was irrational. This was shown in 1978 by
R. Apery. (See Mathematical Intelligencer 1 (1979), 195-203.) Even irrationality is still
unknown for ¢{p) for other odd values of p.
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Review Exercises for Chapter 4

1 ; gagi
L. 2x/v/3 3. *r/v@ 5 Ej [2— - —mﬁ{”] T.w/v5 9. 2z 11. 2misin(1)
= i
. 1. 8. . Vs Ll S - L M-

13. {zLJE-l-—l?."—I—gz +L|2HT2 +aa {l)‘];+;s'+:—4 ;-I' +gn+1 + o

15. %/2

17. (a) Res(f;0) = —1. The other residues are at z with 22 = 2eni,n = 41,42, and are
equal to —1/2.  (b) Res(f;nm) = 2mn cos(n?n?) (c) cos(1)

i 7 2o (k+1) P

189, RHes ('f—zn) =k—1 and Res f—::n) = ! ! - (z0) tor k0,1
7 ; K+l fORi(zg)

1 ; : ;

21. PR o— has been expanded incorrectly. The correct residue is —1. 23, —wi

i Z—
25. (a) The radius of convergence is infinite,
(b) The rading of convergence is 1 {(use the root Lest).
Note: To use the ratio test, the following facts are used:
o e sy E R
(i) lim (1 e —) = ¢%.  (ii) In the power series 3~ a,z"™, if the coeflicients a, tend to a
THh—# X1 i
nonzero finite limit, then the radiug of convergence must be 1.
. . 4 n+1jn+2
97. () 1+ 3z 4+62" +10z% + ... + e 3'3‘(7),1 + ...
I 1 3 fi (n4+1)(n+2) 1
B =F~F~@F =" g 48
1 3 G ; (n+ 1)(n+ 2) : =1
) S —(z+ D+ —(z4+12 4+ —2 2z 1)+ 1) ————
{}8+16(7+ ) 32( LR b gni4 el mfz—l)"
29. (a) Use sin® ¢ = (3sinz — sin3x)/4. Use an argnment like that for Cauchy principle value,
chocking directly that
3(“-';: = E:::h'.‘: [
o - = =3mi &8s p—=—=0
where ~ is a half circle in the upper half plane from —p to p.
(b) Use line 5 of Table 4.3.1.
31, Use Exercise 5 of §44. F(z) = (mescmz)/(z + a)* has a pole at z = —a with residue
72 ese (ma) cot(ma).

33. The last equality is wrong since the integral along the semicircle is omitted. We cannot
conclude that the integral along the semicircle goes to 0 as K — ¢ and thus must evaluate
it more carefully,

35, It will suffice for f to be analytic in a region containing the real axis and the upper half plane
and to be such that the integral of f(z)/(z — ) along the upper semicircle of |z{ = R — 0
as I — co. These conditions will hold if |f(z)] < M/R® for some M > 0 and o > 0 for
large enough B, and for = lying in the upper half planc. Use Exercise 34 for the last part.

a7 LY el
2h 20

5.1 Basic Theory of Conformal Mappings
1. The first three gquadrants,
3. () Everywhere exeept z = 0 and = = —2/3. (b} Everywhere except z = —1/5.
A
a) x L

B 't.lt;r.’y:] == 2.’1:1{ -+ [’;

r2 ¥ 1{2)2
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T.

Lk,

13

Let g and h be the functions guaranteed by the Riemann Mapping Theorem:

giA— D with g(z)=0 and g'(z0) >0

h:B— P with h{up)=0 and h.’[?.un} = 0}
Set f{z] = h.‘:] (efg(z)) for z € A and check that f takes A one-to-one onto I3, that
flzo) = h— (e g(z0)) = h—1(0) = wp, and that f'(z0) = e g"(z0) /R {wo)].
From f~Y(f(2)) = z we get (f~ W) () = 1. (Whyis | U analytic?) It follows
that f'(z) # 0, so f is conformal by the Conformal Mapping Theorem 5.1.1.

No for both parts. A function for (a) is a bounded entire function. Liouville's theorem says
it would be constant and so certainly cannot map onto [} The inverse of a lunction for
(b) is a function for (a}.

AU bd(A) is closed. If A is bounded then A U bhd(A) would also be hounded and so

compact. If there were a continuous extension of f to this compact set its inage would be
compact and could not contain the unbounded set B.

5.2 Fractional Linear and Schwarz-Christoffel Transformations

L

14,

21.

23.

(a) B\ {1} f({oc) = 1 and f(—1)} = 2¢) )
{b) The circle cutting the real axis at right angles at 3 and % (center =, radius ,1 |
(¢) {imaginary axis} U {2c} (f(—1) = so)  (d) {unit circlep\{1} (flec)=1)

C(a) f)=(=+1)/(z—3)  (b) f(z) =2—2

z+1
z —
00— i. The map w v~ 2(w + 1) takes the upper half plane to itsell. Thus,

_f{;_}:z[l—f(“ 1)]
z—1

Jw — 1
! takes I to D and 1 ge 0.

According to Fignre 5.2.10{vi}, z +—+ —1 ( ) takes the disk to the upper half plane with

does what we want.

z—g a1

B = takes D to D and 1 to 0. w— - =
Fi=ia 22—z = 3—m .
. w1 2z —1 fz—1 Aa=il , .
Solving — = — for w gives w = ——, 50 f(2) = < is the desired map.
J—m 2=% ' d—z h—g

f’(z) = e—:h:ﬁfii (:'-____J)
’ z+i

. T is the composition of a translation, inversion in the 1mit circle, refiection in the real axis,

a totation, a magnification, and another translation.
(2z — 1}/(2 — z). (This may be multiplied by ¢*8 for any real constant 0.)
E'iﬂ z - RZ[}

—— . where |z < 1.
R — e | |

. Suppose that T is such a map. Define Wby

z+1
Wiz)=T (l . 1--) .
i

W maps the unit disk conformally onto itself. Now use Propesition 5.2.2.
2 —i

By Proposition 5.2.3, T'(+;) and T(~2) are circles or straight lines. and since 7" is eonformal,
by Theorem 5.1.1, they intersect orthogonally.

|z — zollz = 20| = |Z — Zol|z — 20| = ‘(z”—zlﬁz_l—z"': = Zo) (2~ 30JI|

FTE0

= |Znz + B = |z;:,|2 — EpE+ Enzn| = |R2| = R
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14 e°

1 —e*

Use a branch of log defined on C\{nonpositive real axis} by log(ret?) = log r —+ 6, where
—r< <,

By the Schwarz-Christoffel Formula 5.2.11, the image is a polygon with four sides, three of
whose angles are 30°. Hence the image is a rectangle.

No. The map

Jtzli= /{; (2 — 1) "t 2t

takes the upper half plane to a triangle with exterior angles may, mag, mos.

The boundary circles both go through 0 and f{0) = oe. Since [ takes B to R, the circles
go to lines through f(2) and f(4) that are orthogonal to B. These are the lines Rez = 2
and Rez = 1. Check f(3) to make sure the region is right.

. f(b) = 0 and f(d) = oc. Thus a circle through & and d must map to a circle through 0 and
oo, that is, a line through the origin. Since
z—0 z—h
\Jiz)) = |a == |p= a,
1@ = 222 = | 25

the staternent j%f;i = IFLII holds iff [f(z}| = r. This establishes (a) and (b).

The easiest way to obtain the orthogonality is to notice that the images under the map
f are trivially orthogonal. Since the inverse of a fractional linear transformation is of the
game form, hence conformal; the same must have been true of the preimage. (To confirm
this directly a straightforward but lengthy calculation is required.)

Applications to Laplace’s Equation, Heat Conduction,
Electrostatics, and Hydrodynamics

1 dzty — oy 4 Y
. ul@z,y) = — arclan e = — arctan —
™ el — 622y +yt ®
i e 1 AR — cosax - sith y 4 1 pom— .{.'Uts';r-' - sinhy
T gineg-coshy—1 = sina - coshy 4+ 1
EB{xY=|o (r-: 9y 4 —) In polar coordinates,
etz
1 BY L
dr, Q) = |l {(r - —) cos(8 — H}] 3 (r, @) = |a [(? - —) sin(e — H}} .
v r

In polar coordinates,
{r. i) = artcosdd and w(ré) = ar’ sind6.
In rectangular coordinates,

oloy) = (2 — 6xy” + 4y )a and P(ry) = (4;53-;; ~ 4my")u.

Review Exercises for Chapter 5

i
o

o

Any region not containing zero.
(2z —4)/(2 +iz). (This answer can be multiplied by e for any real constant #.)

flz) = (22 — 4)/z is one such. 7. The first quadrant. 9. flz)=2+1—1i.

. No. The region {z | 1 < |z| < 2} is not simply connected. The inverse would take the

simply connected region B te it, which is impossible by Worked Example 5.1.7.
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13.

1%:

No 15. Use Proposition 5.2.2.
F(z)= “Irazz rd where a, b, ¢, d are real and ad > be.
V ez +
f(z) = V22 + 1 where ./ must be taken as the branch defined on C\ {positive real axis}.
which takes values in the upper half plane. The desired potential is plz) = 1 arg (Lf‘El) .
ul vZT+1+1

21. The desired complex potential must be F{z) = av'z2 + 1. The level curves ¥z, y) = K,
which are the streamlines, are described by
: K? P
P= - + K,
i 2 + e
1 e’ siny - 3
23 ofmy) =1——apctay ——————. The values of arctan are chosen between O arnd 7.
T efoosy — 1
] 1 Z
25. flz)= B (\/ 22 — 1+ cosh™! ::) 27. T(x,y) = A Re (B.T{T.‘iin —).
™ AR i ! a
re—V3
29. 31, /P’
W Vi E
6.1 Analytic Continuation and Elementary Riemann Surfaces

e |

2
13.

6.2

(a) No, it does not. An important condition of the identily theorem (6.1.1) is that the limit
point zg must lie in A

(b} No. Let A be the unit disk. Let uy(2) = lm z and ug(z) = Ime®. Both u and ua are
harmonic in A and are zero along the real axis, but they are not identically zero, nor do
they agree with each other on A.

If f were constant on a neighborhood of 22, it would he constant on all of A by the identity
theorem. This would force f'{z) to be 0, which is not true.

If 5+ — re2™0/9 then 2™ = ¢*! whenever n > ¢. Any open set containing A contains a
point e2T#/¢ = 2, If f were analytically continued to include zp it would have fo have a
finite limit at zg, but lim, f(re?™r/9) = oc. Check this using the first observation.

The union of the sets U, is an open set A containing . The Distance Lemma 1.4.21 gives
a positive distance p from 5 to the complement of A. Sinee the continuation is analytic on
each Uy, the radius of convergence is at least p at each point along . The path covering
lemma gives a finite chain of overlapping disks centered along v, where each contains the
center of the next so they can be used to implement the continuation by power series.

The situation is something like that for \/z, except, that now there are three sheets, each a
copy of the plane cut along. say, the negative real axis. They are joined along these cuts
so that following a path that winds once around zero carries one from the first sheet to
the second. When the path winds once more around zero one is carried to the third sheet;
when the path winds a third time around zero one is carried back to the first sheef.

f(2) = 1/(1 + z) extends it to C\{—1}.

Use Worked Example 2.4.16, (The implicit function theorem can be used to ensure that
most small rectangles meet v at most twice. )

Rouché’s Theorem and Principle of the Argument

Five. Consider g(z) = 28 — 42% + 22 — 1 and f(z) = —4z" and use Rouché’s theorem.

For large enough R, the curve v shown would include any finite number of possible
solutions in the right half plane. Let g(z) = z+¢ ° — 2 and flz) = z =2 Along
i | f(2) —g(2)| = e~ B¢= < 1 < |f(z)], and [ has exactly one solution. Thus so does g.
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Let h(z) = f{z)—zand g(z) = —z. On thecircle [z = 1. |hi{z)—glz)| = |f(z)| < L = |g(z}|.
so Rouché’s theorem shows that A has one zero inside {z such that |z| = 1}. A zero of h is
a fixed point of f.

Let vy = 1 — 1/m and frulz) = flrnz). Use Exercise b to get 2 with folzn) = 2. (Use
the Maximum Maodualus Principle to obtain | f{rnz)| < 1 if |z| = 1.) The 2,'s are all in
the closed disk 17 = {z such that |z| £ 1}, so there is a subsequence converging to a point
20 © D, say zn, - zn. Check the following: 1 zn, — 20, 50 J{ru,za,) — f(z0), but
Flrnazn, ) = 2, — 20, 50 f(20) = 20

Let g(z) = an 2™, estimate f{z)—g(z) along large circles as in the proof of the Fundamental
Theorem of Algebra 2.4.9. and apply Ronché’s theorem,

Use the method of Theorem 6.2.1 to compute the residue of f'(z)h(2)/f(z), obtaining
kh(a;) if f has a zero of order & at o, and —kh(l;) if f has a pole of order k at b;.

Apply Exercise 11 with h{z) = z. {The zeros are repeated in the sum according to their
multiplicity.)

Apply the Mundamental Theorem of Algebra to the polynomial f{z) — w.

No. Let f{z) = ¢e* — 1. f has three zeros inside a circle of radius 37, center 0, but f'(z)
has no zeros.

Any 7 such that 1 < v < 4 will give the desired result. Rouché’s theorem works with » = 2
and g(z) = —422.

1. Suppose ¥ and 'Y are on the boundary circle. If ¢'® £ ™ then an equation (e'?)2 4

3(e) = (e™)? 4+ 3(e™) wonld become ()2 — (e'¥)? = 3(e'? — %) or (¢t + 1V ) (e —
e'V) = 3(e'? — '), requiring ' + e'¥ = 3. This is not possible, since ¢ and ¥ hoth
have absolute value 1. The function is one-to-one on the boundary circle, so on the whole
region by the one-to-one theorem (6.2.10).

Consider f(z) = 1/2 and apply Rouché’s theorem; you will get —1 “equal to” a nonnegative
number.

Mapping Properties of Analytic Functions
{a) {z such that |z| < %}- {(b) {z such that |z — 1| < %}

Let ffz) = % 4y = 2zp = 1,# = 1. Thetoots of 27 — 1 lie at 1,e¥™3 and ™3, Of
these anly one lies in 2 = {z such that |z — 1| < 1}. [(z) = 327 and is 0 only at 0, which
does not lie in D. However, f(re™/3) = f(re 79) = —r?, and for small enough r, these
points lie in [,

Use the chain rule to show that g{z) = f{z™) — f(1)) has a zero of order n at 29 = 0 and
apply Worked Example 6.3.6.

Let o be harmonic and nonconstant on a region A, zg € A, and let [V be any open neigh-
horhood of 2 lving in A, By Exercise 6, u 18 an open mapping, so w(l/) is an open
neiphborhood of w{zy} in B, This means that arbitrarily near zg.u takes on values that are
both larger and smaller than wlzg).

Let f{z) =e* % — z and g{z) = —=z. Then, for = = r + iy on the unit circle,
Flepoigle)] = [0 =P g fusofe]],

Rouché’s theorem now applies,

|f] has a minimum somewhere in [ since it is continuous. It is not on the boundary, sinee
f0) =1 < 2. The minimum is at an interior point zg of I 1f f{z) were never 0, then 1/f
would be analytic with a local maximum at 2. The Maximum Modulus Principle would
say 1/ and so also [ were constant, But it is not, since f{0) =1 and |f(1)] = 2.
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Review Exercises for Chapter 6

1.
3.

o

=l

9.

15.

Ef
19.

21.

Trk

-

f is identically zero on {z such that |z| < 1}.

(&) g4lz) = Fflz) — () is entire and g(ax) = 0 for all k. Since the ap's are boundled,
there is a subsequence convergent to Some ag. Thus ¢ = 0 by the identity theorem. aud so
f(2) = f(z) for all z. Taking z real gives the result.

(b) By part (a), f(=) is real for real 2. Use the mean value theorem from caleulus to obtain
By with 2n 01 < by < an and f'{by) = 0. Check that by — 0 and so f* = 0 by the identity
theorem. Conelude that f is constant.

Use the Schwarz Reflection Principle to define f on the upper half plane. The functions
f and its reflection agree on the strip {z |0 < Imz < 1 } and together define a bounded
entire funetion. Now use Liouville’s theorem.

Use the identity theorem to show that g(z) = f{z + 1) — flz) is identically equal to ).
- f'r 1
V'3 11, Use the root counting formula. 13 Use / ? = Eﬁiz I ).
oy _1

Let 0 < v < 1, D(;7) = {2 such that |z| < r}, e = {2z such that |z| = r}. By assumption,
{ is one-to-one on ¥y, so f(v-) is a simple closed curve, Since [ is bounded on A, f mnust
map D(0;r) to the interior of .. The one-to-one theorem (6.2.10) now shows that f is
one-to-one on (0 r). Becanse this holds for any » < 1, f is one-to-one on A,

Let h(z) = f(2) — glz) and use the maximum principle for harmonic [unctions.

(1) True  (b) True  (c) True (d) True (e} False
(f) False (g) True (h) False (i) True  (j) True

No 23. (a) Yes {b) No 25. 3

Infinite Products and the Gamma Function

. The partial products are

N

N
1 (n—1)(m+1)
N = L B
Hlj[Q ( n* ) E n
) 52485 (N—1) (N+1) 1N+1
— % & 33 4 47 W N 2 N

which converge to £ as N — oo.

. Show that for small ¢ and large n,

0< (1 —c)zn| <llog(l +2a)| < (14 t)|znl

and use part (i) of the convergence theorem for products (7.1.2).
1

Let z = § insinwz = mz []0 (1 - 2% /n?) to obtain
(BN, 2 r Bt d b B8 S TEE
St (2n)?  Eal (2n)* 2 2 2 448 6 8B
Gl = Tlatsfd z/n)e—={™ has zeros at —1,-2,-3,..., so Fie) .= [337"2(?{2}]‘1 has
poles at 0, =L, —2,.... We know that Gz — 1) = ze"0(z). 50
1 ] 2 o
T(z+1) = = = (=)

GIDe eGz+1)  e7Glz) 267Gz

as long as we stay away from the poles.
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2G(2)G(—2) = 2 (1 ¥+ ﬂ) —=/n H (i _) p2/m

n=1 n=1
o 2 Y
= S TE
=+[1(1-5)=
i m

by Worked Example 7.1.10. Using Exercise 7,

I(2)T(1 — 2) = —2T(2)[(~2)

— 1 ™

2673 Q(2)(—2)e~ "3 G(—2)  2G(z)G(—2) sinwz

Start with the third line of the proof of Euler’s formula:

1 . o - z
I(z) T zﬂll}-nxn H (} W ,k) T ames e

k=1 !
== Timg Rt NED . 28 = lim Z{Z+U"'(Z+”}.

n— o0 ne-1-2.3...n n— 50 nln®

Use the Laurent expansion and Res(T; —m)} = (—1)™ /m.

One way is to procead as follows. First, show that 1+y <eV < (1 —y) 1 for0<y <1 by
using power series or calculus. Set y = t/n to obtain 0 < ¢~* — (1 — #/n)™ and conclude
that e % — (1 —t/n)" < e f[1 — (1 — ¥/n?)"]. Use the inequality (1 — &)™ > 1 — nk for
0<%k <1 toget

for 0 < £ < n.

I' has simple poles at ), —1, -2, ... and is analytic elsewhere. Therefore,
/ I'(z)dz = ZriRes(T;0) = 211 ]imﬂzl"(z)
v e

= i ulin'l)f‘{a + 1} = 2ml’(1) = 2w

. Let the radius of the cireular part of € be r < 1. For n > 1 consider the functions

Fu(2) = Jo e (=t)*Tetdt.

(a) Use Worked Example 2.4.15 to show that fn,(2) is entire.

(b) Estimate the part of the integral with |t > n to show that the improper integral con-
verges and that the convergence of fi, to that integral is uniform on closed disks.

(¢) Conclude that the Hankel integral is an entire function.

{d} Use Cauchy’s Theorem to show that the value is independent of + and e,

(e) Use arg(—t) = —m on the upper side of the real axis and 7 on the lower side to show
that the straight-line portions combine to give ~2isinzz [ 3~ e tdt,

(f] The part along the circle goes to 0 as r goes to (.

{g) Use Euler’s integral for T'(2) to conclude that the formula holds for Rez > 0.

(h) Use the identity theorem to conclude that the formulas agree everywhere both sides
make sense; that is, at 2 £ 0,1,2,....

(i) Use D'{z)T(1 — z} = w/(sinmwz) to get the last assertion.

Do the first integral for positive y w1th the substitution ¢ = y%. For the second, integrate
by parts with v = y and dv = ye ~v* dy.
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7.2 Asymptotic Expansions and the
Method of Steepest Descent

1. There are constants K. By, Rz, and Bg such that |f(z)/h(z)] < B1 whenever |z| > Ry and
a <argz < 3, and |g(z)/h(z)| < Bz whenever |z] > Ry and o < argz < f3. Therefore, if
|z| > B = max(R;. ) and a <argz < 7, then

[af(2) + ba(2)]/h(2)] < alf(2)/h(2)] + blg(2)/h(z)| < aB1 +bB2.
Thus, af(z) + bg(z) = O(h{z}).
3. T Su(z) = 320 (ax/7*), then f—5, = o(1/x"], so by Proposition 7.2.3(v), [.° [—J7 8n =
o{1/2"=1), That is,
[mf— Z[@k/(k— Dt = o(l/z™ 1),

or [ f~ (az/x) (@a/2x*) + ..., as desired.

L
;

Use the geometric serics and apply Proposition 7.2.5.

=¥

For the even case of {(a), integrate by parts repeatedly to reduce to the case & = 0. Then
change variables by zy”/2 = t* and use =, et dt = /7. In part (b) either do the same
thing or put z = 2 in part {a). For the odd cases, the integrand is an odd function of y.
Thus, if the integral converges, it must be to 0. Check that it converges.

o

For S4(10) the error is < 0.00024, and for S5(10) it 18 0.00012. For fixed x. the error term
decreases as n increases until i becomes larger than ., at which point it begins to increase
again. In fact, for fixed =, our bound on the error term goes to infinity with n. For fixed
., g oo n!/n::‘”*'1 — 0. so the error goes to zero as T increases.

2 1 Vustiaky -3-5.-7T-9 1
11.f{z}n~”—£( g —;—---)-
.""2’ o

z a2 ol z

13. The path of steepest descent is the real axis.

i —

5 . |27 N avadlped
17. flz) ~e .V/ : 19. f(z) ~e*(1 3.).V, =

1 — sin:
15 y=log - ThE

Cos T

7.3 Stirling’s Formula and Bessel Functions

1. Differentiate any convenient formula for Julz) twice and substitute it in the equation. For
example:

1 Zx T 2
Jve{z) e (;) /-f_n..lﬁ‘r_{z "ilqt]dt.
oy

2w W2
3. From the text, Jo(z) = (1/7) [ cos(zsin0)df, so
o
Jatz) = —(ljfr]l/ sin(zsind) sin # df.
S0
But

1 f
Ji(z)=— j cos(f — zsin#)df
0

T

T
=l / [cos 0 cos(z sin @) + sin @ sin{z sin 2)]eld.
™ o

Use symimetry in 7/2 to show that the first term vanishes.



504 Answers to Odd-Numbered Exercises

5. From line 8 of Table 7.3.1,
0 ;
Jolz) = ;-"0{3) —Di(2) = - (z),
1]

’ i
Ty (z) = =J1(2) = ——Ji(2) + dalz) = a(2) + - .-",_—,,fzj

-3

By definition and Legendre’s duplication formula,

o (_I‘Ik {1/ +2k

Jyj2(z) = szmur[ +k+1)&

( 1)k 2k 1 -

- \/ Z \/_P{ZA T3 = 'V‘IE S0 .

9. Use the Stationary Phase Theorem 7.2.10 with v = [0, ], h(#) = —sing, g(8) = ein? g, —

m/2, and f(z) = [ e t=sinfinifyg  Clearly h is real on v with a strict minimum at
w2 =0 M (Bp) = 0,A"(8y) = 1. All conditions of the theorem are met, so
eizh‘(&“bvﬁ;—ﬁw‘f’i

gitg)

flz)~
vizy b (8g)

€ l’_

| 2 —i::e#-;ﬁl-“m-.rrﬂ:\/Q_WE---E[z:—n#/?-—".T;“"l].

S

11. Let n < 0 and m = —n > 0. The residue in the expansion now is 1/(k — m)!, so

Z

o k 'n-|—‘2k 1 1
dalel= Z 2“"“23‘ I {(k—m)! k!

Pubj=k—mand &k =3+ m to get

Tl i (—1)3 tmmpm+2(i+m) 1 1

ksl = _;‘gn n+2(+m) i (i +rm — m)! . (7 + m)!
i __”j ”zf_“+zj . ! = (~1)" i __E_._—_l_}j 22 .
= 2mt2g 7t (§+m) Al 41

i (_“ﬁn—n 2k

= e = 1 e = 3 (T

k=10

Review Exercises for Chapter 7
;B

3. Use z = 7/4 and 2 = 7/2 in Worked Example 7.1.10 to obtain

B = [T5°(1 — 1/16n%) _ {imh vea | 1 ( 1/16n2)
1 (L= 1/4n2) Himape—ss ]—[] (1 —1/4n7)

[1Y(L-1/16n2) - llI (4n — 1)(4n + 1)
Moo [T{¥(1—1/4n2) ~ N-cot (4n.— 2)(4n + 2)

-(3)(8) ) (@) () ()

5. (a) {2 such that |2| < 1} (b) {z | Rez > 1}
7. flz)yeils T’f'”'v‘rﬁfﬁ 9, F{%]/J
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8.1

o

=1

11.

13

19.

. gz =

_ TFirst establish. for example from the product representation for 1/1", that I'(z) = L'(z).

With z = 1 + iy, this gives [T'(; +iy)|* = T(4 +iy) T(5 —iy) =D(5+w) T(1- 3+iy) =
) sin[ﬂ'(%) +iy) = 2w /(e ™Y 4+ &™¥) which goes Lo 0 as y — oo.

T

/Qw( 1.4 4 18.5F 3 )
i S T

‘\' 2 2 4 1! 24

Apply the gencralized steepest descent theorem (7.2.9) after writing

1 -2 e 2m -— 1
Jaliyl = =2 [/r e ¥E  fansnfl 4+ 1}di — /'; g 'riﬂj
i _Err | pul .
- |:/. o vEIn i ng 4 1)df - [ E!_yhjn‘qliﬁj|
2r Lo ' L

and nsing h(#) = —sin @, fg = 37 /2. and y = [0, 2.

. From part (b) of Exercise 16,

Pl = o (2n)(2n— 1) ... (n+1) -a™ + (lower-order terms)
ki1
2n)!
2{ {ﬂ%—)}— 2" + (lower-order terms).
(n!

Basic Properties of Laplace Transforms
1

= 2 2 7R _1_ =
FERY= ok = a(f) =0 & o=zt 3o off) =0
f(;}_— % |-;r-%-i n-{i‘?.—l}% =, il '“’]T.«.]I-_]: a(f) =0

i 2az | : z Ly =

Flz)= Izﬁ—)—z o(f) = Imal 9. f(z)= ——(22 Tae ol f) = | lm{z)a|

. o 1 = , 1 oo -5
Flz) = [ e eosatdt = = j g—tlz—ialgy 4 —f g tEtiad gy

Jo 2 Ju 2 Jo
For Re(z —ia) > 0, the first integral converges to 1/2(z — ia). For Re(z 4 4a) > 0 the second
converges to 1/2(z +ia). (See Worked Example 8.1.11,) Thus, for Rez > |Im al, fiz)
converges to L [1/(z —ia) + 1/(z+ia)] = 2/(z* + a?).

For =z real and positive, put # = zf to obtain fiz) = .fhme_”u{“"”_l/z” Fldy. Since

a = —1, this converges to T'(a + 1)/z%%!, so f(z) converges on the positive real axis.
Lemma 8.1.8 gives convergence on the open right half plane. The identity theorem shows
that f(z) = (a4 1)/z%"! for Rez > 0 and Worked Example 8.1.12 shows that a(f) = 0.

flz)y = [P (ot = 35 (1P o=zt £(4)dt. lu the nth integral put w =t — np.

] n=0:dnp
Then
= Dc_'\ B ’_‘i_\ pe]
flz) = L [ e stutnd) £y 4 np)du = L g HER [ e~ " f{u)du,
e =[] il

and since [e~ 3P| < 1, this is [[} e~ f(t)dt]/(1 — 7).

I 1 Fe) = 32244242

2 (=1 T (P + 227 + 22)2

Suppose f is of exponential order p and let g(T) = ]'E;r f(s)ds. For € > 0, there is an A
with | f(8)] € AePT* for every s > 0. Then

T
9(T)| < A f Pt ds = AP TOT — 1)/ (p + €.

ik
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If p > 0, then e/?T97T > 1, so |g(T)] < 24ePH4)T /(p 4+ ¢) and thus plg) < 0. In any case,
plg) < max|0,p(f}]. If f is piecewise continuous, then g is continuous and piecewise .

For Re z > max[0, p(f)], the above gives Re z > p(¢) and Proposition 8.1.3 gnn, (_q’)"(

zg(z) — g(0). But g'(t) = f(t), and g{0) =0, so f(2) = zg(z) and thus g(z) = f(z)/z
21. f B>0and t >0, then —e® < —1 and |f(t)| < e~ ! < &P,

If B <0, let A=max(1/e,eB-Bloa(=8)) and let g(t) = €' + Bt + log A. Then g{0) =

14log A > 0. Also, ¢'(f) =0 only at t = log(—B) and
gllog{—B)) = —B + Blog(—B) +log A >0,

so —e™" < Bt +logA for t > 0 and |f(#)] < AePL. Thus p(f) = —oo, and therefore

o(f) = —oo.

8.2 Complex Inversion Formula
1. (a) cost (b) f(t) =te* (c) f(t) = [et + 2et/2 cos(+/3t/2)]/3

3. The conditions for the Complex Inversion Formula 8.2.1, do not hold. There are no con-

stants M and R for which [e™* /2| < M/|z| whenever |z| > .

5. (8) fli) =22 -t
(b) sinh z has no inverse Laplace transform. If f(2) = sinhz, let g(t) = tf(t) and h(t) =
tg(t). Then §j(z) = —coshz and h(z) = sinhz = f(z). This would force Fit) = hlp) =

t4 f(1t), so f(z) = sinh z = 0, which is not true.
() f{(t) =te™t)2.

7. gft) = j:{sin[t — 8)]f(s)ds 9, f(t) = (6te~3* — =3¢ L 1}/9

8.3 Application of Laplace Transforms to
Ordinary Differential Equations

L4 . 0 0<t<1
1. y(t) = (5(,:2& + 3¢ ‘2#:}/4 3. ylt) = { lll —cos(3t—3)] t>1

y(t) = g1 (L) + ga(t) + ga(t) where g1(t) = S (3 cos ?t — sin iégf) and

V3

( { i 0<t<2
g2 fJ = T (t=2)/2 = ﬂ 7
= 2sin %= (¢ —2) t>2

0 0<t«l
galt) = —_L—%—QSJE Jﬁ(1‘, —-1) t=1

7. (@) () = (e" +e%)/2 =cosht;ya(t) = —(et — %) /2 = —sinht
(b) w1 (t) = =3t ya(t) = 3{(1 +¢)* — 1]/2
9. y(t) = [(t+4)sint — t2 cost]/4

Review Exercises for Chapter 8

. l1—e %

I flz2)=e2/Z24+ D), 0(H=0 3 f(z)=

z'x!
- z . i o ¥ t<1
5. f(z}ﬁlug(z_l),a_l n.f{:‘,:l—{ sint—1) t>1

o=t 1=t
9. ,f(t}—{ +e <1

—tr"’+r—f+1 t>1

11. (a) y(t) = (—15 + 23 cos 2v/28) /8 (b) () =3(1 —e™%)

. 0 p<t<l iR i
B y(”:{ 1 —cos(t — 1) fgl (b) y(t) = 2te™ + e~
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A principle of, 386
Abel-Weierstrass asymptotic expansion, 428
lemma, 204 unique, 431
abscizsa asymptotic formula, 433
of convergence, 458 for Bessel function, 451
absolute convergence asymptotically equivalent, 433
for products. 411
Acker, 123 B
addition behavior
of complex numbers, 12 on boundary, 323
rules. 6 Bernoulli numbers, 240
admissible, 153 Bernstein theorem, 480
Ahlfors, 124 Bessel equation, 450
algebra Bessel function, 237, 448, 449
fundamental theorem of, 151, 396, 404 asymptotic formula for, 451
algebraic properties, 5 cosine representation for, 449
analytic exponential representation, 450
at a point, 60 power series representation, 450
continuation, 365. 367 properties of, 462
convergence theorem, 191 recurrence relation, 451
functions, 1 big Oh
analytic continnation notation, 428
by eontinuity, 371 binormial
by power series, 371 serics, 209
by reflection, 370 theorem, 11
principle of, 365 bisection
analytic function procedure, 125
local behavior of, 398 houndary
mapping properties of, 388 behavior on, 323
series, 191 insulated, 350
zeros, 211 bounded variation, 442
analyticity branch
of infinite products, 411 of logarithm function, 31, 118
of power series, 205 point, 374
annuli branch cuts
conformal maps of, 381 integrals involving, 289
antiderivative, 116
theorem, 117 C
Apollonius caleulus of residues, 243
circles of, 345, 354 canonical products, 412, 420
approximating § sequence, 444 theorem on, 412
arc length, 100 Cardano, 1
Argand, 2 Casorati-Welerstrass theorem, 231
argument Cauchy, 2, 124, 151
branch of, 13 condensation test, 194
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inequalities, 150 numbers, 1
principal value, 283, 284 potential, 356
sequence, 45, 185 powers, 42
Canchy criterion, 187, 196 variable, 42
for sequences, 185 complex number, 3
for series, 185 absolute value of, 12
Cauchy intepral formula, 144, 147 addition of, 12
for derivatives, 149 argumnent of. 12
Clauchy theorem, 111 conjugate of, 1T
for a disk. 124 length of, 12
for a rectangle, 123 modulus of, 12
for a simply connected region, 116 multiplication of, 14
homotopy form, 140 polar representation of, 12
local version of, 124 properties of, 12
preliminary version, 113 roots of, 17
strengthened for a disk, 132 system, 3
Cauchy type vector representation of, 12
integral, 148 condensation test
Clauchy-Ricmann Cauchy, 194
equation, B5 conduction
theorem, 66 heat, 349
Canchy-Schwarz inequality, 19 conformal
cliain rule, 61, 62 mtap, 64
chaotic response, 317 mapping, 319
charges mapping theorem, 63, 319
image, 354 maps of anuuli, 381
chordal metric, 59 transformation, 319
cirele, 22, 330 conjugates
of Apollonius, 345 harmenie, 72. 170
of convergence, 2004 cannected sets, 47
reflection, 173 constant
reflection in, 332 Fuler, 414
reflection principle for, 370 constant coeflicient
circles differential equation, 478
of Apallonius, 354 continuation
classification analytic, 365, 367
of singular points, 226 of logz. 376
closed continuity, 42
relative to, 46 analytic continuation by , 371
set, 45 uniform, 52
closed curve continuous [unction, 44
homeatapic, 133 contour, 95
inside, 147 contour integral, 95
closed path fandamental theorem of caleulus, 102
index of, 144 contractible to a point, 115
commaon transformations, 340 converge
coerupact set, 50 pointwise, 186
comprarison test, 186 product, 409
completenesd, 45 sequence, 185
complex series, 185
conjugation, 17 convergenc:
differentiable, 60 abscissa of, 458
form of Poisson’s formula, 173 circle, 204
function, 42 hall-plane of, 458
inversion formula, 471 power Sertes, 204

multiplication. 3 rading, 204
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unitorm, 186G
convergence Lheorem
for Laplace transforn, 458
for products, 410, 419
convergoent
improper integral, 283
sequence, 44
convex region, 135
convolution
function, 461
theoren, 462
cosine
rational functions, 270
representation [or Bessel funclion, 444
counting formula, 384
root-pole, 384
cover, 50
criterion
Clanchy, 187, 196
CTOss
ratio, 331, 343
curve, 95
opposite, 97
CUTVeS
homotopic, 114
join, 97
reparametrization. 98
s, 97
utiion, 97

D
de Moivre's formula, 16
dehnite integrals
evaluation of, 260
deformation theorem, 113, 136
preliminary version, 114
deleted neighborhood, 41, 129
derivatives
Clanchy integral formuta, 144
Taplace transforms of. 459
differential equation, 478
constant coefficient, 478
differentiation
Togarithmic, 387
of elementary functions, 81
Dirichlet, 2
Dirichlet problem. 172, 321, 345, 352
uniqueness for, 172
disk, 41
Cauchy’s theoren for, 124
strengthened Canchy's theorem for, 132
distance lemma, 51
distributive law, 6
divergence free, 300
diverges to zero. 410
domain, 42

H09

double pole. 247
duplication formula
Legendre, 417

E
clectric
field, 45h2
potential, 351
clementary functions, 25
differentiation of, 81
goometry of, 34
ellipse, 22
elliptic integral, 344
equation
Bessel, 450
Canchy-Riemanu, 65
differcntial, 478
Laplace, 346
Legendre, 455
ordinary differential. 476
equipotential lines, 352
equivalent
asymptotically, 433
error
percentage, 433
relative, 433
essential
singnlarities, 231, 251
singularity, 227
Euler, 2, 305
constant, 414
formula, 415
integral, 418, 422
evaluation of definite integrals, 269
existetce
of higher derivatives, 149
of Logarithms, 117
expansion
asymptotic, 428
formula Heaviside, 473
[raction. 310
Laurent, 222
exponential
function, 25
geometry of, 36
order, 457
exponential representation
Hoeasel function, 450
extremo value theorem, 51

F

field, 6
conservative, 106
electric, 352
velocity, 366

finding residues



510

techniques for, 250

first shifting theorem, 460

fixed point, 396

How
fluid, 356
potential, 356

Auid dow, 356

flux line, 349, 352

formmla
asymptotic, 433
Cauchy's integral, 147
complex inversion, 471
counting, 384
de Moivre's, 16
Fuler, 415
for square roots, 7
Gauss, 416
Hadamard, 207
Hankel, 423. 426
inversion, 471
Poisson, 173
Rodrigues, 456
root counting, 385
root-pole counting , 384
Schwarz-Christoffel, 335
Stirling, 423, 427, 446
summation, 305
Wallis, 425

Fourier series, 221

Faurier transform, 278, 304, 480
cosine, 278
inversion theorem for, 480
sine, 278

fraction
expansions, 310
theorem, 311

fractional linear
transformations, 327

Fresnel
integral, 207
integrals, 441

function
analytic, 1, 60
Bessel, 237, 448, 449
complex, 42
continuous, 44
convolution, 461
elementary, 25
exponential, 25
gamma, 412, 414
generating, 449
Hankel, 454
harmonic, 71, 170
holomorphic, 60
Legendre, 455
lirnit of, 43

logarithm, 30

logarithms of, 153

normal probability, 300

one-to-one, 30, 390

onto, 30

open, 400

periodic, 27

power, 85

pulse, 470

rational, 61

Riemann ¢, 200

root, 33

root of a, 83

square root, 34

squaring, 34

stream, 356

trigonometrie, 29, 84

uniformly continuous, 52
functional equation

for gamma function, 415
fundamental theorem, 151

of algebra, 151, 396, 404

Index

of calculus for contour integral, 102

G

gamma function, 412, 414
functional equation for, 415
integral formula for, 418
properties, 422
residues of, 417

Gauss, 2, 151
formula, 416

(Gaussian
integral, 207

generalized steepest descent theorem, 439

generating function, 444

for Hermite polynomials, 217

geometric series, 184, 186

geometry of elementary functions, 34

global maximum modulus principle; 168

global maximum principle
for harmonic functions, 172
global properties, 52
Goursat, 123
greatest lower bound, 57
Green, 124
theorem, 112
group, 320

H
Hadamard

formula, 207

three-circle theorem, 178
half-plane of convergence, 458
Hamilton, 2
Hankel
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formula, 423, 426
function, 454
harmonic
conjugates, 72
harmonic conjugates, 170
harmonic functions, 170
global maximum principle for , 172
local maximum principle for, 171
maximum principle, 171
mean value property, 171
Harnack inequality, 181
heat conduction, 349
Heavigide expansion
formula, 473
theorem, 473
Hermite polynomials
generating function for, 217
higher derivatives
existence of, 144
higher-order pole, 248
Hilbert transform, 317
homogeneous equation, 478
homology, 124
homotopic
as closed curves, 133
point, 115
with fixed endpoints. 132
homaotopy
and simply connected regions, 132
form of Cauchy theorem, 140
smooth, 140
Hurwitz' theorem, 389
hydrodynamics, 356

I
identity
Lagrange's. 23
Lagrange’s trigonometric, 24
paralleiogram, 23
theoroam, 365
image
charges, 354
inverse, 46
imaginary
number, 2
imaginary axis, 3, 12
imaginary number, 4
imaginary part, 4
IHIProper
integral, 283
integrals, 271
improper integral
convergent, 283
independence of path, 116
index
of a closed path, 144

inequality
Cauchy's, 150
Clauchy-Schwarz, 19
Harnack, 181
triangle, 19
inf, 57
infinite products, 409
analyticity of, 411
infinite series, 305
infinity
point at, 54
residues at, 262
inside
closed curve, 147
ingulated
boundary, 350
integral, 95
contour, 95
elliptic, 344
Buler, 418, 422
Fresnel, 297, 441
Gaussian, 297
improper, 283
improper , 271
involving branch cuts, 289
of Cauchy type, 148
path independence, 103
real line, 273
integral formula
Jauchy's, 144
for the gamma function, 418
inverse
image, 46
Laplace transform, 459
inverse cosine function
Riemann surfaces of, 377
inverse function, 69
rule, 61
theorem, 69, 400
inversion, 329
lormula, 471
inversion theorem
for Fourier transform, 480
isolated singularity, 226
isolation of zeros, 212

J

Jacobian matrix, 65

Jordan
curve theorem, 145, 257
lemma, 283

Joukowski transformations, 357

K
Kelvin, 441
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L
Lagrange’s
identity, 23
Lagrange’s identity
trigonometric, 24
Laplace
transform, 434, 457
Laplace equation, 346
Laplace transform
convergence theorem for, 458
inverse, 459
of derivatives, 459
properties, 467
uniqueness theorem for, 459
Laplacian, T1
Laurent
expansion, 222
expansion theorem, 222
series, 222
Legendre
duplication formula, 417
equation, 455
function, 455
polynomials, 241
lemma
Abel-Weierstrass. 204
distance, 51
Jordan, 283
path-covering, 53
Schwarz, 169
length, 12
limit
uniform, 188
limits, 42
uniqueness of, 43
Lindelof principle, 169
line
Aux, 349, 352
Liouville’s theorem, 151
little oh
notation, 428
little Picard theorem, 236
local

behavior of analytic functions, 398

inverse, 69
isolation of zeros, 212

maximum modulus principle, 164

property, 52, 74

version Cauchy theorem, 124
local maximum

point, 166

principle for harmonic functions, 171

log =
continuation of, 376
log function
Riemann surfaces of, 3756

logarithm, 293
existence of, 117
geometry of, 36
of functions, 153
principal branch of, 82
logarithimm function. 30
branch of, 31, 118
logarithmic
derivative, 146
differentiation, 387

M
M -test,

Weierstrass, 189
Maclaurin series, 26, 208
Mandelbrot set, 201
&P

canformal, 64
mapping, 42

conformal, 319

Index

properties of analytic functions, 398

theorem, 309
matrix, 67

Jacobian, 65
maximum modulus

principle, 164

principle local, 164

theorem, 401

maximum principle for harmonic functions,

171

mean value property, 164

for harmonic functions, 171
Mellin transform, 289
meromorphic, 227
method

of stationary phase, 4149

of steepest descent, 437

saddle-point, 438
Mittag-Leffler theorem, 312
monodromy principle, 374
Morera's theorem, 152
multiple-valued, 32
multiplication

of complex numbers, 14

rules, 6
multiplicity, 152, 212

N

neighborhood, 41
deleted, 129

Neumann problem, 346

nonlinear oscillator, 317

normal probability function, 297, 300

not connected, 47
notation

“hig Oh", 428
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“little oh™, 428
number

Bernoulli, 240

complex, 1

imaginary, 2

winding, 145

O
one-Lo-one
functions, 390
theorem, 391
open
function, 400
relative, 46
sets, 41
apen cover, 50
open mapping theorem, 400
open sets
properties of, 42
opposite curve, 97
order
exponential, 457
of a pole, 227
of a zero, 211
pole of, 262
zero of, 262

ordinary differential equations, 476

oscillator
nonlinear, 317

Osgood-Caratheodory theorem, 323

P
Jseries

test. 186
parallelogram

identity, 23
Parseval theorem, 221
part

principal, 227
partial product, 410
particular solution, 477, 478
path

of steepest. descent, 438
path independence

integral, 103

theorem, 104
path-connected, 47
path-covering lemma, 53
percentage errvor, 433
period, 27

strips, 36
phase shift, 452
Phragmén-Lindelof theorem, 407
Picard theorem, 231

little, 236
point,

at infinity, 54
branch, 374
contractible to. 115
fixed, 396
homotopic, 115
singular, 320
pointwise convergence, 186
TPoisson’s formula, 173
complex form, 173
real form, 173
polar coordinate, 68
polar representation
of complex numbers, 12
pole
and zeros, 230
at infinity, 262
counting thearcm, 384
double, 247
higher-order, 248
order of, 227, 262
second-order, 247
simple, 244
polynomial, 61
Legendre, 241
potential
complex, 366
electric, 351
flow, 356
velocity, 356
potential energy, 106
power
complex, 32
function, 85
series, 203
power series
analytic continuation by, 371
analyticity, 2005
convergence, 204
theorem, 204
unigueness, 206
power series representation
Bessel function, 450
preliminary version
Cauchy’s theorem, 113
deformation theorem, 114
prime number theorern, 427
principal
branch of logarithm, 82
part, 227
principal value, 2584
Canchy, 283, 284
principle
global maximum modulus, 168
Lindel&f, 169
maximum modulus, 164
monodromy, 374
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of analytic continuation, 365
of the argument, 386
reflection, 369

Pringsheim, 124

probability funetion
normal, 297

problem
Dirichlet, 172, 321, 345, 352
Neumann, 346

procedure
bisection, 125

product
absolute convergence for, 411
canonical, 412, 420
converge, 404

convergence theorem for, 410, 419

infinite, 409

partial, 410

rule, 61

uniform convergence for, 411
projection

stercographic, 55
properties

gamma function, 422

Laplace transforms, 467

of Bessel functions, 452

of complex numbers, 12
property

local, 74

mean value, 164
pulse

function, 470

Q

quadratic equation, 1, G, 8
quadratic formula, 1
quotient rule, 61

R
radius of convergence. 204
ratio
cross, 331, 343
test, 186, 2006
rational function, 61
cosine, 270
sine, 270
real
axis, 12
form of Poisson’s Formula, 173
line integral, 273
number, 3
part, 4
rectangle
Cauchy's theorem for, 123
recurrence relation
Bessel tunction, 451

reflection
analytic continuation by, 370
in a circle, 332

reflection principle, 369
for a circle, 370
Schwarz, 368

region
conformally equivalent, 321
convex, 135

Index

of validity for Stirling’s formula, 447

simply connected, 115
relative
closed. 46
error, 433
open, 46
removable singularity, 227, 244
residue. 227, 243
at infinity, 262
calculus of, 243
of gamma function, 417
theorem, 256
response
chaotic, 317
Riemann, 2
{ function, 200
mapping theorem, 321
sphere, b4
Riemann surface
for «/z; 377
of inverse cosine function, 377
of square root function, 375
of the log function, 375
right half-plane, 56
Rodrigues formula, 456
root; 152
counting formula, 385
function, 33
of a function, 85
test, 186, 206
rovt-pole counting formula, 384
Rouché theorem, 387
rule
chain, 61, 62
inverse function, 61
product, 61
quotient, 61

8
saddle-point method, 438
scalar multiplication, 3
schlicht, 390
Schwarz
lemma, 169, 177
reflection principle, 368
Schwarz-Christoffel formula, 335
second shifting theorem, 461
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second-order pole, 247
sector of uniform convergence, 463
sequence, 44
Cauchy, 45, 185
Clauchy criterion, 185
converge, 1RL
convergent, 44
SETIES
binomial, 209
Canchy criterion, 185
converge, 185
Fourier, 221
geometric, 184, 186
infinite, 305
Laurent, 222
Maclaurin, 26, 208
of analytic functions, 141
power, 203
Taylor, 183, 2083, 208
sCL
boundary of, 167
closed, 45
closure of, 167
compact, 50
convex, 135
Mandelbrot, 201
simply connected, 135
star-shaped, 142
sets
connected, 47
open, 41
sheet, 376
shifting theorem, 460
simple pole, 227, 244
simply connected region, 115
Cauchy's theorem, 116
homotopy, 132
sine
rational functions, 270
singular point, 420
classification of, 226
singularity, 113
essential, 227, 231, 251
isolated, 226
on the axis, 284
removable, 227, 244
smooth homotopy, 140
sphere
Riemann, 54
suare root function, 34
Riemann surface for, 377
Riemann surfaces of, 375
squaring function, 34
standard
upper half-plane solution, 348
star-shaped, 136

setl, 142
star-shaped set, 142
starlike, 136
stationary phase
method of, 439
theorem, 439
steepest descent
path of. 438
method of, 437
theorem, 437
stereographic projection, 55
Stirling formula, 423, 427, 446
region of validity for, 447
straight line, 22, 330
stream function, 356
strips
period, 36
summation
formula, 305
theorem, 305

i g

Taylor
series, 183, 203, 208
theorem, 208

techniques
for finding residues, 250

test
prseries, 186
comparison, 1586
ratio, 186, 206
root, 186, 206

theorem
analytic convergence, 191
antiderivative, 117
Bernstein. 480
binomial. 11
Casorati-Weierstrass, 231
Cauchy, 111
Cauchy-Riemann, 66
conformal mapping, 63, 319
convolution, 462
deformation, 113, 136
extreme value, 51
first shifting , 460
fraction, 311
fundamental, 151
generalized steepest descent, 439
Green, 112
Hadamard’s three-circle, 178
Heaviside expansion, 473
Hurwitz, 380
identity, 365
inverse function, 69, 400
Jordan curve, 145, 2567
Laurent expansion, 222
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Liouville, 151

mapping. 399
maximum modulus, 401
Mittag-Leffer. 312
Morera, 152

on canonical products, 412
one-to-one, 321

apen mapping, 400
Osgood-Caratheodory, 323
Parscval, 221

path independence, 104
Phragmén-Lindelsf, 407
Picard. 231

pole counting | 384
power series, 204

prime number, 427
residue, 256

Riemann mapping, 321
Rouchd, 387

second shifting, 461
shifting, 460

stationary phase, 439
steepest descent, 437

strengthened Canchy’s for a disk, 132

surmmation, 305

Ty lor, 208

Vitali's convergence, 406

Watson, 436

Welerstrass factorization, 426
transform

Fourier, 2758, 304

Fourier cosine, 278

Fourier sine, 278

Hilbert, 317

Laplace, 434, 457

Mellin, 289
transformations

commeon, 340

conformal. 314

fractional linear, 327

Joukowski, 357
translation., 329
triangle inequality, 19
trigonometric function, 29, #4

u
uniform
contimuity, H2
convergence, 186
limit, 188
uniform convergence
for products, 411
sector of, 463
unigqueness
for Dirichlet problem, 172
of asymptotic expansions, 431

of limits, 43

of power series, 206
uniqueness theorem

for Laplace transform. 459
upper hall-plane solution

standard , 348

vV
value
principal, 284
varible
complex, 42
variation
bounded, 442
vector addition, 3
veclor representation
of complex numbers, 12
velocity
lield, 356
potential, 356
Vitali
convergence theorcm, 406

W
Wallis formula, 425
Wautson theorem, 436
Weierstrass, 2
M test, 189
factorization theorcm, 426
Wessel, 2
winding number, 145
winds around, 145

A
Zero
and poles, 230
isolation of, 212
local isolation of. 212
of analytic functions, 211
order of, 211, 262



